arXiv:1205.5754v5 [hep-th] 9 Jul 2012

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory

Jürgen Struckmeier and Hermine Reichau

Abstract A consistent, local coordinate formulation of covariant Hamiltonian field theory is presented. While the covariant canonical field equations are equivalent to the Euler-Lagrange field equations, the covariant canonical transformation theory offers more general means for defining mappings that preserve the action functional — and hence the form of the field equations — than the usual Lagrangian description. Similar to the well-known canonical transformation theory of point dynamics, the canonical transformation rules for fields are derived from generating functions. As an interesting example, we work out the generating function of type F_2 of a general local U(N) gauge transformation and thus derive the most general form of a Hamiltonian density H that is form-invariant under local U(N) gauge transformations.

1 Covariant Hamiltonian density

In field theory, the usual definition of a Hamiltonian density emerges from a Legendre transformation of a Lagrangian density L that only maps the time derivative ∂_t ϕ of a field ϕ(t,x,y,z) into a corresponding canonical momentum variable, π_t . Taking then the spatial integrals, we obtain a description of the field dynamics that corresponds to that of point dynamics. In contrast, a fully covariant Hamiltonian description treats space and time variables on equal footing[1, 2]. If L is a Lorentz scalar, this property is passed to the covariant Hamiltonian. Moreover, this descrip-

Jürgen Struckmeier GSI Helmholtzzentrum für Schwerionenforschung GmbH, Planckstr. 1, D-64291 Darmstadt e-mail: j.struckmeier@gsi.de

Hermine Reichau Frankfurt Institute of Advanced Studies (FIAS), Goethe-University Frankfurt am Main, Ruth Moufang-Str. 1, 60438 Frankfurt am Main, Germany e-mail: reichau@fias.uni-frankfurt.de

1

2 Jürgen Struckmeier and Hermine Reichau

tion enables us to derive a consistent theory of canonical transformations in the realm of classical field theory.

1.1 Covariant canonical field equations

The transition from particle dynamics to the dynamics of a continuous system is based on the assumption that a continuum limit exists for the given physical problem[3]. This limit is defined by letting the number of particles involved in the system increase over all bounds while letting their masses and distances go to zero. In this limit, the information on the location of individual particles is replaced by the value of a smooth function ϕ(x) that is given at a spatial location x^1,x^2,x^3 at time t ≡ x^0. The differentiable function ϕ(x) is called a field. In this notation, the index μ runs from 0 to 3, hence distinguishes the four independent variables of spacetime x^μ ≡ (x^0,x^1,x^2,x^3) ≡ (ct,x,y,z), and x_μ ≡ (x_0,x_1,x_2,x_3) ≡ (ct,−x,−y,−z). We furthermore assume that the given physical problem can be described in terms of a set of I = 1,...,N — possibly interacting — scalar fields ϕ^I (x) or vector fields A^I = (A^{I,0},A^{I,1},A^{I,2},A^{I,3}), with the index “I” enumerating the individual fields. In order to clearly distinguish scalar quantities from vector quantities, we denote the latter with boldface letters. Throughout the article, the summation convention is used. Whenever no confusion can arise, we omit the indexes in the argument list of functions in order to avoid the number of indexes to proliferate.

The Lagrangian description of the dynamics of a continuous system is based on the Lagrangian density function L that is supposed to carry the complete information on the given physical system. In a first-order field theory, the Lagrangian density L is defined to depend on the ϕ^I , possibly on the vector of independent variables x, and on the four first derivatives of the fields ϕ^I with respect to the independent variables, i.e., on the 1-forms (covectors)

∂ ϕ^I ≡ (∂_{ct} ϕ^I ,∂_xϕ^I ,∂_yϕ^I ,∂_zϕ^I ).

The Euler-Lagrange field equations are then obtained as the zero of the variation δ S of the action integral S = ∫ L (ϕ^I ,∂ ϕ^I ,x)d^4x (1)

as [3] ∂ ∂ x^α ∂ L ∂ (∂_α ϕ^I ) − ∂ L ∂ ϕ^I

= 0. (2)

To derive the equivalent covariant Hamiltonian description of continuum dynamics, we first define for each field ϕ^I (x) a 4-vector of conjugate momentum fields π^μ_I (x). Its components are given by

π^μ_I = ∂ L ∂ (∂_μ ϕ^I ) ≡ ∂ L ∂ (_{∂ ϕ I} ∂ x^μ ). (3)

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 3

The 4-vector π_I is thus induced by the Lagrangian L as the dual counterpart of the 1-form ∂ ϕ^I . For the entire set of N scalar fields ϕ^I (x), this establishes a set of N conjugate 4-vector fields. With this definition of the 4-vectors of canonical momenta π_I (x), we can now define the Hamiltonian density H (ϕ^I ,π_I ,x) as the covariant Legendre transform of the Lagrangian density L (ϕ^I ,∂ ϕ^I ,x)

H (ϕ^I ,π_I ,x) = π^α_J

∂ ϕ^J ∂ x^α − L (ϕ^I ,∂ ϕ^I ,x). (4)

In oder for the Hamiltonian H to be valid, we must require the Legendre transformation to be regular, which means that for each index “I” the Hesse matrices (∂^2L /∂ (∂^μ ϕ^I )∂ (∂_ν ϕ^I )) are non-singular. This ensures that by means of the Legendre transformation, the Hamiltonian H takes over the complete information on the given dynamical system from the Lagrangian L . The definition of H by Eq. (4) is referred to in literature as the “De Donder-Weyl” Hamiltonian density.

Obviously, the dependencies of H and L on the ϕ^I and the x^μ only differ by a sign, ∂ H ∂ x^μ | | |_{expl} = − ∂ L ∂ x^μ | | |_{expl} , ∂ H ∂ ϕ^I = − ∂ L ∂ ϕ^I = − ∂ ∂ x^α ∂ L ∂ (∂_α ϕ^I ) = − ∂ π^α_I ∂ x^α . These variables thus do not take part in the Legendre transformation of Eqs. (3), (4). Thus, with respect to this transformation, the Lagrangian density L represents a function of the ∂_μ ϕ^I only and does not depend on the canonical momenta π^μ_I , whereas the Hamiltonian density H is to be considered as a function of the π^μ_I only and does not depend on the derivatives ∂_μ ϕ of the fields. In order to derive the second canonical field equation, we calculate from Eq. (4) the partial derivative of H with respect to π^μ_I , ∂ H ∂ π^μ_I

= δ^I_J δ^α_μ

∂ ϕ^J ∂ x^α = ∂ ϕ^I ∂ x^μ ⇐⇒ ∂ L ∂ (∂_μ ϕ^I )

= π^α_J δ^J_I δ^μ_α = π^μ_I .

The complete set of covariant canonical field equations is thus given by ∂ H ∂ π^μ_I = ∂ ϕ^I ∂ x^μ , ∂ H ∂ ϕ^I = − ∂ π^α_I ∂ x^α . (5)

This pair of first-order partial differential equations is equivalent to the set of secondorder differential equations of Eq. (2). We observe that in this formulation of the canonical field equations, all coordinates of space-time appear symmetrically — similar to the Lagrangian formulation of Eq. (2). Provided that the Lagrangian density L is a Lorentz scalar, the dynamics of the fields is invariant with respect to Lorentz transformations. The covariant Legendre transformation (4) passes this property to the Hamiltonian density H . It thus ensures a priori the relativistic invariance of the fields that emerge as integrals of the canonical field equations if L — and hence H — represents a Lorentz scalar.

4 Jürgen Struckmeier and Hermine Reichau

2 Canonical transformations in covariant Hamiltonian field theory

The covariant Legendre transformation (4) allows us to derive a canonical transformation theory in a way similar to that of point dynamics. The main difference is that now the generating function of the canonical transformation is represented by a vector rather than by a scalar function. The main benefit of this formalism is that we are not dealing with plain transformations. Instead, we restrict ourselves right from the beginning to those transformations that preserve the form of the action functional. This ensures all eligible transformations to be physical. Furthermore, with a generating function, we not only define the transformations of the fields but also pinpoint simultaneously the corresponding transformation law of the canonical momentum fields.

2.1 Generating functions of type F_1(ϕ,Φ,x)

Similar to the canonical formalism of point mechanics, we call a transformation of the fields (ϕ ,π) → (Φ,Π) canonical if the form of the variational principle that is based on the action functional (1) is maintained, δ ∫ R ( π^α_I

∂ ϕ^I ∂ x^α − H (ϕ ,π,x) ) d^4x^!= δ ∫ R ( Π^α_I ∂ Φ^I ∂ x^α − H^′(Φ,Π,x) ) d^4x. (6)

Equation (6) tells us that the integrands may differ by the divergence of a vector field F^μ_1 , whose variation vanishes on the boundary ∂ R of the integration region R within space-time δ ∫ R ∂ F^α_1 ∂ x^α d^4x = δ ∮ ∂ R F^α_1 dS_α^!= 0.

The immediate consequence of the form invariance of the variational principle is the form invariance of the covariant canonical field equations (5) ∂ H^′ ∂ Π^μ_I = ∂ Φ^I ∂ x^μ , ∂ H^′ ∂ Φ^I = − ∂ Π^α_I ∂ x^α . For the integrands of Eq. (6) — hence for the Lagrangian densities L and L^′ — we thus obtain the condition

L = L^′ +

∂ F^α_1 ∂ x^α π^α_I

∂ ϕ^I ∂ x^α − H (ϕ ,π,x) = Π^α_I ∂ Φ^I ∂ x^α − H^′(Φ,Π,x) + ∂ F^α_1 ∂ x^α . (7)

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 5

With the definition F^μ_1 ≡ F^μ_1 (ϕ ,Φ,x), we restrict ourselves to a function of exactly those arguments that now enter into transformation rules for the transition from the original to the new fields. The divergence of F^μ_1 writes, explicitly,

∂ F^α_1 ∂ x^α = ∂ F^α_1 ∂ ϕ^I

∂ ϕ^I ∂ x^α + ∂ F^α_1 ∂ Φ^I ∂ Φ^I ∂ x^α + ∂ F^α_1 ∂ x^α | | |_{expl}. (8)

The rightmost term denotes the sum over the explicit dependence of the generating function F^μ_1 on the x^ν . Comparing the coefficients of Eqs. (7) and (8), we find the local coordinate representation of the field transformation rules that are induced by the generating function F^μ_1

π^μ_I =

∂ F^μ_1 ∂ ϕ^I

, Π^μ_I = −

∂ F^μ_1 ∂ Φ^I , H^′ = H +

∂ F^α_1 ∂ x^α | | |_{expl}. (9)

The transformation rule for the Hamiltonian density implies that summation over α is to be performed. In contrast to the transformation rule for the Lagrangian density L of Eq. (7), the rule for the Hamiltonian density is determined by the explicit dependence of the generating function F^μ_1 on the x^ν . Hence, if a generating function does not explicitly depend on the independent variables, x^ν , then the value of the Hamiltonian density is not changed under the particular canonical transformation emerging thereof.

Differentiating the transformation rule for π^μ_I with respect to Φ^J , and the rule for Π^μ_J with respect to ϕ^I , we obtain a symmetry relation between original and transformed fields ∂ π^μ_I ∂ Φ^J = ∂^2F^μ_1 ∂ ϕ^I ∂ Φ^J = − ∂ Π^μ_J ∂ ϕ^I . The emerging of symmetry relations is a characteristic feature of canonical transformations. As the symmetry relation directly follows from the second derivatives of the generating function, is does not apply for arbitrary transformations of the fields that do not follow from generating functions.

2.2 Generating functions of type F_2(ϕ,Π,x)

The generating function of a canonical transformation can alternatively be expressed in terms of a function of the original fields ϕ^I and of the new conjugate fields Π^μ_I . To derive the pertaining transformation rules, we perform the covariant Legendre transformation

F^μ_2 (ϕ ,Π,x) = F^μ_1 (ϕ ,Φ,x) + Φ^JΠ^μ_J , Π^μ_I = −

∂ F^μ_1 ∂ Φ^I . (10)

6 Jürgen Struckmeier and Hermine Reichau

By definition, the functions F^μ_1 and F^μ_2 agree with respect to their ϕ^I and x^μ dependencies

∂ F^μ_2 ∂ ϕ^I = ∂ F^μ_1 ∂ ϕ^I

= π^μ_I ,

∂ F^α_2 ∂ x^α | | |_{expl} =

∂ F^α_1 ∂ x^α | | |_{expl} = H^′ − H .

The variables ϕ^I and x^μ thus do not take part in the Legendre transformation from Eq. (10). Therefore, the two F^μ_2 -related transformation rules coincide with the respective rules derived previously from F^μ_1 . As F^μ_1 does not depend on the Π^μ_I whereas F^μ_2 does not depend on the the Φ^I , the new transformation rule thus follows from the derivative of F^μ_2 with respect to Π^ν_J as

∂ F^μ_2 ∂ Π^ν_I

= Φ^J

∂ Π^μ_J ∂ Π^ν_I

= Φ^J δ^I_J δ^μ_ν .

We thus end up with set of transformation rules

π^μ_I =

∂ F^μ_2 ∂ ϕ^I

, Φ^I δ^μ_ν =

∂ F^μ_2 ∂ Π^ν_I

, H^′ = H +

∂ F^α_2 ∂ x^α | | |_{expl}, (11)

which is equivalent to the set (9) by virtue of the Legendre transformation (10) if the matrices (∂^2F^μ_1 /∂ ϕ^I ∂ Φ^J ) are non-singular for all indexes “μ”. From the second partial derivations of F^μ_2 one immediately derives the symmetry relation

∂ π^μ_I ∂ Π^ν_J = ∂^2F^μ_2 ∂ ϕ^I ∂ Π^ν_J = ∂ Φ^J ∂ ϕ^I δ^μ_ν , whose existence characterizes the transformation to be canonical.

3 Examples for Hamiltonian densities in covariant field theory

We present some simple examples Hamiltonian densities as they emerge from Lagrangian densities of classical Lagrangian field theory. It is shown that resulting canonical field equations are equivalent to the corresponding Euler-Lagrange equations.

3.1 Klein-Gordon Hamiltonian density for complex fields

We first consider the Klein-Gordon Lagrangian density L_{KG} for a complex scalar field ϕ (see, for instance, Ref. [4]):

L_{KG} ( ϕ,ϕ ,∂^μ ϕ,∂_μ ϕ ) = ( ∂_α ϕ ) (∂^α ϕ) − Ω^2 ϕϕ.

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 7

Herein ϕ denotes complex conjugate field of ϕ. Both quantities are to be treated as independent. The Euler-Lagrange equations (2) for ϕ and ϕ follow from this Lagrangian density as

∂^2 ∂ x_α ∂ x^α ϕ = −Ω^2 ϕ, ∂^2 ∂ x_α ∂ x^α ϕ = −Ω^2 ϕ. (12)

As a prerequisite for deriving the corresponding Hamiltonian density H_{KG} we must first define from L_{KG} the conjugate momentum fields,

π^μ =

∂ L_{KG} ∂ ( ∂_μ ϕ ) = ∂ ϕ ∂ x_μ , π_μ =

∂ L_{KG} ∂ (∂^μ ϕ) = ∂ ϕ ∂ x^μ . The determinant of the Hesse matrix does not vanish for the actual Lagrangian L_{KG} since det ( ∂^2L_{KG} ∂ (∂^μ ϕ)∂ ( ∂_ν ϕ ) ) = det ( ∂ π_μ ∂ ( ∂_ν ϕ ) ) = det ( δ^ν_μ ) = 1.

This condition is always satisfied if the Lagrangian density L is quadratic in the derivatives of the fields. The Hamiltonian density H then follows as the Legendre transform of the Lagrangian density H (π^μ ,π^μ ,ϕ,ϕ ) = π^α ∂ ϕ ∂ x^α + ∂ ϕ ∂ x^α π^α − L . The Klein-Gordon Hamiltonian density H_{KG} is thus given by

H_{KG}(π_μ ,π^μ ,ϕ,ϕ ) = π_α π^α + Ω^2 ϕ ϕ. (13)

For the Hamiltonian density (13), the canonical field equations (5) provide the following set of coupled first order partial differential equations

∂ H_{KG} ∂ π^μ = ∂ ϕ ∂ x^μ = π_μ ,

∂ H_{KG} ∂ π_μ = ∂ ϕ ∂ x_μ = π^μ

∂ H_{KG} ∂ ϕ = − ∂ π^α ∂ x^α = Ω^2ϕ,

∂ H_{KG} ∂ ϕ = − ∂ π^α ∂ x^α = Ω^2ϕ.

In the first row, the canonical field equations for the scalar fields ϕ and ϕ reproduce with the definitions of the momentum fields π_μ and π^μ from the Lagrangian density L_{KG}. Eliminating the π_μ , π^μ from the canonical field equations then yields the Euler-Lagrange equations of Eq. (12).

8 Jürgen Struckmeier and Hermine Reichau

3.2 Maxwell’s equations as canonical field equations

The Lagrangian density L_M of the electromagnetic field is given by

L_M(a,∂a,x) = −^1_4 f_{αβ} f^{αβ} − 4π c j^α (x)a_α , f_{μν} = ∂ a_ν ∂ x^μ − ∂ a_μ ∂ x^ν . (14)

Herein, the four components a^μ of the 4-vector potential a now take the place of the scalar fields ϕ^I ≡ a^μ in the notation used so far. The Lagrangian density (14) thus entails a set of four Euler-Lagrange equations, i.e., an equation for each component a_μ . The source vector j = (cρ, j_x, j_y, j_z) denotes the 4-vector of electric currents combining the usual current density vector ( j_x, j_y, j_z) of configuration space with the charge density ρ. In a local Lorentz frame, i.e., in Minkowski space, the Euler- Lagrange equations (2) take on the form, ∂ ∂ x^α ∂ L_M ∂ (∂_α a_μ ) − ∂ L_M ∂ a_μ = 0, μ = 0,... ,3. (15) With L_M from Eq. (14), we obtain directly ∂ f^{μα} ∂ x^α + 4π c j^μ = 0. (16)

In Minkowski space, this is the tensor form of the inhomogeneous Maxwell equation. In order to formulate the equivalent Hamiltonian description, we first define, according to Eq. (3), the canonically field components p^{μν} as the conjugate objects of the derivatives of the 4-vector potential a

p^{μν} = ∂ L_M ∂ (∂_ν a_μ ) ≡ ∂ L_M ∂ a_{μ,ν} (17)

With the particular Lagrangian density (14), Eq. (17) means

f_{αβ} = a_{β ,α} − a_{α,β}

p^{μν} = −^1_4 ( ∂ f_{αβ} ∂ a_{μ,ν} f^{αβ} + ∂ f^{αβ} ∂ a_{μ,ν} f_{αβ} ) = −^1_2 ∂ f_{αβ} ∂ a_{μ,ν} f^{αβ} = −^1_2 ( δ^μ_β δ^ν_α − δ^μ_α δ^ν_β ) f^{αβ} =^1_2 ( f^{μν} − f^{νμ} )

= f^{μν} .

The tensor p^{μν} thus matches exactly the electromagnetic field tensor f^{μν} from Eq. (14) and hence inherits the skew-symmetry of f^{μν} because of the particular dependence of L_M on the a_{μ,ν} ≡ ∂ a_μ /∂ x^ν .

As the Lagrangian density (14) now describes the dynamics of a vector field, a_μ , rather than a set of scalar fields ϕ^I , the canonical momenta p^{μν} now constitute a second rank tensor rather than a vector. The Legendre transformation corresponding to

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 9

Eq. (4) then comprises the product p^{αβ} ∂_β a_α . The skew-symmetry of the momentum tensor p^{μν} picks out the skew-symmetric part of ∂_ν a_μ as the symmetric part of ∂_ν a_μ vanishes identically calculating the product p^{αβ} ∂_β a_α p^{αβ} ∂ a_α ∂ x^β =^1_2 p^{αβ} ( ∂ a_α ∂ x^β − ∂ a_β ∂ x^α )

=p_{β α}

+^1_2 p^{αβ} ( ∂ a_α ∂ x^β + ∂ a_β ∂ x^α )

≡0 .

For a skew-symmetric momentum tensor p^{μν} , we thus obtain the Hamiltonian density H_M as the Legendre-transformed Lagrangian density L_M

H_M(a, p,x) =^1_2 p^{αβ} ( ∂ a_α ∂ x^β − ∂ a_β ∂ x^α ) − L_M(a,∂a,x). From this Legendre transformation prescription and the corresponding Euler-La-grange equations (15), the canonical field equations are immediately obtained as ∂ H_M ∂ p^{μν} = 1 2 ( ∂ a_μ ∂ x^ν − ∂ a_ν ∂ x^μ )

∂ H_M ∂ a_μ = − ∂ L_M ∂ a_μ = − ∂ ∂ x^α ∂ L_M ∂ (∂_α a_μ ) = − ∂ p^{μα} ∂ x^α ∂ H_M ∂ x^ν = − ∂ L_M ∂ x^ν . The Hamiltonian density for the Lagrangian density (14) follows as

H_M(a, p,x) = −^1_2 p^{αβ} p_{αβ} +^1_4 p^{αβ} p_{αβ} + 4π c j^α (x)a_α

= −^1_4 p^{αβ} p_{αβ} + 4π c j^α (x)a_α . (18)

The first canonical field equation follows from the derivative of the Hamiltonian density (18) with respect to p^{μν} and p_{μν} 1 2 ( ∂ a_μ ∂ x^ν − ∂ a_ν ∂ x^μ ) = ∂ H_M ∂ p^{μν} = −^1_2 p_{μν} , 1 2 ( ∂ a^μ ∂ x_ν − ∂ a^ν ∂ x_μ ) = ∂ H_M ∂ p_{μν} = −^1_2 p^{μν} , (19) which reproduces the definition of p_{μν} and p^{μν} from Eq. (17).

The second canonical field equation is obtained calculating the derivative of the Hamiltonian density (18) with respect to a_μ − ∂ p^{μα} ∂ x^α = ∂ H_M ∂ a_μ = 4π c j^μ .

Inserting the first canonical equation, the second order field equation for the a_μ is thus obtained for the Maxwell Hamiltonian density (18) as

10 Jürgen Struckmeier and Hermine Reichau ∂ f^{μα} ∂ x^α + 4π c j^μ = 0,

which agrees, as expected, with the corresponding Euler-Lagrange equation (16).

3.3 The Proca Hamiltonian density

In relativistic quantum field theory, the dynamics of particles of spin 1 and mass m is derived from the Proca Lagrangian density L_P,

L_P = −^1_4 f^{αβ} f_{αβ} +^1_2 ω^2a^α a_α , f_{μν} = ∂ a_ν ∂ x^μ − ∂ a_μ ∂ x^ν , ω = mc h̄ . We observe that the kinetic term of L_P agrees with that of the Lagrangian density L_M of the electromagnetic field of Eq. (14). Therefore, the field equations emerging from the Euler-Lagrange equations (15) are similar to those of Eq. (16) ∂ f^{μα} ∂ x^α − ω^2a^μ = 0. (20)

The transition to the corresponding Hamilton description is performed by defining on the basis of the actual Lagrangian L_P the canonical momentum field tensors p^{μν} as the conjugate objects of the derivatives of the 4-vector potential a

p^{μν} = ∂ L_P ∂ ( ∂_ν a_μ ) ≡ ∂ L_P ∂ a_{μ,ν} . Similar to the preceding section, we find

p^{μν} = f^{μν} , p_{μν} = f_{μν}

because of the particular dependence of L_P on the derivatives of the a^μ . With p^{αβ} being skew-symmetric in α,β , the product p^{αβ} a_{α,β} picks out the skew-symmetric part of the partial derivative ∂ a_α /∂ x^β as the product with the symmetric part vanishes identically. Denoting the skew-symmetric part by a_{[α,β ]}, the Legendre transformation prescription

H_P = p^{αβ} a_{α,β} − L_P = p^{αβ} a_{[α,β ]} − L_P

=^1_2 p^{αβ} ( ∂ a_α ∂ x^β − ∂ a_β ∂ x^α ) − L_P, leads to the Proca Hamiltonian density by following the path of Eq. (18)

H_P = −^1_4 p^{αβ} p_{αβ} −^1_2 ω^2a^α a_α . (21)

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 11

The canonical field equations emerge as a_{[μ,ν]} ≡ 1 2 ( ∂ a_μ ∂ x^ν − ∂ a_ν ∂ x^μ ) = ∂ H_P ∂ p^{μν} = −^1_2 p_{μν} − ∂ p^{μα} ∂ x^α = ∂ H_P ∂ a_μ = −ω^2a^μ .

By means of eliminating p^{μν} , this coupled set of first order equations can be converted into second order equations for the vector field a(x), ∂ ∂ x_α ( ∂ a_μ ∂ x^α − ∂ a_α ∂ x^μ ) − ω^2a_μ = 0.

As expected, this equation coincides with the Euler-Lagrange equation (20).

3.4 The Dirac Hamiltonian density

The dynamics of particles with spin^1_2 and mass m is described by the Dirac equation. With γ^i, i = 1,...,4 denoting the 4 × 4 Dirac matrices, and ϕ a four component Dirac spinor, the Dirac Lagrangian density L_D is given by

L_D = iϕγ^α ∂ ϕ ∂ x^α − mϕϕ, (22) wherein ϕ ≡ ϕ^†γ^0 denotes the adjoint spinor of ϕ. In the following we summarize some fundamental relations that apply for the Dirac matrices γ^μ , and their duals, γ_μ ,

{γ^μ ,γ^ν } ≡ γ^μ γ^ν + γ^ν γ^μ = 2η^{μν} 1 γ^μ γ_μ = γ_μ γ^μ = 4 1 (23) [γ^μ ,γ^ν ] ≡ γ^μ γ^ν − γ^ν γ^μ ≡ −2iσ^{μν} [ γ_μ ,γ_ν ] ≡ γ_μ γ_ν − γ_ν γ_μ ≡ −2iσ_{μν} detσ^{μν} = 1, μ ≠ ν σ_{μλ} σ^{λ ν} = σ^{νλ} σ_{λ μ} = δ^ν_μ 1 3σ_{μν} = 2iη_{μν} 1 − σ_{μν} γ^μ σ_{μν} = σ_{νμ} γ^μ = − i 3 γ_ν γ_μ σ^{μν} = σ^{νμ} γ_μ = 3iγ^ν

γ^μ σ_{μν} γ^ν = − 4i 3 1 (24)

Herein, the symbol 1 stands for the 4 × 4 unit matrix, and the real numbers η^{μν} ,η_{μν} ∈ R for an element of the Minkowski metric (η^{μν} ) = (η_{μν} ). The matrices

12 Jürgen Struckmeier and Hermine Reichau

(σ^{μν} ) and (σ_{μν} ) are to be understood as 4×4 block matrices, with each block σ^{μν} , σ_{μν} representing a 4 × 4 matrix of complex numbers. Thus, (σ^{μν} ) and (σ_{μν} ) are actually 16 × 16 matrices of complex numbers.

The Dirac Lagrangian density L_D can be rendered symmetric by combining the Lagrangian density Eq. (22) with its adjoint, which leads to

L_D = i 2 ( ϕγ^α ∂ ϕ ∂ x^α − ∂ ϕ ∂ x^α γ^α ϕ ) − mϕϕ. (25) The resulting Euler-Lagrange equations are identical to those derived from Eq. (22), iγ^α ∂ ϕ ∂ x^α − mϕ = 0 i ∂ ϕ ∂ x^α γ^α + mϕ = 0. (26)

As both Lagrangians (22) and (25) are linear in the derivatives of the fields, the determinant of the Hessian vanishes, det [ ∂^2L_D ∂ ( ∂_μ ϕ ) ∂ ( ∂_ν ϕ ) ] = 0. (27)

Therefore, Legendre transformations of the Lagrangian densities (22) and (25) are irregular. Nevertheless, as a Lagrangian density is determined only up to the divergence of an arbitrary vector function F^μ according to Eq. (7), one can construct an equivalent Lagrangian density L^′_D that yields identical Euler-Lagrange equations while yielding a regular Legendre transformation. The additional term[5] emerges as the divergence of a vector function F^μ , which may be expressed in symmetric form as F^μ = i 2m ( ϕ σ^{μα} ∂ ϕ ∂ x^α + ∂ ϕ ∂ x^α σ^{αμ} ϕ ) . The factor m^{−1} was chosen to match the dimensions correctly. Explicitly, the additional term is given by ∂ F^β ∂ x^β = i 2m ( ∂_β ϕ σ^{β α} ∂_α ϕ + ϕσ^{β α} ∂_β ∂_α ϕ + ∂_β ∂_α ϕ σ^{αβ} ϕ + ∂_α ϕ σ^{αβ} ∂_β ϕ )

= i m ∂ ϕ ∂ x^α σ^{αβ} ∂ ϕ ∂ x^β . Note that the double sums σ^{β α} ∂_β ∂_α ϕ and ∂_β ∂_α ϕ σ^{αβ} vanish identically, as we sum over a symmetric (∂_μ ∂_ν ϕ = ∂_ν ∂_μ ϕ) and a skew-symmetric (σ^{μν} = −σ^{νμ} ) factor. Following Eq. (7), the equivalent Lagrangian density is given by L^′_D = L_D − ∂ F^β /∂ x^β , which means, explicitly,

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 13

L^′_D = i 2 ( ϕ γ^α ∂ ϕ ∂ x^α − ∂ ϕ ∂ x^α γ^α ϕ ) − i m ∂ ϕ ∂ x^α σ^{αβ} ∂ ϕ ∂ x^β − mϕϕ. (28) Due to the skew-symmetry of the σ^{μν} , the Euler-Lagrange equations (2) for L^′_D yield again the Dirac equations (26). As desired, the Hessian of L^′_D is not singular, det [ ∂^2L^′_D ∂ ( ∂_μ ϕ ) ∂ (∂_ν ϕ) ] = − i m detσ^{μν} = − i m , ν ≠ μ, (29) hence, the Legendre transformation of the Lagrangian density L^′_D is now regular. It is remarkable that it is exactly a term which does not contribute to the Euler- Lagrange equations that makes the Legendre transformation of L^′_D regular and thus transfers the information on the dynamical system that is contained in the Lagrangian to the Hamiltonian description. The canonical momenta follow as

π^μ =

∂ L^′_D ∂ ( ∂_μ ϕ ) = i 2 ϕγ^μ − i m ∂ ϕ ∂ x^α σ^{αμ} π^μ =

∂ L^′_D ∂ ( ∂_μ ϕ ) = − i 2 γ^μ ϕ − i m σ^{μα} ∂ ϕ ∂ x^α . (30)

The Legendre transformation can now be worked out, yielding

H_D = π^ν ∂_ν ϕ + ( ∂_ν ϕ ) π^ν − L^′_D = − i m ∂_μ ϕ σ^{μν} ∂_ν ϕ + mϕϕ = ( π^ν − i 2 ϕγ^ν ) ∂ ϕ ∂ x^ν + mϕϕ. As the Hamiltonian density must always be expressed in terms of the canonical momenta rather then by the velocities, we must solve Eq. (30) for ∂_μ ϕ and ∂_μ ϕ . To this end, we multiply π^μ by σ_{μν} from the right, and π^μ by σ_{νμ} from the left, ∂ ϕ ∂ x^ν = im ( π^μ − i 2 ϕ γ^μ ) σ_{μν} ∂ ϕ ∂ x^ν = imσ_{νμ} ( π^μ + i 2 γ^μ ϕ ) . (31)

The Dirac Hamiltonian density is then finally obtained as

H_D = im ( π^ν − i 2 ϕγ^ν ) σ_{νμ} ( π^μ + i 2 γ^μ ϕ ) + mϕϕ. (32)

We may expand the products in Eq. (32) using Eqs. (24) to find

14 Jürgen Struckmeier and Hermine Reichau

H_D = im ( π^μ σ_{μν} π^ν + 1 6 π^ν γ_ν ϕ − 1 6 ϕγ_ν π^ν ) + 4 3 mϕϕ. (33) In order to show that the Hamiltonian density H_D describes the same dynamics as L_D from Eq. (22), we set up the canonical equations ∂ ϕ ∂ x^ν = ∂ H_D ∂ π^ν = im ( π^μ σ_{μν} − 1 6 ϕ γ_ν )

∂ ϕ ∂ x^μ = ∂ H_D ∂ π^μ = im ( σ_{μν} π^ν + 1 6 γ_μ ϕ ) . Obviously, these equations reproduce the definition of the canonical momenta from Eqs. (30) in their inverted form given by Eqs. (31). The second set of canonical equations follows from the ϕ and ϕ dependence of the Hamiltonian H_D, ∂ π^α ∂ x^α = − ∂ H_D ∂ ϕ = − im 6 π^μ γ_μ − 4m 3 ϕ = − im 6 ( i 2 ϕγ^μ − i m ∂_ν ϕ σ^{νμ} ) γ_μ − 4m 3 ϕ = −mϕ − i 2 ∂_ν ϕγ^ν ∂ π^α ∂ x^α = − ∂ H_D ∂ ϕ = − im 6 γ_μ π^μ − 4m 3 ϕ = im 6 γ_μ ( i 2 γ^μ ϕ + i m σ^{μν} ∂_ν ϕ ) − 4m 3 ϕ = −mϕ + i 2 γ^ν ∂_ν ϕ. The divergences of the canonical momenta follow equally from the derivatives of the first canonical equations, or, equivalently, from the derivatives of Eqs. (30),

∂_μ π^μ = i 2 ∂_μ ϕγ^μ − i m ∂_μ ∂_ν ϕ σ^{νμ} = i 2 ∂_μ ϕγ^μ ∂_μ π^μ = − i 2 γ^μ ∂_μ ϕ − i m σ^{νμ} ∂_μ ∂_ν ϕ = − i 2 γ^μ ∂_μ ϕ. The terms containing the second derivatives of ϕ and ϕ vanish due to the skewsymmetry of σ^{μν} . Equating finally the expressions for the divergences of the canonical momenta, we encounter, as expected, the Dirac equations (26)

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 15 i 2 ∂ ϕ ∂ x^α γ^α = −mϕ − i 2 ∂ ϕ ∂ x^ν γ^ν − i 2 γ^α ∂ ϕ ∂ x^α = −mϕ + i 2 γ^ν ∂ ϕ ∂ x^ν . It should be mentioned that this section is similar to the derivation of the Dirac Hamiltonian density in Ref. [6]. We note that the additional term in the Dirac Lagrangian density L^′_D from Eq. (28) — as compared to the Lagrangian L_D from Eq. (25) — entails additional terms in the energy-momentum tensor, namely,

T^{ν′}_μ − T^ν_μ ≡ j^ν_μ (x) = − i m ( ∂_α ϕσ^{αν} ∂_μ ϕ + ∂_μ ϕσ^{να} ∂_α ϕ − δ^ν_μ ∂_α ϕ σ^{αβ} ∂_β ϕ ) . We easily convince ourselves by direct calculation that the divergences of T^{ν′}_μ and T^ν_μ coincide, ∂ j^λ_μ ∂ x^λ = − i m ( ∂_λ ∂_α ϕσ^{αλ} ∂_μ ϕ + ∂_α ϕσ^{αλ} ∂_λ ∂_μ ϕ + ∂_λ ∂_μ ϕ σ^{λ α} ∂_α ϕ

+ ∂_μ ϕσ^{λ α} ∂_λ ∂_α ϕ − δ^λ_μ ∂_λ ∂_α ϕ σ^{αβ} ∂_β ϕ − δ^λ_μ ∂_α ϕ σ^{αβ} ∂_λ ∂_β ϕ )

= − i m ( ∂_α ϕ σ^{αλ} ∂_λ ∂_μ ϕ + ∂_λ ∂_μ ϕ σ^{λ α} ∂_α ϕ − ∂_μ ∂_α ϕσ^{αβ} ∂_β ϕ − ∂_α ϕ σ^{αβ} ∂_μ ∂_β ϕ ) = 0,

which means that both energy-momentum tensors represent the same physical system. For each index μ, j^ν_μ (x) represents a conserved current vector which are all associated with the transformation from L_D to L^′_D.

4 Examples of canonical transformations in covariant Hamiltonian field theory

The formalism of canonical transformations that was worked out in Sect. 2 is now shown to yield a generalized representation of Noether’s theorem. Furthermore, a generalized theory of U(N) gauge transformations is outlined.

4.1 Generalized Noether theorem

Canonical transformations are defined by Eq. (6) as the particular subset of general transformations of the fields ϕ^I and their conjugate momentum vector fields π_I that preserve the action functional (6). Such a transformation depicts a symmetry

16 Jürgen Struckmeier and Hermine Reichau

transformation that is associated with a conserved four-current vector, hence with a vector whose space-time divergence vanishes[7]. In the following, we shall work out the correlation of this conserved current by means an infinitesimal canonical transformation of the field variables. The generating function F^μ_2 of an infinitesimal transformation differs from that of an identical transformation by a infinitesimal parameter δ ε ≠ 0 times an as yet arbitrary function g^μ (ϕ^I ,π_I,x),

F^μ_2 (ϕ^I ,Π_I,x) = ϕ^J Π^μ_J + δ ε g^μ (ϕ^I ,π_I,x). (34)

To first order in δ ε, the subsequent transformation rules follow from the general rules (11) as

π^μ_I =

∂ F^μ_2 ∂ ϕ^I

= Π^μ_I + δ ε ∂ g^μ ∂ ϕ^I

, Φ^I δ^μ_ν =

∂ F^μ_2 ∂ Π^ν_I

= ϕ^I δ^μ_ν + δ ε ∂ g^μ ∂ π^ν_I , H^′ = H +

∂ F^α_2 ∂ x^α | | | |_{expl} = H + δ ε ∂ g^α ∂ x^α | | | |_{expl},

hence

δ π^μ_I = −δ ε ∂ g^μ ∂ ϕ^I

, δ ϕ^I δ^μ_ν = δ ε ∂ g^μ ∂ π^ν_I , δ H |_{CT} = δ ε ∂ g^α ∂ x^α | | | expl

. (35)

As the transformation does not change the independent variables, x^μ , both the original as well as the transformed fields refer to the same space-time event x, hence δ x^μ = 0. Making use of the canonical field equations (5), the variation of H due to the variations (35) of the canonical field variables ϕ^I and π^μ_I emerges as δ H = ∂ H ∂ ϕ^I δ ϕ^I + ∂ H ∂ π^α_I δ π^α_I = − ∂ π^β_I ∂ x^α δ^α_β δ ϕ^I +

∂ ϕ^I ∂ x^α δ π^α_I = −δ ε ( ∂ g^α ∂ π^β_I ∂ π^β_I ∂ x^α + ∂ g^α ∂ ϕ^I

∂ ϕ^I ∂ x^α )

= −δ ε ( ∂ g^α ∂ x^α − ∂ g^α ∂ x^α | | | expl )

= −δ ε ∂ g^α ∂ x^α + δ H |_{CT}. (36)

If and only if the infinitesimal transformation rule δ H |_{CT} for the Hamiltonian from Eqs. (35) coincides with the variation δ H at δ x^μ = 0 from Eq. (36), then the set of infinitesimal transformation rules is consistent and actually defines a canonical transformation. We thus have

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 17

δ H |_{CT}^!= δ H ⇐⇒ ∂ g^α ∂ x^α != 0. (37)

Thus, the divergence of the characteristic function g^μ (x) in the generating function (34) must vanish in order for the transformation (35) to be canonical, and hence to preserve the form of the action functional (6). The g^μ (x) then define a conserved four-current vector, commonly referred to as Noether current. The canonical transformation rules then furnish the corresponding infinitesimal one-parameter group of symmetry transformations

∂ g^α (x) ∂ x^α = 0 (38)

δ π^μ_I = −δ ε ∂ g^μ ∂ ϕ^I

, δ ϕ^I δ^μ_ν = δ ε ∂ g^μ ∂ π^ν_I , δ H = δ ε ∂ g^α ∂ x^α | | | |_{expl}.

We can now formulate the generalized Noether theorem and its inverse in the realm of covariant Hamiltonian field theory as:

Theorem 1 (generalized Noether). The characteristic vector function g^μ (ϕ^I ,π_I,x) in the generating function F^μ_2 from Eq. (34) must have zero divergence in order to define a canonical transformation. The subsequent transformation rules (38) then define an infinitesimal one-parameter group of symmetry transformations that preserve the form of the action functional (6).

Conversely, if a one-parameter symmetry transformation is known to preserve the form of the action functional (6), then the transformation is canonical and hence can be derived from a generating function. The characteristic 4-vector function g^μ (ϕ^I ,π_I,x) in the corresponding infinitesimal generating function (34) then represents a conserved current, hence ∂ g^α /∂ x^α = 0.

In contrast to the usual derivation of this theorem in the Lagrangian formalism, we are not restricted to point transformations as the g^μ may be any divergence-free 4-vector function of the given dynamical system. In this sense, we have found a generalization of Noether’s theorem.

4.1.1 Gauge invariance of the electromagnetic 4-potential

For the Maxwell Hamiltonian H_M from Eq. (18), the correlation of the 4-vector potential a^μ with the conjugate fields p_{μν} is determined by the first field equation (19) as the generalized curl of a. This means on the other hand that the correlation between a and the p_{μν} is not unique. Defining a transformed 4-vector potential A according to

A_μ = a_μ + ∂ χ(x) ∂ x^μ , (39)

with χ = χ(x) an arbitrary differentiable function of the independent variables. This means for the transformation of the p_{μν}

18 Jürgen Struckmeier and Hermine Reichau

p_{μν} = ∂ a_ν ∂ x^μ − ∂ a_μ ∂ x^ν = ∂ A_ν ∂ x^μ − ∂^2χ(x) ∂ x^ν ∂ x^μ − ∂ A_μ ∂ x^ν + ∂^2χ(x) ∂ x^μ ∂ x^ν

= P_{μν} . (40)

The transformations (39) and (40) can be regarded as a canonical transformation, whose generating function F^μ_2 is given by

F^μ_2 (a,P,x) = a_α P^{αμ} + ∂ ∂ x^α (P^{αμ} χ(x)) . (41)

For a vector field a and its set of canonical conjugate fields p^μ , the general transformation rules (11) are rewritten as

p^{νμ} =

∂ F^μ_2 ∂ a_ν , A_ν δ^μ_β =

∂ F^μ_2 ∂ P^{νβ} , H^′ = H +

∂ F^α_2 ∂ x^α | | | |_{expl}, (42)

which yield for the particular generating function of Eq. (41) the transformation prescriptions

p^{νμ} = ∂ a_α ∂ a_ν P^{αμ} = δ^ν_α P^{αμ} = P^{νμ}

A_ν δ^μ_β = a_α δ^α_ν δ^μ_β + δ^α_ν δ^μ_β ∂ χ(x) ∂ x^α ⇒ A_ν = a_ν + ∂ χ(x) ∂ x^ν H^′ − H =

∂^2 p^{αβ} ∂ x^α ∂ x^β χ(x) + ∂ p^{αβ} ∂ x^α ∂ χ(x) ∂ x^β + p^{αβ}

∂^2χ(x) ∂ x^α ∂ x^β = − ∂ p^{αβ} ∂ x^β ∂ χ(x) ∂ x^α . The canonical transformation rules coincide with the correlations of Eqs. (39) and (40) defining the Lorentz gauge. The last equation holds because of the skewsymmetry of the canonical momentum tensor p^{νμ} = −p^{μν} . In oder to determine the conserved Noether current that is associated with the canonical point transformation generated by F_2 from Eq. (41), we need the generator of the corresponding infinitesimal canonical point transformation,

F^μ_2 (a,P,x) = a_α P^{αμ} + εg^μ (p,x), g^μ = ∂ ∂ x^α [ p^{αμ} χ(x) ] . Herein, ε ≠ 0 denotes a small parameter. The pertaining infinitesimal canonical transformation rules are

p^{νμ} =

∂ F^μ_2 ∂ a_ν = P^{νμ} , A_ν = a_ν + ε ∂ χ(x) ∂ x^ν δ H |_{CT} =

∂ F^α_2 ∂ x^α | | |_{expl} = H^′M − H^M = −ε ∂ p^{αβ} ∂ x^β ∂ χ(x) ∂ x^α .

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 19

The coordinate transformation rules agree with Eqs. (39) and (40) in the finite limit. Because of δ p^{νμ} ≡ P^{νμ} − p^{νμ} = 0, the variation δ H due to the variation of the canonical variables reduces to the term proportional to δ a_ν ≡ A_ν − a_ν , δ H = ∂ H_M ∂ a_α δ a_α = −ε ∂ p^{αβ} ∂ x^β ∂ χ(x) ∂ x^α . Hence, δH coincides with the corresponding canonical transformation rule δH |_{CT}, as required for the transformation to be canonical. With the requirement (37) fulfilled, the characteristic function g^μ (p,x) in the infinitesimal generating function F^μ_2 then directly yields the conserved 4-current j_N(x), j^μ_N = g^μ according to Noether’s theorem from Eq. (38)

∂ j^α_N(x) ∂ x^α = 0, j^μ_N(x) = ∂ ∂ x^α ( p^{αμ} χ(x) ) . By calculating its divergence, we verify directly that j_N(x) is indeed the conserved Noether current that corresponds to the symmetry transformation (39)

∂ j^β_N(x) ∂ x^β = ∂ ∂ x^β ( ∂ p^{αβ} ∂ x^α χ + p^{αβ} ∂ χ ∂ x^α )

= ∂^2 p^{αβ} ∂ x^α ∂ x^β χ + ∂ p^{αβ} ∂ x^α ∂ χ ∂ x^β + ∂ p^{αβ} ∂ x^β ∂ χ ∂ x^α + p^{αβ}

∂^2χ ∂ x^α ∂ x^β = 0.

The first and the fourth term on the right hand side vanish individually due to p^{νμ} = −p^{μν} . The second and the third terms cancel each other for the same reason.

4.2 General local U(N) gauge transformation

As an interesting example of a canonical transformation in the covariant Hamiltonian description of classical fields, the general local U(N) gauge transformation is treated in this section. The main feature of the approach is that the terms to be added to a given Hamiltonian H in order to render it locally gauge invariant only depends on the type of fields contained in the Hamiltonian H and not on the particular form of the original Hamiltonian itself. The only precondition is that H must be invariant under the corresponding global gauge transformation, hence a transformation not depending explicitly on x.

20 Jürgen Struckmeier and Hermine Reichau

4.2.1 External gauge field

We consider a system consisting of a vector of N complex fields ϕ_I , I = 1,...,N, and the adjoint field vector, ϕ^†,

ϕ = ϕ_1 . . ϕ_N , ϕ^† = ( ϕ_1 ··· ϕ_N ) .

A general local linear transformation may be expressed in terms of a complex matrix U(x) = (u_{IJ}(x)) and its adjoint, U^† that may depend explicitly on the independent variables, x^μ , as Φ = U ϕ , Φ^† = ϕ^† U^† Φ_I = u_{IJ} ϕ_J, Φ_I = ϕ_J u_{JI} .

(43)

With this notation, ϕ_I may stand for a set of I = 1,... ,N complex scalar fields ϕ_I or Dirac spinors. In other words, U is supposed to define an isomorphism within the space of the ϕ_I , hence to linearly map the ϕ_I into objects of the same type. The uppercase Latin letter indexes label the field or spinor number. Their transformation in iso-space are not associated with any metric. We, therefore, do not use superscripts for these indexes as there is not distinction between covariant and contravariant components. In contrast, Greek indexes are used for those components that are associated with a metric — such as the derivatives with respect to a spacetime variable, x^μ . As usual, summation is understood for indexes occurring in pairs.

We restrict ourselves to transformations that preserve the norm ϕϕ ΦΦ = ϕ U^†U ϕ = ϕϕ =⇒ U^†U = 1 = UU^† Φ_I Φ_I = ϕ_Ju_{JI} u_{IK} ϕ_K = ϕ_K ϕ_K =⇒ u_{JI} u_{IK} = δ_{JK} = u_{JI} u_{IK} .

This means that U^† = U^{−1}, hence that the matrix U is supposed to be unitary. The transformation (43) follows from a generating function that — corresponding to H — must be a real-valued function of the generally complex fields ϕ and their canonical conjugates, π^μ , F^μ_2 (ϕ,ϕ ,Π^μ ,Π^μ ,x) = Π^μU ϕ +ϕ U^† Π^μ = Π^μ_K u_{KJ} ϕ_J + ϕ_K u_{KJ} Π^μ_J . (44)

According to Eqs. (11) the set of transformation rules follows as

π^μ_I =

∂ F^μ_2 ∂ ϕ_I = Π^μ_K u_{KJ}δ_{IJ} , Φ_I δ^μ_ν =

∂ F^μ_2 ∂ Π^ν_I

= ϕ_K u_{KJ} δ^μ_ν δ_{IJ}

π^μ_I =

∂ F^μ_2 ∂ ϕ_I

= δ_{IK} u_{KJ} Π^μ_J , Φ_I δ^μ_ν =

∂ F^μ_2 ∂ Π^ν_I

= δ^μ_ν δ_{IK} u_{KJ}ϕ_J .

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 21

The complete set of transformation rules and their inverses then read in component notation

Φ_I = u_{IJ} ϕ_J , Φ_I = ϕ_J u_{JI} , Π^μ_I = u_{IJ} π^μ_J , Π^μ_I = π^μ_J u_{JI} (45) ϕ_I = u_{IJ} Φ_J , ϕ_I = Φ_J u_{JI} , π^μ_I = u_{IJ} Π^μ_J , π^μ_I = Π^μ_J u_{JI} .

We assume the Hamiltonian H to be form-invariant under the global gauge transformation (43), which is given for U = const., hence for all u_{IJ} not depending on the independent variables, x^μ . In contrast, if U = U(x), the transformation (45) is referred to as a local gauge transformation. The transformation rule for the Hamiltonian is then determined by the explicitly x^μ -dependent terms of the generating function F^μ_2 according to

H^′ − H =

∂ F^α_2 ∂ x^α | | | |_{expl} = Π^αI

∂ u_{IJ} ∂ x^α ϕ_J + ϕ_I

∂ u_{IJ} ∂ x^α Π^α_J

= π^α_K u_{KI}

∂ u_{IJ} ∂ x^α ϕ_J + ϕ_I

∂ u_{IJ} ∂ x^α u_{JK} π^α_K = ( π^α_K ϕ_J − ϕ_K π^α_J ) u_{KI}

∂ u_{IJ} ∂ x^α . (46)

In the last step, the identity

∂ u_{JI} ∂ x^μ u_{IK} + u_{JI}

∂ u_{IK} ∂ x^μ = 0 was inserted. If we want to set up a Hamiltonian H̄ that is form-invariant under the local, hence x^μ -dependent transformation generated by (44), then we must compensate the additional terms (46) that emerge from the explicit x^μ -dependence of the generating function (44). The only way to achieve this is to adjoin the Hamiltonian H of our system with terms that correspond to (46) with regard to their dependence on the canonical variables, ϕ,ϕ ,π^μ ,π^μ . With a unitary matrix U, the u_{IJ}-dependent terms in Eq. (46) are skew-hermitian,

u_{KI}

∂ u_{IJ} ∂ x^μ = ∂ u_{JI} ∂ x^μ u_{IK} = −u_{JI}

∂ u_{IK} ∂ x^μ , ∂ u_{KI} ∂ x^μ u_{IJ} = u_{JI}

∂ u_{IK} ∂ x^μ = − ∂ u_{JI} ∂ x^μ u_{IK} ,

or in matrix notation ( U^† ∂U ∂ x^μ )_† = ∂U^† ∂ x^μ U = −U^† ∂U ∂ x^μ , ( ∂U ∂ x^μ U^†

)_† = U ∂U^† ∂ x^μ = − ∂U ∂ x^μ U^†.

The u-dependent terms in Eq. (46) can thus be compensated by a Hermitian matrix (a_{KJ}) of “4-vector gauge fields”, with each off-diagonal matrix element, a_{KJ} , K ≠ J, a complex 4-vector field with components a_{KJμ} , μ = 0,...,3

22 Jürgen Struckmeier and Hermine Reichau

a_{KJμ} = a_{JKμ} .

The number of independent gauge fields thus amount to N^2 real 4-vectors. The amended Hamiltonian H̄ thus reads

H̄ = H + H_a, H_a = iq(π^α_Kϕ_J − ϕ_Kπ^α_J )a_{KJα} . (47)

With the real coupling constant q, the interaction Hamiltonian H_a is thus real. Submitting the amended Hamiltonian H̄ to the canonical transformation generated by Eq. (44), the new Hamiltonian H̄^′ emerges as

H̄^′ = H̄ + ∂ F^{α2} ∂ x^α | | | |_{expl}

= H + ( π^α_K ϕ_J − ϕ_K π^α_J ) ( iqa_{KJα} + u_{KI}

∂ u_{IJ} ∂ x^α )

= H + ( Π^α_K Φ_J − Φ_KΠ^α_J )( iqu_{KL}a_{LIα} u_{IJ} +

∂ u_{KI} ∂ x^α u_{IJ} )

!= H + ( Π^α_K Φ_J − Φ_KΠ^α_J ) iqA_{KJα} ,

with the A_{IJμ} defining the gauge fields of the transformed system. The form of the interaction Hamiltonian H_a is thus maintained under the canonical transformation,

H̄^′ = H + H^′_a , H^′_a = iq ( Π^α_KΦ_J − Φ_KΠ^α_J ) A_{KJα} , (48)

provided that the gauge fields obey the transformation rule

A_{KJμ} = u_{KL} a_{LIμ} u_{IJ} − i q ∂ u_{KI} ∂ x^μ u_{IJ} . (49)

We observe that for any type of canonical field variables ϕ_I and for any Hamiltonian system H , the transformation of the 4-vector gauge fields a_{IJ} (x) is uniquely determined according to Eq. (49) by the transformation matrix U(x) for the N fields ϕ_I . In the notation of the 4-vector gauge fields a_{KJ}(x), K,J = 1,... ,N, the transformation rule is equivalently expressed as

A_{KJ} = u_{KL} a_{LI} u_{IJ} − i q ∂ u_{KI} ∂x u_{IJ} ,

or, in matrix notation

Â_μ = Uâ_μU^† − i q ∂U ∂ x^μ U^†, Â = U âU^† − i q ∂U ∂x U^†, (50)

with â_μ denoting the N × N matrices of the μ-components of the 4-vectors A_{IK} (x), and, finally, â the N × N matrix of gauge 4-vectors a_{IK} (x). The matrix U(x) is unitary, hence belongs to the group U(N)

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 23

U^†(x) = U^{−1}(x), |detU(x)| = 1.

For detU(x) = +1, the matrix U(x) is an element of the group SU(N).

Equation (50) is the general transformation law for gauge bosons. U and â_μ do not commute if N > 1, hence if U is a unitary matrix rather than a complex number of modulus 1. We are then dealing with a non-Abelian gauge theory. As the matrices â_μ are Hermitian, the number of independent gauge 4-vectors a_{IK} amounts to N real vectors on the main diagonal, and (N^2 − N)/2 independent complex off-diagonal vectors, which corresponds to a total number of N^2 independent real gauge 4-vectors for a U(N) symmetry transformation, and hence N^2 − 1 real gauge 4-vectors for a SU(N) symmetry transformation.

4.2.2 Including the gauge field dynamics

With the knowledge of the required transformation rule for the gauge fields from Eq. (49), it is now possible to redefine the generating function (44) to also describe the gauge field transformation. This simultaneously defines the transformation of the canonical conjugates, p^{μν}_{JK} , of the gauge fields a_{JKμ} . Furthermore, the redefined generating function yields additional terms in the transformation rule for the Hamiltonian. Of course, in order for the Hamiltonian to be invariant under local gauge transformations, the additional terms must be invariant as well. The transformation rules for the fields ϕ and the gauge field matrices â (Eq. (50)) can be regarded as a canonical transformation that emerges from an explicitly x^μ -dependent and realvalued generating function vector of type F^μ_2 = F^μ_2 (ϕ ,ϕ ,Π,Π ,â,P̂,x),

F^μ_2 = Π^μ_K u_{KJ} ϕ_J + ϕ_K u_{KJ} Π^μ_J + P^{αμ}_{JK} ( u_{KL} a_{LIα} u_{IJ} − i q ∂ u_{KI} ∂ x^α u_{IJ} ) . (51)

Accordingly, the subsequent transformation rules for canonical variables ϕ,ϕ and their conjugates, π^μ ,π^μ , agree with those from Eqs. (45). The rule for the gauge fields a_{IKα} emerges as

A_{KJα} δ^μ_ν =

∂ F^μ_2 ∂ P^{αν}_{JK}

= δ^μ_ν ( u_{KL} a_{LIα} u_{IJ} − i q ∂ u_{KI} ∂ x^α u_{IJ} ) , which obviously coincides with Eq. (49), as demanded. The transformation of the momentum fields is obtained from the generating function (51) as

p^{αμ}_{IL} =

∂ F^μ_2 ∂ a_{LIα}

= u_{IJ} P^{αμ}_{JK} u_{KL}. (52)

It remains to work out the difference of the Hamiltonians that are submitted to the canonical transformation generated by (51). Hence, according to the general rule from Eq. (11), we must calculate the divergence of the explicitly x^μ -dependent terms of F^μ_2

24 Jürgen Struckmeier and Hermine Reichau

∂ F^α_2 ∂ x^α | | | |_{expl} = Π^αI

∂ u_{IJ} ∂ x^α ϕ_J + ϕ_I

∂ u_{IJ} ∂ x^α Π^α_J (53)

+ P^{αβ}_{JK} ( ∂ u_{KL} ∂ x^β a_{LIα} u_{IJ} + u_{KL}a_{LIα}

∂ u_{IJ} ∂ x^β − i q ∂ u_{KI} ∂ x^α ∂ u_{IJ} ∂ x^β − i q ∂^2u_{KI} ∂ x^α ∂ x^β u_{IJ} ) . We are now going to replace all u_{IJ}-dependencies in (53) by canonical variables making use of the canonical transformation rules. The first two terms on the righthand side of Eq. (53) can be expressed in terms of the canonical variables by means of the transformation rules (45), (49), and (52) that all emerge from the generating function (51)

Π^α_I

∂ u_{IJ} ∂ x^α ϕ_J + ϕ_I

∂ u_{IJ} ∂ x^α Π^α_J = Π^α_I

∂ u_{IJ} ∂ x^α u_{JK} Φ_K + Φ_Ku_{KI}

∂ u_{IJ} ∂ x^α Π^α_J

= Π^α_I

∂ u_{IJ} ∂ x^α u_{JK} Φ_K − Φ_K

∂ u_{KI} ∂ x^α u_{IJ}Π^α_J

= iqΠ^α_I (A_{IKα} − u_{IL}a_{LJα} u_{JK} )Φ_K − iqΦ_K (A_{KJα} − u_{KL}a_{LIα} u_{IJ} ) Π^α_J

= iq ( Π^α_K Φ_J − Φ_KΠ^α_J ) A_{KJα} − iq ( π^α_K ϕ_J − ϕ_Kπ^α_J ) a_{KJα} .

The second derivative term in Eq. (53) is symmetric in the indexes α and β . If we split P^{αβ}_{JK} into a symmetric P^{(αβ )}_{JK} and a skew-symmetric part P^{[αβ ]}_{JK} in α and β

P^{αβ}_{JK} = P^{(αβ )}_{JK} + P^{[αβ ]}_{JK} , P^{[αβ ]}_{JK} =^1_2 ( P^{αβ}_{JK} − P^{β α}_{JK} ) , P^{(αβ )}_{JK} =^1_2 ( P^{αβ}_{JK} + P^{β α}_{JK} ) , then the second derivative term vanishes for P^{[αβ ]}_{JK} ,

P^{[αβ ]}_{JK}

∂^2u_{KI} ∂ x^α ∂ x^β

= 0.

By inserting the transformation rules for the gauge fields from Eqs. (49), the remaining terms of (53) for the skew-symmetric part of P^{αβ}_{JK} are converted into

P^{[αβ ]}_{JK} ( ∂ u_{KL} ∂ x^β a_{LIα} u_{IJ} + u_{KL} a_{LIα}

∂ u_{IJ} ∂ x^β − i q ∂ u_{KI} ∂ x^α ∂ u_{IJ} ∂ x^β )

= iq ( p^{[αβ ]}_{JK} a_{KIα} a_{IJβ} − P^{[αβ ]}_{JK} A_{KIα} A_{IJβ} )

=^1_2 iq [( p^{αβ}_{JK} − p^{β α}_{JK} ) a_{KIα} a_{IJβ} − ( P^{αβ}_{JK} − P^{β α}_{JK} ) A_{KIα} A_{IJβ} ]

=^1_2 iq [ p^{αβ}_{JK} ( a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα} ) − P^{αβ}_{JK} ( A_{KIα} A_{IJβ} − A_{KIβ} A_{IJα} )] . For the symmetric part of P^{αβ}_{JK} , we obtain

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 25

P^{(αβ )}_{JK} ( ∂ u_{KL} ∂ x^β a_{LIα} u_{IJ} + u_{KL}a_{LIα}

∂ u_{IJ} ∂ x^β − i q ∂ u_{KI} ∂ x^α ∂ u_{IJ} ∂ x^β − i q ∂^2u_{KI} ∂ x^α ∂ x^β u_{IJ} )

= P^{(αβ )}_{JK} ( ∂ A_{KJα} ∂ x^β − u_{KL}

∂ a_{LIα} ∂ x^β u_{IJ} )

=^1_2 P^{αβ}_{JK} ( ∂ A_{KJα} ∂ x^β + ∂ A_{KJβ} ∂ x^α ) −^1_2 p^{αβ}_{JK} ( ∂ a_{KJα} ∂ x^β + ∂ a_{KJβ} ∂ x^α )

!= 0

if we postulate the product of the symmetric part of the derivatives of the gauge fields a_{JKα} with the momentum fields p^{αβ}_{JK} to transform like

P^{αβ}_{JK} ( ∂ A_{KJα} ∂ x^β + ∂ A_{KJβ} ∂ x^α )_!

= p^{αβ}_{JK} ( ∂ a_{KJα} ∂ x^β + ∂ a_{KJβ} ∂ x^α ) . (54)

The validity of this transformation rule must be checked after having set up the canonical field equation that provides the correlation of the momentum fields with the derivatives of the gauge fields from the final gauge-invariant Hamiltonian. Equation (54) means that the terms proportional to the symmetric part of the p^{μν}_{JK} do not contribute to the final gauge-invariant Hamiltonian H̄ .

In summary, by inserting the transformation rules into Eq. (53), the divergence of the explicitly x^μ -dependent terms of F^μ_2 — and hence the difference of transformed and original Hamiltonians — can be expressed completely in terms of the canonical variables as

∂ F^α_2 ∂ x^α | | | |_{expl} = iq [( Π^α_KΦ_J − Φ_K Π^α_J ) A_{KJα} − ( π^α_K ϕ_J − ϕ_K π^α_J ) a_{KJα}

−^1_2 P^{αβ}_{JK} ( A_{KIα} A_{IJβ} − A_{KIβ} A_{IJα} ) +^1_2 p^{αβ}_{JK} ( a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα} ) ] . We observe that all u_{IJ} -dependencies of Eq. (53) were expressed symmetrically in terms of the original and transformed complex scalar fields ϕ_J ,Φ_J and 4-vector gauge fields a_{JK} ,A_{JK} , in conjunction with their respective canonical momenta. Consequently, a Hamiltonian of the form

H̄ = H (π,ϕ ,x) + iq(π^α_K ϕ_J − ϕ_K π^α_J )a_{KJα} −^1_2 iqp^{αβ}_{JK} (a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα} )

is then transformed according to the general rule (11)

H̄^′ = H̄ + ∂ F^{α2} ∂ x^α | | | expl

into the new Hamiltonian H̄^′ = H (Π,Φ,x)+iq ( Π^α_K Φ_J − Φ_KΠ^α_J ) A_{KJα} −^1_2 iqP^{αβ}_{JK} ( A_{KIα} A_{IJβ} − A_{KIβ} A_{IJα} ) .

26 Jürgen Struckmeier and Hermine Reichau

The entire transformation is thus form-conserving provided that the original Hamiltonian H (π,ϕ,x) is also form-invariant if expressed in terms of the new fields, H (Π,Φ,x), according to the transformation rules (45). In other words, H (π,ϕ,x) must be form-invariant under the corresponding global gauge transformation.

In order to completely describe the dynamics of the gauge fields â(x), we must further amend the Hamiltonian by a kinetic term that describes the dynamics of the free fields a_{IJ} , namely_1 4 p^{αβ}_{JK} p_{KJβ α} .

We must check whether this additional term is also invariant under the canonical transformation generated by Eq. (51). From the transformation rule (52), we find

p^{αβ}_{JK} p_{KJβ α} = ( u_{JI} P^{αβ}_{IL} u_{LK} )( u_{KM} P_{MNβ α} u_{NJ} )

= δ_{NI} P^{αβ}_{IL} δ_{LM} P_{MNβ α}

= P^{αβ}_{NL} P_{LNβ α} . (55)

Thus, the total amended Hamiltonian H̄ that is form-invariant under a local U(N) symmetry transformation (43) of the fields ϕ ,ϕ is given by

H̄ = H + H_g (56)

H_g = iq ( π^α_K ϕ_J − ϕ_K π^α_J ) a_{KJα} +^1_4 p^{αβ}_{JK} p_{KJβ α} −^1_2 iq p^{αβ}_{JK} ( a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα} ) . We reiterate that the original Hamiltonian H must be invariant under the corresponding global gauge transformation, hence a transformation of the form of Eq. (45) with the u_{IK} not depending on x explicitly. Compared to the massless Proca Hamiltonian H_P from Eq. (21) that describes a free bosonic field of zero mass, we notice that the gauge field Hamiltonian H̄ contains additional self-coupling terms, i.e. terms that only involve the gauge fields and their canonical conjugates. For the case of vanishing coupling (q = 0), the Hamiltonian (56) is just the sum of the original Hamiltonian H and the massless Proca Hamiltonian H_P.

In order to verify the consistency of the U(N) gauge transformation presented above, it remains to be shown that the transformation rule (54) for the symmetric part of the derivatives of the gauge fields is actually satisfied. To this end, we set up the first canonical field equation (5) for the gauge-invariant Hamiltonian (56)

∂ a_{MLμ} ∂ x^ν = ∂ H̄ ∂ p^{μν}_{LM}

=^1_2 p_{MLνμ} −^1_2 iq ( a_{MIμ} a_{ILν} − a_{MIν} a_{ILμ} ) , (57)

hence p_{ML(μν)} =^1_2 (p_{MLμν} + p_{MLνμ} ) =

∂ a_{MLμ} ∂ x^ν + ∂ a_{MLν} ∂ x^μ . With the transformation rule for the product of the momentum fields from Eq. (55), this yields

General U(N) gauge transformations in the realm of covariant Hamiltonian field theory 27

p^{αβ}_{LM} ( ∂ a_{MLα} ∂ x^β + ∂ a_{MLβ} ∂ x^α ) = p^{αβ}_{LM} p_{ML(αβ )}

= P^{αβ}_{LM} P_{ML(αβ )} = P^{αβ}_{LM} ( ∂ A_{MLα} ∂ x^β + ∂ A_{MLβ} ∂ x^α ) . The last equation holds since the Hamiltonian H̄ is form-invariant in the original and transformed variables — and so are the subsequent canonical field equations. As required, the transformation rule (54) is fulfilled.

4.2.3 Gauge-invariant Lagrangian

The equivalent gauge-invariant Lagrangian L̄ is derived by means of the Legendre transformation

L̄ = L + L_g, L_g = p^{αβ}_{IJ} ∂ a^{JIα} ∂ x^β − H_g, with p^{μν}_{IJ} from Eq. (57). Thus

p^{αβ}_{IJ}

∂ a_{JIα} ∂ x^β =^1_2 p^{αβ}_{IJ} p_{JIβ α} −^1_2 iq p^{αβ}_{IJ} ( a_{JKα} a_{KIβ} − a_{JKβ} a_{KIα} ) . The Lagrangian L_g that renders L̄ locally gauge invariant is then

L_g =^1_4 p^{αβ}_{IJ} p_{JIβ α} − iq ( π^α_I ϕ_J − ϕ_I π^α_J ) a_{IJα}

=^1_4 p^{αβ}_{IJ} p_{JIβ α} − iq ∂ L ∂ (_{∂ ϕI} ∂ x^α ) ϕ_J − ϕ_I ∂ L ∂ (_{∂ ϕ J} ∂ x^α ) a_{IJα} . (58)

As implied by the Lagrangian formalism, the dynamical variables are given by both the fields, ϕ_I , a_{IJ} , and their respective partial derivatives with respect to the independent variables, x^μ . Therefore, the p^{αβ}_{IJ} in L_g from Eq. (58) are now merely abbreviations for a combination of the Lagrangian dynamical variables, namely

p_{MLνμ} = 2

∂ a_{MLμ} ∂ x^ν + iq ( a_{MIμ} a_{ILν} − a_{MIν} a_{ILμ} ) . Thence, for any globally gauge-invariant Lagrangian L (ϕ^I ,∂ ϕ^I ,x), the amended Lagrangian L̄ = L + L_g describes the associated physical system that is invariant under local gauge transformations.

To cite an example, a generalized Dirac Lagrangian (25) describing N spin-^1_2 fields, each of them being associated with the same mass m,

L_D = i 2 ( ϕ_Iγ^α ∂ ϕ_I ∂ x^α − ∂ ϕ_I ∂ x^α γ^α ϕ_I ) − mϕ_I ϕ_I ,

28 Jürgen Struckmeier and Hermine Reichau

is invariant under global gauge transformations. The corresponding locally gaugeinvariant Lagrangian L̄_D is then

L̄_D = L_D +^1_4 p^{αβ}_{IJ} p_{JIβ α} + qγ^α ϕ_I a_{IJα} ϕ_J ,

since a_{IJα} ∈ C commutes with γ^α .

5 Conclusions

With the present paper, we have worked out a consistent local inertial frame description of the canonical formalism in the realm of covariant Hamiltonian field theory. On that basis, the Noether theorem as well as the idea of gauge theory — to amend the Hamiltonian of a given system in order to render the resulting system locally gauge invariant — could elegantly and most generally be formulated as particular canonical transformations.

Acknowledgements To the memory of my (J.S.) colleague and friend Dr. Claus Riedel (GSI), who contributed vitally to this work. Furthermore, the authors are indebted to Prof. Dr. Dr. hc. mult. Walter Greiner from the Frankfurt Institute of Advanced Studies (FIAS) for his long-standing hospitality, his critical comments and encouragement.

References

1. Th. De Donder, Théorie Invariantive Du Calcul des Variations, (Gaulthier-Villars & Cie., Paris, 1930).

2. H. Weyl, Geodesic Fields in the Calculus of Variation for Multiple Integrals, in Annals of Mathematics 36 607 (1935).

3. cf, for instance: J. V. José and E. J. Saletan, Classical Dynamics, Cambridge University Press, Cambridge, 1998.

4. W. Greiner, B. Müller, and J. Rafelski, Quantum Electrodynamics of Strong Fields, (Springer- Verlag, Berlin, 1985).

5. S. Gasiorowicz, Elementary particle physics, (Wiley, New York, 1966). 6. J. von Rieth, The Hamilton-Jacobi theory of De Donder and Weyl applied to some relativistic field theories, in J. Math. Phys. 25 1102 (1984).

7. E. Noether, Nachr. Ges. Wiss. Göttingen, Math.-Phys. Kl. 57, 235 (1918).