arXiv:1205.5130v1 [hep-th] 23 May 2012

Gauge Theory on a Four Sphere

Mir Hameeda Degree Collage Boys Baramulla

Kashmir, India

May 24, 2012

Abstract In this paper we will analyse the quantization of a gauge theory on a four sphere. This will be done by mode expanding all the fields in the theory in terms of harmonic modes. We will also analyse the BRST symmetry of this theory.

1 Introduction

Scalar field theory is quantized by imposing a canonical quantization relations or by summing over all field configurations. If we try to impose the canonical quantization relations on a theory with gauge degrees of freedom, we will get constraints; and if we try to sum over the field configurations, we will get divergence in the partition function. One way to deal with this problem is the Wheeler-DeWitt approach [1]-[9]. Another way this problem can be dealt with is by fixing a gauge. This is achieved at a quantum level by adding a gauge fixing term and a ghost term. The resultant theory thus obtained has negative norm states called the ghost states. These states can be removed by using a symmetry called the BRST symmetry [10]-[14]. The BRST symmetry been studied for various theories with a gauge symmetry [15]-[38]. In the BRST formalism the effective Lagrangian is given by a sum of the original classical Lagrangian, the gauge fixing term and the ghost term. The charge corresponding to the invariance of the effective Lagrangian under BRST symmetry is nilpotent. It is thus used to factor out the physical states. In this paper we will analyse a gauge theory on a four sphere and apply the BRST formalism to it.

2 Associated Legendre Function

In this section we will review some properties of associated Legendre function. These properties will be used to construct various spherical harmonics. In general an associated Legendre function P^{−μ}_ν (x) is given by

P^{−μ}_ν (x) = 1 Γ(1 + μ) ( 1 − x 1 + x

)^μ_2 F (−ν, ν + 1, μ + 1, 1 − x 2 ). (1)

Now Γ(1 + μ) is the Gamma function and F (ν, ν + 1, μ + 1,^{1−x}_2 ) is the hypergeometric function. The hypergeometric function F (a, b, c, x) in general is given by F (a, b, c, x) = 1 + ab c x + a(a + 1)b(b + 1)

2!c(c + 1) x^2 + · · · . (2)

We will need the lowering and raising operators for ν to find relations between various spherical harmonics.

The lowering operator for ν is given by ( (1 − x^2) d dx + νx ) P^{−μ}_ν (x) = (ν − μ)P^{−μ}_{ν−1}(x). (3)

The raising operator for ν is given by ( (1 − x^2) d dx − (ν + 1)x ) P^{−μ}_ν (x) = −(ν + μ + 1)P^{−μ}_{ν+1}(x). (4)

It will be useful to define D_m as follows:

D_m = d dχ + m cot χ. (5)

Then as [ d dχ + m cot χ ] (sin χ)^nf(χ) =

sin^n χ [ d dχ + (m + n) cot χ ] f(χ), (6) we can write D_m sin^n χf(χ) = sin^n χD_{m+n}f(χ). (7) We also have

− sin χD_n = [ (1 − cos χ^2) d d cos χ − n cos χ ] . (8)

3 Spherical Harmonics

In this section we will review spherical harmonics on S^4 [39]-[44]. We will first see how we can construct scalar spherical harmonics on S^n, if we are given the scalar spherical harmonics on S^{n−1}. Then we will explicitly construct the scalar spherical harmonics on S^4. The metric on S^n can be written as follows:

ds^2 = dχ^2 + sin χ^2ds_{n−1}. (9)

Here ds_{n−1} is the metric on S^{n−1}. We can define a function^nP^l_L as

nP^l_L(χ) = c_n(sin χ)^mP^{−l+m}_{L−m} (cos χ), (10)

where m = (2 − n)/2 and c_n is a normalization constant given by

c_n = [ (2L + n − 1)(L + l + n − 2)!

2(L + l)!

] 1_2

. (11)

Now we define scalar spherical harmonics in n dimensions as Y_{Llp...m}(χ, θ, ϕ · · ·) =^nP^l_L(χ)Y_{lp...m}(θ, ϕ · · ·). (12) Here Y_{lpq....m} are the scalar spherical harmonics in n dimensions and Y_{pq....m} are the scalar spherical harmonics in n − 1 dimensions. Now the action of ∇^2 on scalar spherical harmonic is − ∇^2Y_{Llpq...m} = L(L + n − 1)Y_{Llpq...m}. (13) In this way we can construct the spherical harmonics from spherical harmonics on S^1. Now we define the spherical harmonics on S^1 as

Y_m = 1 √ 2π exp(imϕ), (14)

so we can construct spherical harmonics on S^4 as Y_{Llpm} = 1 √ 2π c_4c_2c_3^4P^l_L^3P^p_l^2P^m_p exp(imϕ). (15)

So for the scalar spherical harmonics on S^4, we have − ∇^2Y^{Llpm} = [L(L + 3) − 1]Y^{Llpm}. (16) If g is the metric on S^4, then Y_{Llpm} are normalized as follows: ∫ d4x √ gY_{Llpm}Y^∗_L′_l′_p′_m′ = δ_{LL}′ δ_{ll}′ δ_{pp}′ δ_{mm}′ . (17) There are two kinds of vector spherical harmonics on S^n. Let them be denoted by A^{Llp···;0} a and A^{Llp···;1}_a . Then the action of ∇^2 operator on them is given by − ∇^2A^{Llp···;0} a = [L(L + n − 1) − 1]A^{Llp···;0}_a , −∇^2A^{Llp···;1} a = [L(L + n − 1) − 1]A^{Llp···;1}_a . (18) The divergence of vector spherical harmonics vanishes, so we have ∇^aA^{Llp···;0} a = 0, ∇^aA^{Llpm;1} a = 0. (19) It can be shown that the vector spherical harmonics on S^4 are given by A^{Llpm;1} χ = 0, (20) A^{Llpm;1} i = n_1P_{L+1}A^{lpm}_i , (21) A^{Llpm;0} χ = n_2(sin χ)^{−2}P_{L+1}Y^{lpm}, (22) A^{Llpm;0} i = n_2 1 ℓ(ℓ − 2) D_1P_{L+1}∇_iY^{lpm}. (23)

where Y^{lpm} and A^{lpm}_i are scalar and vector spherical harmonics on S^4, respectively. The are normalization constants n_1 and n_2 are chosen, such that ∫ d^4x √ gg^{ab}A^{Llpm;0} a A^{∗Llpm;0} b = 1, (24) and ∫ d^4x √ gg^{ab}A^{Llpm;1} a A^{∗Llpm;1} b = 1. (25) Now for the vector spherical harmonics on S^4, we have − ∇^2A^{Llpm;0} a = [L(L + 3) − 1]A^{Llpm;0}_a , −∇^2A^{Llpm;1} a = [L(L + 3) − 1]A^{Llpm;1}_a , (26) and ∇^aA^{Llpm;0} a = 0, ∇^aA^{Llpm;1} a = 0. (27)

4 Faddeev-Popov for Yang-Mills Theories

Now we mode expand a field for the Yang-Mills theory on S^4 as T^AA^A_a = ∑ a^{Llpm,n}A^{Llmp;n} a , (28) If we take the gauge fixing condition as the Lorentz gauge F [A] = ∇_aA^a = 0, (29) then the gauge fixing condition for each of the modes is F [A] = ∇^aA^{Llmp;n}_a = 0, (30) where n = 0, 1. Now term L_g is given by L_g = − √ g[ 1 2α ∇_aA^{Aa}∇_bA^{Ab}], (31) and the ghost field term is given by L_{gh} = −i √ g[∇^ac^AD_ac^A]. (32) Here D_ac^A is the covariant derivative and is given by D_ac^A = ∇_ac^A + f^A_{BC} A^B_a c^C . (33) Here c^A and c^A are the ghosts and anti-ghosts respectively. Now we can get the total Lagrangian as follows:

L_t = L + L_g + L_{gh}. (34) We can write the free part of the total action containing terms quadratic in A^{Aa} as follows: S_{tf} = ∫ d^4xd^4x^′ √ g(x) √ g(x^′) 2 A^{Aa}(x)D(x, x^′)_{ab}′ (x, x^′)A^{Ab′} (x^′), (35) where D(x, x^′)_{ab}′ = ( g_{ab}∇^2 + 1 − α α ∇_b′ ∇_a ) δ(x, x^′). (36)

D(x, x^′)_{ab}′ does not have any zero eigenvalue and so D(x, x^′)_{ab}′ can be inverted. Its inverse is given by Green’s function G(x, x^′)_{ab}′ , G(x, x^′)_{ab}′ = D^{−1}(x, x^′)_{ab}′ . (37) Thus we have G(x, x^′)_{ab}′ = ∑ N^{(L,α)}A^{Llpm;n} a (x)A^{Llpm;n}_b′ (x^′). (38) It may be noted that it is possible to choose a very special gauge, called axial gauge for Yang-Mills theories. In this gauge the ghosts decouple from the gauge fields.

5 BRST Symmetry

We will now discuss the BRST for gauge theory on S^4. The sum of the gauge fixing Lagrangian and the ghost Lagrangian can be written as

L_g + L_{gh} = √ gs[−c∇_aA^a + α 2 cb]. (39) where b does not contain any derivatives and the functional integral over b can be done by completing the square. This way we will recover the original gauge fixing term. The BRST transformations are give by sA^A_a = D_ac^A, sB^A = 0, sc^A = B^A, sc^A = −i 2 f^A_{BC} c^B c^C . (40)

Here the BRST transformation of A^A_a is obtained by replacing the infinitesimal parameter Λ^A in the gauge transformations by the ghost field c^A and the BRST transformation of c^A is obtained by taking the commutator of two gauge transformations and then replacing all the infinitesimal parameters by the c^A. The BRST transformation of B^A vanishes and BRST transformation of c^A is B^A. These BRST transformations are nilpotent s^2A^A_a = 0, s^2c^A = 0, s^2c^A = 0, s^2B^A = 0. (41) Due to the nilpotency of these BRST transformations the sum of the gauge fixing and ghost terms is invariant under these BRST transformations, sL_g + sL_{gh} = √ gs^2[−c∇_aA^a + α 2 cb] = 0. (42)

Now the original Lagrangian is invariant by itself as the action of s on it just generates a gauge transformation with ghost fields acting as the gauge parameters sL = 0. (43) Thus, the total Lagrangian L_t is invariant under the BRST transformations. sL_t = 0. (44)

6 Conclusion

In this paper we have analysed the quantization of gauge theory on S^4. We have also analyzed the BRST symmetry of this model. It is know that gauge theories with BRST symmetry also have another symmetry called the anti- BRST symmetry. In anti-BRST symmetry the role of the ghosts and anti-ghosts is interchanged. It will be interesting to analyse the anti-BRST symmetry of this model.

References

[1] B. S. DeWitt, Phys. Rev. 160, 1113 (1967) [2] M. Faizal, J. Exp. Theor. Phys. 114, 456 (2012) [3] R. Garattini, arXiv:1109.6563 [4] R. Garattini, Phys. Lett. B666, 189 (2008) [5] R. Garattini, Phys. Rev. D 83, 064021 (2011) [6] R. Garattini, Phys. Lett. B 679, 156 (2009) [7] Y. Ohkuwa, Int. J. Mod. Phys. A 13, 4091 (1998) [8] M. Faizal, Mod. Phys. Lett. A 27, 1250007 (2012) [9] M. Pavsic, Phys. Lett. B 703, 614 (2011) [10] C. Becchi, A. Rouet and R. Stora, Phys. Lett. B 52, 344 (1974) [11] I.V. Tyutin, arXiv:0812.0580 - Lebedev Phys. Inst. preprint. 39 (1975) [12] E. Witten, Commun. Math. Phys. 117, 3, 353 (1988) [13] M. Faizal and M. Khan, Eur. Phys. J. C 71, 1603 (2011) [14] C. Becchi, A. Rouet and R. Stora, Commun. Math. Phys. 42, 127 (1975) [15] K. Hamada, arXiv:1202.4538 [16] M. Faizal, Phys. Rev. D 84, 106011 (2011) [17] A. Bilal, Phys. Lett. B 282, 309 (1992) [18] M. Faizal, Found. Phys. 41, 270 (2011) [19] A. Fuster, M. Henneaux and A. Maas, Int. J. Geom. Meth. Mod. Phys. 2, 939 (2005) [20] M. Faizal, J. Phys. A 44, 402001, (2011) T. A. Larsson, arXiv:0709.2540 [21] H. Ikemori, Mod. Phys. Lett. A7, 3397 (1992) [22] M. Faizal, Phys. Lett. B 705, 120 (2011)

[23] S. de Buyl, M. Henneaux and L. Paulot, Class. Quant. Grav. 22, 3595 (2005) [24] M. Faizal and D. J. Smith, arXiv:1112.6070 - to appear in Phys. Rev. D [25] S. Cnockaert and M. Henneaux, Class. Quant. Grav. 22 2797 (2005) [26] M. Faizal, Comm. Theor. Phys. 57, 637 (2012) [27] A. H. Bougourzi and R. A. Weston, Nucl. Phys. B 417, 439 (1994) [28] K. Hornfeck, Phys. Lett. B 315, 287 (1993) [29] M. Faizal, arXiv:1204.0295 - to appear in Mod. Phys. Lett. A [30] T. Kimura, Commun. Math. Phys. 151, 155 (1993) [31] O. Gwilliam and T. J.Freyd, arXiv:1202.1554 [32] M. Faizal, arXiv:1204.1191 - to appear in Euro. Phys. Lett. [33] M. Henneaux and B. Knaepen, Nucl. Phys. B 548, 491 (1999) [34] M. Faizal, JHEP. 1204, 017 (2012) [35] A. J. Bruce, arXiv:1101.1844 [36] R. R. Landim, Phys. Lett. B 542, 160 (2002) [37] N. Boulanger and M. Henneaux, Ann. Phys. 10, 935 (2001) [38] K. Hamada, arXiv:1203.4894 [39] M. Faizal, Class. Quant. Grav. 29, 035007 (2012) [40] A. Ishibashi and H. Kodama, arXiv:1103.6148 [41] M. Faizal and A. Higuchi, arXiv:1107.0395 - to appear in Phys. Rev. D [42] A. Higuchi, J. Math. Phys. 28, 1553 (1987) [43] R. B. Burston, Class. Quant. Grav. 25, 075004 (2008) [44] M. Faizal and A. Higuchi, Phys. Rev. D 78, 067502 (2008)