arXiv:1205.4460v2 [hep-th] 2 Sep 2012

Scalar field scattering by a Lifshitz black hole under a non-minimal coupling

Samuel Lepe^a, Javier Lorca^b, Francisco Peña^b, Yerko Vásquez^b

aInstituto de Física, Facultad de Ciencias, Pontificia Universidad Católica de Valparaíso, Casilla 4059, Valparaíso, Chile bDepartamento de Ciencias Físicas, Facultad de Ingeniería, Ciencias y Administración, Universidad de La Frontera, Avda. Francisco Salazar 01145, Casilla 54-D Temuco, Chile.

Abstract

We study the behavior of a scalar field under a z = 3 Lifshitz black hole background, in a way that is non-minimally coupled to the gravitational field. A general analytical solution is obtained along with two sets of quasinormal modes associated to different boundary conditions that can be imposed on the scalar field, non-minimal coupling parameter appears explicitly on these solutions. Stability of quasinormal modes can be studied and ensured for both cases. Also, the reflection and absorption coefficients are calculated, as well as the absorption cross section which features an interesting behavior because of being attenuated by terms strongly dependant on the non-minimal coupling. By a suitable change of variables a soliton solution can also be obtained and the stability of the quasinormal modes are studied and ensured.

Keywords: Quasinormal modes, Scalar fields, Absorption cross section, Non-minimal coupling, Lifshitz black hole.

1. Introduction 1 It is known that theories such as New Massive Gravity (NMG) admits Lifshitz black holes as 2 solutions, whose particularity is that they are invariant under an anisotropic scale transformation 3 of the form t → λ^zt y x → λx, where z is called the relative scale between time and space 4 dimensions, specifically z = 3 for the aforementioned theory. These black hole solutions have 5 come to prominence because they might provide a way to extend the AdS/CFT correspondence 6 [1] to systems found on non-relativistic condensed matter physics which features a very similar 7 behavior [2, 3, 4], where it was proven that the relaxation time of thermal states of the conformal 8 theory at the boundary is proportional to the inverse of the imaginary part of the quasinormal 9 modes of the dual gravity background [5]. 10 As a way to consider explicitly an interaction between gravity and a scalar field, a non- 11 minimal coupling is added on the equation of motion for the scalar field, motivated in resem- 12 blance of those found in theories in which the action has this type of coupling [6, 7, 8, 9]. As a 13 consequence, the Ricci scalar appears directly in the equation of motion; however, in a Lifshitz 14

Email addresses: slepe@ucv.cl (Samuel Lepe), j.lorca@ufro.cl (Javier Lorca), fcampos@ufro.cl (Francisco Peña), yvasquez@ufro.cl (Yerko Vásquez) Preprint submitted to Elsevier September 4, 2012

background the Ricci scalar has a relatively simple form which allows to obtain an analytical 15 solution. 16 In this paper we focus on the study of the reflection and absorption coefficients, as well as the 17 absorption cross section [10, 24, 11, 12], some efforts have been made for the minimally coupled 18 Lifshitz black hole [13] in this direction; also, it has been shown that for spherically symmetric 19 black hole and a massless minimally coupled scalar field the cross section equals the area of 20 the horizon [14]; however, we will show that there is a strong dependence on the non-minimal 21 coupling parameter in this case, this imply that the absorption cross section is also dependent on 22 it, hence not allowing to obtain as result the geometric area of the black hole in the limit of low 23 energies, unless the non-minimal coupling became null. 24 Gravitational waves predicts a non normal type of oscillation mode where the frequencies 25 become complex or also called quasinormal, with the real part representing the frequency of 26 oscillation and the imaginary part representing the damping [15]. This study has already been 27 done to some of this black hole solutions [16, 17, 18, 19] considering a scalar field moving over 28 a Lifshitz background, where no imaginary parts have been found so far. The presence of the 29 non-minimal coupling does not affect this behavior thanks to the simple form of the Ricci scalar. 30 By relaxing the boundary conditions used, allowing to be Dirichlet and Neumann mixed, one 31 can obtain a new set of quasinormal modes previously not found which can be analyzed to study 32 their stability. On the other hand, by performing two Wick’s rotations between time and space 33 coordinates on the metric it is possible to find a soliton solution [20], find its quasinormal modes 34 and study its stability. 35 This paper is organized as follows, the first section introduces the formalism, the field equa- 36 tions to be used and generalities on the Lifshitz metric for z = 3, in the second section we find 37 the solution of the Klein-Gordon differential equation for a scalar field on this Lifshitz space- 38 time and formally treats the suitable boundary conditions to this solution, third section find the 39 reflection and absorption coefficients along with the cross section, which features and interesting 40 dependency on the non-minimal coupling parameter, fifth and sixth section are committed to the 41 study of the quasinormal modes their stability for the black hole and its related soliton solution. 42 Finally, we stress out the important results of this paper as final remarks. 43 2. Formalism and field equations 44 Let us consider the typical NMG action 45 S(g) = ∫ d^3 x √ −gL, (1)

where 46 L = 1 2 R − 2Λ_0 − 1 ν^2 ( R^{μν}R_{μν} − 3 8 R^2 ) , (2)

in this Lagrangian density we use natural units, i. e. 8πG = c = 1. R denotes the scalar 47 of curvature, R^{μν} denotes the Ricci tensor. In order to ensure a complete correspondence to 48 gravitational solutions the parameters ν and Λ_0 must be chosen to be ν^2 = −^1_{2l2} (with mass 49 dimension) and Λ_0 = −^{13}_{2 l2} (the cosmological constant) respectively. 50 The field equations are obtained by varying the total action (1) with respect to the metric. We 51 will use the 3-dimensional Lifshitz black hole background as a known solution from this theory 52

[21] 53 ds^2 = − (ρ l )_4

f^2 (ρ) dt^2 + 1 f^2 (ρ) dρ^2 + ρ^2dφ^2, (3)

with f^2 (ρ) =

(_ρ l )_2

−M, where l is the curvature radius of the Lifshitz space-time and M represents 54 the black hole mass. From this final form the Ricci scalar (for z = 3) can be calculated to be 55 R = 8 M ρ^2 − 26 l^2

. (4)

Let us consider a massive scalar field on this background, in a way it is weakly coupled to the 56 gravitational field, in the sense that the presence of this field does not perturb the background 57 metric, but it is just a field that moves along this geometry. A typical equation followed by this 58 scalar field is 59 ( □ − m^2 ) ϕ = dγ (ϕ) dϕ R − dU (ϕ) dϕ , (5)

where γ =^1_2 ( 1 − ξϕ^2 ) and U (ϕ) is the self-interacting potential density. As was already men- 60 tioned, this type of equation is motivated by the kind of field equation obtained when varying 61 an action with a scalar field with non-minimal coupling parameter ξ to the Ricci Scalar [9]. For 62 finiteness, consider a null self-interacting potential density (i.e. U (ϕ) = 0, equation (5) takes the 63 form 64 ( □ − m^2 ) ϕ = −ξϕR . (6)

3. Solution of the differential equation 65 Starting from equation (6) and using the metric (3) it can be shown that a separation of 66 variables for the field ϕ of the form 67 ϕ (ρ, φ, t) = R (ρ) exp (−i ( ω t + κ φ)) , (7)

allows to write the radial equation in the following form 68

∂^2_ρR (ρ) + ( 5^ρ_{l2} − 3^M_ρ ) (_{ρ2}

l^2 − M

) ∂_ρR (ρ) + 1 (_{ρ2}

l^2 − M ) l^4ω^2 ρ^4

(_{ρ2}

l^2 − M ) − κ^2 ρ^2

− m^2 + ξ ( 8M ρ^2 − 26 l^2 ) R (ρ) = 0. (8) By noting that the horizon of the black hole is located at ρ_+ = l √ M, let us define the scaling 69 variable 70 x = 1 − ( ρ_+ ρ )_2 (9) so that equation (8) can be written in the form 71 R^{′′} (x)+ 1 x (1 − x)

R^′ (x)+ 1 4x (1 − x)^2 [ l^2ω^2 (1 − x)^3 M^3 x − κ^2 (1 − x) M − l^2m^2 + ξ (8 (1 − x) − 26) ] R (x) = 0 . (10)

Equation (10) is of the Fuchsian type with two regular singular points located at x = 0 and 72 x = 1, and one irregular singular point located at x = −∞, which tell us that this equation is 73 somewhat related to the confluent Heun family of equations. In fact, the following transformation 74 R (x) = x^α (1 − x)^β F (x), justified by Fuch’s theorem around the regular singular points, allows 75 to identify this assertion better, yielding 76 x (x − 1) F^{′′} (x) + [(b + 1) (x − 1) + (c + 1) x] F^′ (x) + (dx − ϵ) F (x) = 0 , (11)

where 77 α_± = ± i 2M^{3/2} ωl , (12)

β_± = 1 ± √ 1 + 13 ξ 2 + m^2l^2 4 , (13) b = 2α_± , (14) c = 2β_± − 2 , (15)

d = − l^2ω^2 4M^3

, (16) and 78 ϵ = α_± + β_± − (α_± + β_±)^2 − κ^2 4M − l^2ω^2 2M^3 + 4 ξ 2 . (17)

Using the previous parameters, the solution of equation (11) is written 79 F (x) = C_1 Heun_C ( 0, b, c, d, − 1 2 {1 + c}b − c 2 − ϵ, x ) (18)

+C_2 x^{−b} Heun_C ( 0, −b, c, d, − 1 2 {1 + c}b − c 2 − ϵ, x ) , where Heun_C are the confluent Heun functions. Finally, the solution of equation (10) is 80 R (x) = C_1 x^α (1 − x)^β Heun_C ( 0, b, c, d, − 1 2 {1 + c}b − c 2 − ϵ, x ) (19)

+C_2 x^{−α} (1 − x)^β Heun_C ( 0, −b, c, d, − 1 2 {1 + c}b − c 2 − ϵ, x ) . Note that the simplicity of the Ricci scalar for this background allows to identify directly 81 from equation (8) the following transformations from the homogeneous problem on [19] 82 κ^2 → κ^2 − 8Mξ m^2 → m^2 + 26 ξ l^2

, (20)

which means that the non-minimal coupling problem is formally equivalent to the homogeneous 83 one. This transformation is useful when calculating the quasinormal modes of this black hole. 84 3.1. Asymptotic Expressions. 85 In order to obtain the reflection and absorption coefficients, the asymptotic expressions for 86 this solution must be obtained. To incorporate boundary conditions will force us to focus on two 87 distinct points 88 4

• ρ → ρ_+ ⇒ x → 0. 89 Here the solution takes the following approximated form 90 R (x → 0) ≈ C_1 x^α + C_2 x^{−α} = C_1 exp (α ln x) + C_2 exp (−α ln x) . (21)

Let us recall that there exists two values for α, and so, let us also assume that α = α_− = 91 −iωl 2M^{3/2} , then by equation (21) the condition C2 = 0 arises by considering just ingoing flux 92 in the horizon. We recall that choosing α = α_+ will derive in the same result because of 93 considering the same flux conditions, which will lead to set the constant C_1 = 0. 94 • ρ → ∞ ⇒ x → 1. 95 This case is a bit more subtle, here we have to use the following identities regarding the 96 confluent Heun functions [22]: 97 Heun_C (0, b, c, d, e, 0) = 1 (22)

Heun_C (0, b, c, d, e; x) = D_1

Γ (b + 1) Γ (−c) Γ (1 − c + k) Γ (b − k)

Heun_C (0, c, b, −d, e + d; 1 − x) (23)

+ D_2 (1 − x)^{−c}

Γ (b + 1) Γ (c) Γ (1 + c + s) Γ (b − s)

Heun_C (0, −c, b, −d, e + d; 1 − x) ,

where the following set of equations are found to be satisfied between the parameters of 98 the confluent Heun’s functions 99 k^2 + (1 − b − c) k − ϵ − b − c + d 2 = 0 , (24)

s^2 + (1 − b + c) s − ϵ − b (c + 1) + d 2 = 0 , (25) − 1 2 (1 + c) b − c 2 − ϵ = e . (26)

Therefore, equation (19) takes the following asymptotic form on infinity 100 R (x → 1) ≈ C_1 (1 − x)^β [ B_1 + B_2 (1 − x)^{2−2β} ] + C_2 (1 − x)^β [ B_3 + B_4 (1 − x)^{2−2β} ] , however, we have already discarded the constant C_2 by flux conditions on the horizon, 101 hence the appropriate asymptotic expression to be used is 102 R (x → 1) ≈ C_1 (1 − x)^β [ B_1 + B_2 (1 − x)^{2−2β} ] , (27)

where 103 B_1 = D_1

Γ (b + 1) Γ (−c) Γ (1 − c + k) Γ (b − k)

, (28)

B_2 = D_2

Γ (b + 1) Γ (c) Γ (1 + c + s) Γ (b − s)

. (29)

As a way to check the solution of equation (27) the asymptotic equation on the infinity will 104 be solved. This can be done by performing in (10) the following change of variable y = 1 − x 105 with y → 0, hence it follows 106 y^2 d^2R (y)

dy^2 − y dR (y) dy + [ E_1 + E_2y ] R (y) = 0 , (30)

where we have only retain terms up to a second order in y and E_1 =^{−1}_4 [ (lm)^2 + 26ξ ] and E_2 = 107 1 4 [ 8ξ −^{κ2}_M ] . The solution to this equation can be written 108 R (y → 0) = y{F_1 E_2 Γ ( 1 − 2 √ 1 − E_1 ) J_{−ν} (u)

+F_2 E_2 Γ ( 1 + 2 √ 1 − E_1 ) J_ν (u)}

where J_ν (u) are the Bessel’s functions of the first kind, having ν = 2 √ 1 − E_1 and u = 2 √ E_2y. 109 Let us use the following expansion of the Bessel’s functions for u ≪ 1 110 J_ν (u) = u^ν

2^νΓ (1 + ν)

{1 − u^2

2 (2ν + 2) + O ( u^4 ) }, (31)

and by restricting the previous expression up to the first term, the solution for the asymptotic 111 radial equation can be written in the form 112 R (y → 0) = F_1 E^{1−} √ 1−E_1

2 y^{1− √1−E1} + F_2 E^{1+} √ 1−E_1

2 y^{1+ √1−E1} . (32)

Note that 1 − √ 1 − E_1 = β_−, so equation (32) and (27) are equivalent, therefore the corre- 113 sponding coefficients must be equal 114 F̂_1 = F_1 E^{1− √1−E1} 2 = C_1 B_1 , (33)

F̂_2 = F_2 E^{1+ √1−E1} 2 = C_1 B_2 . (34)

4. Reflection and Absorption coefficients 115 Before going any further, it is convenient to express the equations needed explicitly on the 116 scaling variable x (equation (9)). The flux F is known to be defined by [23, 12]: 117 F = √ −gg^{ρρ} 2i ( R^∗ (ρ) ∂_ρR (ρ) − R (ρ) ∂_ρR^∗ (ρ) ) , = 2 ρ_+^4

l^4 [ x 1 − x ] Im{R^∗ (x) ∂_xR (x)}, (35)

and by using equations (32), (33) and (34) the following expression is obtained 118 F_{asymptotic} =

4 (β − 1)

l^4

Im{F̂_1 ( ρ_+^4F̂^∗_2 ) }. (36)

As it has been discussed by other authors the problem that equation (36) has is that it is impossible 119 to determine wether the flux is ingoing or outgoing, however it can be written in the following 120 form [10, 24, 25] 121 F_{asymptotic} =

4 h (β − 1)

l^4 | |F̂^{in}_{asymptotic} | |^2 −

4 h (β − 1)

l^4 | |F̂^{out}_{asymptotic} | |^2 , (37) 6 where 122 F̂^{in}_{asymptotic} = 1 2 ( F̂_1 + i ρ^{4+} h F̂_2 ) , (38)

F̂^{out}_{asymptotic} = 1 2 ( F̂_1 − i ρ^{4+} h F̂_2 ) , (39)

where h is a real parameter with dimension [L]^4. Note that equation (37) coincides with the 123 expression (48), this last one obtained by a different procedure. 124 On the other hand, using equation (21), on the horizon the following relation results 125 F_{horizon} = 2 ρ_+^4 l^4 lim_{x→0} [ x 1 − x ] Im{R^∗ (x) ∂_xR (x)} , = − ρ_+^4 l^4

|C_1|^2 ω l M^{3/2} , = − ρ_+ ω|C_1|^2 , (40)

where in the last line, the definition of the black hole mass has been used. 126 By using equations (38), (39), (33) and (34) we can calculate the reflection and absorption 127 coefficients as 128 R ≡ | | | | F^{out}_{asymptotic}

F^{in}_{asymptotic} | | | | = |B_1|^2 +^{ρ8+}_{h2} |B_2|^2 +^{2ρ4+}_h Im ( B^∗_1B_2 ) |B_1|^2 +^{ρ8+}_{h2} |B_2|^2 −^{2 ρ4+}_h Im ( B^∗_1B_2

), (41)

U ≡ | | | | F^{in}_{horizon}

F^{in}_{asymptotic} | | | | = ω l M^{3/2} |h| |β − 1| ( |B_1|^2 +^{ρ8+}_{h2} |B_2|^2 −^{2 ρ4+}_h Im ( B^∗_1B_2

)) ,

= ω l^4ρ_+

|h| |β − 1| ( |B_1|^2 +^{ρ8+}_{h2} |B_2|^2 −^{2 ρ4+}_h Im ( B^∗_1B_2

)) , (42)

where as in equation (40), the definition of the black hole mass has been used again. As a manner 129 to avoid any divergence on (41) and (42) we will choose negative values for h. 130 Recall that factors B_1 and B_2 are dependent on Gamma functions (equations (28) and (29)) 131 which makes difficult to work with the analytical expressions, however, the absorption cross 132 section is immediate from equation (42) 133 σ = U ω = l^4ρ_+

|h| |β − 1| ( |B_1|^2 +^{ρ8+}_{h2} |B_2|^2 −^{2 ρ4+}_h Im ( B^∗_1B_2

)) . (43)

It is straightforward to verify that in the low energy limit for a s-wave type of solution (κ = 0), 134 an expression for the absorption cross section can be obtained to be 135 σ (ξ) = 1 √ 1 + 13^ξ_2 1 | f (κ, ξ)|^2

2πρ_+ < 2πρ_+ , (44)

where we have chosen |h| =^{l4}_{2π} and | f (κ, ξ)|^2 is the term appearing on the denominator of equation 136 (43) dependent on the coefficients B_1, B_2 and h. The presence of the ξ-parameter decreases the 137 7 final value of the absorption cross section away from the geometric area even if we try the low 138 energy limit, i. e. when m → 0, ω → 0. Equation (44) is reduced to the geometric area of the 139 black hole σ = 2πρ_+ only when ξ = 0 as expected [13]. 140 The behavior of the reflection and absorption coefficients as well as the cross section are 141 shown in Figures 1, 2 and 3 respectively. 142

Figure 1: The behavior of the reflection coefficient with respect to ω for the following parameters M = 1; m^2l^2 = −^4_5 ; l = 1; κ = 1; h = −1, for three different values ξ = 0 (fine solid line); ξ = 0.1 (dashed line) and ξ = 2 (thick solid line)

It can be proven that the addition of the reflection and absorption coefficient adds up to 1, 143 which is consistent with the election of negative values for h. 144 5. Lifshitz black hole quasinormal modes and their stability 145 By assuming a null scalar field as boundary condition on the infinity, and without loss of 146 generality choosing α = α_− = −^i_{2M3/2} lω, from equation (27) it can be seen that the field is 147 regular in r → ∞ for β_− < 0 if 1+c+k +n = 0, for β_+ > 2 if 1−c+ s+n = 0, regarded ξ > −^{l2m2}_{26} . 148 Using these conditions the quasinormal modes are obtained after lengthly algebra, however, as 149 it was shown above, this problem is equivalent to the homogeneous one, the quasinormal modes 150 are easily obtained by using the transformations (20), which yields 151 ω_1 =

2 iM^{3/2} l {1 + 2n + √ 4 + l^2m^2 + 26ξ − [ κ^2 2M + 7 +

3l^2m^2 2 + 6n (n + 1)

+ 35ξ + 3 (1 + 2n) √ 4 + l^2m^2 + 26ξ]^{1/2}} , (45)

Figure 2: The behavior of the transmission coefficient with respect to ω for the following parameters M = 1; m^2l^2 = −^4_5 ; l = 1; κ = 1; h = −1, for three different values ξ = 0 (fine solid line); ξ = 0.1 (dashed line) and ξ = 0.2 (thick solid line)

and 152 ω_2 =

2 iM^{3/2} l {1 + 2n + √ 4 + l^2m^2 + 26ξ + [ κ^2 2M + 7 +

3l^2m^2 2 + 6n (n + 1)

+ 35ξ + 3 (1 + 2n) √ 4 + l^2m^2 + 26ξ]^{1/2}} , (46)

where n is a zero or a positive integer. 153 Stability of these solutions are restricted specifically by the term √ 4 + l^2m^2 + 26ξ, regarded 154 Im{ω} ≤ 0. It is worth noting that this condition is completely equivalent to impose a restriction 155 on the term of squared mass of the scalar field that we have used. To be more precise, if we 156 define an effective mass on the following form 157 m^2_{e f f ective} = m^2 +

26 ξ l^2 , this redefined effective mass must agreed with the analogue of the Breitenlohner-Freedman con- 158 dition in order to have a stable propagation, which was established in [26]. Figure 4) shows that 159 the first set of quasinormal modes are essentially stable, because of having a negative imaginary 160 part. In fact, equation (45) is completely imaginary, therefore these modes have over damping 161 state of oscillation. Figure 5) shows that the second set of quasinormal modes are instable be- 162 cause of having a positive imaginary part. In the same way than before equation (46) turns out 163 to be completely imaginary, and so these modes are non convergent. 164 By using equation (19) with C_2 = 0, due to the horizon boundary conditions, and using 165 equation (35), we are able to evaluate the flux at infinity in accord to the following identity 166 9

Figure 3: The behavior of the absorption cross section with respect to ω for the following parameters M = 1; m^2l^2 = −^4_5 ; l = 1; κ = 1; h = −1, for three different values ξ = 0 (fine solid line); ξ = 0.1 (dashed line) and ξ = 0.2 (thick solid line)

regarding the derivative of the confluent Heun’s functions [27] 167 d dx Heun_C(0, b, c, d, e; x)_{x=0} = 1 2 ( b + c + bc + 2e b + 1 ) , (47)

which yields 168 F (x → 1) =

2ρ^4_+ l^4

|C_1|^2 Im ( 2 (β − 1) B^∗_1B_2 + (α − v_1) |B_1|^2 (1 − x)^{2β−1} + (α − v_2) |B_2|^2 (1 − x)^{3−2β} ) , (48) where 169 v_1 = 1 2 ( c + b + bc + 2e + 2d 1 + c ) , (49)

v_2 = 1 2 ( −c + b − bc + 2e + 2d 1 − c ) , (50)

and B_1 and B_2 were defined on equations (28 - 29), where the flux was evaluated directly from the 170 asymptotic radial equation. Now, imposing the boundary condition of vanishing flux at infinity, 171 we are able to obtain two sets of quasinormal modes given by the conditions, 1 − c + k + n = 0 or 172 1 + c + s + n = 0. One set is similar to the ones obtained from the Dirichlet boundary conditions 173 of vanishing scalar field, however we find another set of quasi normal modes, that are stable for 174 a range of imaginary scalar mass as it can be seen below. These modes are given by 175 ω_3 =

2iM^{3/2} l { ( 1 + 2n − √ 4 + l^2m^2 + 26ξ ) − [ κ^2 2M + 7 +

3l^2m^2 2 + 6n (n + 1) 10

Figure 4: The behavior of the black hole’s quasinormal modes (45) for the following parameters ξ =^1_{16} ; m = 1; l = 1; M = 1; κ = 1, where the thin solid line represents the mode n = 0, the dashed line the mode n = 1, the gross solid line the mode n = 2 and the dashed/dotted line the mode n = 3

+ 35ξ − 3 (1 + 2n) √ 4 + l^2m^2 + 26ξ]^{1/2}} , (51) and 176 ω_4 =

2iM^{3/2} l { ( 1 + 2n − √ 4 + l^2m^2 + 26ξ ) + [ κ^2 2M + 7 +

3l^2m^2 2 + 6n (n + 1)

+ 35ξ − 3 (1 + 2n) √ 4 + l^2m^2 + 26ξ]^{1/2}}. (52)

From equation (48) and considering β_± = 1 ± √ 1 +^{m2e f f l2}_4 , where^{m2e f f l2}_4 =^{m2l2}_4 + 13^ξ_2 the 177 allowable range for the parameters are 178 1 < β_+ < 2 and 0 < β_− < 1 , (53)

this sets the exponent of the first term on equation (48) yielding 2β − 1 > 0 → β > 1/2 and 179 3 − 2β > 0 which corresponds to β = β_−, on the second term we have β < 3/2 → β = β_+, from 180 here we have 181 √ 3 + 26ξ < Im{m l} < √ 4 + 26ξ , (54) Figure 6) illustrates the fact that this last set of modes with imaginary mass are essentially stable. 182 The previous calculation is ensured by the following, consider the Klein-Gordon equation, 183 which is essentially equation (8) due to the fact that non-minimal coupling only redefines the 184

Figure 5: : Shows the behavior of the black hole quasi normal modes (46) for the following parameters ξ =^1_{16} ; m = 1; l = 1; M = 1; κ = 1, where the thin solid line represents the mode n = 0, the dashed line the mode n = 1, the gross solid line the mode n = 2 and the dashed/dotted line the mode n = 3

constants κ and m, this equation can be transformed into a Schrödinger like equation by making 185 use of the tortoise coordinate transformation, defined by 186 dx = 1 (_ρ l )_2 ((_ρ l )_2 − M ) dρ , (55)

then Klein-Gordon equation adopts the form 187 ( d^2 dx^2

+ ω^2 − V (ρ) ) ( ρ^{1/2}R (x) ) = 0 , (56)

where the effective potential can be identified with the following expression 188 V (ρ) = 1 l^2 ( ρ l )_2 (( ρ l )_2 − M ) ( κ^2 − 8Mξ − 3 4 M − ( m − 26 l^2 ξ − 7 4l^2 ) ρ^2 ) . (57)

Note that this potential is divergent on ρ → ∞, therefore the condition of null flux at this bound- 189 ary is justified. 190

Figure 6: The behavior of the quasinormal modes (51) for the following parameters ξ = 0; m = 1; l = 1; κ = 1, where the thin solid line represents the mode n = 0, the dashed line the mode n = 1, the gross solid line the mode n = 2 and the dashed/dotted line the mode n = 3

6. Soliton solution, quasinormal modes and its stability 191 A remarkable feature of the Lifshitz black hole is that by performing the double Wick rotation 192 on the time and space coordinates 193 t → − i l^4 ρ_+^3 φ̄; φ → i l ρ_+ t̄, (58)

and performing the change of variable 194 ρ = ρ_+ cosh (r) , (59)

the metric (3) is transformed into the following one: 195 ds^2 = −l^2 cosh^2 (r) dt̄^2 + l^2dr^2 + l^2 cosh^4 (r) sinh^2 (r) dφ̄^2, (60)

which can be recognized as a soliton metric [20]. Formally, the quasinormal modes of this metric 196 must be obtained in the same way as was shown on the previous section. However, due to the 197 symmetry of the transformations involved, the quasinormal modes for the soliton can be easily 198 obtained by performing the following substitution 199 κ → − i ρ_+ l ω_{soliton}; ω → i ρ_+^3 l^4 κ_{soliton}. (61)

Inserting (61) in equations (45) and (46) yields 200 ω_{soliton} = ± {4 + 2κ_{soliton} − 1 2 κ^2_{soliton} + l^2m^2 + 4n + 4κ_{soliton}n

+ 4n^2 + 44ξ + 2 (1 + κ_{soliton} + 2n) √ 4 + l^2m^2 + 26ξ}^{12} (62)

Note that the stability of these solutions only depends on the term √ 4 + l^2m^2 + 26ξ which it has 201 been already restricted according to the to Breitenlohner-Freedman condition, the positivity or 202 negativity of rest of the term in equation (62) is not transcendent due to the fact that the ’minus’ 203 or ’plus’ sign can be choose to ensure stability. The behavior of these modes can be seen on 204 Figure 7) that shows explicitly the stability of the solutions presented. 205

Figure 7: :Shows the behavior of the quasi normal soliton modes (62) for the following parameters ξ =^1_{16} ; l = 1; κ_{soliton} = 1, where the thin solid line represents the mode n = 0, the dashed line the mode n = 1, the gross solid line the mode n = 2 and the dashed/dotted line the mode n = 3

In the same way, we find a second set of quasinormal modes for the soliton, by using the 206 expressions found in equations (51) and (52), we have 207

ω_{soliton} = ± {4 + 2κ_{soliton} − 1 2 κ^2_{soliton} + l^2m^2 + 4n + 4κ_{soliton}n

+ 4n^2 + 44ξ − 2 (1 + κ_{soliton} + 2n) √ 4 + l^2m^2 + 26ξ}^{12} (63)

The stability of this case depends on the condition^{4+26ξ}_{l2} > ‖m‖^2 which is valid for imaginary 208 masses, recall that this is in accordance with the Breitenlohner-Freedman condition. As in the 209 previous case, the stability is ensured by the suitable sign election of the term in the squared root. 210 (63). The behavior of these modes can be seen on Figure 8). 211

Figure 8: The behavior of the quasi normal soliton modes (63) for the following parameters ξ =^1_{16} ; l = 1; κ_{soliton} = 1, where the thin solid line represents the mode n = 0, the dashed line the mode n = 1, the gross solid line the mode n = 2 and the dashed/dotted line the mode n = 3

7. Final Remarks 212 We can summarize some important features found in this paper: 213 • The appearance of the coupling parameter explicitly in the absorption cross section (equa- 214 tion (43), imply that it is not possible to obtain the geometric area of the black hole as a 215 result in the limit of low energies and for a s-wave, unless this parameter became null. 216 • As can be seen from this study, non-minimal coupling doesn’t affect the overall form of the 217 quasinormal modes, moreover the non-minimal quasinormal modes can be easily obtained 218 by redefining the parameters κ and m. Although this can be considered a natural extension 219 from the minimal problem, this is only possible by the simple form of the Ricci scalar in a 220 Lifshitz background. 221 15

• There is a complete new set of stables quasinormal modes that has been not considered 222 before, these modes are associated to the possibility to have an imaginary mass for the 223 scalar field. These modes are found by imposing the flux to be zero at infinity and requiring 224 the expression to be valid according to the Breitenlohner-Freedman condition for stability 225 . 226 • By performing a double Wick rotation it is possible to change the metric in a way which 227 is isomorphic to a soliton type of metric, and from here is easily seen that the quasinormal 228 modes for this metric can be obtained from the black hole quasinormal modes by a simple 229 transformation. These modes turn out to be stables. 230 8. Acknowledgements 231 This research was supported by VRIEA-DI-037.419/2012, Pontificia Universidad Católica 232 de Valparaíso (SL), Fondecyt 1110076 (SL), DI12-0006 of Dirección de Investigación y Desar- 233 rollo, Universidad de La Frontera (FP) and DI11-0071 Dirección de Investigación y Desarrollo, 234 Universidad de La Frontera (YV). 235 References 236 References 237 [1] J. M. Maldacena, The Large N limit of superconformal field theories and supergravity, AIP Conf.Proc. 484 (1999) 238 51–63. 239 [2] D. Son, Toward an AdS/cold atoms correspondence: A Geometric realization of the Schrodinger symmetry, 240 Phys.Rev. D78 046003. 241 [3] S. A. Hartnoll, J. Polchinski, E. Silverstein, D. Tong, Towards strange metallic holography, JHEP 1004 120. 242 [4] S. A. Hartnoll, Lectures on holographic methods for condensed matter physics, Class.Quant.Grav. 26 (2009) 243 224002. arXiv:0903.3246, doi:10.1088/0264-9381/26/22/224002. 244 [5] G. T. Horowitz, V. E. Hubeny, Quasinormal modes of AdS black holes and the approach to thermal equilibrium, 245 Phys.Rev. D62 024027. 246 [6] I. L. Buchbinder, S. D. Odintsov, I. L. Shapiro, Effective action in quantum gravityBristol, UK: IOP (1992) 247 [7] E. Elizalde, S. D. Odintsov, Renormalization group improved effective potential for finite grand unified theories in 248 curved space-time, Phys. Lett. B333 (1994) 331–336. arXiv:hep-th/9403132. 249 [8] T. Muta, S. D. Odintsov, Model dependence of the nonminimal scalar graviton effective coupling constant in curved 250 space-time, Mod. Phys. Lett. A6 (1991) 3641–3646. 251 [9] S. Lepe, J. Lorca, F. Pena, Y. Vasquez, Fermionic and scalar fields as sources of interacting dark matter-dark energy 252 , Int.J.Mod.Phys. D20 2543–2558. 253 [10] D. Birmingham, I. Sachs, S. Sen, Three-dimensional black holes and string theory, Phys.Lett. B413 281–286. 254 [11] T. Harmark, J. Natario, R. Schiappa, Greybody Factors for d-Dimensional Black Holes, Adv.Theor.Math.Phys. 14 255 (2010) 727–793. arXiv:0708.0017. 256 [12] P. Gonzalez, E. Papantonopoulos, J. Saavedra, Chern-Simons black holes: scalar perturbations, mass and area 257 spectrum and greybody factors, JHEP 1008 050. 258 [13] T. Moon, Y. S. Myung, Absorption cross section in Lifshitz black hole arXiv:1205.2317. 259 [14] S. R. Das, G. W. Gibbons, S. D. Mathur, Universality of low-energy absorption cross-sections for black holes, 260 Phys.Rev.Lett. 78 417–419. 261 [15] K. D. Kokkotas, B. G. Schmidt, Quasinormal modes of stars and black holes, Living Rev.Rel. 2 (1999) 2. 262

arXiv:gr-qc/9909058.

263 [16] B. Cuadros-Melgar, J. de Oliveira, C. Pellicer, Stability Analysis and Area Spectrum of 3-Dimensional Lifshitz 264 Black Holes, Phys.Rev. D85 (2012) 024014. arXiv:1110.4856. 265 [17] P. Gonzalez, J. Saavedra, Y. Vasquez, Quasinormal modes and Stability Analysis for 4-dimensional Lifshitz Black 266 Hole arXiv:1201.4521. 267 [18] A. Giacomini, G. Giribet, M. Leston, J. Oliva, S. Ray, Scalar field perturbations in asymptotically Lifshitz black 268 holes arXiv:1203.0582. 269 16

[19] Y. S. Myung, T. Moon, Quasinormal frequencies and thermodynamic quantities for the Lifshitz black holes 270

arXiv:1204.2116.

271 [20] H. A. Gonzalez, D. Tempo, R. Troncoso, Field theories with anisotropic scaling in 2D, solitons and the microscopic 272 entropy of asymptotically Lifshitz black holes, JHEP 1111 066. 273 [21] E. Ayon-Beato, A. Garbarz, G. Giribet, M. Hassaine, Lifshitz Black Hole in Three Dimensions, Phys.Rev. D80 274 104029. 275 [22] Y. Kwon, S. Nam, J.-D. Park, S.-H. Yi, Quasi Normal Modes for New Type Black Holes in New Massive Gravity, 276 Class.Quant.Grav. 28 145006. 277 [23] Y. Satoh, Propagation of scalars in nonextremal black hole and black p-brane geometries, Phys.Rev. D58 044004. 278 [24] W. T. Kim, J. J. Oh, Dilaton driven Hawking radiation in AdS(2) black hole, Phys.Lett. B461 189–195. 279 [25] J. J. Oh, W. Kim, Absorption Cross Section in Warped AdS(3) Black Hole, JHEP 0901 067. 280 [26] S. Kachru, X. Liu, M. Mulligan, Gravity Duals of Lifshitz-like Fixed Points , Phys.Rev. D78 106005. 281 [27] P. P. Fiziev, Novel relations and new properties of confluent Heun’s functions and their derivatives of arbitrary 282 order, J. Phys. A: Math. Theor. 43 (2010) 08. arXiv:0904.0245. 283