arXiv:1205.4592v1 [hep-th] 21 May 2012

Scalar Field Theory on Supermanifolds

Mir Hameeda Degree Collage Boys Baramulla

Kashmir, India

May 22, 2012

Abstract

In this paper we will analyse a scalar field theory on a spacetime with noncommutative and non-anticommutative coordinates. This will be done by using supermanifold formalism. We will also analyse its quantization in path integral formalism.

1 Introduction

Path integral quantization is manifestly Lorentz covariant. In this method a sum over all field configurations is performed. Path integration has proven a very useful method to quantize most field Theories. It is thus possible to quantize gauge theories and even perturbative quantum gravity using path integrals [1]-[16]. However, the quantization of perturbative quantum gravity can only be formally done. Field theories on spacetime with noncommutative and nonanticommutative coordinates have been studied using supermanifolds formalism [17]-[20]. Supermanifolds have both bosonic and fermionic coordinates and hence are well suited for analyzing spacetime with both the noncommutative and non-anticommutative coordinates. There is a map between these noncommutative and non-anticommutative coordinates and ordinate coordinates. The noncommutativity and non-anticommutativity induces a star product between ordinary coordinates. In this paper we will analyse the quantization of a scalar field theory on such supermanifolds using path integrals.

2 Supermanifolds

We will now analyse a spacetime with noncommutative and non-anticommutative coordinates in the language of supermanifolds. The coordinates of the supermanifolds can be written as z^μ = x^μ + y^μ, (1)

where x^μ are the bosonic coordinates with even Grassmann parity,

[x^μ, x^ν ] = 0, (2)

and y^μ are the fermionic coordinates with odd Grassmann parity,

{y^μ, y^ν } ≡ y^μy^ν + y^ν y^μ = 0. (3)

So the metric can be now written as ds^2 = g_{μν} dz^μdz^ν . (4) We want to impose noncommutativity and non-anticommutativity in such a way that the theory reduces to the usual noncommutative theory when there is no non-anticommutativity and it also reduces the usual non-anticommutative theory when there is no noncommutativity. This can be done by imposing the following relations [ẑ^μ, ẑ^ν ] = 2y^μy^ν + iθ^{μν} + O(θ^2), {ẑ^μ, ẑ^ν } = 2x^μx^ν + 2i(x^μy^ν + x^ν y^μ) − τ^{μν} + O(τ^2). (5) Now in the limit y^μ → 0 and τ^{μν} → 0, we get [x̂^μ, x̂^ν ] = iθ^{μν} , {x̂^μ, x̂^ν } = 2x^μx^ν (6) and in the limit x^μ → 0 and θ^{μν} → 0, we get [ŷ^μ, ŷ^ν ] = 2y^μy^ν , {ŷ^μ, ŷ^ν } = τ^{μν} . (7) A matrix valued superfields ϕ̂(ẑ) on this deformed superspace. We use Weyl ordering and express the Fourier transformation of this superfield as, ϕ̂(ẑ) = ∫ d^4ke^{−ikẑ} ϕ(k). (8) Now we have a one to one map between a function of ẑ to a function of ordinary superspace coordinates z via ϕ(z) = ∫ d^4ke^{−ikz} ϕ(k). (9) We can express the product of two fields ϕ̂(ẑ)ϕ̂(ẑ) on this deformed superspace as ϕ̂(ẑ)ϕ̂(ẑ) = ∫ d^4k_1d^4k_2 exp −i((k_1 + k_2)z) × exp(ω^{μν} k^2_μk^1_ν )ϕ(k_1)ϕ(k_2), (10) where ω^{μν} is a nonsymmetric tensor ω^{μν} = τ^{μν} + θ^{μν} . (11) So we can now define the star product between ordinary functions as follows: ϕ(z) ∗ ϕ(z) = exp(ω^{μν} k^2_μk^1_ν )ϕ(z_1)ϕ(z_2) |_{z1=z2=z} . (12)

3 Scalar Field Theory

In any field theory the classical action S is the spacetime integral of the Lagrangian density L S = ∫ d^4xL. (13)

The exact form of L depends on the theory under consideration. In scalar field theory the Lagrangian L is taken to be a function of field ϕ and its derivative ∂_cϕ. Usually no higher derivative terms are taken as they lead to a non-unitary behavior of the field theory. Now we take the following action for free scalar field theory L = 1 2 (∂_aϕ ∗ ∂^aϕ + m^2ϕ ∗ ϕ), (14)

where m is the mass of the field theory.

Now if we assume that the field vanishes on boundaries, then we can show that the action can be written as follows: S = ∫ d^4x −1 2 ϕ(∂^2 − m^2) ∗ ϕ. (15)

This is obtained by integrating by parts and neglecting the surface terms. It is important that the fields vanish on the boundaries otherwise we will get a term proportional to the boundary value of the fields. If for example ϕ̃ is the boundary value of ϕ and the boundary is along x^3 direction, then ∫ d^4x∂_aϕ ∗ ∂^aϕ = − ∫ d^4xϕ∂^2 ∗ ϕ + ∫ d^4x∂_a(ϕ∂^a ∗ ϕ), (16)

but the term ∂_a(ϕ∂^a ∗ ϕ) now equals to a boundary term given by ϕ̃∂^3 ∗ ϕ̃. However, in all our discussions we will assume that all the fields vanish on the boundary and hence drop any terms which are total derivatives as they can be converted into a boundary term. We can quantize this theory by first writing down the partition function which is give by Z = N ∫ Dϕ exp i[S]. (17)

Now if J(x) is the source of the field ϕ(x), then we define J ∗ ϕ as J ∗ ϕ = ∫ d^4xJ(x) ∗ ϕ(x). (18) We call Z[J] the vacuum-to-vacuum transition amplitude and it is given by Z[J] = N ∫ Dϕ exp i[S + J ∗ ϕ]. (19)

It is the generator of two point functions. Here N is a normalization constant, such that Z[J] is normalized as follows:

Z[0] = 1. (20)

It can be shown that Z[J] is given by

Z[J] = exp −i 2 ∫ d^4xd^4x^′J(x)G(x, x^′ )J(x^′), (21) where G(x, x^′) is Green’s function, which can be viewed as the inverse of E(x, x^′),

(∂^2 − m^2)G(x^′, x^{′′}) = δ(x^′, x^{′′}). (22)

Then the two-point function is given by − δ δJ(x) δ δJ(x^′) Z[J] |_{J=0} = iG(x, x^′). (23)

Any higher powers of the field variable are viewed as interactions. Interaction modifies Z[J], but apart from that the procedure of calculating the two-point function remains identical to the free field case. This completes our discussion of calculating the two-point function for scalar field theory.

4 Conclusion

In this paper we have analysed the quantization of a scalar field theory on noncommutative and non-anticommutative spacetime. We first analysed the theory on supermanifolds. Then we quantized it by using path integration. It will be interesting to analyse gauge theories in this spacetime. It may be noted that gauge symmetry also occurs in the ABJM and BLG theories. The ghost and gauge fixing terms of these theories has been studied [21]-[30]. It will be interesting to study the ABJM and the BLG theories on supermanifolds. It may also be noted that another way to deal this problem is the Wheeler-DeWitt approach [31]-[35].

References

[1] N. Nakanishi, Prog. Theor. Phys. 59, 972 (1978)

[2] T. Kugo and I. Ojima, Nucl. Phys. B144, 234 (1978)

[3] K. Nishijima and M. Okawa, Prog. Theor. Phys. 60, 272 (1978)

[4] N. Nakanishi and I. Ojima, Covariant operator formalism of gauge theories and quantum gravity - World Sci. Lect. Notes. Phys - (1990)

[5] Yoshihisa Kitazawa, Rie Kuriki and Katsumi Shigura, Mod. Phys. Lett. A 12, 1871 (1997)

[6] E. Benedict, R. Jackiw and H. J. Lee, Phys. Rev. D 54, 6213 (1996)

[7] Friedemann Brandt, Walter Troost and Antoine Van Proeyen, Nucl. Phys.

B464, 353 (1996)

[8] M. Tahiri, Int. Jou. Theo. Phys. 35, 1572 (1996)

[9] M. Faizal and M. Khan, Eur. Phys. J. C 71, 1603 (2011)

[10] M. Faizal, Class. Quant. Grav. 29, 035007 (2012)

[11] A. Pakman, JHEP 0306, 053 (2003)

[12] M. Faizal and A. Higuchi, arXiv:1107.0395 - to appear in Phys. Rev. D

[13] K. Izumi and T. Tanaka, Prog. Theor. Phys. 121, 427 (2009) [14] M. Faizal and A. Higuchi, Phys. Rev. D 78, 067502 (2008) [15] M. Faizal, J. Phys. A 44, 402001, (2011) [16] M. Faizal, Found. Phys. 41, 270 (2011) [17] M. Faizal, Phys. Lett. B 705, 120 (2011) [18] J. W. Moffat, Phys. Lett. B 506, 193 (2001) [19] J. W. Moffat, Phys. Lett. B 491, 345 (2000) [20] M. Faizal, arXiv:1204.0295 - to appear in Mod. Phys. Lett. A [21] M. Faizal, Phys. Rev. D 84, 106011 (2011) [22] M. Faizal and D. J. Smith, arXiv:1112.6070 - to appear in Phys. Rev. D [23] A. Gustavsson, arXiv:1203.5883 [24] M. Faizal, Comm. Theor. Phys. 57, 637 (2012) [25] M. S. Bianchi, M. Leoni and S. Penati, arXiv:1112.3649 [26] M. Faizal, arXiv:1204.1191 - to appear in Euro. Phys. Lett. M. Marino and P. Putrov, arXiv:1110.4066 [27] K. Okuyama, arXiv:1110.3555 [28] M. Faizal, JHEP. 1204, 017 (2012) [29] A. Belhaj, arXiv:1107.2295 [30] W. H. Huang, arXiv:1107.2030 [31] B. S. DeWitt, Phys. Rev. 160, 1113 (1967) [32] M. Faizal, J. Exp. Theor. Phys. 114, 456 (2012) [33] Y. Ohkuwa, Int. J. Mod. Phys. A 13, 4091 (1998) [34] M. Faizal, Mod. Phys. Lett. A 27, 1250007 (2012) [35] M. Pavsic, Phys. Lett. B 703, 614 (2011)