arXiv:1205.5370v3 [hep-ph] 18 Aug 2012

RIKEN-QHP-26

Complete Tenth-Order QED Contribution to the Muon g − 2

Tatsumi Aoyama,^{1, 2} Masashi Hayakawa,^{3, 2} Toichiro Kinoshita,^{4, 2} and Makiko Nio^2 1Kobayashi-Maskawa Institute for the Origin of Particles and the Universe (KMI), Nagoya University, Nagoya, 464-8602, Japan 2Nishina Center, RIKEN, Wako, Japan 351-0198 3Department of Physics, Nagoya University, Nagoya, Japan 464-8602 4Laboratory for Elementary Particle Physics, Cornell University, Ithaca, New York, 14853, U.S.A (Dated: August 21, 2012)

We report the result of our calculation of the complete tenth-order QED terms of the muon g − 2. Our result is a^{(10)}μ = 753.29 (1.04) in units of (α/π)^5, which is about 4.5 s.d. larger than the leading-logarithmic estimate 663 (20). We also improved the precision of the eighth-order QED term of aμ, obtaining a^{(8)}μ = 130.8794 (63) in units of (α/π)^4. The new QED contribution is aμ(QED) = 116 584 718 951 (80) × 10^{−14} , which does not resolve the existing discrepancy between the standard-model prediction and measurement of aμ.

PACS numbers: 13.40.Em,14.60.Ef,12.20.Ds

The anomalous magnetic moment a_μ of the muon has been studied extensively both experimentally and theoretically since it provides one of the promising paths in exploring possible new physics beyond the standard model. For this purpose it is crucial to know the prediction of the standard model as precisely as possible.

On the experimental side the current world average of the measured a_μ is [1, 2]:

a_μ(exp) = 116 592 089 (63) × 10^{−11} [0.5 ppm] . (1)

New experiments designed to improve the precision further are being prepared at Fermilab [3] and J-PARC [4].

In the standard model, a_μ can be divided into electromagnetic, hadronic, and electroweak contributions

a_μ = a_μ(QED) + a_μ(hadronic) + a_μ(electroweak). (2)

At present a_μ(hadronic) is the largest source of theoretical uncertainty. The uncertainty comes mostly from the O(α^2) hadronic vacuum-polarization (v.p.) term, α being the fine-structure constant. The lattice QCD simulations have attempted to evaluate this contribution [5–10]. At present, most accurate evaluations must rely on the experimental information. Three types of measurements are available for this purpose: (1) e^+e^− → hadrons, (2) τ^± → ν + π^± + π^0 , (3) e^+e^− → γ + hadrons. These processes have been investigated intensely by many groups [11–13].We list here one of them [13]:

a_μ(had. v.p.) = 6949.1 (37.2)_{exp}(21.0)_{rad} × 10^{−11}, (3)

which overlaps other values based on the e^+e^− data [11, 12] and makes the standard-model prediction closest to the experiment (1). The next-to-leading-order (NLO) hadronic vacuum-polarization contribution is also known [13]:

a_μ(NLO had. v.p.) = −98.4 (0.6)_{exp}(0.4)_{rad} × 10^{−11}. (4)

The hadronic light-by-light scattering contribution (l-l) is of similar size as a_μ(NLO had. v.p.), but has a much larger theoretical uncertainty [14–17]

a_μ(had. l-l) = 116 (40) × 10^{−11}, (5)

where the uncertainty 40 × 10^{−11} covers almost all values obtained in different publications.

The electroweak contribution has been calculated up to 2-loop order [18–21]:

a_μ(weak) = 154 (2) × 10^{−11}. (6)

Since this uncertainty is 30 times smaller than the experimental precision of (1), it can be regarded as known precisely.

The primary purpose of this letter is to report the complete numerical evaluation of all tenth-order QED contribution to a_μ. It leads to a sizable reduction of the uncertainty of the previous estimate by the leading-log approximations [22, 23]. We have also improved the numerical precision of the eighth-order QED contribution including the newly evaluated tau-lepton contribution. Together they represent a significant reduction in the theoretical uncertainty of the QED part of a_μ.

The QED contribution to a_μ can be evaluated by the perturbative expansion in α/π:

a_μ(QED) = ∞∑ n=1 ( α π )_n a^{(2n)}_μ , (7)

where a^{(2n)}_μ is finite thanks to the renormalizability of QED and can be written as

a^{(2n)}_μ = A^{(2n)}_1 + A^{(2n)}_2 (m_μ/m_e) + A^{(2n)}_2 (m_μ/m_τ )

+ A^{(2n)}_3 (m_μ/m_e, m_μ/m_τ ). (8)

A^{(2n)}_1 is independent of mass and universal for all leptons. A^{(2)}_1 , A^{(4)}_1 and A^{(6)}_1 are known exactly [24–27].

FIG. 1. Vertex diagrams representing 13 gauge-invariant subsets contributing to the lepton g − 2 at the eighth-order. Solid and wavy lines represent lepton and photon lines, respectively.

Mass dependence is known analytically for A^{(2n)}_2 and A^{(2n)}_3 for n = 2, 3 [28–32]. We reevaluated them using the latest values of the muon-electron mass ratio m_μ/m_e = 206.768 2843 (52) and/or the muon-tau mass ratio m_μ/m_τ = 5.946 49 (54) × 10^{−2} [33]. In the same order of terms as shown on the right-hand-side of (8), the results are summarized as follows:

a^{(2)}_μ = 0.5,

a^{(4)}_μ = −0.328 478 965 579 . . . + 1.094 258 312 0 (83)

+ 0.780 79 (15) × 10^{−4} = 0.765 857 425 (17) ,

a^{(6)}_μ = 1.181 241 456 . . . + 22.868 380 04 (23)

+ 0.360 70 (13) × 10^{−3} + 0.527 76 (11) × 10^{−3} = 24.050 509 96 (32) . (9)

The value of a^{(8)}μ has been obtained mostly by numerical integration [34–36]. They arise from 13 gaugeinvariant sets whose representative diagrams are shown in Fig. 1. We have reevaluated some of them for further check and improvement of numerical precision. The results for the mass-dependent terms are summarized in Table I.

From the data listed in Table I and the value of A^{(8)}_1 from Refs. [35–37], we obtain the following value for the

TABLE I. The eighth-order mass-dependent QED contribution from 12 gauge-invariant groups to muon g − 2, whose representatives are shown in Fig. 1. The mass-dependence of A^{(8)}_3 is A^{(8)}_3 (mμ/me, mμ/mτ ).

group A^{(8)}_2 (mμ/me) A^{(8)}_2 (mμ/mτ ) A^{(8)}_3 I(a) 7.74547 (42) 0.000032 (0) 0.003209 (0) I(b) 7.58201 (71) 0.000252 (0) 0.002611 (0) I(c) 1.624307 (40) 0.000737 (0) 0.001807 (0) I(d) −0.22982 (37) 0.000368 (0) 0 II(a) −2.77888 (38) −0.007329 (1) 0 II(b) −4.55277 (30) −0.002036 (0) −0.009008 (1) II(c) −9.34180 (83) −0.005246 (1) −0.019642 (2) III 10.7934 (27) 0.04504 (14) 0 IV(a) 123.78551 (44) 0.038513 (11) 0.083739 (36) IV(b) −0.4170 (37) 0.006106 (31) 0 IV(c) 2.9072 (44) −0.01823 (11) 0 IV(d) −4.43243 (58) −0.015868 (37) 0

FIG. 2. Self-energy-like diagrams representing 32 gaugeinvariant subsets contributing to the lepton g − 2 at the tenth order. Solid lines represent lepton lines propagating in a weak magnetic field.

eighth-order QED contribution a^{(8)}μ :

a^{(8)}_μ = −1.9106 (20) + 132.685 2 (60) + 0.042 34 (12) + 0.062 72 (4) = 130.879 6 (63). (10)

Over the period of more than nine years we have numerically evaluated all 32 gauge-invariant sets of diagrams that contribute to a^{(10)}_μ [22, 37–40], whose representative diagrams are shown in Fig. 2. The results for mass-dependent terms are summarized in Table II. Some simple diagrams were evaluated analytically or in the asymptotic expansion in m_μ/m_e [41–45]. The results are consistent with our numerical ones.

From the data listed in this Table and the value of A^{(10)}_1 from Ref. [37], we obtain the complete tenth-order result:

a^{(10)}_μ = 9.168 (571) + 742.18 (87) − 0.068 (5) + 2.011 (10) = 753.29 (1.04). (11)

The uncertainty 1.04 is attributed entirely to the statistical fluctuation in the Monte-Carlo integration of Feynman amplitudes by VEGAS [46]. This is 20 times more precise than the previous estimate, 663 (20), obtained in the leading-logarithmic approximation [22]. This is mainly because we had underestimated the magnitude of the contribution of the Set III(a). Note also that (11) is about 4.5 s.d. larger than the leading-log estimate. The numerical values of (α/π)^{(n)}a^{(2n)}_μ for n = 1, 2, · · · , 5 are summarized in Table III.

In order to evaluate a_μ(QED) using (7), a precise value of α is needed. At present, the best non-QED α is the one obtained from the measurement of h/m_{Rb} [47], combined with the very precisely known Rydberg constant and m_{Rb}/m_e [33]:

α^{−1}(Rb) = 137.035 999 049 (90) [0.66 ppb]. (12)

TABLE II. Tenth-order mass-dependent contribution to the muon g − 2 from 31 gauge-invariant subsets shown in Fig. 2. The mass-dependence of A^{(10)}_3 is A^{(10)}_3 (mμ/me, mμ/mτ ).

set A^{(10)}_2 (mμ/me) A^{(10)}_2 (mμ/mτ ) A^{(10)}_3 I(a) 22.566 973 (3) 0.000 038 (0) 0.017 312 (1) I(b) 30.667 091 (3) 0.000 269 (0) 0.020 179 (1) I(c) 5.141 395 (1) 0.000 397 (0) 0.002 330 (0) I(d) 8.8921 (11) 0.000 388 (0) 0.024 487 (2) I(e) −0.9312 (24) 0.000 232 (0) 0.002 370 (0) I(f) 3.685 049 (90) 0.002 162 (0) 0.023 390 (2) I(g) 2.607 87 (72) 0.001 698 (0) 0.002 729 (1) I(h) −0.5686 (11) 0.000 163 (1) 0.001 976 (3) I(i) 0.0871 (59) 0.000 024 (0) 0 I(j) −1.263 72 (14) 0.000 168 (1) 0.000 110 (5) II(a) −70.4717 (38) −0.018 882 (8) −0.290 853 (85) II(b) −34.7715 (26) −0.035 615 (20) −0.127 369 (60) II(c) −5.385 75 (99) −0.016 348 (14) −0.040 800 (51) II(d) 0.4972 (65) −0.007 673 (14) 0 II(e) 3.265 (12) −0.038 06 (13) 0 II(f) −77.465 (12) −0.267 23 (73) −0.502 95 (68) III(a) 109.116 (33) 0.283 000 (32) 0.891 40 (44) III(b) 11.9367 (45) 0.143 600 (10) 0 III(c) 7.37 (15) 0.1999 (28) 0 IV −38.79 (17) −0.4357 (25) 0 VI(a) 629.141 (12) 0.246 10 (18) 2.3590 (18) VI(b) 181.1285 (51) 0.096 522 (93) 0.194 76 (26) VI(c) −36.58 (12) −0.2601 (28) −0.5018 (89) VI(d) −7.92 (60) 0.0818 (17) 0 VI(e) −4.32 (14) −0.035 94 (32) −0.1122 (24) VI(f) −38.16 (15) 0.043 47 (85) 0.0659 (31) VI(g) 6.96 (48) −0.044 51 (96) 0 VI(h) −8.55 (23) 0.004 85 (46) 0 VI(i) −27.34 (12) −0.003 45 (33) −0.0027 (11) VI(j) −25.505 (20) −0.011 49 (33) −0.016 03 (58) VI(k) 97.123 (62) 0.002 17 (16) 0

Actually, we have a more precise value of α which is derived from the measurement [48, 49] and theory of the electron g − 2 [37]:

α^{−1}(a_e) = 137.035 999 1736 (68)(46)(26)(331) [0.25 ppb] , (13)

where the first three uncertainties are due to the eighthorder term, tenth-order term, and the hadronic and elec-

TABLE III. Contributions to muon g−2 from QED perturbation term a^{(2n)}μ (α/π)^n × 10^{11} . They are evaluated with two values of the fine-structure constant determined by the Rb experiment and by the electron g − 2 (ae).

order with α^{−1}(Rb) with α^{−1}(ae) 2 116 140 973.318 (77) 116 140 973.212 (30) 4 413 217.6291 (90) 413 217.6284 (89) 6 30 141.902 48 (41) 30 141.902 39 (40) 8 381.008 (19) 381.008 (19) 10 5.0938 (70) 5.0938 (70) aμ(QED) 116 584 718.951 (80) 116 584 718.845 (37) troweak terms, involved in the evaluation of a_e. The fourth uncertainty comes from the measurement of a_e. At present the difference between (12) and (13) is much smaller than the current uncertainty in the measurement of a_μ so that one may use either one of these two. However, some caution must be exercised to employ α^{−1}(a_e) to calculate a_μ, when more accurate experiment of a_μ becomes available, because theoretical calculation of a_e is strongly correlated with that of a_μ.

Substituting (9), (10), and (11) in Eq. (7) and using (12), we obtain

a_μ(QED, Rb) = 116 584 718 951 (9)(19)(7)(77) × 10^{−14} , (14) where the uncertainties are from the lepton mass ratios, the eighth-order term, the tenth-order term, and the value of α in (12), respectively. If we use the value of α in (13) instead, we get

a_μ(QED, a_e) = 116 584 718 845 (9)(19)(7)(30) × 10^{−14} . (15) Note that the uncertainties of the lepton mass ratios, the eighth-order term, the tenth-order terms, and α(a_e) are improved by factors 1.7, 1.3, 20, and 1.5, respectively, compared with a_μ(QED, a_e) given in Eq. (99) of Ref. [50].

The difference between (14) and (15) is less than 1.2 × 10^{−12} so that we may use either one as far as comparison with the current experimental data is concerned.

In view of the rather large value of A^{(10)}_2 (m_μ/m_e) one might wonder how large A^{(12)}_2 (m_μ/m_e) might be. As a matter of fact it is not difficult to estimate its size. For this purpose note that the dominant contribution to A^{(8)}_2 (m_μ/m_e) comes from the Group IV(a) and the dominant contribution to A^{(10)}_2 (m_μ/m_e) comes from the Set VI(a). Both are integrals obtained by inserting several second-order vacuum-polarization loops Π_2 into the virtual photon lines of the sixth-order diagram A^{(6)}_2 (m_μ/m_e; l-l ) which contains a light-by-light scattering electron loop. Analogously the leading contribution to the twelfth-order term will come from insertion of three Π_2’s in A^{(6)}_2 (m_μ/m_e; l-l ), namely,

A^{(12)}_2 (m_μ/m_e) ∼ A^{(6)}_2 (m_μ/m_e; l-l ) × { 2 3 ln ( m_μ m_e ) − 5 9 }_3 × 10 (16) and A^{(12)}_2 (m_μ/m_e) × (α π )_6 ∼ 0.8 × 10^{−12}, (17)

noting that A^{(6)}_2 (m_μ/m_e; l-l ) ∼ 20 and the factor 10 accounts for the possible ways of insertion of Π_2. Including the contribution of other diagrams, the size of the 12thorder term might be as large as 10^{−12}. This is larger than the uncertainty of the 10th-order term in (14) so that it would be desirable to obtain at least a crude evaluation of this term.

Adding (3), (4), (5), (6), and (14), and using α from (12), the theoretical value of a_μ in the standard model is given by

a_μ(SM) = 116 591 840 (59) × 10^{−11}. (18)

We have therefore

a_μ(exp) − a_μ(SM) = 249 (87) × 10^{−11}. (19)

The size of discrepancy between theory and experiment has not changed much, since the tenth-order QED contribution is not a significant source of theoretical uncertainties. Let us emphasize, however, that the complete calculation of a^{(10)}_μ enables us to concentrate on improving the precision of the hadronic contributions.

We thank J. Rosner for a helpful comment. This work is supported in part by the JSPS Grant-in-Aid for Scientific Research (C)20540261 and (C)23540331. T. K.’s work is supported in part by the U. S. National Science Foundation under Grant No. NSF-PHY-0757868. T. K. thanks RIKEN for the hospitality extended to him while a part of this work was carried out. Numerical calculations were conducted on RSCC and RICC supercomputer systems at RIKEN.

[1] G. W. Bennett et al. (Muon g-2), Phys. Rev. Lett. 92, 161802 (2004).

[2] B. L. Roberts, Chin. Phys. C34, 741 (2010). [3] B. Lee Roberts (Fermilab P989 Collaboration), Nucl.

Phys. Proc. Suppl. 218, 237 (2011).

[4] H. Iinuma (J-PARC New g-2/EDM experiment Collaboration), J. Phys. Conf. Ser. 295, 012032 (2011).

[5] T. Blum, Phys. Rev. Lett. 91, 052001 (2003). [6] M. Gockeler et al. (QCDSF Collaboration), Nucl. Phys. B688, 135 (2004).

[7] C. Aubin and T. Blum, Phys. Rev. D75, 114502 (2007). [8] X. Feng, K. Jansen, M. Petschlies, and D. B. Renner, Phys. Rev. Lett. 107, 081802 (2011).

[9] P. Boyle, L. Del Debbio, E. Kerrane, and J. Zanotti, Phys. Rev. D85, 074504 (2012).

[10] M. Della Morte, B. Jager, A. Juttner, and H. Wittig, JHEP 1203, 055 (2012).

[11] M. Davier, A. Hoecker, B. Malaescu, and Z. Zhang, Eur. Phys. J. C71, 1515 (2011).

[12] F. Jegerlehner and R. Szafron, Eur. Phys. J. C71, 1632 (2011).

[13] K. Hagiwara, R. Liao, A. D. Martin, D. Nomura, and T. Teubner, J. Phys. G G38, 085003 (2011).

[14] K. Melnikov and A. Vainshtein, Phys. Rev. D 70, 113006 (2004).

[15] J. Bijnens and J. Prades, Mod. Phys. Lett. A22, 767 (2007).

[16] J. Prades, E. de Rafael, and A. Vainshtein, in Lepton Dipole Moments, edited by B. L. Roberts and W. J. Marciano (World Scientific, Singapore, 2009) pp. 303–319.

[17] A. Nyffeler, Phys. Rev. D 79, 073012 (2009).

[18] K. Fujikawa, B. Lee, and A. Sanda, Phys. Rev. D 6, 2923 (1972).

[19] A. Czarnecki, B. Krause, and W. J. Marciano, Phys. Rev. Lett. 76, 3267 (1996).

[20] M. Knecht, S. Peris, M. Perrottet, and E. De Rafael, J.

High Energy Phys. 11, 003 (2002).

[21] A. Czarnecki, W. J. Marciano, and A. Vainshtein, Phys. Rev. D 67, 073006 (2003).

[22] T. Kinoshita and M. Nio, Phys. Rev. D 73, 053007 (2006).

[23] A. Kataev, Phys. Rev. D74, 073011 (2006). [24] J. S. Schwinger, Phys. Rev. 73, 416 (1948). [25] A. Petermann, Helv. Phys. Acta 30, 407 (1957). [26] C. M. Sommerfield, Ann. Phys. (N.Y.) 5, 26 (1958). [27] S. Laporta and E. Remiddi, Phys. Lett. B379, 283 (1996).

[28] M. A. Samuel and G.-w. Li, Phys. Rev. D 44, 3935 (1991).

[29] G. Li, R. Mendel, and M. A. Samuel, Phys. Rev. D 47, 1723 (1993).

[30] S. Laporta, Nuovo Cim. A106, 675 (1993). [31] S. Laporta and E. Remiddi, Phys. Lett. B301, 440 (1993).

[32] A. Czarnecki and M. Skrzypek, Phys. Lett. B449, 354 (1999).

[33] P. J. Mohr, B. N. Taylor, and D. B. Newell, (2012), arXiv:1203.5425.

[34] S. Laporta, Phys. Lett. B312, 495 (1993). [35] T. Kinoshita and M. Nio, Phys. Rev. D 73, 013003 (2006).

[36] T. Aoyama, M. Hayakawa, T. Kinoshita, and M. Nio, Phys. Rev. Lett. 99, 110406 (2007); Phys. Rev. D 77, 053012 (2008).

[37] T. Aoyama, M. Hayakawa, T. Kinoshita, and M. Nio, (2012), arXiv:1205.5368.

[38] T. Aoyama, M. Hayakawa, T. Kinoshita, M. Nio, and N. Watanabe, Phys. Rev. D 78, 053005 (2008).

[39] T. Aoyama, K. Asano, M. Hayakawa, T. Kinoshita, M. Nio, and N. Watanabe, Phys. Rev. D 81, 053009 (2010).

[40] T. Aoyama, M. Hayakawa, T. Kinoshita, and M. Nio, Phys. Rev. D 78, 113006 (2008); Phys. Rev. D 82, 113004 (2010); Phys. Rev. D 83, 053002 (2011); Phys. Rev. D 83, 053003 (2011);

Phys. Rev. D 84, 053003 (2011); Phys. Rev. D 85, 033007 (2012); 85, 093013 (2012).

[41] A. L. Kataev, Phys. Lett. B284, 401 (1992); B710, 710 (2012).

[42] D. J. Broadhurst, A. L. Kataev, and O. V. Tarasov, Phys. Lett. B298, 445 (1993).

[43] S. Laporta, Phys. Lett. B328, 522 (1994). [44] J.-P. Aguilar, D. Greynat, and E. De Rafael, Phys. Rev. D 77, 093010 (2008).

[45] P. A. Baikov, K. G. Chetyrkin, and C. Sturm, Nucl. Phys. Proc. Suppl. 183, 8 (2008).

[46] G. P. Lepage, J. Comput. Phys. 27, 192 (1978). [47] R. Bouchendira, P. Clade, S. Guellati-Khelifa, F. Nez, and F. Biraben, Phys. Rev. Lett. 106, 080801 (2011).

[48] D. Hanneke, S. Fogwell, and G. Gabrielse, Phys. Rev. Lett. 100, 120801 (2008).

[49] D. Hanneke, S. Fogwell Hoogerheide, and G. Gabrielse, Phys. Rev. A 83, 052122 (2011).

[50] F. Jegerlehner and A. Nyffeler, Phys. Rept. 477, 1 (2009).