arXiv:1205.4720v3 [hep-th] 23 Aug 2012

Fluxed M5-instantons in F-theory

Max Kerstan and Timo Weigand

Institut für Theoretische Physik, Ruprecht-Karls-Universität Heidelberg, Philosophenweg 19, 69120 Heidelberg, Germany

Abstract

We analyse the non-perturbative superpotential due to M5-brane instantons in F-theory compactifications on Calabi-Yau fourfolds. The M5 partition function is obtained via holomorphic factorisation by explicitly performing the sum over chiral 3-form fluxes. Comparison with the partition function of fluxed Euclidean D3-brane instantons in Type IIB orientifolds allows us to fix the spin structure on the intermediate Jacobian of the M5-instanton. We furthermore analyse the contribution of the M5-instanton to the superpotential in the presence of G_4 gauge flux, where the superpotential is dressed with matter fields. We explicitly evaluate the pullback of G_4 onto the M5-brane as a measure for the presence of charged instanton zero modes. This accounts for the M5 charge both under massless U(1)s, if present, and under what corresponds in Type II language to geometrically massive U(1)s.

Contents

1 Introduction 2

2 The partition function of vertical M5-brane instantons 5

3 Fluxed O(1) D3-instantons in Type IIB orientifolds 12

3.1 Moduli dependence of the instanton superpotential . . . . . . . . . . . . . . . . . 12

3.2 Matching the M5 and E3 partition functions . . . . . . . . . . . . . . . . . . . . . 16

4 Instanton selection rules in backgrounds with G_4-flux 19

4.1 G_4-flux and zero modes from M2-branes . . . . . . . . . . . . . . . . . . . . . . . 20

4.2 Selection rules for the absence of chiral charged zero modes . . . . . . . . . . . . 22

4.2.1 General picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.2.2 Example: SU(5) × U(1)_X . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.3 Comparison with selection rules of Type IIB and U(1) charges . . . . . . . . . . 29

5 Conclusions and open questions 33

A M-theory reduction in the democratic formulation 35

1 Introduction

Instanton effects due to Euclidean branes have received widespread interest both in Type II string theory and in F/M-theory compactifications. Part of their importance is owed to the fact that they generate perturbatively absent terms in the superpotential of the four-dimensional effective action. Examples are non-perturbative F-terms involving the Kähler moduli in F/Mtheory and Type IIB orientifolds [1], which are the backbone of recent approaches to moduli stabilisation in the spirit of [2], or non-perturbative couplings in the charged open string sector [3–6], which play an important role for phenomenology.

The present paper is concerned with instanton effects due to Euclidean M5-branes in Ftheory compactifications on a Calabi-Yau fourfold. One of our aims is to investigate when such an instanton contributes to a superpotential term involving only the geometric string moduli, and when it has to involve matter fields charged under gauge groups appearing on the 7-branes of the theory. To appreciate some of the problems that occur, let us recall what makes the study of instanton effects in perturbative Type II compactifications tractable and to what extent these properties carry over to F/M-theory. For a review of these techniques and the original literature see e.g. [7, 8].

In Type II string theories, D-brane instanton effects can be studied rather explicitly by quantising the excitations of open strings ending on the Euclidean D-brane. This allows for a detailed understanding in particular of the zero mode spectrum of the instanton, which is crucial in determining which superpotential terms the instanton can contribute to or if it contributes at all.

The instanton moduli and their associated zero modes can be treated with techniques very similar to those used in the study of spacetime-filling D-branes. The zero modes arising from open strings with both ends on the instanton are called neutral zero modes, as they are uncharged under the gauge groups of stacks of spacetime-filling D-branes that may be present. In addition, charged zero modes can appear at the intersection of the instanton with a stack of spacetime-filling D-branes. The charged zero mode structure of an instanton can again be studied by explicitly quantising the open strings stretching between instanton and D-brane stack, taking into account the appearance of gauge flux, if present, in the relevant boundary conditions. Instead of quantizing the charged open string sector between the instanton and the spacetime-filling branes, one can look for the appearance of chiral zero modes by considering the transformation properties of the instanton action under the U(1) gauge symmetries on the D-brane stack. These U(1) selection rules imply that an instanton whose classical action carries a certain charge q can contribute at most to terms in the low-energy action involving suitable open string fields ϕ of charge −q.

Of particular interest in this paper are Euclidean D3-brane instantons (short E3-instantons) in Type IIB orientifolds. As stressed in [9], the computation of the associated superpotential involves a sum over the set of consistent fluxes on the instanton worldvolume. Aspects of E3- instanton flux had previously been discussed in [10]. Instanton flux has important consequences for the spectrum of charged zero modes because the net chirality of these charged zero modes depends on the gauge flux both on the D-brane stack and on the instanton [9]. Among other things, this alleviates the tension between a chiral matter spectrum and moduli stabilisation by D-brane instantons, which was first pointed out in [11]. Instanton fluxes can also lift zero modes due to neutral instanton moduli [12], with great impact on the structure of the superpotential.

In F-theory compactifications, the phenomenologically important instanton effects mentioned above are comparatively under much less control than in the perturbative Type IIB setting. F-theory can be defined as M-theory compactified on an elliptically fibered fourfold in the limit of vanishing fiber volume. The uplift of the E3-instantons of Type IIB discussed above is then given by vertical M5-brane instantons wrapping the elliptic fiber. While the possible superpotential contributions of such M5-instantons have been studied quite extensively starting with the seminal work of Witten [1], many questions in particular related to charged zero modes are still quite poorly understood. Let us briefly mention the different types of difficulties that appear in these investigations.

A general problem arises from the fact that the world-volume theory of the M5-brane involves a self-dual 2-form field, whose dynamics do not admit a simple Lagrangian description. While a full covariant action has been known for some time [13], this action includes an additional auxiliary field and does not lend itself easily to a computation of the partition function which controls the low-energy superpotential contribution. Nevertheless, the partition function of the M5-instanton can be elegantly computed by considering first a simpler auxiliary action and then performing holomorphic factorisation [14, 15]. This procedure leads to several different candidate partition functions out of which the correct partition function must be picked. Performing this choice directly in M-theory is non-trivial.

Our first task in this work is to compute the partition function of vertical M5-instantons in a general F-theory compactification, based on the analysis in [14, 15]. The result can be compared, in situations with a Type IIB orientifold limit, with the E3-instanton analogue. We establish an explicit correspondence between the sum over gauge fluxes on the E3-instanton as described in [9] and the sum over 3-form fluxes in the M5 partition function. This match allows us to identify the correct partition function of the M5-instanton from the set of possible candidates. Our result is in agreement with the modular invariant partition function found for an M5-brane on a flat T^6 in [16–18] and with the analysis of [19] for NS5-instantons dual to gravitational instantons in Type IIB. For the recent discussion of such gravitational instantons via M5-instantons see [20].

Viewed microscopically, instanton zero modes arise in F/M-theory from wrapped M2-brane states, which can alternatively be described in terms of (p,q)-string junctions [21, 22]. While their explicit study in a microscopic picture is difficult due to the lack of an explicit quantised membrane theory, some insights are provided by indirect arguments. First, the structure of neutral instanton zero modes can be determined using geometric techniques by studying the deformations of the instanton divisor [1], including situations with background fluxes (see e.g. [23–28]). In such a way, zero mode spectra can be evaluated in concrete examples with rather sophisticated methods [29–31]. The interplay with world-volume instanton flux has been studied recently in [12] in the language of E3-instantons in strongly coupled Type IIB theory. Other techniques to study instanton zero modes in F-theory include invoking duality with the heterotic string [22, 32] or anomaly inflow arguments [22]. Earlier work on instanton zero modes in the context of F-theory model builing includes [33]; the structure of the so-called universal zero modes has been analysed in detail in [30, 34].

The presence of charged zero modes can similarly be detected even without making use of a microscopic theory in terms of M2-branes. To gain some intuition it is beneficial to recall from the theory of E3-instantons in Type IIB orientifolds that the number of charged chiral zero modes is equivalent to a net U(1) charge of the instanton in the presence of gauge fluxes [3,5,6]. The same mechanism that is responsible for the gauging of the axions in the E3 worldvolume action is at work also in F/M-theory, as can be verified by a detailed analysis of the gauged supergravity [35, 36]. An important difference to the weakly coupled Type II theories was discussed in [36], though: In generic configurations some U(1)s in Type IIB are massive even in absence of gauge flux. These geometrically massive U(1)s are not present below the Kaluza- Klein scale in F-theory even though it is possible to formally make them visible by including non-harmonic forms in the dimensional reduction. In Type IIB the full set of U(1) selection rules - geometrically massive and massless ones - is necessary to account for all net charged zero modes; this suggests that in F-theory the obvious U(1) selection rules due to geometrically massless U(1)s are not sufficient by themselves either. In [36] it was in fact suggested, on the basis of the supergravity analysis, that in F-theory models with a smooth Type IIB limit the selection rules associated with massive U(1)s continue to be present.

In Type IIB the chiral index that counts the net number of charged zero modes can be calculated by integrating the pullback of the 7-brane flux onto the instanton divisor along the mutual intersection curve. In F/M-theory gauge flux is described by suitable G_4-fluxes. Euclidean M5-branes in the presence of G_4-flux are subject to a Freed-Witten anomaly [37] whenever the pullback of G_4 onto the divisor is non-vanishing. In [32, 38] it was argued that non-vanishing G_4-flux along the M5 divisor requires the inclusion of extra M2-brane states to cancel the Freed-Witten anomaly. These would be interpreted as charged zero modes, in agreement with the Type II picture of [3,5,6]. A contribution of the M5-instanton not involving any charged operators is then possible only if the pull-back of G_4 onto the instanton world volume vanishes; this serves as a criterion for the presence of charged zero modes and at the same time as a selection rule.

An explicit analysis of this Freed-Witten anomaly hinges on recent progress in the explicit description of gauge flux via G_4-fluxes in resolved Calabi-Yau fourfolds [39–43]. The computation of the pullback of G_4 involves a search for 4-cycles on the instanton divisor which host a non-trivial G_4-flux. We address this question in the context of globally U(1) restricted Tate models of the form investigated in [44]. The general picture emerging from our analysis is as follows: First, in the presence of massless U(1) gauge group factors, a special type of surface exists for generic complex structure moduli. The integral of the pullback of G_4 over this surface within in the instanton computes the net U(1) charge of the instanton in agreement with the supergravity analysis. In addition to these U(1) selection rules, certain surfaces are present within in the instanton divisor which can be represented as algebraic surfaces only on special loci in complex structure moduli space; we will argue that nonetheless they lead to a non-trivial Freed-Witten constraint. These surfaces are related to the matter surfaces of the F-theory compactification, i.e. the fibrations of P^1s in the elliptic fiber over curves in the base space where charged matter states are localised. The associated selection rules cannot be determined from massless U(1)s in F-theory.

This general analysis can again be compared to perturbative Type IIB results in situations where such a smooth limit exists [42]. The U(1) selection rules associated with the massless U(1)s are found to match as expected. The selection rules due to the extra surfaces, on the other hand, encode what appears in Type IIB as the charge under the geometrically massive U(1) symmetries, confirming the expectations of [36].

The remainder of this paper is organised as follows. In section 2 we discuss the partition function of an M5-instanton employing the idea of holomorphic factorisation as in [14, 15]. In section 3 the result of this general computation is compared to the instanton partition function of Type IIB E3-brane instantons, which is reviewed in section 3.1. Amongst other things, the explicit match in section 3.2 identifies the correct holomorphic factor of the M5-instanton superpotential. In section 4 we analyse the interplay between M5-instantons and gauge G_4-flux in F-theory. After a general outline of the problem in 4.1, section 4.2 analyses the Freed-Witten constraint of vanishing G_4-flux pullback and discusses the possible types of surfaces that are relevant in detecting this anomaly. In section 4.3 we compare these results to the known selection rules in Type IIB orientifolds. Our conclusions and a summary of open questions are contained in section 5. Details of the M-theory effective action in the democratic formulation are relegated to the appendix.

2 The partition function of vertical M5-brane instantons

In this section we discuss the partition function of M5-brane instantons in M-theory compactified on a Calabi-Yau fourfold Y_4. Although the results of this section are valid for a general instanton, we will be interested mostly in situations where the fourfold Y_4 is elliptically fibered, π : Y_4 → B_3, and where the M5-instanton wraps a vertical divisor

D_M = π^{−1}D^b_M (2.1) with D^b_M a divisor of the base space B_3. In the F-theory limit the three-dimensional effective action of M-theory on an elliptically fibered Y_4 is uplifted to an effective action in four dimensions. In this limit an M5-instanton on a vertical divisor corresponds to a Euclidean D3-brane (dubbed E3-) instanton on the base divisor D^b_M [1], more precisely to an E3-instanton wrapping the corresponding divisor on the double cover Calabi-Yau threefold X_3. We will furthermore focus on the generation of a non-perturbative superpotential due to the Euclidean M5-brane in the effective action obtained in the F-theory limit. Since we are only analysing the structure of the partition function, we assume that the uncharged zero mode structure indeed allows for the generation of a superpotential. Finally, in this section we concentrate entirely on isolated M5-instantons, i.e. we ignore possible intersections of the M5-brane and the discriminant locus of the elliptic fibration.^1 In the presence of such intersections non-trivial constraints due to the appearance of charged zero modes between the instanton and the 7-branes arise, which are the subject of section 4.

The worldvolume of an M5-instanton wrapped on a divisor D_M carries a chiral 2-form potential B with field strength H. In Euclidean signature, the Hodge star operator squares to −1, ∗^2 = −1, leading to eigenvalues ±i. Chirality of B refers to the fact that the field strength H is imaginary self-dual, ∗H = iH. Any 3-form Q on the M5-instanton can be split into a chiral and anti-chiral part according to

Q^± = 1 2 (1 ∓ i∗)Q , Q = Q^+ + Q^−. (2.2)

Due to the chiral nature of B the definition of a covariant action involves auxiliary fields, which are necessary to impose self-duality of H [13]. One can bypass the associated technical complications by considering instead an action of the form S_B = −2π ∫ D_M [ (H + aι^∗C_3) ∧ ∗(H + aι^∗C_3) + b H ∧ ι^∗C_3 ] , (2.3)

where H is not assumed to be self-dual; rather this condition has to be implemented in a suitable manner in all physical expressions as we will review below [14]. We have chosen the Hodge star operator such that ∫ D_M H ∧ ∗H is negative definite, which determines the overall

sign of the action.

Before we proceed let us briefly note that the Freed-Witten anomaly [37] actually rules out cohomologically non-trivial 4-form flux ι^∗G_4 ≠ 0 on free M5-instantons (with G_4 = dC_3). This can also be seen by simply considering the equations of motion of B from (2.3). The anomaly due to non-trivial flux must be cancelled by the inclusion of suitable M2-branes ending on the instanton cancelling the tadpole for B. As stressed above, in this section we only consider isolated M5-instantons with ι^∗G_4 = 0. We will discuss the inclusion of background flux on the instanton in section 4.

The idea of [14] to obtain the chiral partition function from the non-chiral action (2.3) is to compute the partition function for the full action (2.3) in a fixed C_3-form background. This partition function is given by the path integral

Z_B = ∫ DB e^{−SB} . (2.4) 1More precisely we assume there are no intersections other than with the I1-locus of the discriminant as is necessary for the instanton to generate a superpotential, i.e. to form an O(1) instanton in Type IIB language.

To avoid redundancies in the integration one has to omit B-field configurations which are pure gauge including those which correspond to large gauge transformations. In the absence of G_4 fluxes, the large gauge transformations correspond to a shift of B by an element of H^2(D_M , R). The case ι^∗G_4 ≠ 0, where this is broken to a discrete subgroup, will not be discussed until section 4.1. In the situation of trivial fluxes as considered here the path integral thus in essence splits into an integration over the non-closed 2-forms and a sum over non-trivial fluxes H_0 ∈ H^3(D_M , Z). The quantity (2.4) takes the form of a sum of terms which are each a product of a factor containing only the self-dual part of the 3-form flux H^+ and its conjugate defined in terms of H^−. In [14], the partition function for the theory of a chiral 2-form B is identified with the chiral part of one particular of these summands. As we will see, it is possible to directly determine this summand by comparison with the Type IIB result for the superpotential of a D3-brane instanton.

One comment is in order: The above analysis only accounts for the bosonic part of the M5-action involving the B-field.^2 To fully account for all degrees of freedom one must specify in addition the superembedding of the M5-brane worldvolume and also the fermionic completion involving the superpartner of the B-field. These parts of the M5-action have been studied e.g. in [23–28]. In addition to the expression (2.4) the full path integral then involves the integral over the bosonic modes from the embedding and the fermionic zero modes. Both are well-known to be crucial to determine if a superpotential is generated. In the sequel we concentrate only on the piece (2.4) of the partition function, assuming implicitly that the pre-requisites for a superpotential contribution, as first specified in [1], are met.

In order to identify which of the two factors contains the contribution of H^+ or H^− it is helpful to choose the coefficients in (2.3) in such a way that only the anti-self-dual part C^− of C_3 couples to H. This ensures that H^− is decoupled from C_3, so after performing the factorisation described above the desired chiral partition function encoding the contributing of H^+ will be the factor involving C_3. Expanding C_3 = C^− + C^+ in (2.3) it is easy to see that H couples only to C^− provided b = −2ai. The numerical value of the constants a and b can be determined from the condition that the partition function matches the expression obtained for a D3-instanton in the Type IIB limit of F-theory. As we will see in section 3.2 this leads to b = −i, i.e. a = 1/2. (2.5) Imposing these conditions and suppressing the explicit pullbacks the part of the action that encodes the dynamics of B (modulo self-duality) and the coupling to C_3 is therefore given by S_B = −2π ∫ D_M [ H ∧ ∗H − 2i H ∧ C^− + 1 4 C_3 ∧ ∗C_3 ] . (2.6)

In addition one must include also the couplings to the remaining fields of the M-theory background, in particular to the 6-form potential C_6 dual to C_3. The dimensional reduction of democratic formulation of M-theory involving both C_3 and C_6 is worked out in appendix A. The complete action we consider is

S_{M5} = 2π(Vol_{DM} + i ∫ C_6) + S_B . (2.7)

2This corresponds, in the language of D3-brane instantons in Type IIB, to the degrees of freedom descending from the instanton gauge field, i.e. the bosonic piece of the Wilson line multiplet.

However let us stress again at this point that this is still only an auxiliary action as it does not take into account the self-duality of B. The true physical content of the theory is obtained from the partition function (2.4) after holomorphic factorisation.

One last remark is in order before we proceed with the computation of the partition function. The gauge invariant field strength appearing in (2.3) is not dB, but the combination

Λ = dB + 1 2 ι^∗C_3. (2.8)

In general, gauge invariance under a gauge transformation of C_3 requires an associated shift of B [13], δC_3 = −dχ, δB = 1 2 ι^∗χ. (2.9)

One important special case occurs when the pullback ι^∗χ to the M5-instanton worldvolume W_{M5} is non-vanishing but closed. This happens in particular when the transformation of C_3 is due to a gauge transformation of a three-dimensional U(1) gauge symmetry arising from an expansion of C_3 = A^A ∧ ω_A into harmonic 2-forms ω_A on Y_4. In this case δι^∗C_3 = 0 because the gauge shift is purely along the extended three dimensions, where the instanton is pointlike. The corresponding shift of B in (2.9) can in this case be undone by a large gauge transformation of B. However, we will stick to the generic case in the following and return to this special case in section 4.

While the combination Λ is thus invariant, the action (2.3) itself is not invariant under a general gauge transformation of C_3. Instead under the gauge transformation above one obtains via integration by parts δS_B = −iπ ∫ D_M χ ∧ G_4, G_4 = dC_3. (2.10)

This leads to the crucial conclusion [14] that the associated partition function Z_B must transform as a section of a non-trivial line bundle over the space of C_3-form configurations. Nonetheless, the full action S_{M5} in (2.7) of the M5-instanton is invariant under a gauge transformation as considered above. This is due to the fact that the dual field C_6 transforms as

δC_6 = 1 2 χ ∧ G_4 (2.11)

such that the field strength G_7 = dC_6 +^1_2 C_3 ∧ G_4 remains invariant, see also appendix A for details. The transformation of C_6 precisely cancels the variation (2.10) such that the total action S_{M5} is invariant. Although we have only demonstrated it for the pseudo-action (2.7), this gauge invariance under gauge transformations δC_3 = −dχ is shared by the full covariant action [13]. The relevance of this gauge shift for M5-instantons in the presence of fluxes was also stressed in the recent [20, 38].

We now turn to the explicit computation of the gauge invariant partition function

W_{M5} = ∫ DB e^{−SM5} . (2.12) The partition function splits into a sum over the saddle points of the action corresponding to a sum over harmonic flux configurations H_0 and a path integral over fluctuations of the B-field around these saddle points^3. This corresponds to the decomposition

H = H_0 + dδB (2.13)

in the action (2.6). The partition function becomes

W_{M5} = ∑ H_0 e^{−SM5[H0]} ∫ DδB e^{−S′M5[dδB,H0]}. (2.14) The prime indicates that in the second factor H_0 only appears in the kinetic cross-term ∫ D_M H0 ∧ ∗d(δB). In the semi-classical approximation the action in the exponent is expanded

into fluctuations around the given background configuration up to second order. In particular the Hodge star operator splits into a piece ∗_0 determined by the background metric and a piece ^∗ that contains the metric fluctuations. This induces a dependence on the fluctuations associated with the embedding of the M5-brane and the bulk geometry.

At zeroth order in fluctuations of the induced metric on the instanton the path integral over fluctuations of the gauge potential δB decouples from the classical sum over fluxes, as the fluxes are harmonic and self-dual with respect to the background metric,

d ∗_0 H_0 = 0. (2.15)

Therefore the kinetic cross-term in S^′_{M5}[dδB, H_0] vanishes and the Gaussian path integral ∫ DδB reduces to an overall prefactor of the classical partition function W^{cl.}_{M5} = ∑ H_0

e^{−SM5[H0]}. (2.16)

At the first non-trivial order in the metric fluctuations this decoupling between H_0 and δB breaks down because (2.15) no longer holds when ∗_0 is replaced by the fluctuation-dependent Hodge star ^∗. Each classical term in the sum over H_0 is then weighted by a flux dependent term ∫ DδB e^{−S′}M5^{[dδB,H0]}. These quantum corrections encode the dependence on the Kähler and complex structure moduli of the ambient Calabi-Yau as well as the deformation moduli of the instanton divisor. The path integral takes the form of a shifted Gaussian due to the coupling dδB ∧ ∗(H_0 + i ∗ C^−) appearing in S^′_{M5}, so it is expected to lead to corrections that scale quadratically in the instanton fluxes. The quantum corrections can naturally be seen as the F-theory analogue of the one-loop corrections to the instanton gauge kinetic function in the Type IIB setting, which we will briefly discuss in section 3.1. As in Type II, extra zeroes of the superpotential can in principle arise from this Pfaffian over certain loci in moduli space. In Type IIB these are interpreted as due to vectorlike states of fermionic zero modes whenever the instanton hits another brane. Additional corrections to the partition function arise in the presence of non-vanishing G_4-flux, which will be the topic of section 4.1. For a recent discussion of G_4-flux induced backreaction effects in the F/M-theory effective action of spacetime-filling 7-branes see [45].

In the remainder of this section we focus on the computation of the classical piece (2.16), i.e. we will ignore the fluctuation-dependent weighting of e^{−SM5[H0]}. For simplicity of notation

3Note that by a gauge transformation of C3 we can assume without loss of generality that ι^∗C3 consists of a sum of harmonic and co-exact pieces. This implies d ∗ ι^∗C3 = 0, so the equations of motion obtained from SB indeed lead to harmonic H0 for vanishing G4-flux.

we drop the subscript in H_0 and ∗_0. In fact, reference [15] computes the (classical) partition function^4

W (Q) = ∑ H∈ H^3(D_M , Z) e^{2π} ∫ H∧∗H exp(4πi ∫ H ∧ Q) (2.17)

for some Q ∈ H^3(D_M , R). To understand the result and adapt it to the case of interest here, i.e. allowing for Q ∈ H^3(D_M , C ), we recall that for a 3-complex dimensional Kähler manifold D_M it is always possible to find a symplectic basis (E_M , F^N ) of H^3(D_M , Z), ∫ D_M E_M ∧ F^N = δ^N_M , (2.18) ∫ D_M E_M ∧ E_N = 0 = ∫ D_M F^M ∧ F^N , M, N = 1, . . . , 1 2 b^3(D_M ),

such that any form Q ∈ H^3(D_M , Z) with integer periods can be expanded into (E_M , F^N ) with integer expansion coefficients. The Hodge star operator ∗ allows us to express, say, F^M in terms of E_N and ∗E_N ,

F^N = X^{MN} E_N + Y^{MN} (∗E_N ). (2.19)

Using (2.18) it is easy to see that the matrices X and Y are symmetric, and that for our choice of Hodge star operator Y is negative definite. In terms of the complex matrix

Z^{MN} = X^{MN} + iY^{MN} (2.20)

one can define a self-dual/ anti-self-dual complex basis of H^3(D_M ) as

E^+_M = − i 2 Im Z_{MN} (F^n − Z^{NP} E_P ), E^−_M = i 2 Im Z_{MN} (F^N − Z^{NP} E_P ), ∗E^±_M = ±iE^±_M , where Im Z_{MN} = (Im Z^{MN} )^{−1} . An element Q ∈ H^3(D_M , C ) can then be expanded into (anti-) self-dual components as

Q = Q_+ + Q_− = Q^M_+ E^+_M + Q^M_− E^−_M . (2.21)

For a real form Q the two terms are related by complex conjugation such that (Q^M_− )^∗ = Q^M_+ .

Slightly adapting the result of [15] for the path integral (2.17), one finds^5 W (Q) ≃ ∑ α,β Θ[^α_β](−Z, −Q_+, −Q_−) Θ[^α_β](Z, Q_−, Q_+). (2.23)

4We expect that in some cases there is an F-term condition which actually restricts the partition sum to run over only a sub-lattice of H^3(DM , Z), analogous to the well-known F-term condition for the flux on E3-instantons in Type IIB. This would not alter the formal presentation of the results below apart from replacing H^3(DM , Z) by the appropriate subspace. Therefore we ignore this subtlety for now and return to it at the end of section 3.2 when we have established the correspondence with Type IIB.

5This holds up to an anomalous prefactor that will cancel in the full quantum computation [15] . Note furthermore that in [15] Q is a real form; thus W (Q) is real and the factors appearing in (2.23) are related by complex conjugation W (Q) ≃ ∑ α,β Θ[^α_β](−Z, −Q+, −Q−) Θ[^α_β](−Z, −Q+, −Q−) , Q ∈ H^3(DM , R). (2.22) However we will need to be more general.

The theta-functions

Θ[^α_β](Z, Q_+, Q_−) = exp [π 2 Q^M_+ ImZ_{MN} (Q^N_+ − Q^N_− ) ] (2.24) × ∑ k_M ∈ Z exp [ iπ((k + α)_M Z^{MN} (k + α)_N + 2(k + α)_M (Q^M_+ + β^M )) ]

involve a particular choice of^1_2 h^3(D_M )-dimensional vectors α_M , β^N with entries 0,^1_2 that label a choice of a line bundle on the intermediate Jacobian H^3(D_M , C )/H^3 (D_M , Z) of the M5-brane. Such line bundles admit a holomorphic section unique up to rescaling, which is the corresponding theta-function [14]. If the M5-brane world-volume is a spin manifold, the theta-functions are in one-to-one correspondence with the inequivalent spin-structures on D_M .

The general prescription to construct the correct line bundle, and hence to extract the correct summand in (2.23), was given in [14]. However, this procedure is quite difficult to perform explicitly. For M5-branes which correspond to lifts of E3-instantons from Type IIB theory, we will see that one can identify the correct theta-function directly by comparison with the partition function on the IIB side, without going through with the construction of the line bundle.

Finally let us note that the theta-functions appearing in (2.23) are respectively holomorphic and antiholomorphic when viewed as sections of a line bundle on the intermediate Jacobian endowed with the covariant derivatives D DQ^M_+ = δ δQ^M_+ − π 2 Q^N_− ImZ_{NM} , D DQ^M_− = δ δQ^M_− − π 2 Q^N_+ ImZ_{NM} , (2.25)

in the sense that D DQ^M_+ Θ[^α_β](Z, Q_−, Q_+) = 0 = D DQ^M_− Θ[^α_β](−Z, −Q_+, −Q_−). (2.26)

As H_+ couples only to Q_− its contribution to the partition function is contained in the antiholomorphic factor which is annihilated by^D_{DQM+} , while the other factor contains the contribution from the anti-self-dual part H_−.

We are now in a position to apply this result to the action of the M5-instanton

S_{M5} = 2π(Vol_{M5} + i ∫ C_6) + S_B , (2.27)

with S_B given by (2.6). The total classical partition function, containing also the undesired contribution from the anti-self-dual part of the field strength H_−, is then given by W^{tot}_{M5} = ∑ H∈ H^3(D_M , Z) e^{−SM5} = e^{−2π} ( Vol_{M5}+i ∫ C_6+^{b2}_4 ∫ C_3∧∗C_3 ) W (−ibC_−), (2.28)

where W (Q) is defined in (2.17). The classical partition function of the chiral 2-form is then obtained by picking one of the anti-holomorphic factors from the sum in (2.23) and is given by

W^{cl.}_{M5} = e^{−2π}(^{VolM5+i} ∫ C_6)Z[α_β] (2.29)

for some choice of α and β, with

Z[^α_β] = exp [π 2 b^2C^M_− ImZ_{MN} (C^N_− − C^N_+ ) ] ∑ k_M ∈ Z e^{iπ} ( (k+α)_M Z^{MN} (k+α)_N +2(k+α)_M (β^M −ibC^M_− ) ) . (2.30) For future convenience we have reinstated the parameter b. In section 3.2 we will be able to fix the value both of b and of α_M and β^N by comparison with the partition function of the Type IIB E3-brane instanton, allowing us to identify the physical partition function of the chiral scalar from the set of candidates.

3 Fluxed O(1) D3-instantons in Type IIB orientifolds

In this section we compare the structure of the M5-partition function with the non-perturbative superpotential induced by Euclidean D3-brane instantons in Type IIB orientifolds. We begin in 3.1 with a recollection of the moduli dependence of the fluxed instanton superpotential as described in [9]. This is followed, in section 3.2, by an explicit match of the partition functions.

3.1 Moduli dependence of the instanton superpotential

A Type IIB E3-brane instanton is a Euclidean D3-brane wrapped along a divisor D_E in a Calabi-Yau threefold X_3 and pointlike in R^{1,3} . X_3 will be the double cover of the base B_3 of the elliptically fibered fourfold Y_4 defining our F-theory model, B_3 = X_3/σ. The corresponding projection is p : X_3 → B_3. In this paper we will focus on O(1) instantons [46–49], which wrap a single, irreducible divisor D_E that is mapped to itself as a whole without being pointwise invariant under the orientifold action, i.e. D_E = D^′_E ≡ σ^∗D_E .^6

As discussed in [9, 10], O(1) instantons can carry worldvolume flux with negative parity under the orientifold action (F̃_E = −σ^∗F̃_E ). We denote the gauge invariant combination of the world-volume flux and the Kalb-Ramond B-field by F̃_E = 2πα^′F_E −B. For such a configuration the D-term constraint ∫ D_E J ∧ F̃_E = 0 is trivially satisfied and does not constrain the worldvolume flux. However, an extra constraint arises from the Freed-Witten quantisation condition on the gauge flux

F̃_E + ι^∗B + 1 2 c_1(K_{DE} ) ∈ H^2(D_E , Z). (3.1)

For an O(1) instanton the canonical class is even with respect to the orientifold projection. Thus the orientifold even part of the B-field must cancel the half-integer contribution for a non-spin divisor as F̃_E is odd under the orientifold action.

The action of an O(1) E3-instanton on the divisor D_E ⊂ X_3 depends on the flux F̃_E as well as the chiral fields [50, 51]

G^a = c^a − τb^a, a = 1, ..., h^{1,1}_− (X_3) (3.2)

T_α = 1 2 K_{αβγ} v^βv^γ + i ( c_α − K_{αbc}c^bb^c ) + i 2 τK_{αbc}b^b b^c , α = 1, ..., h^{1,1}_+ (X_3), 6If the instanton wraps a non-invariant divisor it is denoted a U(1)-instanton, and one must consider the instanton along DE and the image-instanton along D^′_E separately. The two cases differ qualitatively in the number of neutral zero modes, as in the case of the O(1) instanton two of the universal fermionic zero modes are projected out by the orientifold action (see [7] and references therein for details on the zero mode structure).

where τ = C_0 + i e^{−ϕ} represents the axio-dilaton. The moduli c^a, b^a and v^α arise from the expansion of the fields C_2, B and J into the bases {ω_α} and {ω_a} of the orientifold even and odd cohomology groups H^{1,1}_+ (X_3, Z) and H^{1,1}_− (X_3, Z), respectively. c_α in turn is given by C_4 = c_αω̃^α + ..., where {ω̃^α} is the basis of H^{2,2}_+ (X_3, Z) normalised by ∫ X_3

ω_α ∧ ω̃^β = δ^β_α. (3.3)

Similarly one has a basis {ω̃^a} of H^{2,2}_− (X_3, Z) which is dual to the {ω_a}. Finally we have also used the triple intersection numbers, written as usual in the supergravity limit as K_{ABC} = ∫ X_3 ω_A ∧ ω_B ∧ ω_C ∈ 2Z, A, B, C = a, α. (3.4) Note that these triple intersection numbers are even integers due to the fact that we have chosen bases with definite orientifold parity.

In order to write down the instanton action it is helpful to decompose the instanton flux as

2πα^′F_E = F^a_E ι^∗ω_a + F^v_E , (3.5)

where F^v_E denotes the variable flux lying in the orthogonal complement of ι^∗H^2(X_3) in H^2(D_E )^7. For a U(1) instanton this expansion would include also positive parity fluxes. When computing the action of a D-brane or instanton one must take care of a factor of 1/2 difference between the descriptions on the base B_3 and the double cover X_3. For a general brane and image brane pair with D_A ≠ D^′_A one defines the combinations D^±_A = D_A ∪ (±D^′_A), where the minus sign denotes a reversal of orientation, and introduces the wrapping numbers

C^α_A = ∫ D^+_A

ω̃^α, C^a_A = ∫ D^−_A ω̃^a. (3.6)

In terms of the physical theory defined on B_3 the brane and image brane are descriptions of the same object, so the physical action is obtained by adding the actions of the brane stacks on D_A and D^′_A and dividing by 2. In the case of an invariant object D_E = D^′_E such as our O(1) instanton one defines D^+_E = D_E , which implies

[D_E ] = C^α_E ω_α in X_3 (3.7)

for the O(1) instanton. Nevertheless the physical action is still obtained by computing the usual brane action on D_E in X_3, and then dividing the result by 2. This takes into account the fact that on the double cover all intersection numbers are twice those computed on the base.^8 For a given configuration of instanton flux, the physical action of the O(1)-instanton is [9]

S_E = π ( C^α_E(T_α + iΔ_{Eα}) + iΔ^v_E ) , (3.8)

7Variable flux F^v_E is flux lying in the kernel of the Gysin map defined on H^2(DE ). Viewed more geometrically, the existence of such flux requires the existence of non-trivial 2-cycles on the instanton divisor that are trivial as 2-cycles in the ambient space X3.

8While it may seem unnatural to include it for a single invariant brane on DE , this factor of 1/2 can also be seen to be necessary e.g. for consistency upon recombination of a U(1) instanton-image-instanton pair into an O(1) instanton.

with

Δ_{Eα} = K_{αbc} G^b F^c_E + τ 2 κ_{αbc}F^b_E F^c_E , Δ^v_E = τ ∫ D_E F^v_E ∧ F^v_E . (3.9)

Note that the universal contribution of the b^a-moduli is already encapsulated in T^α and G^a given in (3.2) so that only the actual gauge flux F_E (as opposed to F̃_E ) appears in Δ_{Eα}.

If the instanton divisor D_E intersects any divisor D_A wrapped by one of the spacetime-filling 7-branes, the instanton flux can lead to a chiral spectrum of charged zero modes between the instanton and the 7-brane stack or, equivalently, to a non-trivial instanton charge under the diagonal U(1)_A realised on the brane stack. For the time being we ignore this effect in the same manner as we ignored the interplay between the 7-branes and the M5-instanton in the F/M-theory formulation. We will turn to this question in section 4.

As in M-theory the full partition function involves a sum over admissible fluxes F_E - the classical partition function - together with a path integral over the fluctuations δA of the instanton gauge field configuration around these saddle points of the action. Here we will compute only the classical part of the partition function which will be matched with the corresponding results for the M5-instanton obtained in the previous section. However, let us first briefly comment on the structure of the quantum contributions to the partition function from the Type IIB perspective.

The discussion around (2.16) applies in an analogous manner after replacing the 2-form B by the instanton gauge potential and the 3-form strength H by the instanton flux F_E . In this supergravity picture not only the dependence on the Calabi-Yau moduli, but also on the brane moduli associated with the D3- and D7-branes present in the compactification is encoded via their backreaction on the metric. Specifically, the corrections to the holomorphic piece of the instanton partition function (which is relevant for the superpotential) induced in this manner by D3-branes and by fluxed D7-branes have been discussed in [52] and [53] (see [54, 55] for more general aspects of this moduli dependence of the instanton superpotential in terms of the supergravity backreaction). These articles consider E3-instantons with vanishing instanton flux. From the IIB version of the discussion around (2.16) (i.e. after replacing H by F_E ) it is clear that the corrections will in general depend quadratically on the instanton flux. This is also in qualitative agreement with [53], which argues for a correction to unfluxed instantons that depends on the induced D3-charge of fluxed D7-branes wrapping a distant brane divisor S. This induced D3-charge is of course quadratic in the gauge fluxes on the D7-brane. By symmetry this in turn suggests that corrections in the presence of suitable D7-branes should also have quadratic dependance on the instanton flux.

Finally recall that the quantum corrections to the instanton partition function can also be determined by a suitable stringy calculation of correlation functions in an instanton background. The backreaction of the instanton and other D-branes on the background geometry corresponds directly to corrections induced by tree-level diagrams for closed strings interacting with the instanton. These admit an alternative description as one-loop open string diagrams of either Moebius strip topology with only a boundary on the instanton or annulus diagrams with boundaries on the instanton and other D-branes. Indeed such open string one-loop amplitudes are known to describe the instanton 1-loop Pfaffian [3,56]. The relevant annulus diagrams that contribute to the holomorphic instanton superpotential have been identified in [57–59]. These are equivalent to the corrections to the holomorphic gauge kinetic function [60]. Again these results suggest a correction that depends quadratically on the instanton flux.

With this in mind we now turn to the classical partition function function W^{cl.}_{E3} = ∑ F_E e^{−SE [FE ]}, (3.10)

which is the direct analogue of the M5-instanton expression (2.16). It is helpful to rewrite this classical partition function in a slightly different manner such that in particular the integer quantisation of the fluxes required by the Freed-Witten condition (3.1) is manifest. To this end we must take into account a minor subtlety related to the expansion of the pullback fluxes in (3.5). Note that the forms ω_a were chosen as an integral basis of H^{1,1}_− (X_3, Z) such that an integral form on X_3 could be expanded into this basis with integer coefficients. However, for general C^α_E the corresponding statement does not hold for the pullbacks ι^∗ω_a as a generating system for ι^∗H^{(1,1)}_− (X_3) ∩ H^{(1,1)}_− (D_E , Z), i.e. the F^a_E in (3.5) are not necessarily integers even though the flux itself is an integer form.

To facilitate comparison with the M5-instanton partition function we would like to choose a basis {ω_m} of ι^∗H^{(1,1)}_− (X_3) ∩ H^{(1,1)}_− (D_E , Z) in which the expansion coefficients are integer. At this point we must again take into account a subtle factor of 2 arising from the process of orientifolding. The Freed-Witten anomaly for the physical theory of unoriented open strings on the orientifold quotient requires the integral of the flux over any 2-cycle on the physical instanton divisor on the orientifold quotient of X_3 to be integer. This implies that over the uplift of this curve on the double cover the integral of 2πα^′F_E is an even integer. Hence if we want 2πα^′F_E ≡ F^mω_m with integer expansion coefficients F^m ∈ Z we must require on the double cover X_3 ∫ D_E ω_m ∧ ω_n = 2δ_{mn}. (3.11)

The new basis forms ω_m can be related to the pullbacks (which we suppress in the following) of the ω_a by some matrix M^m_a ω_a = M^m_a ω_m. (3.12)

The matrix M characterises the embedding of the divisor [D_E ] = C^α_E ω_α wrapped by the O(1)- instanton, and satisfies the useful relation C^α_E K_{αab} = ∫ D_E ω_a ∧ ω_b = 2M^m_a M^n_b δ_{mn}. (3.13)

To define a full basis of H^{1,1}_− (D_E , Z) we extend this by forms ω_{m̂} spanning the orthogonal complement of ι^∗H^{(1,1)}_− (X_3). This allows for an expansion of the variable fluxes in (3.5) as well. The forms ω_{m̂} are by definition orthogonal to the ω_m and are also taken to fulfill ∫ D_E ω_{m̂} ∧ ω_{n̂} = 2δ_{m̂n̂}. (3.14)

An integer quantised flux 2πα^′F_E can then be expanded into this basis as

2πα^′F_E = F^aM^m_a ω_m + (F^v)^{m̂}ω_{m̂} ≡ F^M ω_M , F^M ∈ Z . (3.15)

Here and in the following the index M runs over the full basis M = m, m̂. Similarly, one has

G = G^aω_a = G^aM^m_a ω_m ≡ G^mω_m. (3.16)

With the help of these relations we may rewrite the classical partition function of the O(1)- instanton (3.10) as

W^{cl.}_{E3} = exp [ −π ( 1 2 C^α_EK_{αβγ} v^β v^γ + iC^α_E (c_α − 1 2 K_{αab}c^ab^b) )]

× exp [ − iπ τ − τ δ_{mn}G^m(G^n − G^n) ] ∑ F^M ∈ Z e^{−iπ}(^{2δmnGmF n+τ δMN F M F N} ). (3.17)

3.2 Matching the M5 and E3 partition functions

To match the partition functions of the M5- and E3-instantons we need to match the sum over 3-form fluxes H ∈ H^3(D_M ) in M-theory to the sum over admissible O(1) instanton fluxes F_E ∈ H^{1,1}_− (D_E ) on the IIB side. An important ingredient is the relation between the two cohomology groups in which the fluxes take their value. Recall that the M5-instanton wraps a divisor D_M of the F-theory fourfold Y_4 : T^2 → Y_4 → B_3 which is itself an elliptic fibration D_M : T^2 → D_M → D^b_M . The Type IIB orientifold is defined on the Calabi-Yau threefold X_3 obtained as the double cover p : X_3 → B of the F-theory base B. The divisor D_E ⊂ X_3 wrapped by the Type IIB instanton is the preimage D_E = p^∗(D^b_M ) of D^b_M .

For simplicity we only consider Type IIB instantons which do not admit non-trivial Wilson lines, such that h^1(D_E ) = h^3(D_E ) = 0. In this case generic elements of H^3(D_M ) arise from 2- forms on D_E with negative orientifold parity. Given a 2-form ω ∈ H^2_−(D_E ) one can schematically see the corresponding 3-forms as arising from the wedge product with one-forms dx, dy ∈ H^1(T_2) on the elliptic fiber [21] (see also [32]), ω → ω ∧ dx, ω → ω ∧ dy. (3.18) The negative monodromy of dx and dy around the orientifold plane cancels the negative parity of ω such that the product gives rise to a well-defined 3-form on D_M . This qualitative picture was confirmed in an an explicit example in [21], where it was found that H^{(3,0)}(D_M ) is the uplift of H^{(2,0)}_− (D_E ), while H^{(2,1)}(D_M ) receives contributions from the uplift of H^{(2,0)}_− (D_E ) and H^{(1,1)}_− (D_E ). We will denote the two subspaces of H^{(2,1)}(D_M ) related to H^{(2,0)}_− (D_E ) and to H^{(1,1)}_− (D_E ) by H^{(2,1)}_{hor} (D_M ) and H^{(2,1)}_{ver} (D_M ), respectively. Finally, H^{(2,1)}(D_M ) receives a further contribution from negative parity one-forms on the intersection of the instanton with D7-branes, counted by h^1_−(D_E ∩ D7). We will always assume that this possible contribution is absent, h^1_−(D_E ∩ D7) = 0 [21].

There is an important caveat to the above relation between H^{(2,1)}_{ver} (D_M ) and H^{(1,1)}_− (D_E ) that follows from the analysis in [36]: The argument (3.18) for the uplift of the latter fails if ω has non-vanishing pullback onto an intersection of the instanton with a D7-brane on a divisor D_A above which the elliptic fiber degenerates. As D_E ∩D_A is non-trivial as a 2-cycle in the ambient space X_3 this is possible for forms in ι^∗H^{(1,1)}_− (X_3) ∩ H^{(1,1)}_− (D_E ) which arise as pullbacks from the ambient space. In the language of section 3.1 the (1,1)-forms for which the uplift (3.18) can fail to lead to an element of H^3(D_M ) are therefore the forms ι^∗ω_a with

0 ≠ ∫ D_E ∩D_A ι^∗ω_a = 1 2 K_{abα}C^b_AC^α_E , where [D_E ] = C^α_E ω_α, [D_A] = 1 2 (C^α_Aω_α + C^a_Aω_a). (3.19)

Note that this is not in contradiction with the results of [21], as in the example considered there H^{(1,1)}_− (X_3) = 0.

By the discussion above we see that the uplift of H^{(1,1)}_− (D_E ) can become problematic only if there are D7-branes with odd wrapping numbers C^a_A ≠ 0 present in the model. It was argued in [36] that the diagonal U(1)_A of the D7-brane stack, which is massive by the geometric Stückelberg mechanism, in this situation is described in M-theory by certain non-closed forms. To circumvent this subtlety we assume for now that C^a_A = 0 for all D7-brane stacks present, such that no geometric gauging occurs. In particular we therefore have an uplift

H^{(1,1)}_− (D_E ) → H^{(2,1)}_{ver} (D_M ). (3.20)

We will comment on the more general case at the end of section 4.3.

We are now in a position to explicitly match the superpotential contributions generated by the E3- and M5-instantons. Let us first assume that the E3-instanton is wrapped on a rigid divisor, i.e. H^{(2,0)}_− (D_E ) = 0. In light of the preceding discussion we then have an isomorphism between H^{(2,1)}(D_M ) and H^{(1,1)}_− (D_E ). Note that the divisor D^{(b)}_M in the base B_3 will intersect the discriminant locus Δ at least along the piece of I_1-locus which is the uplift of the orientifold plane, as is necessary for the instanton to be of O(1)-type. It can also intersect further components of the discriminant locus corresponding to stacks of D7-branes. However, as we have assumed that all branes are wrapped on orientifold-even divisors the negative parity 2-forms in H^{(1,1)}_− (D_E ) have no support on the O7-plane and the D7-branes. Hence we expect the uplift (3.20) to hold despite the fact that the elliptic fibration degenerates over Δ ∩ D^{(b)}_M .

As in section 3.1 we must take care regarding the quantisation condition of H-flux along forms that arise by pullback of the ambient space basis α_a, β^a ∈ H^3(Y_4). This basis is the uplift of the basis ω_a of H^2_−(B_3) according to the prescription (3.18). As before these pullbacks do not necessarily form an integral basis of H^3(D_M , Z) ∩ ι^∗H^3(Y_4). Hence they cannot immediately be identified with a subset of the 3-forms E_M , F^N introduced in (2.18) as an integral basis of H^3(D_M , Z). One expects that the E_M , F^M arise in a similar manner to (3.18) from the forms ω_M introduced in (3.11) resp. (3.14). Hence we can similarly split M = m, m̂, where E_m, F^m span the space of forms obtained by pullback while E_{m̂}, F^{n̂} span the orthogonal complement. In full analogy to (3.12) one also gets

ι^∗α_a = M^m_a E_m, ι^∗δ_{ab}β^b = M^m_a δ_{mn}F^n. (3.21)

Note that this is consistent with the symplectic structure of (2.18) and (3.13) if one uses the intersection properties of the α_a given in (A.9).

Now comparing the M5-instanton partition function (2.29) with the partition function of the E3-instanton given in (3.17) one finds a perfect match with the help of the identifications^9

F^M ↔ δ^{MN} k_N ; G^m ↔ C^m_− ; G^m ↔ C^m_+ ; Z^{MN} = −τδ^{MN} . (3.22)

9Note that of course C± has expansion coefficients only along the forms Em, F^m as it arises by pullback, or in other words C^{m̂}_± = 0. We should also point out that the diagonal form of Z^{MN} is a consequence of the chosen basis of forms ωM giving rise to EM , F^M , which were taken to obey (3.11) and (3.14).

In order to obtain this match two non-trivial assertions must be made. Firstly, comparison with Type IIB fixes the parameter b = −i in the M5-brane action (2.3), as anticipated in the discussion before (2.5).

Second, we have to set the parameter which appear in the θ-functions in (2.29) to the values α_M = 0 = β^N , thereby fixing the correct expression for the M-theory partition function. A non-trivial value for the half-integer vector α_M would correspond to a shift in the Freed- Witten quantisation condition on the instanton flux F_E. However, this does not occur for O(1) instantons, as in this case c_1(K_{DE} ) ∈ H^2_+(D_E ). In addition there appears to be no room for a non-vanishing vector β. As discussed the procedure to correctly identify α_M , β^N purely within M-theory is non-trivial and quite involved in explicit setups [14]. Our identification α = 0 = β is in agreement with previous analyses of an M5-brane wrapped on a flat torus. In this situation the result has been deduced by requiring modular invariance of the partition function [17], by comparison with D4-brane results [18] or by a direct computation using a Hamiltonian formulation [16]. It is also in agreement with the study of NS5-instantons performed in [19]. In fact, it has been pointed out in [17] that in the case where the worldvolume of the M5- brane can be written as T^2 × M_4 with a simply-connected manifold M_4, the requirement of modular invariance suffices to determine the partition function uniquely. However, our result is applicable to a much larger class of problems including degenerations of the torus fiber. Recall that the existence of such degeneration loci in the instanton worldvolume are necessary to be able to interpret the instanton as being of O(1) type. In our case the geometry of the instanton is unconstrained apart from the requirement that the divisor D_M be a vertical divisor^{10}. Note that the existence of a Type IIB limit to compare with only implies certain topological constraints on the discriminant locus of the elliptic fibration [42]. As far as the structure of the partition function (2.29) is concerned, this is not a restriction.

The relationship between the C^m_− and G^m can also be obtained directly by examining the expansion of C_3,

ι^∗C_3 ⊃ c^aι^∗α_a + b_bι^∗β^b = M^m_a (c^a − τδ^{ab}b_b)E^−_m + M^m_a (c^a − τ̄δ^{ab}b_b)E^+_m

= M^m_a G^aE^−_m + M^m_a Ḡ^aE^+_m, (3.23)

confirming the identification C^m_− ≡ G^m. Finally let us also check that the classical prefactor of the M5 action also matches precisely with the corresponding Type IIB expression. Expanding [D_M ] = C^α_E ω_α we get with the definitions of appendix A − 2π ∫ M5 ( 1 3! J^3 + iC_6) = −πC^α_E (2V_α + ic̃_α) = −πC^α_E ( 2V_α + i(c_α − 1 2 K_{αac}δ^{cb}c^ab_b) ) , (3.24)

which in the F-theory limit reduces precisely to −π

(_1 2 C^α_EK_{αβγ} v^β_B v^γ_B + iC^α_E (c_α −^1_2 K_{αab}c^ab^b) ) . This reproduces the moduli dependence of the Type IIB E3-instanton action using the natural identification of c_α, c^a, b^a whith their IIB counterparts. Note that the shift between c̃_α and c_α determined in appendix A is crucial in obtaining this exact match.

Let us now consider the effect of relaxing the rigidity condition on the instanton. Recall that in this case H^3(D_M ) splits into the subspaces H^{(3,0)}(D_M ) ⊕ H^{(2,1)}_{hor} (D_M ) and H^{(2,1)}_{ver} (D_M ) (plus

10Relaxing the assumptions of rigidity and absence of Wilson lines would lead to more complicated notation as the classical partition sums would run only over suitable subspaces of H^3(DM ), but would not change the qualitative results. See the discussion at the end of the present subsection for further details.

conjugates). These subspaces are the uplifts of H^{(2,0)}_− (D_E ) and of H^{(1,1)}_− (D_E ), respectively. The F-term supersymmetry condition restricts the flux on the E3-instanton to take values in H^{(1,1)}_− (D_E ). We expect that there exists a corresponding F-term condition on the M-theory side that restricts the supersymmetric flux on the M5-instanton to H^{(2,1)}_{ver} (D_M ). In this case also k_M appearing in the M5-instanton partition function (2.29) is a vector of dimension dim H^{2,1}_{ver} (D_M ), and the identification in (3.22) is unchanged.

The F-term condition for the E3-instanton can be obtained from the superpotential term ∫ D_E i_vΩ_3 ∧ F_E , (3.25)

where i_vΩ_3 denotes the contraction of a normal vector field to D_E with the holomorphic (3,0)- form Ω_3. (3.25) allows for an obvious uplift of the form ∫ D_M i_vΩ_4 ∧ H, (3.26)

which suffices to rule out unwanted contributions to H in H^{(3,0)}(D_M ). However it is less clear how contributions from H^{(2,1)}_{hor} (D_M ) are ruled out. It would be interesting to investigate whether the mechanism is connected to the fact that in Calabi-Yau fourfolds the variations of Ω_4 do not span H^{2,2}(Y_4) or whether further contributions to (3.26) must be included, but this is beyond the scope of this work.

In the above we have always assumed that h^1_−(D_E ∩D_A) = 0. If one relaxes this assumption there must be additional contributions to (3.26) which rule out this additional set of 3-form fluxes from appearing in the partition function, in order to have a match with Type IIB where the fluxes are in H^{(1,1)}_− (D_E ). The same statement applies if we consider relaxing the assumption regarding absence of Wilson lines. However a detailed study of how these constraints arise is beyond the scope of this paper and would be an interesting subject for further study.

4 Instanton selection rules in backgrounds with G_4-flux

In this section we discuss the interplay between the M5-instanton and the 7-branes of the compactification due to non-trivial intersections of D_M with the discriminant locus. In Type II orientifolds the effect of brane-instanton intersections is well-known [3,5,6]: The open string sector gives rise to zero modes localised on the intersection curve which are charged under the brane gauge group. In the presence of non-vanishing gauge flux on the 7-branes, the spectrum of these modes can be chiral, resulting in a net charge of the instanton under the 7-brane gauge group. In [9] it was pointed out that also the instanton flux can lead to a chiral zero mode spectrum, and that the effect of gauge and instanton flux can cancel each other. These two effects have rather different analogues for M5-instantons: In F/M-theory 7-brane gauge flux is described by G_4-flux, whereas we have seen that instanton flux is described by 3-form flux. The effect of G_4-flux on the instanton partition function is the subject of section 4.1. As we will see and has already been discussed from various perspectives in [32, 38], absence of chiral zero modes due to gauge flux requires that the pullback of the G_4-flux onto the M5-instanton vanishes, ι^∗G_4 = 0. In section 4.2 we analyse this constraint in detail in the framework of [41,42]. In section 4.3 we compare the flux induced instanton charges in the languages of F/M-theory and Type IIB. This includes a discussion of massive U(1)s and also some speculative remarks about zero modes induced by instanton flux from the M5-brane perspective.

4.1 G_4-flux and zero modes from M2-branes

G_4-fluxes form a crucial ingredient of phenomenologically interesting F-theory backgrounds as they are necessary to generate chiral matter spectra. As such the effects and explicit construction of consistent G_4 gauge flux as suitable elements of H^4(Y_4) have received considerable recent attention in the literature, see e.g. [39–43] for a selection of recent papers on the subject.

To appreciate how the inclusion of G_4 gauge flux modifies the M5-partition function we note that the action S_B in (2.3) implicitly depends on the pullback ι^∗G_4. Integration by parts of the last term gives 2πi ∫ H ∧ ι^∗C_3 = −2πi ∫ B ∧ ι^∗dC_3. As always this should be read as a piece depending on the fluctuations of dC_3 and a piece involving the background flux G_4 = ⟨dC_3⟩. In the sequel we make this distinction explicit by writing S_{B,G4} = S_B − 2πi ∫ B ∧ ι^∗G_4 (4.1)

with the understanding that S_B contains the fluctuation term upon integration by parts. It is this piece that we have considered so far. Note that the additional term is present only if ι^∗G_4 ≠ 0 in the cohomology of D_M , which we assume to be the case in the remainder of this subsection.

Let us first point out one important consequence of ι^∗G_4 ≠ 0: The coupling to G_4 breaks the group of large gauge transformations of B (without shifting C_3 or C_6) from H^2(D_M , R) to a discrete subgroup, say, H^2(D_M , Z) (or an analogous one depending on the explicit quantisation of ι^∗G_4). This implies that H^2(D_M , R)/H^2 (D_M , Z) must now be integrated over in the path integral over B. The naive superpotential for ι^∗G_4 ≠ 0 then derives from the integral ∫ DB e^{−[2π(VolD}M^{+i} ∫ C_6)+S_{B,G4} ] ≡ ∫ DB e^{−SM5,G4} . (4.2) This, however, is incomplete for the following two reasons: First, as pointed out in [32], S_{B,G4} contains a G_4-dependent tadpole for B. As a consequence, the path integral ∫ DB e^{−2πi B∧ι∗G4} is proportional to a delta function δ(ι^∗G_4), which vanishes for non-trivial pullback of G_4.

We offer the following interpretation of this observation in the language of E3-brane instantons in the Type IIB limit: In the presence of non-trivial gauge flux on the intersection curves of the instanton divisor and the 7-branes extra zero modes λ_a, λ̃_b appear, which are localised on these intersection curves and are charged under the 7-brane gauge group [3, 5, 6]. Thus the partition function must include the integral over those zero modes λ_a, λ̃_b, and the direct analogue of the expression (4.2) is ∫ Dλ_aDλ̃_b ∑ F_E e^{−SE [FE ]}. (4.3)

In particular we can formally identify ∫ Dλ_aDλ̃_b with the new integral ∫ DBe^{2πi ∫ B∧ι∗G4} taken only over H^2(D_M , R)/H^2 (D_M , Z). As we will see in section 4.2 this is further supported by the fact that the charge of this piece under massless U(1)s, if present, cancels the charge of e^{−[2π(VolD}M^{+i} ∫ C_6)+S_B], which now also exhibits a non-trivial shift due to the transformation of

C_6. Without further modifications the quantity (4.3) vanishes as the Grassmann integral is not saturated.

Second, and independently of the previous argument, there is an intrinsic reason why the expression for the superpotential must be modified both in M-theory and in the Type II limit. For the M5-brane the equations of motion for B from (2.3),

d ∗ H ∝ ι^∗G_4, (4.4)

call for additional sources cancelling [ι^∗G_4] for consistency. In fact, as discussed in [38], the Mtheory version of the Freed-Witten anomaly [37] directly requires the inclusion of such sources in the form of M2-branes ending on the instanton. These M2-branes cancel the flux-induced source term. The world-volumes of the M2-branes in question are given by 3-chains of the form Γ_i = I × γ_i, where the γ_i are 2-cycles in D_M satisfying [38] ∑ i γ_i = PD_{DM} [ι^∗G_4] (4.5)

and I is a semi-infinite time interval such that ∂Γ_i = {t_0}×γ_i in the M5-instanton worldvolume. PD_{DM} denotes the Poincaré dual taken on the divisor D_M .

The appearance of these M2-brane states can also be seen directly by considering the solution for H in a background with G_4. This flux configuration will be sourced along PD_{DM} [ι^∗G_4]. In a supersymmetric configuration this field configuration is accompanied by a deformation of the M5-brane into the normal direction. This deformation can be identified with an M2-brane ending on the brane at PD_{DM} [ι^∗G_4] [61]. In particular this picture suggests another equivalent way of thinking about the zero modes of the M5-instanton, namely as the zero modes describing the deformations of the solitonic H-field solution sourced by the G_4-flux.

The upshot of the discussion above is that when calculating any correlation functions in the M5-instanton background we must include the operators describing these M2-brane states, which are proportional to the exponential of the action of the M2-brane [38]. This leads to [62] V_{M2,i} ∝ exp [ 2πi ( 1 2 ∫ Γ_i

C_3 + ∫ γ_i B )] . (4.6)

These states therefore contribute to any instanton-generated coupling in the presence of nontrivial G_4-flux on the instanton. Such a coupling then takes the form W_{M5} ∝ ∫ DB ∏ i V_{M2,i} e^{−SM5} . (4.7)

We suggest an interpretation of these vertex operators by comparing again the situation for M5-branes with the Type IIB limit: The effective action of the E3-brane instanton contains interaction terms between the charged zero modes λ_a, λ̃_b and charged open string modes Φ_{ab} in the sector of open strings stretching between 7-brane stacks a and b. These operators make the saturation of the Grassmann integral possible. A superpotential term generated by such an instanton then schematically takes the form [3, 5, 6] W_{E3} ∝ ∫ Dλ_aDλ̃_b e^{−SE3+} ∫ λ_aΦ_{ab}λ̃_b . (4.8)

A non-vanishing result therefore hinges upon the insertion of the vertex operator e ∫ λ_aΦ_{ab}λ̃_b (4.9)

in the path integral (4.3). The M2-brane states are therefore the M-theory analogue of the charged open string states appearing in (4.8) V_{M2,i} ∼= e ∫ λ_aΦ_{ab}λ̃_b . (4.10)

Note that in both pictures the full vertex operator is gauge invariant in particular with respect to extra U(1) symmetries, if present, as discussed in the next section.

4.2 Selection rules for the absence of chiral charged zero modes

From the discussion in the previous subsection it is clear that a necessary condition for an M5- instanton to contribute to a superpotential coupling without involving any M2-brane vertex operators is ι^∗G_4 = 0. (4.11)

While this well-known form of the Freed-Witten condition is conceptually simple, it can nevertheless be non-trivial to evaluate in practice as it requires checking that the integral of G_4 over every 4-cycle in D_M vanishes.^{11}

4.2.1 General picture

To analyse the selection rule in detail let us first recall the explicit description of G_4 gauge fluxes F/M-theory. We are working in the framework of an F/M-theory compactification on an elliptically fibered Calabi-Yau fourfold Y_4 whose singularity structure is responsible for the appearance of a gauge group G along the 7-branes. This may include also Abelian factors of U(1)_A gauge groups. A proper definition of the low-energy effective theory is possible after resolving the singularities of Y_4 and by working on the resolved fourfold Ŷ_4. The singularities associated with the non-Abelian piece G^′ of the total gauge group are resolved by introducing a set of rk(G^′) resolution divisors E_i. One way to realise extra U(1)s associated with non-Cartan generators^{12} in Calabi-Yau fourfolds has been described in [44]; this leads in general to a set of further resolution divisors S_A.

Gauge flux on Ŷ_4 is encoded in a class G_4 ∈ H^{(2,2)}(Ŷ_4) vertical to the pullback of any two base divisors and to the section of the elliptic fibration. The cohomology H^{(2,2)}(Ŷ_4) splits into the primary vertical subspace H^{(2,2)}_{ver} (Ŷ_4) and the primary horizontal one H^{(2,2)}_{hor} (Ŷ_4), defined as the complement of the first [63–66]. By definition, H^{(2,2)}_{ver} (Ŷ_4) is spanned by 4-forms that factorise into two 2-forms. A special type of gauge fluxes in H^{(2,2)}_{ver} (Ŷ_4) is of the form

G_4 = −F^b_A ∧ w_A, F^b_A ∈ H^{(1,1)}(B_3) (4.12)

11Note that even if (4.11) is satisfied, the inclusion of extra vertex operators, albeit with zero net charge under the 7-brane gauge groups, may be required, as is familiar from Type II instantons with vector-like pairs of charged zero modes. We will only analyze the above necessary condition in the sequel.

12These will be referred to as ”non-Cartan U(1)s” in the sequel.

with w_A an element of H^{1,1}(Ŷ_4) which is not in H^{1,1}(B_3) and not given by the fiber class. Such G_4 is the flux associated with a U(1)_A gauge symmetry whose potential arises from the expansion

C_3 = A_A ∧ w_A + . . . . (4.13)

This is true for Cartan U(1)s of a non-Abelian gauge group or for non-Cartan U(1)s alike. For Cartan fluxes, the 2-form w_A is the 2-form dual to a combination of resolution divisors E_i introduced in the blow-up of the non-Abelian singularity over a given divisor. For non-Cartan U(1)s the 2-form w_A is related to the resolution divisors S_A [44], where the exact form of w_A determines the precise normalisation of the U(1)_A charges. Associated U(1)_A fluxes have been constructed in [39, 41, 43].

Flux of the type G_4 = −F^b_A ∧ w_A represents only a special class of gauge fluxes. More generic G_4 in H^{(2,2)}_{ver} (Ŷ_4) can also be the effectively vertical sum of products of 2-forms without factorising into a 2-form in H^{1,1}(B_3) and a 2-form in its complement in H^{1,1}(Ŷ_4). In [40] such gauge fluxes were constructed on resolved fourfolds and related to the spectral cover approach. These fluxes are not associated with a massless U(1) in F-theory. As shown in [42], in the Type IIB limit such flux can be identified with the linear combination of diagonal U(1)s which is massive by the geometric Stückelberg mechanism, where in addition one must impose the D5-tadpole constraint.^{13}

Finally G_4 can be an element of H^{(2,2)}_{hor} (Ŷ_4). In particular, the Higgsing of a U(1) symmetry via brane recombination results in a geometry that does not exhibit the correponding 2-form w_A any longer. As a result of this deformation 4-forms of the type D ∧ w_A become non-factorisable elements in H^{(2,2)}_{hor} . Examples of gauge fluxes described by these forms have been constructed in [39] (see also [41]).

We now come back to an analysis of the constraint (4.11). To evaluate it we consider integrals of the form ∫

C_{(4)}

ι^∗G_4 with C_{(4)} ∈ H_4(D_M ). (4.14)

Since ι^∗G_4 is obtained by pullback from the ambient Calabi-Yau Ŷ_4, this integral can only give a non-vanishing result if C_{(4)} is non-trivial in H_4(Ŷ_4). By construction the fluxes are orthogonal to surfaces either lying entirely inside the base or wrapping the full elliptic fiber.

As a result only two types of surfaces can lead to a non-zero integral (4.14). The first type of surfaces exists in the presence of massless U(1) factors (including the Cartan U(1)s) and the associated selection rule is related to the net U(1) charge of the instanton. Since with each massless U(1)_A symmetry comes a 2-form w_A ∈ H^{1,1}(Ŷ_4) as in (4.13), one can construct the algebraic surface with dual 4-form

[C^A_{(4)}] = −D_M ∧ w_A ∈ H^{(2,2)}_{vert} (Ŷ_4). (4.15)

The surfaces [C^i_{(4)}] = −D_M ∧ E_i are associated with the Cartan U(1)s within the non-Abelian

13 In [36] it was conjectured that the uplift of such fluxes should be described by a set of non-harmonic fluxes subject to an analogue of the D5-tadpole constraint. This is consistent with the recent observations of [42] because the D5-tadpole constraint of [36] has the potential to effectively eliminate the non-harmonic parts.

group G^′, but also the non-Cartan U(1)s give rise to corresponding surfaces. Indeed the integral ∫ C^A_{(4)}

ι^∗G_4 = − ∫ Ŷ_4

D_M ∧ w_A ∧ G_4 (4.16)

is in general non-vanishing. For fluxes which have been chosen such as to leave the non-Abelian gauge group G^′ unbroken, this integral vanishes by construction for the Cartan surfaces [C^i_{(4)}]. Nevertheless a non-trivial constraint remains in the presence of extra non-Cartan U(1)s. Indeed the expression (4.16) has a very intuitive interpretation from the point of view of the threedimensional low-energy effective action obtained by compactification of M-theory because G_4- flux induces a gauging of the shift symmetry of the fields c̃_α appearing in an expansion of C_6. As discussed in Appendix A, the gauging of the fields c̃_α under a gauge transformation of a canonically normalised U(1)_A is given by

A_A → A_A + dΛ_A ⇒ δ_{ΛA}c̃_α = −Θ_{αA}Λ_A. (4.17)

The charge vector Θ_{αA} is defined by

Θ_{αA} = 2 ∫ Ŷ_4

ω_α ∧ w_A ∧ G_4. (4.18)

The induced shift of the term ∫ C_6 in the instanton action is then simply

δ_ΛA ∫ C_6 = − 1 2 C^α_EΘ_{αA}Λ^A = − ∫ Ŷ_4

D_M ∧ w_A ∧ G_4, (4.19)

which is none other than (4.16). From the Type II perspective we are well familiar with the fact that a net transformation of the instanton action under a given U(1)_A symmetry requires the introduction of charged operators O in the non-perturbative superpotential such that O e^{−S} is gauge invariant. As discussed in section (4.1) such a mechanism is also required from a microscopic perspective. We see that the microscopic and the supergravity constraint match, as they must.

The second type of surfaces are present also in the absence of a massless U(1). These surfaces lie within D_M even though they cannot be described as algebraic surfaces for generic choices of complex structure moduli. Similar phenomena have recently played important roles in the context of G_4 gauge fluxes in [39, 67]. Nonetheless they give a non-zero contribution in integrals of the form (4.14). One type of such surfaces is related to the matter surfaces of the 7-brane sector; another class can be related to the algebraic surfaces (4.15) upon brane recombination, or Higgsing of the U(1)_A, and can be described with the methods of [39]. In both cases the selection rule has no interpretation as the charge of a massless U(1) in M-theory. Note that the number of independent selection rules will in general be much smaller than the number of surfaces that can be constructed in this way.

This second type of surfaces is more complicated because the dual 4-forms are no longer factorisable. For ease of presentation we therefore refrain from describing them in full generality but rather illustrate them in a concrete set of models, furnished by a global Tate model with gauge group SU(5) × U(1)_X . The generalisation to more general groups (e.g. SU(N) instead of SU(5)) and to several U(1) factors will be clear.

4.2.2 Example: SU(5) × U(1)_X

Our treatment of the SU(5) × U(1)_X Tate model is based on the analysis of refs. [41,42], whose notation we briefly summarise. Consider a singular Calabi-Yau fourfold Y_4 given as a Tate model over a general base B_3,

P_T : {y^2 + a_1xyz + a_3yz^3 = x^3 + a_2x^2z^2 + a_4xz^4 + a_6z^6}. (4.20)

The locus P_T defines a hypersurface in an ambient fivefold, which in turn is given by fibering the weighted projective space P_{2,3,1} with homogeneous coordinates x, y, z over B_3. The Tate polynomials a_i are sections of K̄^i, where K̄ is the anti-canonical bundle of B_3. They are chosen in such a way as to produce an SU(5) singularity in the fiber over the base divisor W : w = 0. This leads to [68, 69]

a_1 generic, a_2 = a_{2,1} w, a_3 = a_{3,2} w^2, a_4 = a_{4,3} w^3, a_6 = a_{6,5} w^5. (4.21)

Calabi-Yau fourfolds for F-theory compactifications of this type have been analysed intensively in the context of F-theory model building in the recent literature [70–75]. Furthermore we take a_6 subject to the extra constraint a_{6,5} = 0 such as to produce an additional U(1)_X gauge group [44]. After resolution of the singularities associated with the gauge groups SU(5)×U(1)_X , the resolved Calabi-Yau fourfold Ŷ_4 is given by the proper transform of the Tate polynomial in a toric ambient fivefold X_5. In addition to the usual coordinates x, y, z of the smooth Tate model and the coordinates of the base B_3, the homogeneous coordinates of this fivefold include the coordinates e_i, i = 1, . . . , 4 (as blow-up coordinates of the SU(5) singularity) and s as a consequence of the Abelian gauge group, together with a number of scaling relations. Associated with these resolution coordinates are the respective divisor classes E_1, ..., E_4, S. The first explicit resolution of these singularities in Calabi-Yau fourfolds has been provided in the toric examples of [72, 73] (see also [76]), followed by an in-depth analysis of the resolution in particular of higher codimensions singularities in [40, 41, 43, 77]. The resolved Calabi-Yau fourfold Ŷ_4 is then described by the locus

P_T : {y^2 s e_3 e_4 + a_1 x y z s + a_{3,2} y z^3 e^2_0 e_1 e_4

= x^3 s^2 e_1 e^2 e_3 + a_{2,1} x^2 z^2 s e_0 e_1 e_2 + a_{4,3} x z^4 e^3_0 e^2_1 e_2 e_4}

(4.22)

within X_5, where e_0 is the coordinate associated with the proper transform of the divisor W. Finally the extra U(1)_X factor is due to the existence of the 2-form

w_X = S − Z − K̄ + 1 5 (2, 4, 6, 3)_i E_i, (4.23)

which is related to the resolution divisor S arising in the U(1)-restricted Tate model. The specific linear combination w_X is chosen such that the U(1)_X generator is orthogonal to the Cartan generators of SU(5) [41].

There exist exactly two types of generic (i.e. base-independent) G_4-fluxes in H^{(2,2)}_{ver} (Y_4) which do not break the SU(5) gauge group. In terms of the above divisor classes they are given by [40–43]

G^X_4 = −F^b ∧ w_X , (4.24)

G^λ_4 = λ(E_2 ∧ E_4 + 1 5 (2, −1, 1, −2)_iE_i ∧ K̄). (4.25)

It is understood that the parameter λ and F^b ∈ H^{1,1}(B_3) are chosen in such a way that the fluxes obey the Freed-Witten quantisation condition

G_4 + 1 2 c_2(Ŷ_4) ∈ H^4(Ŷ_4, Z). (4.26)

This constraint has been analysed in detail in [67, 76]. The fluxes (4.24) and (4.25) are what we will focus on in the sequel.

Following the general discussion of the previous subsection, associated with the U(1)_X gauge factor is the algebraic surface with dual 4-form

[C^X_{(4)}] = −D_M ∧ w_X . (4.27)

General integrals of the type −

∫_^

Y_4 D ∧ wX ∧ G4 have first been computed in [42] for the fluxes

in (4.24) and (4.25). Using these results one finds 5 ∫ C^X_{(4)}

ι^∗G^X_4 = −10 ∫ B_3 (K̄ − 3 5 W^b) ∧ D^b_M ∧ F^b, (4.28)

5 ∫ C^X_{(4)}

ι^∗G^λ_4 = −λ ∫ B_3

K̄ ∧ W^b ∧ D^b_M . (4.29)

According to the discussion around (4.19) these expressions are the U(1)_X charges of the instanton in presence of the corresponding fluxes, where the explicit factor of 5 has been included to account for the normalisation of the U(1)_X boson associated with w_X as defined in (4.23).

The second set of surfaces over which we can integrate ι^∗G_4 is related to the matter surfaces. Matter surfaces consist of certain combinations of P^1s fibered over curves in the base where the singularity type is enhanced. They have recently been analysed in detail in the context of elliptic fourfolds in [40, 41, 43, 77]. We follow the approach and notation of [41]. In the SU(5) × U(1)_X setup under consideration, there are three types of such matter surfaces, corresponding to the loci of singularity enhancement to SO(10) and SU(6) on the GUT brane as well as the curve of self-intersection of the I_1-locus with an enhancement to SU(2). We exemplify the constraints arising from these surfaces by analysing the surfaces C^k_{10} fibered over the curve of SO(10) enhancement C_{10} = W^b ∩ {a_1 = 0} ⊂ B_3. Each resolution divisor E_i is P^1 fibered over W^b. Some of these P^1s in the fiber split into two or several P^1s over C_{10}. The P^1s in the fiber over C_{10} group into certain linear combinations of curves which can be identified with the weights of the 10-representation of SO(10). By this one means that an M2-brane wrapping one of these linear combinations of P^1s gives rise to a massless state corresponding to one of the 10-components. The fibration of these curves over C_{10} is what one calls the matter surfaces C^k_{10}, k = 1, . . . 10.

As an example of one these ten surfaces, consider the complete intersection within the ambient fivefold X_5 given by

C_{24} : {e_2 = 0} ∩ {e_4 = 0} ∩ {a_1 = 0}. (4.30)

As discussed in [41], C_{24} describes a P^1 fibered over the curve C_{10} : {a_1 = 0} ∩ W^b on B_3, as is manifest from the form of the resolved Tate constraint P_T (4.22): If e_2 = e_4 = a_1 = 0, the Tate constraint is satisfied so that the locus lies inside Ŷ_4. Furthermore all e_i are P^1 fibered over W^b, hence the surface C_{24} is itself fibered over the curve C_{10} in the base. Note that this surface can be written as a complete intersection of the ambient fivefold X_5, but not as a complete intersection on the Calabi-Yau Ŷ_4 itself.

After this brief review we finally turn to the instanton wrapping the divisor D_M . We will show under a specific technical assumption that if D^b_M intersects the SU(5) divisor W^b one can construct surfaces lying within D_M that are analogous to the matter surfaces. However for generic choice of complex structure moduli these surfaces cannot be realised as algebraic surfaces. By smoothly deforming the complex structure moduli to the special locus where the matter surfaces become algebraic one can compute the integral (4.14) of ι^∗G_4 over the matter surfaces within D_M and deduce a selection rule for the instanton.

As an example we consider the locus

C_{24}|_{DM} : {e_2 = 0} ∩ {e_4 = 0} ∩ {D_M = 0} (4.31)

in the ambient fivefold, which is the obvious candidate for a surface analogous to C_{24} lying inside the instanton. Of course the following arguments immediately carry over if one starts with one of the other matter surfaces C^k_{10} rather than C_{24}. If we assume for the moment that this surface can be taken to lie inside the instanton divisor D_M ⊂ Ŷ_4, we obtain a selection rule by integrating ι^∗G_4 over it. For the fluxes in H^{(2,2)}_{ver} (Ŷ_4) considered here this integral is a sum of terms, each of which can be written as a complete intersection of five divisors within the ambient fivefold X_5 ∫ C_{24}|_{DM} ι^∗G_4 = ∫ X_5

E_2 ∧ E_4 ∧ D_M ∧ G_4. (4.32)

The integral ∫ C_{24} ι

∗G_4 has been performed in [41] and expressed as the integral of a fluxdependent 2-form on B_3 over the locus C_{10}. The result of (4.32) is therefore the same integral over the curve D^b_M ∩ W^b in B_3. We thus conclude ∫ C_{24} |_{DM}

ι^∗G^λ_4 = λ 5 ∫ B_3

D^b_M ∧ W^b ∧ (6K̄ − 5W^b), ∫ C_{24}|_{DM} ι^∗G^X_4 = 1 5 ∫ B_3

D^b_M ∧ W^b ∧ F^b.

(4.33)

The value of the integral would be unchanged if we had taken one of the other matter surfaces C^k_{10} instead of (4.30).

Let us now justify our assumption that the algebraic cycle (4.31) in X_5 could be used to obtain a selection rule. Note that while this surface manifestly lies inside D_M ⊂ X_5, for generic complex structure moduli it is not completely contained within {D_M = 0} ∩ Ŷ_4. We will argue that there is however an associated non-algebraic surface within {D_M = 0} ∩ Ŷ_4, over which we can integrate G_4 with the same result as if we had integrated over (4.31). Let us consider a special geometric setup for which there exist holomorphic polynomials α, β with associated effective divisor classes [α], [β] and an integer n such that we can write

(ã_1)^{n+1} = αD^b_M + βW^b, (4.34)

with ã_1 in the class K̄. Now we can consider an auxiliary fourfold defined by P̃_T , where P̃_T is given by (4.22) with a_1 replaced by ã_1. The condition (4.34) ensures that C_{24}|_{DM} is entirely contained within the deformed fourfold {P̃_T }. As {P̃_T } is obtained from Ŷ_4 by a smooth deformation this shows that there is a non-holomorphic surface associated to C_{24}|_{DM} already contained in the original fourfold. In the course of this deformation the 4-forms dual to the surfaces picks up pieces in H^{(3,1)} while keeping a piece in H^{(2,2)}. What counts is that the value of the topological integral (4.33) is unchanged under such a deformation, as G_4 is of type (2,2). Therefore, even though the surfaces C^k_{10} are in general not realised as algebraic surfaces within D_M for generic complex structure moduli, the integral ∫ C^k_{10} ι

∗G_4 takes the value (4.33).

It remains to comment on how restrictive the assumption (4.34) is. Note that if the instanton and GUT divisor are chosen in such a way that

[D^b_M ] ≤ [a_1], [W^b] ≤ [a_1] (4.35)

in the class-theoretic sense, then (4.34) can obviously be fulfilled with n = 1. Now in most applications to model building one considers bases constructed as complete intersections in a toric ambient space and rigid instanton divisors D^b_M . At least in this toric setting it is clear that rigidity implies that the polynomial D^b_M should be chosen to have as low a homogeneous degree as possible, so that (4.35) will often be fulfilled^{14}. To be slightly more general let us note that in many models K̄ will be a big divisor, i.e. it will lie in the interior of the pseudo-effective cone. This is certainly the case for all base spaces that are obtained from Fano surfaces by blow-up. In fact, to the best of our knowledge, all examples of F-theory GUT models presented so far in the literature are of this form. In this case it is always possible to find an integer n such that [a^n_1 ] − [W^b] and [a^n_1 ] − [D^b_M ] are effective. In other words, we can always find effective classes α, β and δ such that (a_1)^n = αD^b_M + βW^b + δ. (4.36)

Therefore the problem is reduced to the question of whether by a suitable deformation of the polynomials involved one can achieve a^n_1 − δ = ã^n_1 . While we expect this to be generically possible due to the freedom of choosing suitable representatives for α, β, D^b_M and W^b, it would be interesting to obtain a rigorous proof, and to see how this should be generalised in case K̄ is not a big divisor.

Let us summarise the upshot of the considerations presented above. Although in general the matter surfaces will not lie inside the instanton as holomorpic surfaces, we expect that one can smoothly deform the geometry in such a way that holomorphicity becomes manifest. This implies that the matter surfaces were already present inside the instanton in the undeformed geometry, albeit without a holomorphic representative. In the course of such deformations the Poincaré dual of the surface picks up pieces of Hodge type (1,3) and (3,1), but this does not change the value of the integral of the (2,2)-form G_4. Hence we can safely evaluate the integrals (4.14) in the geometry (4.34). It would be interesting to understand how to generalise the proof to the general case.

Our presentation has focused on the surfaces fibered over the matter curve C_{10} in the above, but similar arguments hold for the remaining matter surfaces. All these integrals must vanish in order for the instanton to contribute to the superpotential without insertion of additional M2-Brane vertex factors. Note that the number of actual selection rules will in general be much smaller than the number of surfaces that can be constructed in this way, as matter surfaces from different enhancement curves are in general not linearly independent and the integrals of G_4

14In order to construct a consistent Weierstrass model also the class [W^b] cannot be too large as the class [a2,1] = 2K̄ − [W^b] must be effective.

over all matter surfaces of a given enhancement curve are the same. In the next subsection we will discuss the relation to the known selection rules in the Type IIB dual and we will confirm that the selection rule from U(1)_X charge and from the C_{10} surface generate the entire set of selection rules for models with an orientifold dual. This is intuitive because the C_{10} surface is sensitive to charged zero modes between the instanton and the SU(5) brane stack only, while the U(1)_X selection rules is sensitive also to modes between the instanton and the I_1-locus of the discriminant, which is responsible for the U(1)_X .

Although we have considered specifically an SU(5) × U(1) model in the above, the general argumentation is independent of the specific F-theory model. We expect that the surfaces which contribute non-trivial selection rules via (4.14) are surfaces which correspond to P^1s fibered over curves of singularity enhancement in the base.

It is interesting to compare to situations without an extra U(1) group, in this case to generic SU(5) Tate models. The surface −D_M ∧ w_X ceases to exist as an algebraic surface for generic complex structure moduli. What takes its place [39] (see also [41, 42] in the SU(5) context) is a 4-cycle that can be written as a complete intersection only on the ambient fivefold X_5, but not on Ŷ_4. Its dual 4-form is an element of H^{2,2}_{hor}(Ŷ_4). This surface now leads to a selection rule due to the Freed-Witten anomaly similar to the one for the matter surfaces^{15}. The resulting selection rules are expected to be equivalent in form to the ones in (4.28,4.29), even though no interpretation in terms of a U(1) charge is possible if the U(1) is higgsed. The relevant integrals can be worked out by adopting and extending the techniques in [39], but we do not present this computation here.

4.3 Comparison with selection rules of Type IIB and U(1) charges

Having discussed selection rules for the absence of chiral charged zero modes from an F-theory perspective, let us now see how this is related to the more familiar Type IIB picture.

In Type II orientifolds the intersection of a D-brane instanton and a spacetime-filling Dbrane hosts chiral charged zero modes in the sector of boundary changing open strings [3, 5, 6], which is straightforward to quantise. In the case at hand, the net number of charged modes between an instanton along the divisor D_E on X_3 a stack of N_A D7-braned along the divisor D_A is given by the chiral index χ_{A,E} = − ∫ D_A∩D_E F̃_A − F̃_E . (4.37)

This counts the chirality of states in representation (N̄_A, 1_E ). As in section 3.1 we use the notation F̃ = 2πα^′F − B. Note that apart from the brane flux F_A on D_A also the instanton flux F_E contributes to this chiral index [9]. Furthermore the contribution of the continuous B_− moduli drops out of the chiral index as they appear in both F̃_A and F̃_E . The situation is different for the discrete B_+ moduli in the case of an O(1)-instanton as the full orientifold-even part F̃^+_E is projected out. Therefore the chiral index for an O(1)-instanton depends on F^α_A rather than F^α_A, matching the U(1) charge of the instanton as discussed below.

Equivalently, the presence of a net number of chiral zero modes can be detected from the net charge of the instanton action under each U(1)_A. For a stack of N_A spacetime-filling D7-branes

15Note that in this recombined case also G^X_4 is no longer in H^{(2,2)}ver (Ŷ4).

on a divisor D_A and the image stack along D^′_A this works as follows. The Poincaré dual 2- forms are expanded as [D_A] =^1_2 C^α_Aω_α +^1_2 C^a_Aω_a and [D^′_A] =^1_2 C^α_Aω_α −^1_2 C^a_Aω_a. The Stückelberg mechanism then leads to a gauging of the shift symmetries of the scalars c^a and c_α, such that under a gauge transformation A^A → A^A +^1_{ℓ2s} dΛ^{A16} of the diagonal U(1)_A the chiral fields (3.2) shift as

G^a → G^a + 1 2π N_AC^a_AΛ^A, T_α → T_α − i 2π N_A ( K_{αβγ} F̃^β_A C^γ_A + K_{αbc} F^b_A C^c_A ) Λ^A. (4.38)

The partition function (3.17) of the O(1) E3-instanton with a fixed flux configuration then also shifts as e^{−SE} → e^{−iqAΛA} e^{−SE} , q_A = − 1 2 N_A ( κ_{αbc} C^α_E C^b_A (F^c_A − F^c_E ) + κ_{αβγ} C^α_E C^β_A F̃^γ_A ) . (4.39)

Note that only the pullback instanton flux contributes to the instanton charge, not the variable flux F^v_E . It is simple to check that the charge q_A precisely returns the chiral index (4.37).

As a consequence of the non-trivial U(1)_A charge q_A associated with a given instanton flux, each configuration with charge q_A contributes now to a superpotential term of the form W ≃ O exp(−S_E), where O is an operator involving open string fields with U(1)_A charge −q_A. The sum over the instanton fluxes in the instanton partition function then splits into various contributions. Each such contribution involves the sum over the full allowed lattice of variable instanton fluxes F^v_E together with the sublattice of allowed pullback fluxes whose induced charge matches that of the respective operator O.

In order to compare the orientifold description with the results of the previous subsection we first recall from [42] the D7-brane and flux configuration of the Type IIB model corresponding to the F-theory setup with gauge group SU(5) × U(1)_X . The IIB setup consists of a stack of 5 D7-branes on a divisor D_A on X_3 together with its orientifold image D^′_A and one additional D7 on D_B = 4D_{O7} − 2D_A − 3D^′_A along with the associated image stack. For the reader’s convenience we reiterate that the F-theory base B_3 is the orientifold quotient of X_3, i.e. there is a projection p : X_3 → B_3. The SU(5) divisor W^b and the instanton divisor D^b_M in B_3 are given as

D^+_A = D_A + D^′_A = p^∗W^b, D_E = p^∗D^b_M . (4.40)

The class D_{O7} of the orientifold plane maps to the anti-canonical class of B_3, K̄ = p^∗D_{O7}. Finally mind the factor of 2 in ∫ X_3

p^∗(D^b_i ) ∧ p^∗(D^b_j ) ∧ p^∗(D^b_k ) = 2 ∫ B_3

D^b_i ∧ D^b_j ∧ D^b_k . (4.41)

The two Abelian gauge symmetries U(1)_A and U(1)_B on D_A and D_B are individually massive even in absence of gauge flux, but there is a massless linear combination

U(1)_X = 1 2 (U(1)_A − 5 U(1)_B ), (4.42)

16The explicit factor of^1_{ℓ2s} has been included to account for the difference in normalisation between the gauge field A^A in the type IIB limit and the gauge field A^A appearing in the expansion of C3 in (4.13), see [36]. This implies that the gauge parameter Λ appearing here can be identified with the parameter appearing in (4.17).

which only becomes massive if gauge flux is turned on. The Type IIB flux configuration corresponding to the G_4-fluxes defined in (4.24) and (4.25) is given by [42]

G^X_4 : F̃^+_A =^1_{10} F, F̃^+_B = − 1 2 F, F^−_{A,B} = 0, (4.43)

G^λ_4 : F̃^+_A =^2_5 λD_{O7}, F̃^+_B = 0, F^−_{A,B} = 0 (4.44)

with

F = p^∗F^b. (4.45)

In particular we may compute the charge of the E3-instanton under the massless U(1)_X of (4.42) as q^X = 1 2 (5χ_{A,E} − 5χ_{B,E} ). (4.46)

The factor of 5 in front of χ_{A,E} is due to the fact that the zero modes at this intersection locus transform in the ¯5 of the U(5) along D_A.

Let us consider first the flux configuration (4.43) corresponding to G^X_4 . From the chiral indices

χ_{A,E}(G^X_4 ) = − 1 20 ∫ X_3

D_E ∧ D^+_A ∧ F = − 1 10 ∫ B_3

D^b_M ∧ W^b ∧ F^b, (4.47)

χ_{B,E} (G^λ_4 ) = 1 4 ∫ X_3

D_E ∧ D^+_B ∧ F = 1 2 ∫ B_3

D^b_M ∧ (8K̄ − 5W^b) ∧ F^b (4.48)

one deduces the overall U(1)_X charge 1 2 (5χ_{A,E} − 5χ_{B,E} ) = −10 ∫ B_3

D^b_M ∧ (K̄ − 3 5 W^b) ∧ F^b. (4.49)

This precisely reproduces the F-theory result (4.28).

In both pictures the first necessary selection rule for generation of a superpotential without insertion of extra net charged matter is therefore that (4.28) ∫ B_3

D^b_M ∧ (K̄ − 3 5 W^b) ∧ F^{b !}= 0. (4.50)

From the type IIB perspective it is clear that the absence of chiral charged zero modes actually requires the vanishing of the chiral indices χ_{A,E} and χ_{B,E} individually, not just in the combination (4.46). The complementary condition can be obtained in IIB by demanding the vanishing of the net chiral index with respect to any other U(1) linearly independent from (4.42). However all other combinations of U(1)_A and U(1)_B are massive, and therefore not directly visible in the F-theory model [36]. Therefore the corresponding selection rule in F-theory cannot be derived in the manner presented above for U(1)_X . Instead, it must be contained in the additional selection rules discussed in the previous subsection which were obtained by integrating G_4 over one of the matter surfaces. Indeed, for the flux G^X_4 the selection rule (4.33) just corresponds to the vanishing of χ_{A,E}. Together with (4.50) this suffices to guarantee the vanishing of each chiral index.

Put differently, the massive U(1)s, even though inivisible in the spectrum of the F-theory compactification, do remain as selection rules in F/M-theory. They enter through the Freed- Witten anomaly, which enforces that ι^∗G_4 = 0 on the M5-instanton. While the spacetime interpretation is different, the effect is the same in F-theory compared to Type IIB orientifolds.

That the massive U(1)s would continue to play a role as selection rules was conjectured from a different perspective in [36]. Formally, the massive U(1)s can also be made visible by including a set of non-harmonic 2-forms and 3-forms in the dimensional reduction of the Mtheory supergravity. In this approach the gauging induced by the massive U(1) is encoded in the intersection form of these non-harmonic forms, and a definition of the instanton charge along the lines of (4.19) is possible by replacing w_X with the non-harmonic 2-form associated with the massive U(1). The results of the present analysis are in agreement with [36] even though no use of the non-harmonic forms has been made.

For the flux configuration G^λ_4 the charged zero mode indices follow as

χ_{A,E}(G^λ_4 ) = − λ 5 ∫ X_3

D_{O7} ∧ D_E ∧ D^+_A = − 2λ 5 ∫ B_3

K̄ ∧ D^b_M ∧ W, χ_{B,E} (G^λ_4 ) = 0. (4.51)

The resulting U(1)_X charge q^X = −λ ∫ B_3

K̄ ∧ D^b_M ∧ W (4.52)

is in agreement with the F-theory result (4.29). Since χ_{B,E}(G^λ_4 ) = 0, there is no further selection rule in Type IIB. At first sight this may seem puzzling, as in the F-theory setup we obtained the two selection rules (4.29) and (4.33). To understand this seeming discrepancy, we must recall that a smooth Type IIB limit actually exists only if the conifold point [42, 78]

D_A ∩ {a_1 = 0} ∩ {a_{2,1} = 0} (4.53)

is absent, with the polynomials a_1 and a_{2,1} defined in (4.21). Moreover we have assumed from the beginning that the SU(5) divisor W^b is smooth. Type IIB orientifolds corresponding to this class of models satisfy the relation [42]

(D^+_A )^2 − (D^−_A )^2 = 2D^+_A D_{O7}. (4.54)

Expression (4.33) therefore equals λ 5 ∫ B_3

D^b_M ∧ W^b ∧ (6K̄ − 5W^b) = − 2λ 5 ∫ X_3

D_E ∧ D^+_A ∧ D_{O7} − λ 2 D_E ∧ (D^−_A )^2. (4.55)

Next note that for a general divisor the intersection D_A ∩ D^′_A splits into a component along the O7-plane and a component away from it. Cohomologically the latter is proportional to D^+_A ∧ D^+_A |_{off O7} + D^−_A ∧ D^−_A − 2D^−_A ∧ D^+_A . In a Type IIB orientifold corresponding to an F-theory model with smooth SU(5) divisor W^b, the component away from the O7-plane is absent because this is the locus that would translate into self-intersections of W^b. Now, ∫ X_3 DE ∧ D − A ∧ D^+_A = 0 because D_E is orientifold even; furthermore we argued that the intersection D^b_M ∩ W^b can be deformed inside a_1 = 0, i.e. the integral ∫ X_3 DE ∧ D + A ∧ D^+_A |_{off O7} = 0. In conclusion the last term in (4.55) vanishes.

Hence as long as there exists a smooth Type IIB limit we indeed obtain only one selection rule for this type of flux configuration, as expected. Note however that (4.53) is not required to be absent in a general F-theory model, and the number of independent selection rules may be higher in this case. In fact, the locus (4.53) describes a point of enhancement to E_6 [78], and one might speculate that new charged zero mode states can appear at this exceptional singularity. This intuition is supported by our observation that additional selection rules not encountered in Type IIB can appear in the presence of a point of exceptional enhancement inside the instanton divisor, but more work is needed to understand this microscopically.

We would like to close this section with an even more speculative remark: For fluxed D3- instantons in Type IIB orientifolds, the chiral index (4.37) counting the charged zero modes depends not only of the 7-brane fluxes, but also on the instanton flux F̃_E. In view of (4.39) this effect induces an instanton flux contribution to the net U(1)_X charge of the instanton and can in particular be used to cancel the chirality induced by D7-brane gauge flux [9]. On the other hand, no analogous phenomenon has been observed for the M5-instanton flux quanta H in the present treatment. A possible resolution of this mismatch is related to the fact that the relevant D3-instanton fluxes arise from 2-forms in H^{1,1}_− (D_E ) with non-vanishing pullback onto the D7-brane stacks. As indicated in section 3.2, the uplift of such 2-forms to the cohomology of D_M is unclear. Formally it is possible introduce a set of non-harmonic 3-forms on D_M to capture the missing H fluxes such as to recover the U(1) charges, in a similar spirit to the analysis in [36]. It would be desirable to understand, however, whether a different and more concrete description of this effect is possible. We hope to return to this interesting point in the future.

5 Conclusions and open questions

In this paper we have studied the superpotential due to M5-instantons in F-theory compactifications. The discussions are framed in a general F-theoretic setting, but are augmented, where possible, by comparison with known Type IIB results.

In the first part of the paper we have discussed the classical partition function of M5- instantons, focussing on instantons wrapped on vertical divisors of the elliptically fibered fourfold of F-theory. These can be related to E3-instantons in the corresponding Type IIB model. By comparing the results with the analogous expressions for the E3-instanton we have been able to identify the correct partition function of the M5-instanton, which amounts to choosing a specific line bundle on the intermediate Jacobian of the M5-instanton divisor. Our result shows that there is a canonical choice independent of the precise geometry of this divisor. The calculations required to extract the correct line bundle directly in M-theory are highly nontrivial, and it is not obvious that such a simple canonical choice should exist. The M5 partition function identified using the duality with Type IIB is in agreement with the results of [16–19], which calculate the partition function on a flat torus resp. on K3 × T^2. However, our result is applicable to a much larger class of instanton geometries; in particular the existence of a smooth Type IIB limit only poses constraints on the form of the discriminant locus, but not of the M5 divisor. Thus we expect this result to hold also if no such limit can be taken smoothly.

In the second part of this work we have focused on the question of how the presence of G_4-flux restricting non-trivially to the instanton affects the M5-instanton superpotential contribution.

Our discussion is applicable to general G_4-fluxes and valid even in absence of a smooth Type IIB limit. It is well-known that in Type IIB gauge fluxes can generate a chiral spectrum of charged fermionic zero modes on the E3-instanton. The presence of such chiral zero modes implies that the instanton can at most contribute to superpotential couplings involving charged open string fields. We have discussed the corresponding effect from the perspective of M-theory, where it has a close relationship with the Freed-Witten anomaly cancellation condition [32,38]. This condition implies that a consistent theory of the M5-instanton in the presence of G_4-flux requires the presence of a suitable configuration of M2-branes ending on the instanton. We have argued that in the resulting superpotential contributions, these M2-branes play the role of the charged open string fields in the dual Type IIB picture. Related recent work on these instanton zero modes can be found e.g. in [21, 22, 32, 38].

In many applications one is interested in generating superpotential contributions that do not involve charged operators. A necessary condition for this is encoded in the selection rule ι^∗G_4 = 0. This selection rule guarantees absence of chiral charged fermionic zero modes. Of course there can exist further neutral zero modes which forbid the generation of a superpotential term. These neutral zero modes have been discussed e.g. in [21, 24–26] and are not considered further in this work. Focussing on a specific set of non-Cartan G_4-fluxes that were recently constructed in [40–43], we have discussed a set of explicit 4-cycles on the M5-instanton that can be used to numerically test for the condition ι^∗G_4 = 0 by evaluating the integral of G_4 over these cycles. Following this discussion in a general F-theoretic setting, we then proceed to illustrate these ideas in the context of the explicit SU(5) × U(1) model as considered in [42]. In particular we have checked that if a smooth Type IIB limit exists, the selection rules obtained in this manner correspond exactly to the vanishing of the chiral indices counting zero modes at the intersections between the E3-instanton and D7-brane stacks.

It is well known that in the Type IIB setting these selection rules for the absence of chiral charged zero modes can be obtained by considering the charge of the instanton under Abelian gauge symmetries present in the model. As is to be expected, we have found that a corresponding observation can be made in F-theory. Namely, in models including a massless U(1) gauge symmetry the integral of G_4 over some of the above 4-cycles computes the instanton charge under this massless U(1) symmetry. Furthermore, we have shown that the additional selection rules which arise from the remaining types of surfaces can be interpreted as instanton charges under massive U(1) gauge symmetries, confirming the expectations of [36].

There are several obvious directions for future study. We have performed the explicit match of the partition functions for the case of O(1) E3-instantons wrapped on a rigid, irreducible divisor invariant under the orientifold action. A number of questions arise when one relaxes these conditions. If one considers a non-rigid divisor one obtains in Type IIB a non-trivial F-term condition restricting the instanton flux which can contribute to the partition function. In the dual F-theory setting one can immediately identify a corresponding set of M5-instanton fluxes which are expected to be ruled out by a similar condition. However, the obvious uplift to F-theory of the Type IIB F-term expression does not seem sufficient to rule out all of these fluxes, and it would be interesting to study how the full required constraint arises in F-theory. Another interesting question would be how to describe the uplift of Type IIB U(1) instantons, which admit fluxes of even orientifold parity contributing to the partition function. Such fluxes uplift to 2-forms on the M5-instanton with no obvious interpretation as M5 3-form flux H.

Further points requiring further investigation concern the charged zero modes of the M5- instanton and the resulting selection rules. While we have discussed in general terms how the surfaces in the M5-instanton which can be used to detect non-trivial selection rules should arise, the construction of these surfaces in the framework of the model considered in section 4.2.2 relied on a specific technical assumption. While it is clear that the technical assumption in question is not a necessary condition for the existence of the surfaces, it would be interesting to see how the proof can be generalised. In addition, it would be very nice to understand in more detail how the charged zero modes are to be understood in terms of M2-branes ending on the instanton and in particular how the appearance of these zero modes is related to the geometry of the singular elliptic fiber over an intersection with a D7-brane stack. A precise understanding of the necessary geometric requirements to give rise to such M2-brane states should also allow one to understand the role of vectorlike pairs of zero modes. Another approach would be to use more extensively the correspondence between M2s ending on the M5-instanton and nontrivial H-flux configurations accompanied by a suitable deformation of the M5 in the M2-brane directions. This would allow one to extract information on the zero modes by studying instead the zero modes of this H-field configuration.

Finally, it would be interesting to consider how non-zero H-flux affects the instanton selection rules. In Type IIB theory it is known that instanton fluxes which restrict non-trivially to the intersection of instanton and brane contribute to the chiral index or equivalently the U(1) charge of the instanton [9]. However, the uplift of precisely this type of fluxes to F-theory is problematic due to the degeneration of the elliptic fiber over the location of the D7-branes. In [36] it was conjectured that 2-forms with negative orientifold parity restricting to the D7- branes uplift to non-harmonic 3-forms in F-theory. Following this idea suggests that IIB instanton flux that contributes to the chiral index should be described by non-harmonic H-flux on the M5-instanton. Intriguingly, one finds exact match with the Type IIB expression if one computes the U(1) charge of the M5-instanton after including H-flux along the non-harmonic forms introduced in [36]. However, it is so far unclear how the appearance of non-harmonic H-flux is to be understood from a purely M-theoretic perspective. We look forward to revisiting these and related question in the future.

Acknowledgements

We thank Christoph Mayrhofer for very helpful discussions. We are grateful to Thomas Grimm and Eran Palti for collaboration on the related [9, 36]. MK acknowledges support by the IMPRS for Precision Tests of Fundamental Symmetries and the German National Academic Foundation. Special thanks to the Simons Center for Geometry and Physics for support and hospitality. This work was funded in part by the DFG under Transregio TR 33 ”The Dark Universe”.

A M-theory reduction in the democratic formulation

The low-energy limit of M-theory is conventionally described by the action S = 1 2 ∫ d^{11}x √ −gR − 1 4 ∫ ( G_4 ∧ ∗G_4 + 1 3 C_3 ∧ G_4 ∧ G_4 ) (A.1) in conventions where κ^2_{11} = 1. The dimensional reduction to three dimensions of the massless harmonic sector of this action on a Calabi-Yau fourfold as well as its F-theory limit has been extensively studied e.g. in [35, 79, 80]. Furthermore in [36] it was discussed how certain non-harmonic forms can be included in the dimensional reduction to describe massive U(1) symmetries. However, in order to describe the interaction between M5-instantons and the C_3 field it is advantageous to stray from this conventional path and use instead a democratic formulation which includes also the magnetic dual C_6 of C_3. This mirrors the situation in Type II string theory, where one uses the democratic formulation upon including D-branes.

The duality-symmetric eleven-dimensional supergravity theory has been considered by the authors of [81], who find that one needs to introduce an additional auxiliary scalar field to obtain a manifestly covariant theory. In the following we will not follow this approach; instead we will describe the theory by means of a simpler pseudo-action which is supplemented by a set of duality constraints to be imposed at the level of the equations of motion. This is again analogous to the approach conventionally followed in the setting of Type II string theory.

In the theory defined by (A.1) the dynamics of C_3 are determined by the equation of motion

d ∗ G_4 + 1 2 G_4 ∧ G_4 = 0 (A.2)

as well as the Bianchi identity dG_4 = 0. In close analogy to the democratic formulation of Type II string theory one can define a dual field strength

G_7 = dC_6 + 1 2 C_3 ∧ G_4 (A.3)

and consider the action

S_D = 1 2 ∫ d^{11}x √ −gR − 1 6 ∫ ( G_4 ∧ ∗G_4 + 1 2 G_7 ∧ ∗G_7 ) . (A.4)

Supplementing this pseudo-action with the duality relation

∗ G_7 = G_4 ⇔ G_7 = − ∗ G_4 (A.5)

one easily checks that it reproduces precisely the original equations of motion (A.2) as well as the relevant Bianchi identities. The prefactor of the second term can be fixed by requiring that integrating out C_6 by introducing a Lagrangian multiplier term − ∫ dC_6 ∧ dC_3 leads back to the original action (A.1). While the form of the action (A.4) is well known, to the best of our knowledge its dimensional reduction to three dimensions has not been performed in the literature. This will be the subject of this appendix.

The advantage of using the democratic formulation when working with M5-instantons is that it explicitly involves the field C_6 which couples directly to the instanton world-volume. This coupling involves a set of scalars c_α which as we will see below become part of the complexified Kähler moduli. Performing the dimensional reduction of (A.4) in the democratic formulation allows us to determine the correct normalisation of the Kähler moduli. This in particular allows us to compute the dependence of the M5-instanton action on the Kähler moduli including all prefactors and to perform the precise match with the Type IIB expression.

It is worth noting that the dimensional reduction of the usual action (A.1) yields a threedimensional theory involving vectors A^α which can in three dimensions be dualised to scalars c̃_α [79, 80]. However even if one does this and rewrites the bulk action in terms of these scalars c̃_α, one does not know precisely how the so obtained c̃_α should appear in the instanton action. In fact as we will see there is a non-trivial shift between the fields appearing naturally in the M5 action and the fields that form part of the Kähler coordinates, which one can only determine precisely when performing the reduction in the democratic formulation.

To carry out the dimensional reduction of the action (A.4) let us first focus only on the massless fields described by harmonic forms and introduce the bases {ω_Λ} resp. {ω̃^Λ} of H^{1,1}(Y_4) resp. H^{3,3}(Y_4), {η^m} of H^4(Y_4) and {α_a, β^b} resp. {α̃^a, β̃_b} of H^3(Y_4) resp. H^5(Y_4). These forms are chosen to obey ∫ ω_Λ ∧ ω̃^Σ = 1 2 δ^Σ_Λ , Λ, Σ = 1, . . . , h^{1,1}(Y_4), (A.6) ∫ η^m ∧ η^n = δ^{mn}, m, n = 1, . . . , h^4(Y_4), (A.7) ∫ α_a ∧ α̃^b = ∫ β^b ∧ β̃_a =^1_2 δ^b_a ∫ α_a ∧ β̃_b = ∫ β^a ∧ α̃^b = 0 } a, b = 1, . . . , h^3(Y_4). (A.8)

Recall that H^{1,1}(Y_4) can be split into several distinct subspaces, namely the forms ω_α which constitute the uplift of H^{1,1}(B_3), the form ω_0 which is Poincaré dual to the base B_3 as well as a set of resolution divisors ω_I describing massless U(1) gauge symmetries^{17}. To simplify the notation let us further assume that h^{1,2}(B_3) = 0, so that we have the intersection numbers [36] ∫ ω_Λ ∧ α_a ∧ β^b =

{_1 2 K_{αac}δ^{cb}, Λ = α 0, Λ = 0, I

, (A.9) ∫ ω_Λ ∧ α_a ∧ α_b = ∫ ω_Λ ∧ β^a ∧ β^b = 0, (A.10) ∫ ω_Λ ∧ ω_Σ ∧ ω_Π ∧ ω_Θ = 1 2 K_{ΛΣΠΘ}. (A.11)

Recall that in the case where the model admits a Type IIB limit on the double cover X_3 of B_3 the α_a and β^b are the uplifts of H^{1,1}_− (X_3). In this case the intersection numbers K_{αab} and K_{αβγ} ≡ K_{0αβγ} can also be identified with the corresponding intersection numbers on X_3. However we reiterate that the existence of a smooth orientifold limit is of course not necessary for this reduction.

For further convenience let us rewrite the intersection numbers above in terms of the following equivalent set of equations in cohomology

ω_Λ ∧ ω_Σ ∧ ω_Π = K_{ΛΣΠΘ}ω̃^Θ, α_a ∧ β^b = K_{αac}δ^{cb}ω̃^α, α_a ∧ ω_α = −K_{αac}δ^{cb}β̃_b, β^b ∧ ω_α = K_{αac}δ^{cb}α̃^a, α_a ∧ α_b = 0 = β^a ∧ β^b, α_a ∧ ω_Λ = 0 = β^a ∧ ω_Λ, Λ = 0, I, ω_Λ ∧ ω_Σ ≡ R_{mΛΣ}η^m ⇒ ω_Λ ∧ η^m = 2δ^{mn}R_{nΛΣ}ω̃^Σ.

(A.12)

We may now expand C_3 and C_6 into the bases of the cohomology groups defined above as

17We do not need to distinguish at this point between forms describing U(1)s in the Cartan of a non-Abelian gauge group and additional Abelian gauge group factors. In this appendix Y4 is always taken to denote the smooth, resolved fourfold.

follows

C_3 = A^Λ ∧ ω_Λ + c^aα_a + b_bβ^b, (A.13)

C_6 = c̃_Λω̃^Λ + Ũ_a ∧ α̃^a + Ṽ^b ∧ β̃_b + r_m ∧ η^m. (A.14)

Here c^a, b_b, c̃_Λ are scalars, while A^Λ, U_a, V^b are vectors and the r_m are spacetime 2-forms, which are non-dynamical in three dimensions. We also include non-trivial G_4-flux

G_4 = dC_3 + F_mη^m, (A.15)

which is dual to the 2-forms r_m. We are now in a position to insert these expansions into the action (A.4) and integrate out the internal space Y_4. To simplify the resulting expression let us finally introduce the notation {ρ_i} ≡ {α_a, β^b}, {ρ̃^i} = {α̃^a, β̃_b} and

N_{ΛΣ} := ∫ ω_Λ ∧ ∗ω_Σ ⇔ ∫ ω̃^Λ ∧ ∗ω̃^Σ = 1 4 N^{ΛΣ}, (A.16)

M_{ij} := ∫ ρ_i ∧ ∗ρ_j ⇔ ∫ ρ̃^i ∧ ∗ρ̃^j = 1 4 M^{ij}, (A.17)

P^{nm} := ∫ η^n ∧ ∗η^m, (A.18)

where N^{ΛΣ} denotes the inverse matrix of N_{ΛΣ} etc.. Ignoring the Einstein-Hilbert term in (A.4) for the moment one finds the following action for the fields arising from C_3 and C_6

S_C = −^1_6 ∫ R^{1,2} [ N_{ΛΣ}F^Λ ∧ ∗F^Σ + M_{ij}dc^i ∧ ∗dc^j + 1 8 N^{ΛΣ}Dc_Λ ∧ ∗Dc_Σ (A.19) + 1 8 M^{ij}∇U_i ∧ ∗∇U_j + 1 2 P^{mn}Dr_m ∧ ∗Dr_n + P^{mn}F_mF_n ∗ 1 ] . The shifted fields and covariant derivatives appearing here are given by

c_Λ = { c̃_Λ, c̃_α +^1_2 K_{αac}δ^{cb}c^ab_b,

Λ = 0, I Λ = α , Dc_Λ := dc_Λ +^1_2 Θ_{ΛΣ}A^Σ + { 0, −K_{αac}δ^{cb}c^adb_b, Λ = 0, I Λ = α ,

U_i = { U_a −^1_2 K_{αac}δ^{cb}b_bA^α, V^b +^1_2 K_{αac}δ^{cb}c^aA^α,

U_i = U_a U_i = V^b , ∇U_i := dU_i + { K_{αac}δ^{cb}b_bF^α, −K_{αac}δ^{cb}c^aF^α, U_i = U_a U_i = V^b , Dr_m := dr_m +^1_2 R_{mΛΣ}A^Λ ∧ F^Σ.

(A.20)

The flux-dependent quantity Θ_{ΛΣ} controlling the gauging of the scalars c_Λ is given by

Θ_{ΛΣ} = 2F_mδ^{mn}R_{nΛΣ} = 2 ∫ ω_Λ ∧ ω_Σ ∧ G_4. (A.21)

The next step is to eliminate the redundant degrees of freedom using the duality relation (A.5), which after dimensional reduction can be written in terms of the three-dimensional fields as^{18} 2M_{ij} ∗ dc^j = −∇U_i ⇔ ∗∇U_i = 2M_{ij} dc^j , (A.22) 2N_{ΛΣ} ∗ F^Σ = −Dc_Λ ⇔ ∗Dc_Λ = 2N_{ΛΣ} ∗ F^Σ, (A.23) −δ_{mn}P^{np}F_p ∗ 1 = Dr_m ⇔ F_m = δ_{mn}P^{np} ∗ Dr_p. (A.24) However, when computing the equations of motion of the fields A^Λ arising from (A.19) one finds that they are inconsistent with the duality relation given above. This phenomenon is a result of using the pseudo-action (A.4) instead of the fully-fledged covariant action of [81] (see also [82]). It is also familiar from reductions of democratic Type II supergravity, compare e.g. [51, 83–85] for discussions in the Type II setting. In order to restore consistency one must shift the definition of the field strengths Dc_Λ to

Dc_Λ := dc_Λ + Θ_{ΛΣ}A^Σ + { 0, −K_{αac}δ^{cb}c^adb_b, Λ = 0, I Λ = α

. (A.25)

After adding a Lagrangian multiplier term^1_6 ∫ δ^{mn}F_ndr_m to the action one can treat dr_m as an independent field and finds that its e.o.m. precisely give the duality relation (A.24). Integrating out dr_m using these e.o.m. leads to

S_C = −^1_6 ∫ R^{1,2} [ N_{ΛΣ}F^Λ ∧ ∗F^Σ + M_{ij} dc^i ∧ ∗dc^j + 1 8 N^{ΛΣ}Dc_Λ ∧ ∗Dc_Σ (A.26) + 1 8 M^{ij} ∇U_i ∧ ∗∇U_j + 1 4 Θ_{ΛΣ}A^Λ ∧ F^Σ + 3 2 P^{mn}F_mF_n ∗ 1 ] . Next one could eliminate either the vectors A^Λ or the scalars c_Λ in favor of their dual fields leading to two different but equivalent formulations of the low-energy theory. As we want to study M5-instantons on vertical divisors of the form [D_M ] = C^α_E ω_α we would like to keep the scalars c_α which enter the instanton action via the coupling S_{M5} ⊃ 2πi ∫ D_M C6. On the other

hand we would like to keep A^0 resp. A^i in the theory to facilitate the match with the Type IIB theory, where they correspond to the off-diagonal components of the 4d metric resp. the massless U(1) gauge symmetries [35]. This turns out to be possible if we assume that

Θ_{αβ} = 0, (A.27)

such that Dc_α does not involve the dual degrees of freedom A^α. In fact, Θ_{αβ} ∝ ∫ ω_α∧ω_β ∧G_4 = 0 is anyway required in order to obtain a consistent F-theory limit [35, 36]. Letting the indices r, s, ... run over the values 0, I here and in the following we again add a Lagrangian multiplier 1 6 ∫_1 2 dc_r ∧F^r to the action. From the definition (A.16) and the different origins of the forms ω_α, ω_r one infers that the submatrices N_{(1)} := (N_{αβ}) and N_{(2)} := (N_{rs}) are separately invertible and positive definite. This implies that the same statement holds for their respective Schur complements S_{(i)}, i = 1, 2, which are the inverses of the corresponding subblocks of the inverse matrix N^{ΛΣ}, i.e. S_{(1)rs}N^{sp} = δ^p_r , S_{(2)αβ} N^{βγ} = δ^γ_α. Therefore the e.o.m.

F^r = 1 2 N^{rΛ} ∗ Dc_Λ (A.28)

18Here we used the fact that due to the block-diagonal form of the metric one has ∗11(ω∧η) = (−1)^{q(3−p)}(∗3ω)∧ (∗Y_4 η) for a p-form ω on R^{1,2} and a q-form η on Y4; this was also used in deriving (A.19).

obtained by treating dc_r as an independent field suffices to completely determine Dc_s in terms of F^r and Dc_α and can therefore be used to integrate it out.

A similar argument shows that one can consistently eliminate F^α and U_i after adding corresponding Lagrangian multiplier terms −^1_6 ∫ F^α ∧ dc̃_α −^1_2 dU_i ∧ dc^i. The final result of this dualisation can be concisely written in terms of the inverse (N^{αβ}_{(1)} ) of N_{(1)} and the Schur complement S_{(1)rs} = N_{rs} − N_{rα}N^{αβ}_{(1)} N_{βs} and reads^{19}

S_C = −^1_4 ∫ R^{1,2} [ S_{(1)rs}F^r ∧ ∗F^s − N^{αβ}_{(1)} N_{βr}Dc_α ∧ F^r + 1 4 N^{αβ}_{(1)} Dc_α ∧ ∗Dc_β (A.29) +M_{ij} dc^i ∧ ∗dc^j + 1 8 Θ_{rs}A^r ∧ F^s + P^{mn}F_mF_n ∗ 1 ] . The vectors A^r and scalars c_α combine with scalars v^Λ arising in the expansion of the Kähler form J = v^Λω_Λ into three-dimensional vector and scalar multiplets. These scalars enter the effective action through the reduction of the curvature scalar, which was performed in [79]. After combining the result with (A.29) and performing a Weyl rescaling g_{μν} → V^{−2}g_{μν} with V the volume of Y_4 one obtains

S_D = 1 2 ∫ R^{1,2} d^3x √ −gR − 1 4 ∫ R^{1,2} [ VS_{(1)rs}(dξ^r ∧ ∗dξ^s + F^r ∧ ∗F^s) (A.30)

−N^{αβ}_{(1)} N_{βr}Dc_α ∧ F^r + 1 4V N^{αβ}_{(1)} Dc_α ∧ ∗Dc_β + 1 V N^{αβ}_{(1)} dV_α ∧ ∗dV_β +4G_M¯_N dz^M ∧ ∗dz̄^{N̄} + 1 V M_{ij} dc^i ∧ ∗dc^j + 1 8 Θ_{rs}A^r ∧ F^s + 1 V^3 P^{mn}F_mF_n ∗ 1 ] . Here we have defined ξ^r =^{vr}_V and

V_Λ = ∂_vΛ V = 1 3! ∫ ω_Λ ∧ J^3. (A.31)

Although they will not be needed in the following the h^{3,1}(Y_4) complex structure moduli z^M are included for completeness. Given a basis {Φ_M } of H^{3,1}(Y_4) they are defined by δg¯_i¯_j = −^1_{3|Ω|2} Ω̄^{klm}_ī (Φ_M )_{klm}¯_j , while the metric is given by

G_M¯_N = ∫ Φ_M ∧ Φ̄¯_N ∫ Ω ∧ Ω̄

. (A.32)

The action (A.30) can be put into the general form of a gauged three-dimensional N = 2 supergravity as given in [36]. To do this one combines the scalars c^a and b_b into complex scalar fields N^a = c^a − if^{ab}b_b with f^{ab} a suitable function of the complex structure moduli [36, 79] and defines the complexified Kähler moduli

t_α = 2V_α + ic_α = 1 3! K_{αΛΣΠ}v^Λv^Σv^Π + ic_α. (A.33)

If one performs the F-theory limit of vanishing fiber volume ϵ as in [36] one finds that the fields t_α scale at zeroth order in ϵ as t_α −→ 1 2 K_{αβγ} v^β_B v^γ_B + ic_α, (A.34)

19Here we used the matrix inversion lemma which implies N^{αβ} = N^{αβ}_{(1)} + N^{αr} S_{(1)rs}N^{sβ} .

where v^α_B are the Kähler moduli of the base B_3 and K_{αβγ} ≡ K_{0αβγ} are the corresponding intersection numbers. If a Type IIB limit exists, comparing with the usual expressions shows in particular that the fields c_α can be identified with the corresponding axions appearing in the Type IIB Kähler moduli T_α.

Finally let us consider the modifications that arise upon inclusion of the non-closed forms w_{0A} introduced in [36] to describe geometrically massive U(1) gauge fields. One change is that the indices r, s, ... introduced above now run also over these additional values. To stick to the notation of [36] we introduce one such form w_{0A} for each stack A of 7-branes and let the index i in r, s, ... = 0, i, 0A now run only over all Cartan U(1)s. Note that although the w_{0A} are individually non-closed and describe the massive diagonal U(1) on each stack of D7-branes, certain linear combinations may remain massless, as is the case in the SU(5) × U(1) model discussed in section 4.2.

The non-closed forms induce a geometric gauging of the shift symmetries of the scalars c^a resulting in the appearance of covariant derivatives dc^i −→ ∇c^i = { dc^a − N_AC^a_AA^{0A}, c^i = c^a. db_b, c^i = b_b. (A.35)

Taking into account [36]

ω_Λ ∧ dβ^b = { −δ^{bc}K_{αac}N_AC^a_Aω̃^α, if Λ = 0A 0, otherwise

(A.36)

one also finds an additional piece in the covariant derivarives

Dc_α := dc_α + Θ_{αΣ}A^Σ − K_{αac}δ^{cb}c^adb_b − 1 2 K_{αac}δ^{cb}b_bN_AC^a_AA^{0A}. (A.37) This implies that the shift symmetries of the scalars c^a, c̃_α are gauged, such that under a gauge transformation A^{0A} → A^{0A} + dΛ^A of the diagonal U(1) the fields shift as

δ_ΛA c^a = N_AC^a_AΛ^A, δ_ΛAc̃_α = 1 2 K_{αac}δ^{cb}b_bN_AC^a_AΛ^A − Θ_{α0A}Λ^A. (A.38)

This implies that the shifted field c_α is gauged only in the presence of fluxes as δ_ΛA c_α = −Θ_{α0A}Λ^A, as was to be expected from the Type IIB perspective.

Note that even if one picks fixed harmonic representatives for the basis forms above the equations (A.12) still only hold in cohomology, as the wedge product of two harmonic forms is not necessarily harmonic. Upon inclusion of the non-closed w_{0A} the additional exact pieces implicit in (A.12) can lead to additional terms in the low-energy action. It is a non-trivial assumption that the intersection properties of the w_{0A} are such that no such additional terms arise.

References

[1] E. Witten, “Non-Perturbative Superpotentials In String Theory,”

Nucl. Phys. B474 (1996) 343–360, arXiv:hep-th/9604030.

[2] S. Kachru, R. Kallosh, A. D. Linde, and S. P. Trivedi, “De Sitter vacua in string theory,” Phys.Rev. D68 (2003) 046005, arXiv:hep-th/0301240 [hep-th].

[3] R. Blumenhagen, M. Cvetič, and T. Weigand, “Spacetime instanton corrections in 4D string vacua: The Seesaw mechanism for D-Brane models,” Nucl.Phys. B771 (2007) 113–142, arXiv:hep-th/0609191 [hep-th].

[4] M. Haack, D. Krefl, D. Lüst, A. Van Proeyen, and M. Zagermann, “Gaugino Condensates and D-terms from D7-branes,” JHEP 0701 (2007) 078,

arXiv:hep-th/0609211 [hep-th].

[5] L. Ibanez and A. Uranga, “Neutrino Majorana Masses from String Theory Instanton Effects,” JHEP 0703 (2007) 052, arXiv:hep-th/0609213 [hep-th].

[6] B. Florea, S. Kachru, J. McGreevy, and N. Saulina, “Stringy Instantons and Quiver Gauge Theories,” JHEP 0705 (2007) 024, arXiv:hep-th/0610003 [hep-th].

[7] R. Blumenhagen, M. Cvetič, S. Kachru, and T. Weigand, “D-Brane Instantons in Type II Orientifolds,” Ann. Rev. Nucl. Part. Sci. 59 (2009) 269–296,

arXiv:0902.3251 [hep-th].

[8] M. Bianchi and M. Samsonyan, “Notes on unoriented D-brane instantons,” Int.J.Mod.Phys. A24 (2009) 5737–5763, arXiv:0909.2173 [hep-th].

[9] T. W. Grimm, M. Kerstan, E. Palti, and T. Weigand, “On Fluxed Instantons and Moduli Stabilisation in IIB Orientifolds and F-theory,” Phys. Rev. D84 (2011) 066001,

arXiv:1105.3193 [hep-th].

[10] A. Collinucci, M. Kreuzer, C. Mayrhofer, and N.-O. Walliser, “Four-modulus ’Swiss Cheese’ chiral models,” JHEP 0907 (2009) 074, arXiv:0811.4599 [hep-th].

[11] R. Blumenhagen, S. Moster, and E. Plauschinn, “Moduli Stabilisation versus Chirality for MSSM like Type IIB Orientifolds,” JHEP 0801 (2008) 058,

arXiv:0711.3389 [hep-th].

[12] M. Bianchi, A. Collinucci, and L. Martucci, “Magnetized E3-brane instantons in F-theory,” arXiv:1107.3732 [hep-th].

[13] P. Pasti, D. P. Sorokin, and M. Tonin, “Covariant action for a D = 11 five-brane with the chiral field,” Phys. Lett. B398 (1997) 41–46, arXiv:hep-th/9701037.

[14] E. Witten, “Five-brane effective action in M theory,” J.Geom.Phys. 22 (1997) 103–133,

arXiv:hep-th/9610234 [hep-th].

[15] M. Henningson, B. E. Nilsson, and P. Salomonson, “Holomorphic factorization of correlation functions in (4k+2)-dimensional (2k) form gauge theory,” JHEP 9909 (1999) 008, arXiv:hep-th/9908107 [hep-th].

[16] L. Dolan and C. R. Nappi, “A modular invariant partition function for the fivebrane,” Nucl. Phys. B530 (1998) 683–700, arXiv:hep-th/9806016.

[17] A. Gustavsson, “On the holomorphically factorized partition function for abelian gauge theory in six dimensions,” Int. J. Mod. Phys. A17 (2002) 383–394,

arXiv:hep-th/0008161.

[18] A. Gustavsson, “A preliminary test of Abelian D4-M5 duality,”

Phys.Lett. B706 (2011) 225–227, arXiv:1111.6339 [hep-th].

[19] R. Dijkgraaf, E. P. Verlinde, and M. Vonk, “On the partition sum of the NS five-brane,”

arXiv:hep-th/0205281 [hep-th].

[20] T. W. Grimm and R. Savelli, “Gravitational Instantons and Fluxes from M/F-theory on Calabi-Yau fourfolds,” Phys.Rev. D85 (2012) 026003, arXiv:1109.3191 [hep-th].

[21] R. Blumenhagen, A. Collinucci, and B. Jurke, “On Instanton Effects in F-theory,” JHEP 08 (2010) 079, arXiv:1002.1894 [hep-th].

[22] M. Cvetič, J. Halverson, and I. Garcia-Etxebarria, “Three Looks at Instantons in F-theory – New Insights from Anomaly Inflow, String Junctions and Heterotic Duality,” JHEP 11 (2011) 101, arXiv:1107.2388 [hep-th].

[23] R. Kallosh and D. Sorokin, “Dirac action on M5 and M2 branes with bulk fluxes,” JHEP 0505 (2005) 005, arXiv:hep-th/0501081 [hep-th].

[24] N. Saulina, “Topological constraints on stabilized flux vacua,”

Nucl.Phys. B720 (2005) 203–210, arXiv:hep-th/0503125 [hep-th].

[25] R. Kallosh, A.-K. Kashani-Poor, and A. Tomasiello, “Counting fermionic zero modes on M5 with fluxes,” JHEP 0506 (2005) 069, arXiv:hep-th/0503138 [hep-th].

[26] L. Martucci, J. Rosseel, D. Van den Bleeken, and A. Van Proeyen, “Dirac actions for D-branes on backgrounds with fluxes,” Class.Quant.Grav. 22 (2005) 2745–2764,

arXiv:hep-th/0504041 [hep-th].

[27] E. Bergshoeff, R. Kallosh, A.-K. Kashani-Poor, D. Sorokin, and A. Tomasiello, “An Index for the Dirac operator on D3 branes with background fluxes,” JHEP 0510 (2005) 102, arXiv:hep-th/0507069 [hep-th].

[28] D. Tsimpis, “Fivebrane instantons and Calabi-Yau fourfolds with flux,” JHEP 0703 (2007) 099, arXiv:hep-th/0701287 [hep-th].

[29] R. Blumenhagen, B. Jurke, T. Rahn, and H. Roschy, “Cohomology of Line Bundles: A Computational Algorithm,” J.Math.Phys. 51 (2010) 103525,

arXiv:1003.5217 [hep-th].

[30] M. Cvetič, I. Garcia-Etxebarria, and J. Halverson, “Global F-theory Models: Instantons and Gauge Dynamics,” JHEP 1101 (2011) 073, arXiv:1003.5337 [hep-th].

[31] R. Blumenhagen, B. Jurke, T. Rahn, and H. Roschy, “Cohomology of Line Bundles:

Applications,” J.Math.Phys. 53 (2012) 012302, arXiv:1010.3717 [hep-th].

[32] R. Donagi and M. Wijnholt, “MSW Instantons,” arXiv:1005.5391 [hep-th].

[33] J. Marsano, N. Saulina, and S. Schäfer-Nameki, “An Instanton Toolbox for F-Theory Model Building,” JHEP 1001 (2010) 128, arXiv:0808.2450 [hep-th].

[34] M. Cvetič, I. Garcia-Etxebarria, and R. Richter, “Branes and instantons at angles and the F-theory lift of O(1) instantons,” AIP Conf.Proc. 1200 (2010) 246–260,

arXiv:0911.0012 [hep-th].

[35] T. W. Grimm, “The N=1 effective action of F-theory compactifications,” Nucl.Phys. B845 (2011) 48–92, arXiv:1008.4133 [hep-th].

[36] T. W. Grimm, M. Kerstan, E. Palti, and T. Weigand, “Massive Abelian Gauge Symmetries and Fluxes in F-theory,” JHEP 1112 (2011) 004,

arXiv:1107.3842 [hep-th].

[37] D. S. Freed and E. Witten, “Anomalies in string theory with D-branes,” Asian J.Math 3 (1999) 819, arXiv:hep-th/9907189 [hep-th].

[38] J. Marsano, N. Saulina, and S. Schäfer-Nameki, “On G-flux, M5 instantons, and U(1)s in F-theory,” arXiv:1107.1718 [hep-th].

[39] A. P. Braun, A. Collinucci, and R. Valandro, “G-flux in F-theory and algebraic cycles,” Nucl.Phys. B856 (2012) 129–179, arXiv:1107.5337 [hep-th].

[40] J. Marsano and S. Schäfer-Nameki, “Yukawas, G-flux, and Spectral Covers from Resolved Calabi-Yau’s,” JHEP 1111 (2011) 098, arXiv:1108.1794 [hep-th].

[41] S. Krause, C. Mayrhofer, and T. Weigand, “G_4 flux, chiral matter and singularity resolution in F-theory compactifications,” Nucl.Phys. B858 (2012) 1–47,

arXiv:1109.3454 [hep-th].

[42] S. Krause, C. Mayrhofer, and T. Weigand, “Gauge Fluxes in F-theory and Type IIB Orientifolds,” arXiv:1202.3138 [hep-th].

[43] T. W. Grimm and H. Hayashi, “F-theory fluxes, Chirality and Chern-Simons theories,” JHEP 1203 (2012) 027, arXiv:1111.1232 [hep-th].

[44] T. W. Grimm and T. Weigand, “On Abelian Gauge Symmetries and Proton Decay in Global F-theory GUTs,” Phys.Rev. D82 (2010) 086009, arXiv:1006.0226 [hep-th].

[45] T. W. Grimm, D. Klevers, and M. Poretschkin, “Fluxes and Warping for Gauge Couplings in F-theory,” arXiv:1202.0285 [hep-th].

[46] R. Argurio, M. Bertolini, S. Franco, and S. Kachru, “Meta-stable vacua and D-branes at the conifold,” JHEP 0706 (2007) 017, arXiv:hep-th/0703236 [hep-th].

[47] R. Argurio, M. Bertolini, G. Ferretti, A. Lerda, and C. Petersson, “Stringy instantons at orbifold singularities,” JHEP 0706 (2007) 067, arXiv:0704.0262 [hep-th].

[48] M. Bianchi, F. Fucito, and J. F. Morales, “D-brane instantons on the T**6 / Z(3) orientifold,” JHEP 0707 (2007) 038, arXiv:0704.0784 [hep-th].

[49] L. Ibanez, A. Schellekens, and A. Uranga, “Instanton Induced Neutrino Majorana Masses in CFT Orientifolds with MSSM-like spectra,” JHEP 0706 (2007) 011,

arXiv:0704.1079 [hep-th].

[50] T. W. Grimm and J. Louis, “The effective action of N = 1 Calabi-Yau orientifolds,” Nucl. Phys. B699 (2004) 387–426, arXiv:hep-th/0403067.

[51] H. Jockers and J. Louis, “The effective action of D7-branes in N = 1 Calabi-Yau orientifolds,” Nucl. Phys. B705 (2005) 167–211, arXiv:hep-th/0409098.

[52] D. Baumann, A. Dymarsky, I. R. Klebanov, J. M. Maldacena, L. P. McAllister, et al., “On D3-brane Potentials in Compactifications with Fluxes and Wrapped D-branes,” JHEP 0611 (2006) 031, arXiv:hep-th/0607050 [hep-th].

[53] F. Marchesano and L. Martucci, “Non-perturbative effects on seven-brane Yukawa couplings,” Phys.Rev.Lett. 104 (2010) 231601, arXiv:0910.5496 [hep-th].

[54] P. Koerber and L. Martucci, “Warped generalized geometry compactifications, effective theories and non-perturbative effects,” Fortsch.Phys. 56 (2008) 862–868,

arXiv:0803.3149 [hep-th].

[55] D. Baumann, A. Dymarsky, S. Kachru, I. R. Klebanov, and L. McAllister, “D3-brane Potentials from Fluxes in AdS/CFT,” JHEP 1006 (2010) 072,

arXiv:1001.5028 [hep-th].

[56] N. Akerblom, R. Blumenhagen, D. Lüst, E. Plauschinn, and M. Schmidt-Sommerfeld, “Non-perturbative SQCD Superpotentials from String Instantons,” JHEP 0704 (2007) 076, arXiv:hep-th/0612132 [hep-th].

[57] N. Akerblom, R. Blumenhagen, D. Lüst, and M. Schmidt-Sommerfeld, “Instantons and Holomorphic Couplings in Intersecting D-brane Models,” JHEP 0708 (2007) 044,

arXiv:0705.2366 [hep-th].

[58] M. Billo, M. Frau, I. Pesando, P. Di Vecchia, A. Lerda, et al., “Instantons in N=2 magnetized D-brane worlds,” JHEP 0710 (2007) 091, arXiv:0708.3806 [hep-th].

[59] M. Billo, M. Frau, I. Pesando, P. Di Vecchia, A. Lerda, et al., “Instanton effects in N=1 brane models and the Kahler metric of twisted matter,” JHEP 0712 (2007) 051,

arXiv:0709.0245 [hep-th].

[60] M. Berg, M. Haack, and B. Kors, “Loop corrections to volume moduli and inflation in string theory,” Phys.Rev. D71 (2005) 026005, arXiv:hep-th/0404087 [hep-th].

[61] P. S. Howe, N. D. Lambert, and P. C. West, “The self-dual string soliton,” Nucl. Phys. B515 (1998) 203–216, arXiv:hep-th/9709014.

[62] E. Bergshoeff, E. Sezgin, and P. K. Townsend, “Properties of the Eleven-Dimensional Super Membrane Theory,” Ann. Phys. 185 (1988) 330.

[63] B. R. Greene, D. R. Morrison, and M. R. Plesser, “Mirror manifolds in higher dimension,” Commun.Math.Phys. 173 (1995) 559–598, arXiv:hep-th/9402119 [hep-th].

[64] P. Mayr, “Mirror symmetry, N=1 superpotentials and tensionless strings on Calabi-Yau four folds,” Nucl.Phys. B494 (1997) 489–545, arXiv:hep-th/9610162 [hep-th].

[65] T. W. Grimm, T.-W. Ha, A. Klemm, and D. Klevers, “Computing Brane and Flux Superpotentials in F-theory Compactifications,” JHEP 1004 (2010) 015,

arXiv:0909.2025 [hep-th].

[66] K. Intriligator, H. Jockers, P. Mayr, D. R. Morrison, and M. R. Plesser, “Conifold Transitions in M-theory on Calabi-Yau Fourfolds with Background Fluxes,”

arXiv:1203.6662 [hep-th]. 94 pages.

[67] A. Collinucci and R. Savelli, “On Flux Quantization in F-Theory II: Unitary and Symplectic Gauge Groups,” arXiv:1203.4542 [hep-th]. 33 pages, 4 figures.

[68] M. Bershadsky, K. A. Intriligator, S. Kachru, D. R. Morrison, V. Sadov, et al., “Geometric singularities and enhanced gauge symmetries,” Nucl.Phys. B481 (1996) 215–252, arXiv:hep-th/9605200 [hep-th].

[69] B. Andreas and G. Curio, “From Local to Global in F-Theory Model Building,” J.Geom.Phys. 60 (2010) 1089–1102, arXiv:0902.4143 [hep-th].

[70] J. Marsano, N. Saulina, and S. Schäfer-Nameki, “F-theory Compactifications for Supersymmetric GUTs,” JHEP 0908 (2009) 030, arXiv:0904.3932 [hep-th].

[71] J. Marsano, N. Saulina, and S. Schäfer-Nameki, “Monodromies, Fluxes, and Compact Three-Generation F-theory GUTs,” JHEP 0908 (2009) 046,

arXiv:0906.4672 [hep-th].

[72] R. Blumenhagen, T. W. Grimm, B. Jurke, and T. Weigand, “Global F-theory GUTs,” Nucl.Phys. B829 (2010) 325–369, arXiv:0908.1784 [hep-th].

[73] T. W. Grimm, S. Krause, and T. Weigand, “F-Theory GUT Vacua on Compact Calabi-Yau Fourfolds,” JHEP 1007 (2010) 037, arXiv:0912.3524 [hep-th].

[74] C.-M. Chen, J. Knapp, M. Kreuzer, and C. Mayrhofer, “Global SO(10) F-theory GUTs,” JHEP 1010 (2010) 057, arXiv:1005.5735 [hep-th].

[75] J. Knapp, M. Kreuzer, C. Mayrhofer, and N.-O. Walliser, “Toric Construction of Global F-Theory GUTs,” JHEP 1103 (2011) 138, arXiv:1101.4908 [hep-th].

[76] A. Collinucci and R. Savelli, “On Flux Quantization in F-Theory,”

JHEP 1202 (2012) 015, arXiv:1011.6388 [hep-th].

[77] M. Esole and S.-T. Yau, “Small resolutions of SU(5)-models in F-theory,”

arXiv:1107.0733 [hep-th].

[78] R. Donagi and M. Wijnholt, “Higgs Bundles and UV Completion in F-Theory,”

arXiv:0904.1218 [hep-th].

[79] M. Haack and J. Louis, “Duality in heterotic vacua with four supercharges,” Nucl.Phys. B575 (2000) 107–133, arXiv:hep-th/9912181 [hep-th].

[80] M. Haack and J. Louis, “M theory compactified on Calabi-Yau fourfolds with background flux,” Phys.Lett. B507 (2001) 296–304, arXiv:hep-th/0103068 [hep-th].

[81] I. A. Bandos, N. Berkovits, and D. P. Sorokin, “Duality symmetric eleven-dimensional supergravity and its coupling to M-branes,” Nucl.Phys. B522 (1998) 214–233,

arXiv:hep-th/9711055 [hep-th].

[82] P. Pasti, D. P. Sorokin, and M. Tonin, “On Lorentz invariant actions for chiral p forms,” Phys.Rev. D55 (1997) 6292–6298, arXiv:hep-th/9611100 [hep-th].

[83] G. Dall’Agata, “Type IIB supergravity compactified on a Calabi-Yau manifold with H fluxes,” JHEP 0111 (2001) 005, arXiv:hep-th/0107264 [hep-th].

[84] M. Kerstan and T. Weigand, “The Effective action of D6-branes in N=1 type IIA orientifolds,” JHEP 1106 (2011) 105, arXiv:1104.2329 [hep-th].

[85] T. W. Grimm and D. V. Lopes, “The N=1 effective actions of D-branes in Type IIA and IIB orientifolds,” Nucl.Phys. B855 (2012) 639–694, arXiv:1104.2328 [hep-th].