arXiv:1205.5562v2 [gr-qc] 12 Jul 2012

Accurate modeling of intermediate-mass-ratio inspirals: Exploring the form of the self-force in the intermediate-mass-ratio regime

E.A. Huerta,^{1, 2, ∗} Prayush Kumar,^{1, †} and Duncan A. Brown^{1, ‡} 1Department of Physics, Syracuse University, Syracuse, NY 13244, USA.

2Institute of Astronomy, Madingley Road, CB3 0HA Cambridge, UK. (Dated: July 13, 2012)

In this paper we develop a waveform model that accurately reproduces the dynamical evolution of intermediate-mass-ratio inspirals, as predicted by the effective-one-body (EOB) model introduced in [1], and which enables us to shed some light on the form of the self-force for events with mass-ratio 1:6, 1:10 and 1:100. To complement this study, we make use of self-force results in the extreme-mass-ratio regime, and of predictions of the EOB model introduced in [1], to derive a prescription for the shift of the orbital frequency at the innermost stable circular orbit which consistently captures predictions from the extreme, intermediate and comparable mass-ratio regimes.

∗ eahuerta@syr.edu † prkumar@syr.edu ‡ dabrown@phy.syr.edu

I. INTRODUCTION

Testing Einstein’s theory of general relativity in the strong-field regime by directly detecting the gravitational waves (GWs) emitted by black hole (BH) binaries of extreme mass-ratio has revived interest in a fundamental problem in general relativity: that of the gravitational self-force acting on a mass particle that moves in the background of a more massive BH. The gravitational self-force arises as a result of the back reaction between the small compact object and its own gravitational field, which, at linear order in mass-ratio, corresponds to a linear perturbation of the central BH geometry. Theoretical work in this field has been making steady progress since the seminal contributions of Dirac on the electromagnetic self-force in flat spacetime [2], and the extension of this analysis to curved spacetime by DeWitt an Brehme [3]. The generalization of these early studies to the case of the gravitational self-force was accomplished independently by Quinn and Wald [4] and Mino, Sasaki and Tanaka [5]. More recent developments have introduced mathematical rigor in the theoretical derivation of the gravitational self-force, and have relaxed previous assumptions with regard to the internal structure of the small compact object, i.e, it can now be a small Kerr BH or a small compact object made up of ordinary matter [6, 7].

Likewise, the actual computation of the gravitational self-force has evolved from simplified scalar-field models [8], to more sophisticated solutions that involve electromagnetic and gravitational problems in the context of Schwarzschild circular orbits. At present, the self-force program has succeeded in developing numerical codes to compute the gravitational self-force along generic orbits around a Schwarzschild BH, and actually implementing these computations to develop an accurate waveform model that describes the inspiral evolution of non-spinning stellar mass BHs onto supermassive non-spinning BHs [9]. The development of numerical algorithms to compute the self-force on a scalar charge moving along an eccentric-equatorial orbit of a Kerr BH has also been accomplished [10]. The extension of this algorithm to compute the gravitational self-force for Kerr inspirals is under development [10, 11].

The fact that the self-force program has focused on the computation of the self-force for spinless particles that inspiral into more massive BHs has a physical rationale. It is not just that such a problem would be more difficult to solve. It has also been shown that in the context of extreme-mass ratio inspirals (EMRIs), with typical mass-ratios 1:10^6, the inclusion of small-body spin corrections in search templates will not allow us to measure the small body spin parameter with good accuracy [12]. Hence, from a data analysis perspective, the inclusion of small body spin effects is not necessary. Additionally, before attempting to compute the self-force for spinning particles, one may need to address a more pressing modeling issue for spinless particles: it has been shown that including conservative self-force corrections in the orbital phase of EMRIs may not be necessary for source detection, but they may still be necessary for accurate parameter reconstruction. Additionally, second order radiative corrections may contribute to the phase evolution at the same level as first-order conservative corrections [13, 14]. This then suggests that a waveform template that aims to provide an accurate description of the inspiral evolution of EMRIs may have to include both first-order conservative corrections, and second-order radiative corrections, as pointed out in [9].

In sharp contrast, modeling BH binaries with intermediate mass ratio, i.e., 1:10-1:1000, (IMRIs) presents new challenges that can be neglected in the EMRI arena. In the absence of fully general relativistic gravitational self-force corrections in this mass-ratio regime, some studies have assessed the importance of including post-Newtonian selfforce corrections in search templates for spinning BHs of intermediate-mass that inspiral into supermassive Kerr BHs. This work has shown that the implementation of first-order post-Newtonian self-force corrections for spin-spin and spin-orbit couplings is essential to ensure the reliability of parameter estimation results [15]. These studies suggest that the computation and implementation of gravitational self-force corrections for spinning binaries is a pressing, important problem both from a theoretical and data analysis perspective.

In this article we shed light on the importance of including gravitational self-force corrections in search templates for non-spinning stellar mass BHs that inspiral into Schwarzschild BHs of intermediate-mass. As, at present, we have no access to accurate self-force calculations in this mass-ratio regime, it is important to shed light on the regime in which current self-force corrections do not render an accurate dynamical evolution of GW sources, and explore the range of applicability of the information we have at hand to develop accurate waveform templates in that mass-ratio regime. This study is particularly important in view of the ongoing upgrade of the LIGO detector [16]. Once advanced LIGO (aLIGO) begins observations, it will be possible to target the inspirals of neutron stars (NSs) and stellar-mass BHs into intermediate-mass BHs with masses ∼ 50M_⊙ − 350M_⊙ [17] —events which may take place in core-collapsed globular clusters [18, 19]. To perform this study we will make use of the recently developed effective-one-body (EOB) model that has been calibrated using numerical relativity (NR) simulations for non-spinning BH binaries of mass-ratio q = m_1/m_2 = 1, 2, 3, 4 and 6 [1]. It is worth pointing out that the actual calibration of this EOBNRv2 (EOBNR version two) model reproduces with great accuracy the features of true inspirals, and hence we will use this model as a benchmark to explore the form of the self-force in the intermediate-mass ratio regime. By construction, the EOBNRv2 model reproduces results in the test-mass particle limit, and also encodes self-force corrections that have been derived for small mass-ratios. In our analysis we will explicitly show these important modeling ingredients when we compare the predictions made by the EOBNRv2 and those obtained through black hole perturbation theory (BHPT).

Finally, we will make use of the EOBNRv2 model and pertubative results to present a new prescription for the orbital frequency shift at the innermost stable circular orbit (ISCO), originally derived in [20] in the context of EMRIs. Our prescription reproduces exactly the self-force prediction for extreme-mass ratios and provides an accurate prediction in the intermediate and comparable-mass ratio regimes.

This paper is organized as follows. In Section II we present a succinct description of the EOBNRv2 model. In Section III we derive an IMRI waveform model that accurately captures the features of true inspirals, as compared with the EOBNRv2 model. The derivation of this model will enable us to explore what the form of the self-force should be in the intermediate-mass-ratio regime so as to accurately reproduce the orbital dynamics obtained through NR simulations. In Section IV we derive a new prescription for the gravitational self-force correction to the orbital frequency at the ISCO that encodes results from the extreme, intermediate and comparable-mass ratio regimes. Finally, we summarize our results in Section V.

II. EFFECTIVE ONE BODY MODEL

The Effective One Body (EOB) model was recently calibrated for non-spinning BH binaries of mass ratios q = m_1/m_2 = 1, 2, 3, 4 and 6 by comparison to NR simulations [1]. In this Section we briefly describe this model.

A. EOB dynamics

The EOB is a scheme that maps the dynamics of the two body problem in general relativity to that of one object moving in the background of an effective metric. In the non-spinning limit this metric takes the form

ds^2_{eff} = −A(r) dt^2 + D(r) A(r) dr^2 + r^2 ( dΘ^2 + sin^2 Θ dΦ^2 ) , (1)

where (r, Φ) stand for the dimensionless radial and polar coordinates, respectively. The conjugate momenta of these quantities is given by (p_r, p_Φ). Since p_r diverges near the horizon, it is convenient to replace it by the momentum conjugate to the EOB tortoise radial coordinate r_∗, i.e., dr_∗ dr = √ D(r) A(r) . (2)

Using this coordinate transformation, the effective EOB Hamiltonian can be written as [1]

H^{eff} (r, p_{r∗} , p_Φ) ≡ μ ^H^{eff} (r, p_{r∗} , p_Φ) = μ √ p^2_{r∗} + A(r) [ 1 + p^2_Φ r^2

+ 2(4 − 3η) η p^4_{r∗} r^2 ] , (3)

where μ = m_1m_2/(m_1 + m_2), M = m_1 + m_2 and η = μ/M stand for the reduced and total mass of the system, and the symmetric-mass ratio, respectively. Additionally, the real EOB Hamiltonian is given by [1]

H^{real}(r, p_{r∗} , p_Φ) ≡ μĤ^{real}(r, p_{r∗} , p_Φ) = M √ 1 + 2η ( H^{eff} − μ μ ) − M . (4) Furthermore, to ensure the existence and η-continuity of a last stable orbit (ISCO) as well as the existence and η-continuity of an η-deformed analog of the light-ring (the last stable orbit of a massless particle), these metric coefficients must be Padé resummed. At present these coefficients are available at (pseudo) 5PN and 3PN order for A(r) and D(r), respectively,

D(r) = r^3 (52 η − 6 η^2) + 6 η r + r^3

, (5) and

A(r) = Num(A) Den(A)

, (6)

with Num(A) = r^4 [ −64 + 12 a_4 + 4 a_5 + a_6 + 64η − 4η^2 ] + r^5 [32 − 4 a_4 − a_5 − 24η] , (7) and Den(A) = 4 a^2_4 + 4 a_4 a_5 + a^2_5 − a_4 a_6 + 16 a_6 + (32 a_4 +16 a_5 − 8 a_6) η + 4 a_4 η^2 + 32 η^3 + r [ 4 a^2_4 + a_4 a_5 +16 a_5 + 8 a_6 + (32 a_4 − 2 a_6) η + 32 η^2 + 8 η^3 ] +r^2 [ 16 a_4 + 8 a_5 + 4 a_6 + (8 a_4 + 2 a_5) η + 32 η^2 ] +r^3 [ 8 a_4 + 4 a_5 + 2 a_6 + 32 η − 8 η^2 ] +r^4 [ 4 a_4 + 2 a_5 + a_6 + 16 η − 4 η^2 ] +r^5 [32 − 4 a_4 − a_5 − 24 η] , (8) where a_4 = [94/3 − (41/32) π^2] η, and a_5, a_6 are adjustable parameters which were determined by minimizing the inspiral phase difference between the NR and EOB (2,2) modes in [1].

The EOB equations of motion that describe the orbital dynamics of the BH binary are given by [21] dr d^t = A(r) √ D(r) ∂ ^H^{real} ∂p_{r∗} (r, p_{r∗} , p_Φ) , (9a) dΦ d^t = ∂ ^H^{real} ∂p_Φ (r, p_{r∗} , p_Φ) , (9b) dp_{r∗} d^t = − A(r) √ D(r) ∂ ^H^{real} ∂r (r, p_{r∗} , p_Φ) +^{nK} ^F_Φ p_{r∗} p_Φ

, (9c) dp_Φ d^t =^{nK} ^F_Φ , (9d)

where t̂ ≡ t/M, ^Ω ≡ dΦ/d^t ≡ MΩ and the radiation-reaction force^{nK} ^F_Φ is given by [1]

nK ^F_Φ = − 1

η v^3_Ω dE dt , (10)

with v_Ω ≡ ^Ω^{1/3}. An important improvement in the EOB formalism over models that used Padé resummation of Taylor approximants to the energy flux is the implementation of a resummed energy flux of the form dE dt = v^6_Ω 8π 8∑ ℓ=2 ℓ∑ m=1 m^2 | | | R M h_{ℓm} | | |^2 , (11)

where R is the distance to the source and h_{lm}’s represent the multipoles of the waveform, defined through the following relation

h_+ − ih_× = M R ∞∑ l=2 m=l∑ m=−l Y^{lm}_{−2} h_{lm}, (12)

where Y^{lm}_{−2} represent the spin weighted -2 spherical harmonics and h_+ and h_× stand for the two gravitational wave polarizations. Since the numerical relativity simulations used to calibrate the EOB model were found to satisfy the condition h_{ℓm} = (−1)^ℓ h^∗_{ℓ −m} with great accuracy, where^∗ denotes complex conjugate, one can also assume that the analytical modes that enter the sum in Eq. 11 also satisfy this property. Furthermore, because |h_{ℓ,m}| = |h_{ℓ,−m}|, the sum in Eq. 11 extends only over positive m modes.

B. Modelling of the inspiral and plunge evolution

In the EOB scheme, the inspiral and plunge phases are described by the product of several factors, namely,

h^{insp−plunge} ℓm = h^F_{ℓm} N_{ℓm} , (13)

where the function N_{ℓm} is introduced to ensure that the EOB model reproduces: a) the shape of the NR amplitudes |h_{ℓm}| near their maxima; and b) the timelag between the maxima of the |h_{ℓm}| and the maxima of |h_{22}|, obtained from NR data. On the other hand, the factorized resummed modes h^F_{ℓm} are given by

h^F_{ℓm} = h^{(N,ϵ)}_{ℓm} Ŝ^{(ϵ)}_{eff} T_{ℓm} e^{iδℓm} (ρ_{ℓm})^ℓ , (14)

where ϵ stands for the parity of h_{ℓm}, i.e., ϵ = 1 if ℓ + m is even, and ϵ = 0 for odd ℓ + m.

The factor h^{(N,ϵ)}_{ℓm} stands for the Newtonian contribution, defined in Eqs.(15)-(18) of [1]. The remaining terms ĥ^{(ϵ)}_{ℓm} = Ŝ^{(ϵ)}_{eff} T_{ℓm} eiδℓm (ρ_{ℓm})^ℓ represent a resummed version of all PN corrections, which have the structure ĥ^{(ϵ)}_{ℓm} = 1 + O(x),

where x is the gauge-invariant object x = Ω̂^{2/3}.

Regarding the structure of the Ŝ^{(ϵ)}_{eff} factor, we note that in the even parity case, which corresponds to mass moments, the leading order source of GW radiation is given by the energy density. Therefore, the source factor can be defined as Ŝ^{(ϵ=0)}_{eff} = Ĥ^{eff} (r, p_{r∗} , p_Φ) [22]. On the other hand, in the odd-parity case, which is associated to current modes, the angular momentum L̂_{eff} turns out to be a factor in the Regee-Wheeler-Zerilli odd-parity multipoles in the limit of small mass-ratio η [22]. Hence, one can define Ŝ^{(ϵ=1)}_{eff} = L̂_{eff} = p_Φ v_Ω [1].

Furthermore, considering a Schwarzschild background of mass M_{ADM} = H^{real}, the tail term T_{ℓm} is a resummed version of an infinite number of logarithmic terms that enter the transfer function between the near-zone and far-zone waveforms. Since this complex object only resums the leading logarithms of tail effects, one needs to introduce an additional dephasing factor δ_{ℓm}, which is related to subleading logarithms. The final building block is given by (ρ_{ℓm})^ℓ, which was introduced to enhance the agreement of the EOB model with NR in the strong-field regime. The explicit expressions for these various quantities can be found in Eqs. (19)-(21) and Appendix B of [1].

Having described the building blocks of the EOB model, we will now describe how to go about in the actual construction of the EOB model using NR simulations. The first step in the calibration of the EOBNR model consists of aligning the waveforms at low frequency, following the procedure outlined in [1]. This approach is used to minimize the phase difference between the NR and EOB (ℓ, m) modes using the prescription

Υ (Δt, Δϕ) = ∫_{t2} t1 ( ϕ^{EOB}(t + Δt) + Δϕ − ϕ^{NR}(t)

)_2 dt, (15) where Δt/Δϕ are time/phase shifts, respectively, over which the minimization is performed. The time window (t_1, t_2) is chosen so as to maximize the length of the NR waveform, but making sure that junk radiation does not contaminate the numerical data.

The numerical h_{22} is usually called the leading multipolar waveform because, compared to all the other multipoles, it provides the leading contribution to the amplitude of the full waveform h(t). Additionally, once the NR and EOB (ℓ, m) = (2, 2) modes are aligned using the prescription given by Eq. (15), the peak of the numerical h_{22} takes place at the same time the orbital frequency Ω̂ reaches its peak. Put in different words, the time at which the numerical h_{22} reaches its maximum and the EOB light-ring time (innermost circular orbit for a massless particle) are coincident.

To calibrate the EOB dynamics, determined by Eqs. (9a)-(9d), one minimizes the phase difference between the leading NR and EOB (ℓ, m) = (2, 2) modes during the inspiral phase. This phase minimization procedure enables us to constrain the value of the doublet (a_5, a_6). As pointed out in [1], the calibration of the adjustable parameters (a_5, a_6) is not unique. For instance, [1] and [23] provide different values for the doublet (a_5, a_6) which reproduce with great accuracy NR simulations for equal and comparable-mass non-spinning BH binaries. Even if the calibration of these parameters is degenerate, one can instill some physics in the way (a_5, a_6) are determined. In [1], these parameters are modeled as smooth functions of η, such that they reproduce the self-force prediction of the orbital frequency shift at the ISCO in the test-mass particle limit η → 0, i.e., for a_6(η → 0)/η and a_5(η → 0)/η the EOB model reproduces the result [20]

MΩ_{ISCO} = 1 6 √ 6 ( 1 + 1.2512η + O(η^2) ) . (16)

It is worth pointing out that in contrast with the model developed in [24], the development of the EOBNRv2 model did not require the computation of higher-order PN corrections in the adjustable parameters ρ_{22} and δ_{22}. The actual expression for these two parameters had already been determined analytically in previous studies [23].

Having determined the EOB dynamics, the N_{22} coefficients are computed and implemented in the energy flux resummed prescription given by Eq. (11), one can determine the rest of the EOB adjustable parameters, namely, higher-order PN corrections in ρ_{ℓm}/δ_{ℓm} for (ℓ, m) ≠ (2, 2), by minimizing the amplitude/phase difference between the remaining numerical and EOB multipolar waveforms used in the calibration. These higher-order corrections for (ℓ, m) ≠ (2, 2) are included in the inspiral waveform prescription, Eq. (13), but not in the energy flux, Eq. (11).

C. Merger and ring-down calibration of the EOB model

The merger of two non spinning BHs generates a distorted Kerr BH whose gravitational radiation can be modeled using a superposition of quasi normal modes (QNMs), which are described by the indices (ℓ, m, n), where (ℓ, m) denote the mode and n specifies the tone. Each of these modes has a complex frequency σ_{ℓmn} given by

σ_{ℓmn} = ω_{ℓmn} − i/τ_{ℓmn}, (17) where the real/imaginary part ω_{ℓmn}/τ^{−1}_{ℓmn} corresponds to the frequency/inverse damping time of each QNM. These two observables are uniquely determined by the mass and spin of the Kerr BH formed after merger [25]. The prescription used to compute these quantities is given by [1]

M_f M = 1 + (√ 8 9 − 1 ) η − 0.4333η^2 − 0.4392η^3, (18a) a_f M_f = √ 12η − 3.871η^2 + 4.028η^3. (18b)

It is worth pointing out that a mode (ℓ, m) always consists of a superposition of two different frequencies/damping times. These ‘twin modes’ are given by ω^′_{ℓmn} = −ω_{ℓ−mn} and τ^′_{ℓmn} = τ_{ℓ−mn}. However, when considering two initially non-spinning BHs, the mirror solutions are degenerate in the modulus of the frequency and damping time, and hence one has that ω_{ℓmn} > 0 and τ_{ℓmn} > 0.

Following [1], the merger-ringdown waveform may be written as follows

h^{merger−RD} ℓm (t) = N−1∑ n=0 A_{ℓmn} e^{−iσℓmn(t−tℓmmatch)}, (19) where N is the number of overtones included in the model, i.e., N = 8, and A_{ℓmn} are complex amplitudes which will be determined by smoothly matching the inspiral-plunge waveform (Eq. (13)) with its merger ring-down counterpart (Eq. (19)).

To determine the complex amplitudes A_{ℓmn}, one defines t^{ℓm}_{match} as the time at the amplitude maximum of the h^{EOB}_{ℓm} mode, namely, t^{ℓm}_{match} = t^Ω_{max} + Δt^{ℓm}_{max}, and demand continuity of the waveform at N − 2 points sampled in the time range [t^{ℓm}_{match} − Δt^{ℓm}_{match}, t^{ℓm}_{match}], and ensure the continuity and differentiability of the waveforms at t^{ℓm}_{match} − Δt^{ℓm}_{match} and t^{ℓm}_{match} (see Eqs. (36a)-(36c) in [1]).

Finally, the full waveform can be written as

h_{ℓm} = h^{insp−plunge} ℓm H(t^{ℓm}_{match} − t) + h^{merger−RD} ℓm H(t − t^{ℓm}_{match}) . (20)

where H(t) is the Heaviside step function.

This is the model we shall use in the following Section to develop an IMRI waveform model to explore the form of the self-force in the intermediate-mass ratio regime. We will consider three different systems with mass ratios 17:100, 10:100 and 1:100. We have chosen these systems because: a) the EOBNRv2 model was calibrated by comparison to NR simulations for events with mass-ratio 1:1-1:6, and hence systems with component masses 17:100 should be accurately modeled using EOBNRv2; b) the actual construction of the EOB model is such that it reproduces the expected dynamics of systems with small mass-ratio, e.g., ∼ 1:100. This modeling statement will not be taken for granted in our subsequent analysis. We will show in the following Section that this is indeed the case by comparing results between EOBNRv2 and those obtained using Teukolsky data; c) we will explore an additional case, 1:10, for which the EOBNRv2 is the best model currently available to shed light on the form that self-force corrections should have so as to reproduce the dynamical evolution of these type of GW sources. Studying these type of sources is also important to try to bridge the gap in the parameter space covered by current waveform models.

III. SELF-FORCE CORRECTIONS IN THE INTERMEDIATE-MASS-RATIO REGIME

In the previous Section, we described the model we shall now use to build a waveform model for intermediate-mass-ratio inspirals (IMRIs). Using this IMRI model we will explore whether the inclusion of available self-force corrections, which have been computed in the extreme-mass-ratio regime [20, 26, 27], are able to reproduce the inspiral evolution of intermediate-mass-ratio binary black holes.

A. IMRI self-force model

In this Section we introduce the key elements we need to build our IMRI model which is simple and flexible enough to explore the form of the self-force in the intermediate-mass-ratio regime, and that, at the same time is able to reproduce with great accuracy the binary’s dynamical evolution as predicted by EOBNRv2. In the following we assume that EOBNRv2 dynamics provides a good description of the actual binary black hole dynamical evolution. This is a reasonable assumption because, at present, EOBNRv2 is the best interface to translate NR simulations into a waveform model that uses coordinates which can be related to physical units [28]. This desirable modeling approach is obtained by comparing EOB gravitational waveforms to NR waveforms as seen by an observer at infinity [29]. The fact that this model has been calibrated to NR simulations of mass-ratios 1:1-1:6 also means that such a model provides the adequate arena for the studies we want to carry out. Having said that, we now describe the approach we shall follow to build our IMRI model:

1. We start with an ansatz for the orbital frequency evolution of our IMRI model which is inspired by recent studies on the inclusion of linear order self-force corrections in the EOB approach [30]. We develop this prescription so as to faithfully reproduce the EOBNRv2 orbital frequency evolution (See Figure 1). An accurate modeling of the orbital frequency is necessary to build the gauge-invariant object x = Ω̂^{2/3}, which is a crucial element in our analysis.

2. We propose an ansatz to model the IMRI gravitational wave angular momentum flux which we calibrate so as to faithfully reproduce its EOBNRv2 counterpart (see Figures 2 and 3). Note that the EOBNRv2 angular momentum flux used for this calibration is constructed by summing over 35 leading and subleading waveform multipoles h_{ℓm}, with 2 ≤ ℓ ≤ 8, 1 ≤ m ≤ ℓ. We include all these modes so as to model the radiative part of the self-force in our IMRI model as accurately as possible.

3. Having derived an accurate prescription for the orbital frequency and the angular momentum flux, we make use of a prescription for the angular momentum that goes beyond the test-mass particle limit and which includes conservative self-force corrections. This expression for L̂_z(x) encodes conservative self-force corrections in the redshift observable z_{SF} (see Eq. (29)).

4. Because the prescriptions for the orbital frequency and the flux of angular momentum of our IMRI model reproduce their EOBNRv2 counterparts with great accuracy (see Figures 1 and 2), we can now use these objects to constrain the form of the gauge-invariant expression of the angular momentum L̂_z(x) in Eq. (27) below by demanding internal consistency in our model, i.e., by reproducing faithfully the dynamical evolution of the binary black hole as predicted by EOBNRv2. This is equivalent to exploring the form of the red-shift observable z_{SF} which reproduces the binary’s dynamical evolution as predicted by EOBNRv2. This calibration procedure enable us to reproduce the expected inspiral evolution point to point to better than one part in a thousand, as shown in Figures 4 and 5.

5. Having determined the form of z_{SF} that reproduces the dynamical evolution of the systems considered in this analysis, we compare the gauge-invariant expression of L̂_z(x) using our results and self-force corrections obtained in the context of EMRIs. We show that available self-force corrections do not reproduce the late inspiral evolution for systems with mass-ratio 1:6 and 1:10, but that they provide a fair description for systems with mass-ratio 1:100. This result is to be expected because these available self-force corrections were derived in the small mass-ratio limit.

Having described the approach to be followed, we start off by describing the ansatz we use to model the orbital frequency. To do this, we follow [23] and [31], and use the following prescription

Ω = A Ĥ p_ϕ r^2

. (21)

Furthermore, assuming circular orbits, we can simplify Eq. (21) using the following relations for the conservative Hamiltonian Ĥ

Ĥ = √ A(u) (1 + j^2_0 u^2), with p_ϕ = j_0 , and j^2_0 = − A^′(u) (u^2A(u))^′

, (22)

where u = 1/r and^′ denotes d/du. Using a prescription similar to that introduced in [30], we shall use the following ansatz for the potential A(u)

A_{ansatz}(u) = 1 − 2u + η (√ 1 − 3u k_{fit} − u ( 1 + 1 − 4u √ 1 − 3u )) , with k_{fit} = 2u

1 + a_1u + a_2u^2 1 + a_3u + a_4u^2 + a_5u^3

. (23)

Under these assumptions, the prescription for the orbital frequency takes the simple form

Ω(u)_{ansatz} = u^{3/2} √ − A^′_{ansatz}(u) 2 . (24)

The values of the a_i parameters in the function k_{fit} are given in Table I. It is worth pointing out that this prescription captures accurately the orbital phase evolution of the sources described above all the way down to ISCO and slightly beyond with much less computational complexity than EOBNRv2. The actual comparison between this scheme and the EONBRv2 model is shown in Figure 1. Notice that our IMRI model does pretty well from large r to the fastmotion strong-field regime in all three cases shown. Notice that we are modeling the potential A_{ansatz}(u) using the coordinate u and not M/x as done in [30]. The rationale for doing this is to use a simple, yet accurate, prescription for the orbital frequency that captures faithfully the EOBNRv2 orbital frequency evolution. We could have also used a different prescription for this object, i.e., a PN series [13], a Padé resummed expression, etc. The purpose this object serves at this stage in the analysis is to reproduce accurately the orbital evolution predicted by EOBNRv2 with less computational complexity. η a1 a2 a3 a4 a5 1700 13689 -7.458 15.0179 -7.208 12.152 6.103 10 121 -8.037 17.059 -7.826 14.589 5.393 100 10201 -9.535 22.984 -9.456 21.862 3.085

TABLE I. Ωansatz fit coefficients

Having derived a prescription for the orbital evolution, we require a prescription to generate the inspiralling trajectory of the stellar mass compact object. The first step to achieve this consists of deriving a consistent model for the flux of angular momentum. The model for the flux of angular momentum that we introduce in the following Section sums up the effect of including all the dominant and subdominant modes currently available in the literature, i.e., 2 ≤ ℓ ≤ 8, 1 ≤ m ≤ ℓ, with the advantage that the inclusion of extra modes does not impact the computational cost of generating the IMRI waveform.

B. Radial evolution prescription

An important component of the IMRI waveform model is the prescription used for the fluxes of energy and angular momentum. Deriving an accurate expression for these quantities is essential to capture the main features of true inspirals, as shown in [32] in the context of EMRIs.

FIG. 1. The panels show the orbital frequency, as a function of the radial coordinate r, obtained using the fit described in the text (solid red line), and the orbital frequency predicted by the EOB model (solid black line). The systems shown in the panels correspond to binaries of component masses 17M⊙ + 100M⊙ (top-left panel), 10M⊙ + 100M⊙ (top-right) and 1M⊙ + 100M⊙ (bottom-left panel). The bottom-right panel demonstrates the accuracy with which our IMRI model reproduces the orbital frequency predicted by the EOBNRv2 for the systems 17:100 (dashed blue), 10:100 (dashed-dot red) and 1:100 (solid black). Note that the spikes are due to artifacts in the interpolation function used to plot the EOBNRv2 orbital frequency and the numerical fit used to reproduce it. Also notice that the discrepancy between the data and the fit is always smaller than one part in a thousand.

As discussed in Section II, in the EOBNRv2 model the flux of energy is constructed using the prescription given by Eq. (11), which is obtained by summing over the modes (h_{ℓm}) with 2 ≤ ℓ ≤ 8, 1 ≤ m ≤ ℓ. Using this prescription as input data and the fact that in the EOB formalism the following relation is fulfilled [30]

Ė = ΩL̇_z, (25)

we derive a prescription for the gravitational-wave angular momentum flux which is valid from early inspiral all the way to the ISCO and slightly beyond. This prescription, which encapsulates the contribution from 35 dominant and subdominant modes, is inspired by the modeling of accurate EMRI waveform models introduced in [32], i.e., ( L̇_z ) fit = − 32 5 μ^2 M 1 r^{7/2} [ 1 − 1247 336 1 r + 4π 1 r^{3/2} − 44711 9072 1 r^2 + 1 r^{5/2} ( c^1_{2.5} + c^2_3 1 r^{1/2} + c^3_{.5} 1 r ) ] , (26) and the coefficients in Eq. (26) are given in Table II.

η c^1_{2.5} c^2_3 c^3_{.5}

1700 13689 -121.903 551.141 -694.699 10 121 -110.657 360.261 -156.016 100 10201 -75.255 333.449 -363.505

TABLE II. L̇z fit coefficients

Figures 2 and 3 present the comparison between the EOBNRv2 flux, which includes all currently known dominant and subdominant modes, and the calibrated angular momentum flux ( L̇_z ) . Notice that this computationally inexpensive scheme does pretty well from large r all the way to the ISCO and slightly beyond. Hence, this approach will enable us to capture the main features of the inspiral evolution of the systems under consideration in the regime of interest with good accuracy. Modelling the prescription of the flux of angular momentum in our IMRI waveform using all the dominant and subdominant modes in the EOBNRv2 model is equivalent to modeling the radiative part of the self-force with the best information currently available in the literature.

In Figure 3 we present a comparison between the flux of angular momentum predicted by the EOBNRv2 model and the fit to Teukolsky data proposed in [32] for extreme-mass-ratio inspirals. Note the remarkable agreement between both formalisms all the way down to the ISCO. This comparison also confirms that the construction of the EOBNRv2 captures the main features of inspirals with small mass-ratios which are modeled using black hole perturbation theory. This comparison also shows that the EOBNRv2 model encodes fairly well the radiative part of the self-force for systems with small mass-ratio.

Having found a prescription for the angular momentum that captures the dynamics of IMRIs, we can now use it to generate the inspiral trajectory of the stellar mass compact object that inspirals into an IMBH using the relation dr dt = dL_z dt dr dL_z . (27)

The first term on the right hand side of Eq. (27) can be obtained from Eq. (26). With regard to the derivative of the angular momentum with respect to the radial coordinate, we need to use a prescription for the angular momentum that goes beyond the test-mass particle limit, as conservative self-force corrections play a more significant role in this regime. Hence, we use the relation derived by Barausse et al in [30] which includes conservative self-force corrections, i.e.,

L̂_z(x) = L^z μM = 1 √ x(1 − 3x) + η ( − 1 3 √ x z^′_{SF}(x) + 1 6 √ x 4 − 15x

(1 − 3x)^{3/2} ) + O(η^2), (28)

where x = (MΩ)^{2/3} and^′ stands for d/dx. Furthermore,

z_{SF}(x) = 2x

1 + b_1x + b_2x^2 1 + b_3x + b_4x^2 + b_5x^3

, (29)

and the various coefficients b_i were derived in [30] using available self-force data. In this section we derive the coefficients in Eq. (29) that reproduce the actual inspiral evolution all the way down to the ISCO. Note that in Eq. (27) we have in place a prescription for the angular momentum flux which faithfully reproduces the expected loss of angular momentum even beyond the ISCO, as compared to the EOBNRv2 model. Hence, the only ingredient that needs to be tuned to reproduce the expected inspiral evolution is contained in Eq. (28). We have followed this approach to explore the form that L̂_z(x) should have. Put in different words, the form that the self-force redshift observable z_{SF}(x) should have to reproduce an inspiral trajectory consistent with EOBNRv2 all the way down to the ISCO. The various coefficients of Eq. (29) that generate such an inspiral orbit are given in Table III.

In Figure 4 we show that this prescription captures with great accuracy the features of EOBNRv2 inspirals. To recap, the IMRI model incorporates both first-order conservative corrections –through the construction of the gauge invariant expression of the angular momentum in Eq. (28)— and first-order radiative-corrections through the construction of the flux of angular momentum in Eq. (26). Notice that the latter object encodes the best information currently

FIG. 2. We compare the calibrated flux of angular momentum described in Eq. (26) against the prediction of the EOBNRv2 model for binaries of component masses 17M⊙ + 100M⊙ (top left panel), 10M⊙ + 100M⊙ (top right panel), and 1M⊙ + 100M⊙ (bottom-left panel). The bottom-right panel shows the accuracy with which the IMRI model reproduces the EOBNRv2 angular momentum flux, L̇ = dLz /dt, for the systems: 17:100 (dashed blue), 10:100 (dashed-dot red) and 1:100 (solid black). The spikes in the bottom-right panel are due to numerical artifacts of the interpolating function used to plot the EOBNRv2 angular momentum flux and the numerical fit to reproduce it. The fit is such that its discrepancy to the EOBNRv2 is always smaller than one part in a thousand.

η b1 b2 b3 b4 b5 1700 13689 -3.062 0.760 -3.261 0.550 -6.000 10 121 -3.260 0.892 -3.475 0.600 -6.829 100 10201 -3.370 1.570 -3.730 0.970 -7.280

TABLE III. zSF(x) fit coefficients

available in the literature, since it includes the contribution from 35 dominant and subdominant (ℓ, m) modes of the multipolar waveform to the angular momentum flux. Using this IMRI model, we have been able to constrain the form of the angular momentum L_z(x) that reproduces the inspiral evolution predicted by the EOBNRv2 model.

In order to show the importance of increasing our knowledge of the self-force in the intermediate-mass-ratio regime, we present in Figure 6 three different curves which describe the time evolution of three binary systems during late inspiral. These plots show that if we use a waveform model (unfitted) that includes: a) an accurate prescription for

FIG. 3. The left panel shows the angular momentum flux for binaries of mass ratio 1:100 computed using the EOBNRv2 model and the fit to Teukolsky data introduced in [32]. Both formalisms present a remarkable agreement all the way down to the ISCO. Note that the angular momentum flux fit to Teukolsky data is valid only from early inspiral until the ISCO. The right panel shows the relative difference between the two prescriptions for the angular momentum flux L̇ = dLz/dt.

the orbital frequency Ω̂; b) a prescription for the flux of angular momentum that incorporates the contribution from all dominant and subdominant (ℓ, m) modes; c) an invariant expression for the angular momentum using the object x = Ω̂^{2/3} (see Eq. (28)), and; d) available self-force corrections to constrain the coefficients b_i [30], then such a model would generate an inspiral trajectory that deviates from the expected orbital evolution, in particular near the ISCO.

Figure 6 also shows that our model actually predicts the expected orbital evolution all the way down to the ISCO, in agreement with the EOBNRv2 model, and requires a different set of coefficients b_i in the redshift observable z_{SF}(x), as compared with results in the extreme-mass-ratio limit quoted in [30]. Notice that this is not only a modeling issue. It is an indication that implementing available self-force data into IMRI waveform models will not render the correct inspiral evolution, at the very least for the cases we have considered. This is an important result of this paper. In order to substantiate this statement, in the following Section we will compute the value of the gauge invariant angular momentum L_z(x) at the ISCO within both the self-force formalism and our IMRI model. We will also show that the evolution of L_z(x) is consistent between both formalisms during early inspiral, but that the form of this object differs as we near the ISCO.

One may also expect that for binaries with small mass-ratios, available self-force corrections may provide a fairly good description of the inspiral evolution. This is what we actually see in the bottom panel of Figure 6. We will also show in the following Section that the evolution of L_z(x) for binaries with mass-ratio 1:100 is pretty consistent from early inspiral to the ISCO with EOBNRv2. This may not be surprising, since current self-force data have been obtained in the context of EMRIs and the EOBNRv2 has been calibrated so as to reproduce the dynamical evolution of binary black holes of small mass-ratio [22, 33–35]. This exercise then suggests that it may be necessary to go beyond first-order conservative corrections to reproduce accurately the expected dynamical evolution of intermediate-mass ratio systems with η ∼ 10^{−2} − 10^{−1}.

To carry out the analysis described above in the following Section, we will start by using the EOBNRv2 model to compute the orbital frequency ISCO shift for binaries of mass ratio 1:1, 1:2, 1:3, 1:4, 1:5, 1:6, 1:10 and 1:100, along with perturbative results in the context of extreme-mass-ratio inspirals. We will use this expression for the orbital frequency ISCO shift to evaluate the gauge-invariant object x and then compute the value of the angular momentum at the ISCO using Eq. (28). We should also acknowledge the fact that EOB has not yet been calibrated using NR simulations of systems with mass-ratio 1:100. It is expected that EOBNRv2 provides a fair description of the dynamical evolution of these types of sources, and we show in the following section that both EOBNRv2 and perturbative calculations provide a very consistent modeling of the gauge-invariant angular momentum L̂_z from early inspiral to the ISCO for binaries with mass-ratio 1:100. However, this study should be compared to accurate NR simulations of mass-ratio 1:100 [36] once these are generated with several gravitational waveform cycles before merger.

FIG. 4. The panels show the radial and azimuthal evolution for a 17M⊙ + 100M⊙ system (top panels), 10M⊙ + 100M⊙ system (middle panels), and 1M⊙ + 100M⊙ system (bottom panels), obtained using the IMRI model compared against the EOBNRv2 model.

FIG. 5. The panels show the accuracy with which the IMRI model proposed in the paper reproduces the radial (right panel) and azimuthal (left-panel) time evolution predicted by the EOBNRv2 model for the systems 17M⊙ + 100M⊙ (dashed blue), 10M⊙ + 100M⊙ (dashed-dot red), and 1M⊙ + 100M⊙ (solid black). Notice that our model reproduces the EOBNRv2 orbital and azimuthal evolution point to point with an accuracy better than one part in a thousand.

FIG. 6. The panels show the radial evolution using the EOBNRv2 model, the IMRI model described in the text, and a model (Unfitted) which is the same as the IMRI model described in text except for the fact that the coefficients used in Eq. (29) for the function zSF(x) were derived using available self-force data from extreme-mass ratio calculations [30]. The plots correspond to binaries of component masses 17M⊙ +100M⊙ (top-left panel), 10M⊙ +100M⊙ (top-right panel) and 1M⊙ +100M⊙ (bottom-left panel). The bottom-right panel shows that the orbital evolution predicted by a model that incorporates self-force corrections from extreme-mass-ratio inspirals (EMRIs) deviates from the orbital evolution predicted by the EOBNRv2 model at late inspiral. This discrepancy is more noticeable for systems with mass-ratios 17:100 (dashed blue) and 10:100 (dashed-dot red). Furthermore, for smaller mass-ratios, 1:100 (solid black), the discrepancy becomes comparatively smaller, as expected.

IV. ISCO SHIFT: CONNECTING THE EXTREME, INTERMEDIATE AND COMPARABLE-MASS RATIO REGIMES

In the previous Sections we have mentioned that during the inspiral of a stellar mass compact object of mass m_2 into a supermassive BH of mass m_1, the radiative part of the self-force drives the inspiral evolution of the small object, whereas its conservative part has a cumulative effect on the orbital phase evolution [37]. These two effects have been considered in the development of EMRI waveform templates [32, 38–43].

We shall now consider a novel effect that was explored by Barack & Sago [20]. They have shown that the self-force also introduces shifts in the innermost stable circular orbit radius and frequency. For a test-mass particle, these two quantities are given by

r_{ISCO} = 6m_1, m_1Ω_{ISCO} = 1 6 √ 6 , (30)

whereas, for finite η, in the Lorenz gauge, these two quantities take the form [20]

Δr_{ISCO} = −3.269(±3 × 10^{−3})m_2,

ΔΩ_{ISCO} Ω_{ISCO}

= 0.4870(±6 × 10^{−4}) m_2 m_1

. (31)

Since Barack & Sago carried out these calculations in Lorenz gauge, it was necessary to translate these results into coordinates that are commonly used for GW observations, i.e., asymptotically flat coordinates. This exercise has been done for the orbital frequency, which is a gauge invariant object, and hence can be compared to results obtained in alternative formalisms, such as PN theory or the EOB approach. In [26] and [28], the authors derive the ‘renormalization’ factor that translates results of Lorenz-gauge calculations into physical units. Applying this renormalization technique, one finds that the ISCO frequency is given by

MΩ_{ISCO} = 1 6 √ 6 ( 1 + 1.2512η + O(η^2) ) , (32)

with M = m_1 +m_2. This prediction can be compared with PN–based ISCO calculations at different orders of accuracy [44]

MΩ^{2PN}_{ISCO} = 1 6 √ 6 ( 1 + 7 12 η + O(η^2) ) , (33)

MΩ^{3PN}_{ISCO} = 1 6 √ 6 ( 1 + ( 565 288 − 41 768 π^2 ) η + O(η^2) ) .

The EOB approach has also been used to describe the orbital frequency shift at ISCO. Damour suggested in [28] that a fit for the ISCO orbital frequency shift that incorporates results from the gravitational self-force and NR simulations may be a quadratic polynomial in η of the form [28]

MΩ^{Damour}

ISCO = 1 6 √ 6 ( 1 + 1.25η + 1.87η^2 ) . (34)

In this paper we build up on this analysis and update this estimate using results from the self-force program, and making use of the EOBNRv2 model, which has been calibrated to NR simulations [1]. The prescription for the orbital frequency ISCO shift that we propose below reproduces accurately the results predicted by the self-force program for EMRIs, and also reproduces the best data currently available for intermediate and comparable-mass systems. To compute the ISCO orbital frequency shift within the EOB formalism, we use the equation derived in [28], namely,

2A(u)A^′(u) + 4u (A^′(u))^2 − 2uA(u)A^{′′}(u) = 0, (35)

where u = 1/r and^′ stands for d/du. This ISCO condition can be rewritten in terms of the radial coordinate as [44] rA(r)A^{′′} (r) − 2r (A^′(r))^2 + 3A(r)A^′(r) = 0, (36)

where^′ = d/dr. We shall use the metric coefficient A(r) quoted in [1], which includes the Padé expression for A(r) at 5PN order. Having obtained the value for r_{isco} using Eq. (36), we evaluate the angular orbital frequency MΩ_{ISCO} at this fiducial value using Eq. (10b) of [1] with p_r = 0.

Using a variety of events, including extreme, η ∼ 10^{−5}, and intermediate, η ∼ 10^{−2} − 10^{−1}, mass ratio inspirals, we derive a quadratic polynomial fit in η for the ISCO orbital frequency shift for these types of events, namely

MΩ^{fit}_{ISCO} = 1 6 √ 6 ( 1 + 1.05786η + 2.12991η^2 ) . (37)

We found that at second order in η, this numerical fit does not reproduce accurately the orbital frequency ISCO shift for small-mass ratios [20]. We can fix these problems using a prescription of the form

MΩ^{fit}_{ISCO} = 1 6 √ 6 ( 1 + 1.2512η − 0.0553751η^2 + 5.78557η^3 ) . (38)

At this level of accuracy we exactly reproduce the prediction for EMRIs for small η, as well as the most-up-to-date results for binaries modeled using the EOBNRv2 scheme. We compare the range of applicability of this numerical expression, along the other various approximations mentioned above, in Figure 7.

FIG. 7. ISCO shift using various approximations as described in the text. The ‘Numerical Data’ has been obtained using calculations in the extreme-mass ratio regime [20] and the EOBNRv2. The prescription that encapsulates results from the extreme, intermediate and comparable mass-ratio regime is labeled as ‘Numerical Fit’ and is given by Eq. (38) in the main text.

With our prescription for MΩ_{ISCO}, we can evaluate the value of the gauge-invariant angular momentum flux at the ISCO. To do so, we compute the value of the angular momentum, see Eq. (28), using available self-force data (SF Fit), i.e., we use Eq. (32) to compute the shift in the orbital frequency at the ISCO, and then use Eq. (28) in conjunction with the values for the b_i coefficients of Eq. (29) quoted in [30], i.e., self-force corrections derived in the extreme-mass-ratio limit. We also present results for an ‘incomplete model’, in which we use Eq. (38) to evaluate the value of the orbital frequency at the ISCO, and then use Eq. (28) with the set of b_i coefficients quoted in [30]. Finally, the IMRI model encodes all the results derived in this paper, namely, we use the prescription for the shift of the orbital frequency at the ISCO in Eq. (38), and the prescription for the angular momentum (Eq. (28)) using the corrections quoted in Table III. Table IV shows that, in accord with Figure 6, for binaries with symmetric massratio η ∼ 0.01, the value of the angular momentum evaluated at ISCO is fairly consistent between the two models.

However, the predicted value of the angular momentum at ISCO becomes more discrepant for binaries with η ∼ 0.1. This then suggests that the evolution of intermediate-mass ratio inspirals cannot be fully captured by using self-force calculations from extreme-mass ratio inspirals. This can be better visualized in Figure 8 where we show the angular momentum during inspiral all the way down to the ISCO using two formalism, namely, the IMRI prescription and a model that includes available self-force corrections, which is labeled as ‘Self Force’.

Lz (xISCO) η SF Fit Incomplete IMRI

1700 13689 3.3389 3.3522 3.2918 10 121 3.3876 3.3878 3.3254 100 10201 3.4561 3.4561 3.4429

TABLE IV. The Table shows the value of the angular momentum Lz as a function of the gauge invariant object x = (MΩ)^{2/3} evaluated at the ISCO radius (see Eq. (28)). The SF (self-force) values are computed using the prescription given in Eq. (32) to compute the orbital frequency shift, and Eq. (28) with the coefficients bi quoted in [30], i.e., evaluated in the context of extreme-mass-ratio inspirals. Incomplete stands for a prescription in which we use the prescription for the orbital frequency given by Eq. (38), and the angular momentum prescription given by Eq. (28) with the coefficients bi quoted in [30]. The bi values of the IMRI model are obtained using a model that reproduces the dynamical evolution of intermediate-mass-ratio inspirals, as compared with the EOBNRv2 model, and for which we have derived a new prescription for the red-shift observable zSF(x) which actually reproduces the features of true inspirals.

Table IV and Figures 6, 8 show that as the mass-ratio increases, the discrepancy between a model that incorporates available self-force corrections [27] and one that has been calibrated to NR simulations becomes more pronounced. For events with mass-ratio 1:10 this difference looks slightly larger than for those of mass-ratio 17:100. Part of the reason for this behavior may be the fact that the model we have used to perform this analysis, EOBNRv2, provides the best prescription currently available for the inspiral evolution of sources with mass-ratios 1:1-1:6. It is expected that the model provides a good description of the inspiral evolution of sources with mass-ratio 1:10, and hence we have extended its realm of applicability to shed light on the form that the self-force is expected to have so as to reproduce the inspiral evolution of these type of sources. Thus, a conservative conclusion we can draw at this stage is that, using the best waveform model currently available in the literature, we have shown that one may not be able to accurately model the dynamics of sources with mass-ratio 1:10 using available self-force calculations. This trend is also present in the case of events with mass-ratio 17:100 and the results in this case are more conclusive. We have shown that a waveform model that includes available self-force corrections will not be able to capture faithfully the inspiral evolution of these GW sources. These results suggest that one may need to include higher-order corrections in the self-force to capture the behavior of true inspirals in the intermediate-mass-ratio regime. Finally, our work is also a consistency check on the internal structure of the EOB model, since we have shown that the EOBNRv2 renders a good prescription for the inspiral evolution via the flux of angular momentum and that the angular momentum prescription is consistent with results obtained from perturbative calculations.

FIG. 8. The panels show the invariant angular momentum Lz (x), with x = (MΩ)^{2/3}, from early inspiral to the ISCO using two different prescriptions. The ‘IMRI’ prescription reproduces accurately the expected inspiral evolution, as compared with results from the EOBNRv2 model —which has been calibrated to NR simulations. The ‘Self-Force’ prescription encapsulates self-force corrections derived in the context of EMRIs [27, 30]. Note that for the three binary systems studied, 17M⊙ + 100M⊙ (top-left panel), 10M⊙ + 100M⊙ (top-right panel), and 1M⊙ + 100M⊙ (bottom-left panel), the ‘Self Force’ prescription for the angular momentum presents a deviation from its expected value that becomes more noticeable near the ISCO. The bottom-right panel shows the fractional accuracy between the two different prescriptions for the angular momentum for the systems 17:100 (dashed blue), 10:100 (dashed-dot red) and 1:100 (solid black). Notice also that, as expected, for binaries with small mass-ratio the ‘Self Force’ and ‘IMRI’ prescriptions are fairly consistent all the way down to the ISCO. As in the previous plots, the spikes in the bottom-right panel are due to numerical artifacts.

V. CONCLUSIONS

In this paper we have developed a code to reproduce the analysis presented in [1]. Using this code we generated the inspiral evolution of three different systems to perform an exploratory study of the importance of including accurate self-force corrections in search templates that aim to detect non-spinning intermediate-mass ratio inspirals. The choice of the systems to perform this study reflects the knowledge we have at present on the dynamical evolution of non-spinning BH binaries (17M_⊙ + 100M_⊙), what we want to know (10M_⊙ + 100M_⊙), and a special system that provides reassurance that the dynamics of intermediate-mass-ratio inspirals with typical mass-ratios η ∼ 0.01 can be captured using perturbative theory, as shown in [36, 45].

The EOBNRv2 model we have used as a benchmark to carry out this study has the advantage of encoding the best information currently available of non-spinning BH binaries, is capable of reproducing the expected dynamics in the test-mass particle limit, and also includes corrections taken from self-force corrections in the extreme-mass-ratio limit. We have confirmed these statements for systems with η ∼ 0.01 by showing that the EOBNRv2 does predict the expected form of the angular momentum flux, as compared to Teukolsky data, as well as the evolution of the gauge-invariant angular momentum, as compared to self-force data.

In order to explore the form of the self-force in the intermediate-mass-ratio regime, we developed an IMRI model that reproduces the inspiral evolution predicted by the EOBNRv2 model, and which enable us to explore the form that the self-force should have in this mass-ratio regime so as to reproduce the binary’s dynamical evolution as predicted by the best available interface to NR simulations. We have found that for systems with component masses 17M_⊙ + 100M_⊙, available self-force corrections do not accurately reproduce the inspiral evolution. We have shown that there is a clear deviation from the true inspiral trajectory near the ISCO. We have also explored this issue in greater detail by showing that the gauge-invariant angular momentum does deviate from the current self-force prediction near the ISCO. When we extend the realm of applicability of the EOBNRv2 to binaries of mass-ratio 1:10, we observe a similar behaviour. This exploratory study then suggests that it may be necessary to extend conservative corrections beyond the linear order to accurately capture the true inspiral evolution for sources with intermediate-mass-ratio. Furthermore, once NR simulations of systems with mass-ratios 1:10, 1:15 and 1:100 have reached enough resolution near merger, we will be in a good position to calibrate the EOB model so as to reproduce the true dynamical evolution for these type of sources [36, 46, 47]. Such a model will enable us to further probe the parameter space to develop IMRI models, as the one proposed in this paper, that capture the features of true inspirals at a very inexpensive computational cost.

We have also used our EOBNRv2 code to derive a prescription for the orbital frequency ISCO shift that encapsulates results from the extreme, intermediate and comparable-mass ratio regimes. Our prescription is the first in the literature that reproduces the self-force result in the appropriate limit. We have made use of this new prescription to estimate the value of the angular momentum at the ISCO using our IMRI prescription and available self-force data. We have found a clear discrepancy for systems with mass-ratios η ∼ 0.1, but have confirmed that for systems with small mass ratios η ∼ 0.01 both predictions are fairly consistent.

This study has also shed light on a pressing issue that needs to be addressed before aLIGO begins observations, namely, at present we use templates in searches for GW sources whose actual dynamics are currently unknown. For instance, searches for BH binaries with total mass 25M_⊙ − 200M_⊙, and individual masses from 3M_⊙ to 99M_⊙ have been carried out, but not a single model has been calibrated using high-resolution NR simulations for mass-ratios smaller than 1:6. Hence, it is important that numerical relativists and search template developers interact more closely so as to run NR simulations which cover regions in parameter space where future GW detectors may detect GW sources. This meaningful interaction will be important from a theoretical perspective, as we will be able to further our knowledge of the self-force, and from a data analysis perspective, as we will be in a stronger position to develop accurate search templates for use in data analysis.

The approach we have outlined in this paper is the initial step to construct inspiral-merger-ringdown IMRI waveforms. Having derived a consistent prescription for the inspiral evolution, we can use a similar approach to that described in [19, 48] to include merger and ring-down in a physically consistent way. Developing complete IMRI waveforms may be useful for aLIGO data analysis, as they will provide the accuracy of more complex waveform models at an inexpensive computational cost.

ACKNOWLEDGMENTS

We thanks the Gravitational Wave Group at Syracuse University for useful discussions and Stefan Ballmer, Ryan Fisher, Ian Harry, Alex Nitz and Peter Saulson for useful interactions and criticisms to this work. We would like to thank Evan Ochsner for carefully reading this manuscript and for providing valuable criticism to improve the description of the construction of our IMRI waveform. We also thank Alessandra Buonanno and Yi Pan for useful comments and feedback. This work was supported by NSF grant PHY-0847611. DB and EH would also like to thank the Research Corporation for Science Advancement for support. The simulations described in this paper were performed using the Syracuse University Gravitation and Relativity (SUGAR) cluster, which is supported by NSF grants PHY-1040231, PHY-1104371 and PHY-0600953.

VI. APPENDIX

In this Section we show that the approach outlined in the main body of the paper can still be used to model equal-mass (EM) binaries with great accuracy at an inexpensive computational cost. To do so we consider a system with total mass 20M_⊙. Following the method described in Section III, we start by deriving accurate prescriptions for the orbital frequency Ω_{ansatz} and angular momentum flux L̇_z. Thereafter we derive the corrections that should be implemented in the gauge-invariant expression for the angular momentum (see Eq. (28)) to accurately reproduce the inspiral evolution predicted by the EOBNRv2 model.

The prescriptions for the orbital frequency, angular momentum flux and angular momentum which reproduce the inspiral evolution for the 10M_⊙ + 10M_⊙ binary system shown in Figure 9 require the following set of coefficients (compare Tables I, II, III)

Ω(u)_{ansatz} : a_1 = −5.644, a_2 = 11.003, a_3 = −5.390, a_4 = 8.794, a_5 = 0.458 (39) L̇_z : c^1_{2.5} = −90.566, c^2_3 = 304.941, c^3_{.5} = −339.500

z_{SF} : b_1 = −5.803, b_2 = 14.171, b_3 = −7.074, b_4 = 22.810, b_5 = −25.580

Having shown that the approach outlined in the paper is still effective to model EM binaries, we consider worthwhile developing a model that encapsulates the physics of binaries of comparable and intermediate-mass-ratio. In order to extend our IMRI model into the comparable mass-ratio regime, we require to implement some improvements in the model. First and foremost, we require expressions for the orbital frequency evolution (see Eq. (24)) and angular momentum (see Eq. (28)) which incorporate conservative corrections at second-order in mass ratio η. We can draw this conclusion by comparing the bottom-right panel of Figure 8 with the bottom panel of Figure 9. The former plot shows that for IMRIs the prescription for the angular momentum deviates from the self-force prediction near the ISCO. However, the latter plot shows that in the EM case the prescription for the angular momentum deviates considerably from the self-force prediction even during the inspiral evolution, far away from the ISCO. Because the prescription we have used for the angular momentum in both cases includes corrections at liner order in mass-ratio, this suggest that to derive a model that unifies both regimes we require an expression for the angular momentum which includes second-order conservative corrections. We can follow a similar strategy to encapsulate in a single prescription the radiative piece of the self-force for comparable and intermediate mass-ratio systems by deriving second-order radiative corrections in the prescription for the angular momentum flux.

Having derived expressions for Ω_{ansatz}, L̇_z and L_z(x) which include corrections at second-order in mass-ratio, we will be able to tune the coefficients of these objects and derive numerical fits for the coefficients in terms of the mass-ratio η of the system. This approach will provide a unified description for the inspiral evolution of IMRIs and comparable-mass systems. We will pursue these studies in the future.

FIG. 9. The panels show the accuracy with which our model can reproduce the dynamics of an equal mass (EM) binary system with masses ( 10M⊙ + 10M⊙), as compared with the EOBNRv2 model. The top panels show that our model can reproduce the orbital angular evolution and the flux of angular momentum predicted by the EOBNRv2 model point to point with an accuracy better than one part in a thousand. The middle panels show that our model can reproduce with a similar accuracy the radial and azimuthal evolution of a 10M⊙ + 10M⊙ binary system. The bottom panel shows that the expression for the gauge-invariant angular momentum Lz (x) for an EM mass deviates clearly from the EMRI prescription even before nearing the ISCO.

[1] Y. Pan, A. Buonanno, M. Boyle, L. T. Buchman, L. E. Kidder, H. P. Pfeiffer, and M. A. Scheel, ArXiv e-prints (2011), arXiv:1106.1021 [gr-qc].

[2] P. A. M. Dirac, Royal Society of London Proceedings Series A 167, 148 (1938). [3] B. S. Dewitt and R. W. Brehme, Annals of Physics 9, 220 (1960). [4] T. C. Quinn and R. M. Wald, Phys. Rev. D 56, 3381 (1997), arXiv:gr-qc/9610053. [5] Y. Mino, M. Sasaki, and T. Tanaka, Phys. Rev. D 55, 3457 (1997), arXiv:gr-qc/9606018. [6] S. E. Gralla and R. M. Wald, Classical and Quantum Gravity 25, 205009 (2008), arXiv:0806.3293 [gr-qc]. [7] S. E. Gralla and R. M. Wald, ArXiv e-prints (2009), arXiv:0907.0414 [gr-qc].

[8] P. Canizares and C. F. Sopuerta, Classical and Quantum Gravity 28, 134011 (2011), arXiv:1101.2526 [gr-qc]. [9] N. Warburton, S. Akcay, L. Barack, J. R. Gair, and N. Sago, ArXiv e-prints (2011), arXiv:1111.6908 [gr-qc]. [10] N. Warburton and L. Barack, ArXiv e-prints (2011), arXiv:1103.0287 [gr-qc]. [11] N. Warburton and L. Barack, Phys. Rev. D 81, 084039 (2010), arXiv:1003.1860 [gr-qc]. [12] E. A. Huerta and J. R. Gair, Phys. Rev. D 84, 064023 (2011), arXiv:1105.3567 [gr-qc]. [13] E. A. Huerta and J. R. Gair, Phys. Rev. D 79, 084021 (2009), arXiv:0812.4208. [14] E. A. Huerta and J. R. Gair, ArXiv e-prints (2010), arXiv:1009.5882 [gr-qc]. [15] E. A. Huerta, J. R. Gair, and D. A. Brown, Phys. Rev. D 85, 064023 (2012), arXiv:1111.3243 [gr-qc]. [16] G. M. Harry and LIGO Scientific Collaboration, Classical and Quantum Gravity 27, 084006 (2010). [17] D. A. Brown, J. Brink, H. Fang, J. R. Gair, C. Li, G. Lovelace, I. Mandel, and K. S. Thorne, Physical Review Letters 99, 201102 (2007), arXiv:gr-qc/0612060.

[18] M. C. Miller and E. J. M. Colbert, International Journal of Modern Physics D 13, 1 (2004). [19] E. A. Huerta and J. R. Gair, Phys. Rev. D 83, 044020 (2011), arXiv:1009.1985 [gr-qc]. [20] L. Barack and N. Sago, Phys.Rev. Lett 102, 191101 (2009), arXiv:0902.0573. [21] A. Buonanno and T. Damour, Phys. Rev. D 62, 064015 (2000).

[22] T. Damour, B. R. Iyer, and A. Nagar, Phys. Rev. D 79, 064004 (2009), arXiv:0811.2069. [23] T. Damour and A. Nagar, ArXiv e-prints (2009), arXiv:0906.1769.

[24] A. Taracchini, Y. Pan, A. Buonanno, E. Barausse, M. Boyle, T. Chu, G. Lovelace, H. P. Pfeiffer, and M. A. Scheel, ArXiv e-prints (2012), arXiv:1202.0790 [gr-qc].

[25] E. Berti, V. Cardoso, and C. M. Will, Phys. Rev. D 73, 064030 (2006), arXiv:gr-qc/0512160. [26] N. Sago, L. Barack, and S. Detweiler, Phys. Rev. D 78, 124024 (2008), arXiv:0810.2530 [gr-qc]. [27] L. Barack and N. Sago, Phys. Rev. D 75, 064021 (2007). [28] T. Damour, Phys. Rev. D 81, 024017 (2010), arXiv:0910.5533 [gr-qc].

[29] M. Boyle, D. A. Brown, L. E. Kidder, A. H. Mroué, H. P. Pfeiffer, M. A. Scheel, G. B. Cook, and S. A. Teukolsky, Phys. Rev. D 76, 124038 (2007), arXiv:0710.0158 [gr-qc].

[30] E. Barausse, A. Buonanno, and A. Le Tiec, ArXiv e-prints (2011), arXiv:1111.5610 [gr-qc]. [31] S. Bernuzzi and A. Nagar, Phys. Rev. D 81, 084056 (2010), arXiv:1003.0597 [gr-qc]. [32] J. R. Gair and K. Glampedakis, Phys. Rev. D 73, 064037 (2006), arXiv:gr-qc/0510129.

[33] Y. Pan, A. Buonanno, R. Fujita, E. Racine, and H. Tagoshi, Phys. Rev. D 83, 064003 (2011), arXiv:1006.0431 [gr-qc]. [34] N. Yunes, A. Buonanno, S. A. Hughes, Y. Pan, E. Barausse, M. C. Miller, and W. Throwe, ArXiv e-prints (2010), arXiv:1009.6013 [gr-qc].

[35] N. Yunes, A. Buonanno, S. A. Hughes, Y. Pan, E. Barausse, M. C. Miller, and W. Throwe, Phys. Rev. D 83, 044044 (2011), arXiv:1009.6013 [gr-qc].

[36] C. O. Lousto and Y. Zlochower, Physical Review Letters 106, 041101 (2011), arXiv:1009.0292 [gr-qc]. [37] L. Barack, Classical and Quantum Gravity 26, 213001 (2009), arXiv:0908.1664 [gr-qc]. [38] A. Ori and K. S. Thorne, Phys. Rev. D 62, 124022 (2000), arXiv:gr-qc/0003032. [39] L. Barack and C. Cutler, Phys. Rev. D 69, 082005 (2004), arXiv:gr-qc/0310125.

[40] J. R. Gair, L. Barack, T. Creighton, C. Cutler, S. L. Larson, E. S. Phinney, and M. Vallisneri, Class. Quantum Grav. 21, 1595 (2004).

[41] S. Babak, H. Fang, J. R. Gair, K. Glampedakis, and S. A. Hughes, Phys. Rev. D 75, 024005 (2007), arXiv:gr-qc/0607007. [42] L. Barack and C. Cutler, Phys. Rev. D 70, 122002 (2004), arXiv:gr-qc/0409010.

[43] P. Amaro-Seoane, J. R. Gair, M. Freitag, M. C. Miller, I. Mandel, C. J. Cutler, and S. Babak, Class. Quantum Grav. 24, 113 (2007).

[44] M. Favata, Phys. Rev. D 83, 024027 (2011), arXiv:1008.4622 [gr-qc].

[45] U. Sperhake, V. Cardoso, C. D. Ott, E. Schnetter, and H. Witek, Phys. Rev. D 84, 084038 (2011), arXiv:1105.5391 [gr-qc]. [46] C. O. Lousto, H. Nakano, Y. Zlochower, and M. Campanelli, Phys. Rev. D 82, 104057 (2010), arXiv:1008.4360 [gr-qc]. [47] H. Nakano, Y. Zlochower, C. O. Lousto, and M. Campanelli, Phys. Rev. D 84, 124006 (2011), arXiv:1108.4421 [gr-qc]. [48] D. Kennefick and A. Ori, Phys. Rev. D 53, 4319 (1996), arXiv:gr-qc/9512018.