arXiv:1205.5330v1 [hep-ph] 24 May 2012

Isgur-Wise Function for Heavy Light Mesons in D dimensional Potential Model. Sabyasachi Roy^{11} , B J Hazarika^2 and D K Choudhury^{1,2,3} 1. Department of Physics, Gauhati University, Guwahati-781014, India.

2. Centre for Theoretical Studies, Pandu College, Guwahati-781012, India 3. Physics Academy of The North East, Guwahati-781014, India.

Abstract

We report results of a potential model for mesons in D space-time dimension developed by considering the quark-antiquark potential of Nambu-Goto strings. With this wave function, we have studied Isgur-Wise function for heavy-light mesons and its derivatives like slope and curvature. The dimensional dependence of our results and a comparative study with the results of 3+1 dimensional QCD are also reported.

Key words : Nambu-Goto potential, Lüscher Term, space-time dimension. PACS Nos. : 12.39.-x , 12.39.Jh , 12.39.Pn.

1 Introduction:

The two quark composite system (mesons),with one heavy quark, has been the focus of interest for many years [1]. In the semileptonic transitions for mesons[2], in the infinite quark mass limit, all the mesonic form factors can be expressed in terms of a single universal function, the Isgur-Wise(IW) Function [3].

The wave function for the heavy-light mesons has been calculated earlier within the framework of QCD potential model [4,5] with considerable accuracy. This has been deduced both with coulombic term in potential as parent and also with the linear confinement term as parent[6- 9]. The characteristics like slope (charge radii ) and curvature ( convexity parameter ) of IW function has been reported in both the two cases with certain limitations. In this paper, we calculate the wave function of heavy-light mesons by solving D dimensional Schrodinger equation with potential inspired by Nambu-Goto strings.

Nambu-Goto action of bosonic string[10-12] predicts the quark-antiquark potential[13] to be:

V (r) = σr + μ_0 + γ r (1) The coefficientγ = −^{π(d−2)}_{24} is the universal Lüscher coefficient [14] of the Lüscher term^γ_r , which depends upon the space-time dimension d. σ is the string tension whose value is 0.178 GeV^2, μ_0 is a regularisation dependent constant.

With this potential, considering Lüscher term as parent, we employ higher dimensional Schrodinger equation, for getting the unperturbed wave function. Next, we consider linear confinement term as perturbation and find the total wave function for mesons using Dalgarno’s method of perturbation. This we take as a generalisation of earlier work [15] in 3-dimension, mathematically considering Lüscher term in Nambu-Goto potential to be identical with coulombic term in QCD potential. Although linear term in this potential is the leading one,we justify our such consideration under the observation that the Luscher term becomes more and more significant as D goes on increasing.

1Corresponding author. On leave from Karimganj College,Assam, India. e-mail : sroy.phys@gmail.com

With the wave function generated, we then deduce Isgur-Wise function (IWF) and its derivatives (slope and curvature). As stated above, the same study has been carried out in three dimensional Euclidean space with Cornell potential[15]. In our work, we also make a comparative study of our results in higher dimension with those obtained with standard QCD potential. The section 2 contains the essential formalism, section 3 , the results and the section 4 contains conclusion and remarks.

2 Formalism:

2.1 Potential Model:

For simplification of our work and for better comparison with Cornell potential, we put the Nambu-Goto potential ( equation (1) ) as : V (r) = − γ r + σr + μ_0 (2)

now with γ =^{π(d−2)}_{24} .

Here d is the space-time dimension with d = D + 1 , D being the space dimension.

We take −^γ_r as parent and σr + μ_0 as perturbation. Our unperturbed Hamiltonian [16] is then, H_0 = −

∇^2_D 2μ − γ r (3) with H^′ = σr + μ_0 (4) as perturbation. μ is the reduced mass of the meson.

2.2 Wave function with Lüscher term as parent:

In D-dimension , the Schrodinger equation is [17-21]: [− ℏ^2 2μ ∇^2_D + V_0(r)]Ψ(r, Ω_D) = EΨ(r, Ω_D) (5)

with , ∇^2_D = 1 r^{D−1} d dr (r^{D−1} d dr ) − Λ^2_D(Ω_D) r^2 = d^2 dr^2 + D − 1 r d dr − Λ^2_D(Ω_D) r^2 (6) and Ψ(r, Ω_D) = R(r)Y (Ω_D) (7)

Here,^{Λ2D(ΩD )}_{r2} is a generalisation of the centrifugal barrier [22] for the case of D-dimensional space-time.

The eigen values of Λ^2_D(Ω_D) are given by :

Λ^2_D(Ω_D)Y (Ω_D) = l(l + D − 2)Y (Ω_D) (8)

Here Y (Ω_D) and R(r) are the spherical harmonics and radial wave function; l is the angular momentum quantum number and E is the energy eigen value for the unperturbed wave function. This gives the equation (4) in term of radial part as : [ d^2 dr^2 + D − 1 2 d dr − l(l + D − 2) r^2 + 2μ ℏ^2

(E − V_0)]R(r) = 0 (9)

For l = 0 and taking ℏ = 1, equation (9) yields,

R^{′′}(r) + D − 1 r R^′(r) + 2μ(E + γ r )R(r) = 0 (10)

Following reference [23] , we look for the solution of eqn (10) , by taking the radial wave function of the form : R(r) = F (r)e^{−μγr} (11) Here, it is to be noted that the negative sign in the exponent ensures the square integrability at the origin and infinity.

Using equation (11) in (10), we obtain,

F^{′′}(r) + ( D − 1 2 − 2μγ)F^′(r) + (μ^2γ^2 − D − 1 2 μγ + 2μE + 2μγ r )F (r) = 0 (12)

Now, we take,

F (r) = ∞∑ n=0 a_nr^nf(r, D) (13) such that f(r, D) = 1 at D = 3. We take [ ] f(r, D) = r^{D−3}2 , which satisfies this condition. We find the radial solution as: R(r) = ∞∑ n=0 a_nr^{n+ D−32} e^{−μγr} (14) With this radial wave function we construct the wave function Ψ^0(r) for unperturbed Hamiltonian, with n = 0 as :

Ψ^0(r) = Nr^{D−32} e^{−μγr} (15) N is the normalisation constant, which we obtain from the condition: ∫_∞ 0 4πr^2 | Ψ^0(r) |^2 dr = 1 (16)

Applying equation (15)in (16), we get,

N = [ (2μγ)^D 4πΓ(D) ]^{1/2} (17)

At D = 3, this gives N = (^{μ3γ3}_π )^{1/2} which is similar to the value obtained earlier [15] for the corresponding case with QCD potential. With this unperturbed wave function, we measure the eigen energy E as :

E = W^0 = − ∫_∞ 0 γ r 4πr^2 | Ψ^0(r) |^2 dr = − μγ^2 D − 1 (18)

2.3 Wave function with linear term as perturbation:

The first order perturbed eigen function Ψ^′(r) can be calculated using the relation [22] :

H_0Ψ^′(r) + H^′Ψ^0(r) = W^0Ψ^′(r) + W^′Ψ^0(r) (19)

where, W^′ = ∫_∞ 0 4πr^2H^′ | Ψ^0(r) |^2 dr = σD 2μγ + μ_0 (20)

Then, from equation (19) we get,

[− ℏ^2 2μ ∇^2_D − γ r − W^0]Ψ^′(r) = (W^′ − σr − μ_0)Ψ^0(r) (21)

Taking ℏ = 1 and expanding, [ d^2 dr^2 + D − 1 2 d dr + 2μγ r − 2μW^0]Ψ^′(r) = 2μ(σr + μ_0 − W^′)Ψ^0(r) (22)

From equation (22), following Dalgarno’s method [25-27] of perturbation, we get [Appendix-A]:

Ψ^′(r) = − σD 6γ r^2r^{D−32} e^{−μγr} (23)

With this perturbed wave function, we construct the total wave function as :

Ψ^{total}(r) = N_1[Ψ^0(r) + Ψ^′(r)] (24)

Using equations (15) and (23)in (24):

Ψ^{total}(r) = N_1[1 − σD 6γ r^2]r^{D−32} e^{−μγr} (25)

where N_1 is the normalisation constant for the total wave function and is obtained from : ∫_∞ 0 4πr^2 | Ψ^{total}(r) |^2 dr = 1 (26) as N_1 = 1 2 √ π[^{Γ(D)}_{(2μγ)D} −^{2σD}_{6γ}^{Γ(D+2)}_{(2μγ)D+2} +^{σ2D2}_{36γ2}^{Γ(D+4)}_{(2μγ)D+4} ]^{1/2}

(27)

For D = 3, N_1 gives the value of eqn. (12) of ref [15] when γ is replaced by^{4αs}_3 and σ by b. Now, if there is only coulombic term as parent, with no perturbation, then σ → 0 . In this case eqn. (27) becomes: N_1 = 1 2 √ π[^{Γ(D)}_{(2μγ)D} ]^{1/2} = [ (2μγ)^D 4πΓ(D) ]^{1/2} (28)

This is our normalisation constant N for unperturbed wave function Ψ^0(r) as obtained in equation (17).

2.4 Isgur-Wise Function:

Isgur-Wise function, ξ(v, v^′) depends only upon the four velocities v_ν and v_ν′ of heavy particle before and after decay. This ξ(v, v^′) is normalized at zero recoil [29]. If y = v_ν .v_ν′ , then, for zero recoil (y=1), ξ(y) = 1. In explicit form IW function can be expressed as : ξ(y) = 1 − ρ^2(y − 1) + C(y − 1)^2 (29) ρ^2 is the slope parameter at y=1 given by -

ρ^2 = − δξ(y) δy |_{y=1} (30) ρ is known as the charge radius.

C is the convexity parameter given by - C = δ^2ξ(y) δy^2 |_{y=1} (31) The calculation of this IW function is non-perturbative in principle and is performed for different phenomenological wave functions of mesons [28]. This function depends upon the meson wave function and some kinematic factor, as given below : ξ(y) = ∫_∞ 0 4πr^2|Ψ(r)|^2 cos(pr)dr (32)

where cos(pr) = 1 −^{p2r2}_2 +^{p4r4}_4 +· · · · ·· with p^2 = 2μ^2(y − 1). Taking cos(pr) up to O(r^4) we get,

ξ(y) = ∫_∞ 0 4πr^2|Ψ(r)|^2dr−[4πμ^2 ∫_∞ 0 r^4|Ψ(r)|^2dr](y−1)+[ 2 3 πμ^4 ∫_∞ 0 r^6|Ψ(r)|^2dr](y−1)^2 (33)

Equations (28) and (32) give us :

ρ^2 = [4πμ^2 ∫_∞ 0 r^4|Ψ(r)|^2dr] (34)

C = [ 2 3 πμ^4 ∫_∞ 0 r^6|Ψ(r)|^2dr] (35) ∫_∞ 0 4πr^2|Ψ(r)|^2dr = 1 (36)

Equation (35) gives the normalization constants N and N^′ for Ψ^0(r) and Ψ^{total}(r) as obtained earlier in equations (17) and (27).

2.5 Derivatives of Isgur-Wise function:

Taking the unperturbed wave function Ψ^0(r) from equation (17), we have calculated the slope and curvature of IW function ξ(y) as given below :

ρ^2 =

D(D + 1)

4γ^2

(37) C = D(D + 1)(D + 2)(D + 3) 96γ^4

(38)

Thus, for D = 3, we get ρ^2 =^3_{γ2} and C =^{15}_{4γ4} , which are the expressions (25) and (26) of ref. [15], if γ and σ are replaced by^{4αs}_3 and b of QCD potential as given below in eqn. (38). V (r) = − 4α_s 3r + br + c (39)

Also,With total wave function Ψ^{total}(r) we have calculated the slope and curvature.

ρ^2 = μ^2

[^{Γ(D+2)}

(2μγ)^{D+2} − 2σD 6γ Γ(D+4) (2μγ)^{D+4} + σ^2D^2 36γ^2

Γ(D+6) (2μγ)^{D+6} ]

[^{Γ(D)}_{(2μγ)D} −^{2σD}_{6γ}^{Γ(D+2)}_{(2μγ)D+2} +^{σ2 D2}_{36γ2}^{Γ(D+4)}_{(2μγ)D+4} ]

(40)

C = μ^4 6 [^{Γ(D+4)}

(2μγ)^{D+4} − 2σD 6γ Γ(D+6) (2μγ)^{D+6} + σ^2D^2 36γ^2

Γ(D+8) (2μγ)^{D+8} ]

[^{Γ(D)}_{(2μγ)D} −^{2σD}_{6γ}^{Γ(D+2)}_{(2μγ)D+2} +^{σ2 D2}_{36γ2}^{Γ(D+4)}_{(2μγ)D+4} ]

(41)

These at D = 3 becomes:

ρ^2 = μ^2

[^{3.4}_{(2μγ)2} −^σ_γ^{3.4.5.6}_{(2μγ)4} +^{σ2}_{4γ2}^{3.4.5.6.7.8}_{(2μγ)6} ]

[1 −^σ_γ^{3.4}_{(2μγ)2} +^{σ2}_{4γ2}^{3.4.5.6}_{(2μγ)4} ]

(42)

C = μ^4 6 [^{3.4.5.6}

(2μγ)^4 − σ γ 3.4.5.6.7.8 (2μγ)^6 + σ^2 4γ^2 3.4.5.6.7.8.9.10 (2μγ)^8 ]

[1 −^σ_γ^{3.4}_{(2μγ)2} +^{σ2}_{4γ2}^{3.4.5.6}_{(2μγ)4} ]

(43)

ρ^2 and C expressions in equations (39) and (40) also give back equations (36) and (37) when σ → 0. Again, at D = 3, eqns (39) and (40) transform to eqns (36) and (38) of ref. [15] on replacing^{4αs}_3 for γ and b for σ , if we neglect the reletivistic effect of ref [15].

3 Results:

(a) ξ(y) vs y for diff. D with Ψ^0(r) (b) ξ(y) vs y for diff. D with Ψ^{total}(r)

Figure 1: Variation of IWF with y for B meson with diff. D values

We have studied the variation of IW function with y for different space-time dimension D for B meson both for unperturbed and total wave functions taking string tension σ = 0.178GeV^2

(fig.1). The boundary condition ξ(1) = 1 is found to be satisfied everywhere. The variation of derivatives of IW function ( ρ^2 and C ) with space-time dimension D for B meson taking unperturbed wave function Ψ^0(r) and total wave function Ψ^{total}(r) are given in table 1.

We find that with increase in D value, the slope and curvature decreases. With total wave

Table 1: Values of normalisation constant and derivatives of IW function for B meson. D withΨ^0(r) withΨ^{total}(r) N ρ^2 C N_1 ρ^2 C 3 0.0047 175.04 12766.00 2.49 × 10^{−6} 817.1 178802 4 0.0031 72.93 1861.70 6.5 × 10^{−6} 262.9 17584.2 5 0.00175 48.62 735.50 6.95 × 10^{−6} 146.18 5218.3 9 0.0001186 26.80 175.46 1.256 × 10^{−6} 54.44 650.2 10 0.00005856 25.07 148.56 6.94 × 10^{−7} 48.1 498.7 26 5.13 × 10^{−10} 17.78 60.925 1.106 × 10^{−11} 23.67 105.9

function,the variation of ρ^2 and C with space-time dimension D for B meson is shown in fig.2. As D → ∞ we have also obtained the asymptotic forms of ρ^2 and C from equations (40) and

(a) ρ^2 vs D with Ψ^{total}(r) (b) C vs D with Ψ^{total}(r)

Figure 2: Variation of ρ^2 and C vs D for B meson

(41).

ρ^2_{asym} = μ^2 1 (2μ^π_{24} )^2 − 2σ 6(^π_{24} ) 1 (2μ^π_{24} )^4 + σ^2 36(^π_{24} )^2 1 (2μ^π_{24} )^6

1 −^{2σ}_{6(} π_{24 )}^1_{(2μ} π_{24 )2} +^{σ2}_{36(} π_{24 )2}^1_{(2μ} π_{24 )4}

(44)

C_{asym} = μ^4 6 1 (2μ^π_{24} )^4 − 2σ 6(^π_{24} ) 1 (2μ^π_{24} )^6 + σ^2 36(^π_{24} )^2 1 (2μ^π_{24} )^8

1 −^{2σ}_{6(} π_{24 )}^1_{(2μ} π_{24 )2} +^{σ2}_{36(} π_{24 )2}^1_{(2μ} π_{24 )4}

(45)

The asymptotic values of ρ^2 and C are found to be 14.5865 and 35.4608 respectively, for B meson.

4 Conclusion and remarks:

From table 1 and fig. 2, we find that, with increasing D , ρ^2 and C values go on decreasing eventually reaching the asymptotic limit. We have shown our result for B meson only as a representative case. Similar pattern of result is being found to follow for other B and D sector heavy-light mesons like D, D_s, B_s, B_c.

Although expressions for ρ^2 and C give back the corresponding expressions obtained with standard QCD potential for D = 3 (ref.[15]) by replacing γ with^{4αs}_3 and σ with b, but the values of ρ^2 and C is higher in the present case for D = 3 . This is due to much lower value of γ for lower D , as compared to that of the corresponding term^{4αs}_3 in the previous work with QCD potential (ref.[15]) However, at higher D when γ becomes more and more dominant, our ρ^2 and C values go on decreasing. This higher dimensional approach also in turn supports our consideration of treating Luscher term as parent with confinement term as perturbation in the present formalism. Lastly, we conclude by making the optimistic comment that the picture will possibly improve at lower values of D, if we treat linear potential term as parent with Luscher term as perturbation.Development of formalism with the latter approach is under consideration.

Acknowledgement :

SR acknowledges the support of University Grants Commission, Govt. of India in terms of fellowship under FDP scheme to pursue his research work at Gauhati University. Authors extend heartiest thanks to the authority of Pandu College, Guwahati for providing necessary facilities.

References

[1] H. Georgi, Phys. Lett., B240,447(1990). ( HQET )

[2] M. Luscher and P. Weisz: JHEP 0207, 049 (2002) [arXiv:hep-lat/0207003].

[3] N. Isgur and M B Wise, Phys Lett. B 232 , 113 ( 1989).

[4] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, and T.-M. Yan, ”Charmonium:

Comparison with experiment,” Phys. Rev. D21 (1980) 203.

[5] M. Wirbel et al, Z Physics C (Particle and Fields) Volume 29(1985)637-642.

[6] D. K. Choudhury, P Das, D D Goswami and J N Sarma; Pramana- J of Phys. 44, 519 (1995).

[7] D. K. Choudhury and P Das, Pramana J of Phys, Vol 46, No. 5( 1996 )p349-355.

[8] D. K. Choudhury and N S Bordoloi, MPLA, Vol 24, No. 6 (2009) 443-451.

[9] B. J. Hazarika et al, MPLA Vol 26, No 21 (2011) pp1547-1554.

[10] M. Luscher, Nucl. Phy. B , 180 (1981) 317

[11] J. F. Arvis, Phy. Lett B, 127 (1983) 106.

[12] A. Antillon et al, Phy. Rev. D , Vol 49, No. 4 ( 1994).

[13] Y. Nambu: Phys. Lett. B 80, 372 (1979).

[14] M. Luscher ,K. Symanzik and P.Weisz: Nucl. Phys. B 173, 365 (1980).

[15] N. S. Bordoloi and D. K. Choudhury, IJMP A,Vol 15no. 23, 3667 (2000).

[16] A K Gathak and S Lokanathan in ”Quantum Mechanics”; McGraw Hill, 1997, pp-291.

[17] A. Chaterjee, Phys. Rev A 35 (1987) 2722.

[18] S. H. Dong et al, Found. Phys. Lett, 12 (1999) 465.

[19] S. H. Dong, Found. Phys. Lett 15(2002)385.

[20] S. H. Dong, Physica Scripta, Vol 64(2001)273-276.

[21] Chen Gang, Chinese Physics, Vol 14 No. 6 ( 2005 ) 1075-1076.

[22] H. Hassanabadi et al, Int. J. of the Phys. Sc. Vol 6(3) (2011) 583-586.

[23] G R Khan, Eur. Phys. Journal D 53 (2009) 123-125.

[24] R. L. Liboff: ”Introduction to Quantum Mechanics, 3rd ed, 1992 ( Addision -Wesley ) p249.

[25] J. J. Sakurai in ”Adv. Quantum Mechanics”; Willey Publishing Company,1986 ,pp-128.

[26] G. L. squires in ”Problems in Quantum Mechanics”, Cambridge Univ. Press, 2002, pp124-127.

[27] A. Dalgarno and J T Lewis, Proc. R. Soc. A, 233 ( 1955)70.

[28] Yuan-Ben Dai, C S Huang and H Y Jim, Z Phys C 56, 707(1992). ( IWF )

[29] F. E. Close and A Wanbach, Nucl. Phy B 412, Issue 1-2( 1994) p 169-180. ( (IWF )

[30] E. Jenkins, A Manahar, M B Wise; Nucl. Phys. B 38(1996)396.

[31] Heavy Flavor Averaging Group (HFAG); hep-ex/08081297(2009).

A Appendix

From equation (22), the Schrodinger equation for first order perturbation is: [ d^2 dr^2 + D − 1 2 d dr + 2μγ r − 2μW^0]Ψ^′(r) = 2μ(σr + μ_0 − W^′)Ψ^0(r) (A.1) Following Dalgarno’s method [25-27] of perturbation, we obtain : Ψ^′(r) = (σr + μ_0)R(r) (A.2) Taking, R(r) = G(r)e^{−μγr} (A.3) and then, expanding G(r) in terms of power series, G(r) = ∞∑ n=0 A_nr^{n+ D−32} (A.4)

we ultimately obtain: Ψ^′(r) = (σr + μ_0) ∞∑ n=0 A_nr^{n+ D−32} e^{−μγr} (A.5) This upon expansion gives- Ψ^′(r) = [μ_0A_0r^0 + (μ_0A_1 + σA_0)r^1 + (μ_0A_2 + σA_1)r^2 + (μ_0A_3 + σA_2)r^3 + (μ_0A_4 + σA_3)r^4 + .....]r^{D−32} e^{−μγr} (A.6) Ψ^′(r) = ∞∑ n=0 C_nr^nr^{D−32} e^{−μγr} (A.7)

where, C_0 = μ_0A_0 and (A.8) C_{l+1} = μ_0A_{l+1} + σA_l (A.9) with l = 0, 1, 2, 3, ..... Using (A.7), (A.8) and (A.9) in (A.1) , we get,

C_{l+1} = 0 for l ≠ 1 and (A.10) C_2 = μ 3 (μ_0 − W^′) (A.11)

The equation (A.7) then reduces to:

Ψ^′(r) = [μ_0A_0 + μ 3 (μ_0 − W^′)r^2]r^{D−32} e^{−μγr} (A.12)

Now, using equation (20), viz, μ_0 − W^′ = −^{σD}_{2μγ} , equation (A.12) becomes:

Ψ^′(r) = [μ_0A_0 − μ 3 σD 2μγ r^2]r^{D−32} e^{−μγr} (A.13) As A_0 is undetermined, we set μ_0A_0 to be zero. This results in :

Ψ^′(r) = − σD 6γ r^2r^{D−32} e^{−μγr} (A.14)