arXiv:1205.6705v3 [hep-th] 30 Jul 2012

QMUL-PH-12-10 WIS/05/12-MAY-DPPA

A note on amplitudes in N = 6 superconformal Chern-Simons theory

Andreas Brandhuber^{a,b}, Gabriele Travaglini^a and Congkao Wen^{a1}

a Centre for Research in String Theory

School of Physics and Astronomy Queen Mary University of London Mile End Road, London E1 4NS, United Kingdom

b Department of Particle Physics and Astrophysics Weizmann Institute of Science, Rehovot 76100, Israel

Abstract

We establish a connection between tree-level superamplitudes in ABJM theory and leading singularities associated to special three-particle cuts of one-loop superamplitudes where one of the tree amplitudes entering the cut is a four-point amplitude. Using these relations, we show that certain intriguing similarities between one-loop and tree-level superamplitudes observed recently become completely manifest. This connection is reminiscent of a similar relation in the maximally supersymmetric gauge theory in four dimensions, where the sum of two-mass hard and one-mass box coefficients of a one-loop amplitude equals the corresponding tree-level amplitude. As an application, we present a very simple rederivation of the six-point superamplitude and calculate the eight-point superamplitude at one loop in ABJM theory.

1 {a.brandhuber, g.travaglini, c.wen}@qmul.ac.uk

Contents

1 Introduction 1

2 Lightning review of superamplitudes in ABJM 5

3 Connection between anomalous three-particle cuts and recursive diagrams 7 3.1 Supercoefficients from triple cuts . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Solution for the anomalous triple-cut equations . . . . . . . . . . . . . . . 9 3.3 Anomalous triple cuts and the associated recursive diagrams . . . . . . . . 11

4 The one-loop six-point superamplitude 16

5 Eight-point and ten-point superamplitudes at one loop from recursive diagrams 17

A Conventions 20

B One-loop triangle in D = 3 21

C The tree-level eight-point amplitude 22

1 Introduction

The construction and study of three-dimensional superconformal field theories has seen a major surge in recent years. There are several motivations for this interest, two of the main ones being the search for a description of the low-energy physics of membranes in M-theory (M2-branes), and the importance of finding new examples of the AdS/CFT correspondence. Superconformal Chern-Simons theories (SCS) were first explored in [1] as possible candidates of theories of M2-branes, and this idea was brought to fruition in [2] and [3] where the first construction of a three-dimensional theory with maximal, N = 8 superconformal symmetry (BLG) was presented. Subsequently, in [4] a large class of N = 6 superconformal theories based on U(N)_{+k} × U(N)_{−k} Chern-Simons matter^1 theories (ABJM) was constructed. These theories were conjectured to be dual to type IIA string theory on AdS_4 × C P^3 or M-theory on AdS_4 × S^7/Z_k, and to be the low-energy worldvolume theories of M2-branes near Z_k orbifolds.

Given the large number of new examples of three-dimensional theories with holographic duals, it is important to understand both sides of the duality, explore and exploit similarities with the dualities of four-dimensional theories, in particular N = 4 supersymmetric Yang-Mills (SYM), and more importantly identify any novel features. What one is particularly interested in are any hidden structures or symmetries, such as dual conformal symmetry or integrability, that are not necessarily manifest at the Lagrangian level and often manifest themselves only at the level of physical quantities like correlation functions, scattering amplitudes or Wilson loops.

In the context of the AdS_4/CFT_3 correspondence, integrability of the classical sigma model was studied in [5], while at weak coupling the dilatation operator of gauge-invariant operators could be identified with a spin chain Hamiltonian in [6]. A corresponding Bethe equation for the all-loop anomalous dimensions was put forward in [7] (see also [8]) and the Bethe ansatz proposal has been tested in many examples. Interestingly, it was found in [7,9] that for particular operators, namely twist operators, the quantum corrections in ABJM theory and N = 4 SYM are related by a simple map of the ’t Hooft couplings λ_{N =4} → [h(λ_{ABJM})]^2 with h(λ) = λ + c_1λ^3 + c_2λ^5 + · · · at weak coupling [10], and λ_{ABJM} = N/k. This observation is of particular interest as the anomalous dimension of twist-two operators controls the leading infrared (IR) singularities of scattering amplitudes via its relation to the cusp anomalous dimension, and might hint at a deeper connection between the amplitudes of these theories.

In this paper we will focus on aspects of the S-matrix of the ABJM theory, and we now briefly summarise some of the known results which will be relevant for our work. To begin with, various tree amplitudes up to eight points have been constructed explicitly using Feynman diagrams, on-shell recursion relations or Grassmannian formulations [11–14]. At one loop, the four-point amplitude was shown to vanish in [11, 15], while higher-point amplitudes are non-vanishing at the same loop order as was shown recently in [16,17] using triple cuts, and in [18] from supergraphs. At two loops, only the four-point amplitude has been computed so far [15, 19], with a result which surprisingly matches the one-loop amplitude in N = 4 SYM. This equality was later extended to include all orders in the expansion in the dimensional regularisation parameter ϵ in [20]. Wilson loops and a potential duality to amplitudes similar to that in N = 4 SYM [21–23] were explored in [24–26, 19]. The result that lightlike polygonal Wilson loops at one loop are in fact zero [24,25] hints at some important issues to be understood in constructing such a duality, echoed by the appearance of singularities in formulating a fermionic T-duality [27]. On the other hand, it was found in [26] that the two-loop result for the 2n-gon Wilson loops matches numerically the expression of the corresponding one-loop result in N = 4 SYM [23] – an intriguing connection to the maximally supersymmetric theory in four dimensions.

1The subscripts denote the levels of the Chern-Simon terms which come with opposite signs for the two gauge group factors.

There are other properties familiar from N = 4 SYM that also appear in ABJM theory, notably dual superconformal symmetry [28] and Yangian symmetry [29]. These have been studied in [12–14, 30], and more recently the subtle breaking of some of these symmetries was understood in [17].

Novel features of amplitudes in ABJM (compared to N = 4 SYM) are that amplitudes always have an even number of external states, and one-loop amplitudes are IR finite, in addition to being UV-finite. Intuitively, one can argue that this softer IR behaviour is related to the fact that the gluon in Chern-Simons theory is non-dynamical, and hence cannot appear on external lines, and the gluon propagator goes as ∼ 1/p. More concretely, one-loop amplitudes can be expanded in terms of one-loop triangle functions [17], a fact that is expected because of dual conformal invariance. In dimensional regularisation these triangles vanish if at least one of the external momenta is on-shell and otherwise give a finite result. But there is a further, more physical argument why IR divergences should be absent. General theorems guarantee that IR divergences cancel when IR-safe quantities such as cross sections are considered. In particular the virtual IR divergence associated with the interference of a one-loop 2n-point amplitude with an 2n-point tree amplitude has to be cancelled by the real emission IR divergence associated with (the modulus squared of) the (2n + 1)-point tree amplitude integrated over the phase space of an extra soft/collinear particle. The absence of (2n + 1)-point tree amplitudes in ABJM then implies the IR finiteness of all one-loop amplitudes.^2 However a two-loop 2n-point amplitude can be combined with (the square of) a (2n+2)-point tree amplitude, implying that two-loop amplitudes in ABJM are IR divergent, as indeed found in [15, 19].

A related surprising feature of one-loop amplitudes in ABJM is their remarkable similarity to their tree-level counterpart [16–18]. This feature can be understood as a consequence of Yangian invariance [11] and its violation [17, 18] in the six-point case, but we feel it would be useful to have a more direct connection between trees and loops that may allow to understand if a similar pattern continues for eight and more external particles. This is the main question to which we provide an answer in this paper.

To achieve this goal, we will draw inspiration from N = 4 SYM, where a remarkable connection exists between tree amplitudes and certain sums of coefficients of one-loop amplitudes when expanded in a basis of box functions. Specifically, it was observed in [31] that the sum of coefficients of all so-called two-mass hard box functions, i.e. boxes which have two adjacent massless corners with momenta p_i and p_{i+1}, as in Figure 1(a), equals twice the tree-level amplitude in N = 4 SYM. This is true for any choice of the two adjacent massless legs, thus there are n such equations for an n-point amplitude. These relations were later proved in [32], where it was shown that they arise as particular combinations of the IR consistency equations. The reader might at this point object that due to the absence of IR divergences at one loop in ABJM theory, this strategy is bound to fail. However, there is an alternative proof of the relations of [31] which was found in [33], relying on the one-loop dual conformal anomaly of amplitudes, whose expression was conjectured in [34] and proved in [35]. Specifically, it was found in [33] that in

2Strictly speaking these statements depend on the use of dimensional regularisation. When a different regulator is used, e.g. adding a Yang-Mills term to the action, the gluon can become dynamical and then even one-loop amplitudes can become IR divergent as the regulated theory will contain amplitudes with an odd number of external legs. It would be interesting to analyse this issue in more detail.

order to satisfy the anomalous dual conformal Ward identities, one-loop supercoefficients must obey certain linear equations, n of which are precisely the relations between tree amplitudes and one-loop two-mass hard and one-mass box coefficients described in [31].

At this point we mention a key ingredient in our story, namely the connection between quadruple cuts involving two adjacent massless corners – from which one obtains the coefficients that feature in the relations of [31], and tree-level recursion relations [36, 37]. In the context of N = 4 SYM, this relation was first noticed in [36], and in [32] it was shown how one can map each quadruple cut of this type directly to a BCFW recursive diagram. In particular the two cut legs depicted as vertical lines in Figure 1(a) morph into BCFW shifted legs, see Figure 1(b). In this way, the relations of [31] are proved because the sum of two-mass hard coefficients is converted into the sum of BCFW recursive diagrams which in turn is known to give the tree amplitude.

Figure 1: Two-mass hard quadruple cut and the corresponding recursive diagram in N = 4 SYM.

Motivated by this, we will consider special triple cuts in three-dimensional ABJM theory where one of the participating amplitudes is a four-point tree-level superamplitude, while the remaining two can have any (even) number of particles. Note that in ABJM the four-point amplitude is the smallest amplitude and plays a similar fundamental role as the three-point amplitude in N = 4 SYM. In [17] the special role of four-point tree amplitudes was emphasised and their superconformal anomalies, which are localised on collinear configurations, were studied in detail and shown to be the source of superconformal anomalies of six-point tree and one-loop amplitudes.^3 There are two solutions to the triple-cut equations, and hence two contributions to the supercoefficients, paralleling the two solutions z_{1,2} for the z variable defining the shifts in the three-dimensional recursion relation [14]. In N = 4 SYM, the sum of the two contributions from the two quadruple cut solutions gives the manifestly PT-invariant form of the supersymmetric BCFW recursion relation. It contains two terms which happen to be equal as a consequence of the large-z behaviour of the superamplitude [32], leading to the factor of two alluded to earlier.

What happens in the three-dimensional ABJM theory? We find something rather surprising here. If combined with a positive sign, these two “sharpened” leading singular-

3Incidentally, we wish to point out the similar role played by four-point tree amplitudes in unitarity cuts of one-loop superamplitudes in N = 4 SYM. Indeed it is the particular class of two-particle cuts including a four-point tree amplitude that is related to IR divergences and responsible for the one-loop dual conformal anomaly as pointed out in [35].

ities, in the language of [38], give the coefficient of a triangle function. However, it is their difference which reproduces a BCFW recursive diagram for the corresponding tree-level amplitude. Turning things around, one can combine the two terms resulting from the evaluation of the same recursive diagram at the two residues z_{1,2} with plus or minus sign, in one case leading to the tree-level amplitude, in the other to a supercoefficient. The fact that these leading singularities can be combined in different ways leads one to suspect that they should be separately Yangian invariant. In [14] dual conformal symmetry was shown to hold diagram by diagram in the recursion relation, following a strategy similar to that of [39]. In fact, following the proof of [14] one can easily convince oneself that each leading singularity is separately dual conformal covariant. At six points, the triple cuts at one loop contain only four-point amplitudes [17]. It is then clear that the one-loop six-point amplitude must be closely related to tree amplitudes, because of the connection between the special triple cuts where one of the cut-amplitudes is a four-point amplitude and recursive diagrams that we have outlined above. It is also clear that the same connection can be used to relate any leading singularity where one of the participating amplitudes is a four-point amplitude to recursive diagrams, and in particular to fully determine the eight- and ten-point superamplitudes at one loop. We demonstrate the efficiency of this strategy by calculating the one-loop eight-point superamplitude explicitly.

The rest of the paper is organised as follows. In Section 2 we review some basic facts about amplitudes in ABJM, their description in on-shell superspace and summarise their factorisation properties at tree level. In Section 3 we present the main observation of our paper, namely that particular triple cuts where at least one of the three tree-amplitudes appearing in the cut is a four-point amplitude are in one-to-one correspondence with recursive diagrams for tree amplitudes. As a byproduct, we write down a more compact form of the tree-level recursion relations. In Section 4 we re-derive the one-loop six-point amplitude and in Section 5 we show how our connection to recursive diagrams can also be used to derive the eight-point one-loop superamplitude.

2 Lightning review of superamplitudes in ABJM

Here we briefly review some facts about ABJM theory and, in particular, its scattering amplitudes. The field content consists of four complex scalar fields ϕ^A, and four complex fermions ψ^α_A, where α = 1, 2 is a spin index and A = 1, . . . , 4 is an SU(4) R-symmetry group index, with the scalars (fermions) transforming in its (anti)fundamental representation. Furthermore, (ϕ^A, ψ^α_A) transform in the (N, N̄) representation of the U(N) × U(N) gauge group, while the complex conjugate fields (ϕ̄_A, ψ̄^A_α ) transform in the (N̄, N). Finally, the gauge fields A_μ and Â_μ are described by a Chern-Simons action and hence they have no on-shell degrees of freedom, i.e. gauge fields do not appear in the external states.

The matter content of ABJM theory can be efficiently described using N = 3 superspace [12]. In this set-up, one introduces a Nair superfield Φ(λ, η) to describe particles and its Grassmann Fourier transform Φ̄(λ, η) for the antiparticles:

Φ(λ, η) = ϕ^4(λ) + η^Aψ_A(λ) + 1 2 ϵ_{ABC} η^Aη^B ϕ^C (λ) + 1 3! ϵ_{ABC} η^Aη^Bη^C ψ_4(λ) , (2.1)

Φ̄(λ, η) = ψ̄^4(λ) + η^Aϕ̄_A(λ) + 1 2 ϵ_{ABC} η^Aη^Bψ̄^C (λ) + 1 3! ϵ_{ABC} η^Aη^B η^Cϕ̄_4(λ) . (2.2)

Here η^A, A = 1, 2, 3 are Grassmann variables transforming in the fundamental representation of SU(3). Note that Φ is bosonic, whereas Φ̄ is fermionic. Momenta of on-shell particles are written in the three-dimensional spinor helicity formalism as products of commuting spinors λ^α as p^{αβ} := λ^αλ^β . (2.3) For the reader’s convenience, we summarise in Appendix A useful facts about the spinor helicity formalism, along with our conventions. In terms of the (λ, η) variables, supersymmetry generators have a very simple form [12], for instance

Q^{αA} = λ^αη^A , Q^α_A = λ^α ∂ ∂η^A , (2.4)

while the R-symmetry generators act as

R^{AB} = η^Aη^B , R^A_B = η^A ∂ ∂η^B − 1 2 δ^A_B , R_{AB} = ∂ ∂η^A ∂ ∂η^B . (2.5)

Colour-ordered superamplitudes, which are the subject of this paper, are denoted by

M = M(Φ̄_1, Φ_2, Φ̄_3, . . . , Φ̄_{n−1}, Φ_n) , (2.6)

where particular states can be chosen by taking the appropriate power in the η expansion according to (2.1) or (2.2) depending on whether the corresponding field appearing in M is unbarred (particle) or barred (antiparticle). Note that n is even, a fact that follows simply from gauge invariance once one recalls that the superfields Φ and Φ̄ carry colour indices Φ^a_{b̄} and Φ^ā_b, where (un)barred indices are associated to the first (second) U(N) group. In the following we will often use a simplified notation M(¯1, 2, ¯3, . . . , n − 1, n) to denote superamplitudes.

An important difference with the four-dimensional helicity formalism is that the little group of the Lorentz group is now discrete. Indeed, particles’ momenta p^{αβ} = λ^αλ^β and supermomenta q^{αA} = λ^αη^A, are invariant under λ → −λ , η → −η . (2.7) Note that under this transformation one has Φ → Φ, while Φ̄ → −Φ̄, and hence

M(· · · ; −λ_i, −η_i; · · · ) = (−)^i M(· · · ; λ_i, η_i; · · · ) , (2.8)

i.e. the superamplitude flips sign or not according to whether i labels an antiparticle or a particle.

Finally, we observe that an n-point amplitude has fermionic degree 3n/2, in sharp contradistinction with the standard formulation of four-dimensional N = 4 SYM using Nair’s chiral superspace, where the fermionic degree is related to the MHV degree of the superamplitude. Perhaps the only amplitude reminiscent of the four-dimensional MHV superamplitude is the four-point amplitude, whose expression is [11]

M_4(¯1, 2, ¯3, 4) = δ^{(3)}(

∑_4 i=1 λ_iλ_i) δ^{(6)}(

∑_4 i=1 λ_iη_i) ⟨12⟩⟨23⟩ . (2.9)

Note the presence of a δ^{(6)}(

∑_4 i=1 λ_iη_i) of supermomentum conservation, which makes supersymmetry manifest.

We will round up this section with a brief summary of the factorisation properties of amplitudes in ABJM theory. We will mainly focus on tree amplitudes in three types of kinematic limits: (a) soft limit p_i → 0, (b) collinear limit p_i ∼ c p_{i+1} and its generalisations, and (c) multi-particle factorisation P^2_{ij} → 0 where P_{ij} := p_i +· · ·+p_j . Let us begin with the collinear limit of the four-particle amplitude (2.9) and take e.g. momenta 1 and 2 collinear, i.e. ⟨12⟩ → 0. Momentum conservation and on-shell conditions however force momenta 3 and 4 also to be collinear with 1 and 2, and hence all spinor brackets vanish. From this we conclude that the four-point superamplitude vanishes as ⟨12⟩ in this limit. Similarly one can show that (2.9) vanishes in the soft limit. There is however one subtlety, associated with peculiar anti-collinear configurations such as p_1 + p_2 = 0 and p_3 + p_4 = 0 [12]. In this case λ_2 = iλ_1 and λ_4 = iλ_3, but λ_1 and λ_3 are unrelated. Thus, not all spinor brackets appearing in the expansion of the fermionic delta-function in (2.9) vanish, and the four-point amplitude diverges as ∼ ⟨12⟩^{−1}. This divergence is associated with a zeromomentum gluon exchange diagram, as explained in [11, 12, 17].

Multiparticle factorisation only occurs for six-point and higher-point amplitudes. In a multi-particle limit, an amplitude factorises into a product of two tree amplitudes times a propagator in the channel that goes on-shell. Since only amplitudes with an even number of external legs are non-zero, we have the following pattern [12]:

A. Channels with an odd number of momenta: P^2 = (p_1 + . . . + p_{1+2k})^2 → 0: in this case the limit of the amplitude is singular and factorisation occurs as M_{2n}(1, . . . , n) → ∫ d^3η_P M_{2k}({1, . . . , 1+2k}, P ) 1 P^2 M_{2n−2k}(−P, {2+2k, . . . , n}) + finite (2.10)

B. Channels with an even number of momenta: P^2 = (p_i + . . . + p_{i+2k+1})^2 → 0, which includes collinear limits for k = 0. In this case no singularity arises, as this would require factorisation onto two tree amplitudes with an odd number of external legs.

It is interesting to note that in ABJM the usual collinear singularities of amplitudes are absent, a fact which is closely related to the absence of one-loop IR divergences. Similarly, a soft limit with otherwise generic kinematics does not lead to a singularity. One can also consider multi-collinear limits such as a triple collinear limit, which is a special case of the case A above with k = 1. The four-point amplitude appearing in the factorisation limit vanishes as ⟨12⟩ in this case (we assume here that i = 1), however this gets multiplied with the singular propagator ∼ ⟨12⟩^{−2} which leads in total to a pole of the form ⟨12⟩^{−1} ×M_{2n−2}.

3 Connection between anomalous three-particle cuts and recursive diagrams

One-loop amplitudes in superconformal Chern-Simons theory are believed to be finite. This is a consequence of the conjectured dual conformal symmetry property of the theory [14] – see the Introduction for alternative explanations. Indeed, because of the symmetry only scalar triangle functions will appear in the expansion of a one-loop amplitude. One-mass and two-mass triangles in dimensional regularisation are zero when evaluated in D = 3, and we are left with three-mass triangles, which are dual conformal invariant if multiplied with an appropriate normalisation factor. However, lacking enough independent region momenta, the only way this normalised integral function can be dual conformal invariant is by being a constant (see Appendix B for details).

In the following we will write general one-loop amplitudes as a linear combination of unnormalised, scalar triangle functions, M = ∑ K_1,K_2,K_3

C_{K1K2K3} I(K_1, K_2, K_3) , (3.1)

where C_{K1K2K3} are supercoefficients and I(K_1, K_2, K_3) denote the three-mass triangles integrals

I^{3m}(K_1, K_2, K_3) := ∫ d^3l 1 (l^2 + iε)((l + K_1)^2 + iε)((l + K_1 + K_2)^2 + iε) = −i π^3 √ −(K^2_1 + iε) √ −(K^2_2 + iε) √ −(K^2_3 + iε)

, (3.2)

with K^2_i ≠ 0 for all i. The expression for these triangles was obtained in [42–44], and we provide an independent derivation using Mellin Barnes representations in Appendix B.

3.1 Supercoefficients from triple cuts

The supercoefficients can be calculated by applying generalised unitarity [46,47] or, specifically in three-dimensions, three-particle cuts. This strategy was pursued in [15] where the four-point amplitude at one and two loops were calculated, and very recently in [16, 17], where three-particle cuts were performed in order to calculate the six-point amplitude at one loop. This amplitude was concurrently derived in [18] using supergraphs.

Figure 2: A generic three-mass triangle function. In three dimensions, one-mass and two-mass triangles vanish.

From triple cuts, one can derive an equation which determines C_{K1K2K3} , C_{K1K2K3} · J = ∑ l^∗ | |det ( ∂f_i(l_a) ∂l_{aμ} )_{−1} l=l^∗ | | ∫ d^3η_a d^3η_b d^3η_c M_1M_2M_3 , (3.3)

where l^∗ denotes the two solutions to the equations

f_1(l_a) = l^2_a = 0, f_2(l_a) = (l_a + K_1)^2 = 0, f_3(l_a) = (l_a + K_1 + K_2)^2 = 0 , (3.4)

K_i, i = 1, 2, 3, are the external momenta at each corner of the triangle, see Figure 2, and J is the Jacobian

J := ∑ l^∗ | det ( ∂f_i(l_a) ∂l_{aμ} )_{−1} l=l^∗ | . (3.5)

l^∗ can expressed as [17] l^∗ = αK_1 + βK_2 + γK_⊥ , (3.6)

with K^μ_⊥ := ϵ^{μνρ}K_{1ν} K_{2ρ}. One also finds that γ = s √ −K^2_1 K^2_2 K^2_3 /(2K^2_⊥) where s = ± for the two solutions.^4 The determinant is easily evaluated to be | |det ( ∂f_i(l_a) ∂l_{aμ} ) l=l^∗ | | = 8 | |det(l^∗_μ, K_{1μ}, K_{2μ}) | | = 8 | |γ(ϵ_{μνρ}K^ν_1 K^ρ_2 )^2 | | = 4 √ −K^2_1 K^2_2 K^2_3 , (3.7)

and, hence, performing the sum over the two solutions, we get J = 1 2 1 √ −K^2_1 K^2_2 K^2_3

. (3.8)

We conclude that

C_{K1K2K3} = 1 2 ∑ l^∗ ∫ d^3η_a d^3η_b d^3η_c M_1M_2M_3 . (3.9)

3.2 Solution for the anomalous triple-cut equations

In the following we will focus on a particular class of supercoefficients, where one of the three massive corners (denoted earlier as K_3) contains only two particles, i.e. the corresponding amplitude at that corner is a four-point amplitude. We call these triple cuts “anomalous” because of the presence of a four-point tree amplitude, which is the source of anomalies of the Yangian generators [17]. Momentum conservation reads now

K_1 + K_2 + P_{12} = 0 , (3.10)

with P_{12} := p_1 + p_2. The corresponding three-particle cut is depicted in Figure 3, where the cut momenta are l_a, l_b and l_c, with l^2_a = l^2_b = l^2_c = 0. We also have l_a + l_b = P_{12}.

4 The expressions for α and β can be found in [17] and will be immaterial in the following. Note that in our conventions η^{μν} = (+ − −).

Figure 3: The particular three-particle cut considered in Section 3.2 which we use to evaluate the supercoefficient C_{12;i}. Note that K_1 := p_{i+1} + · · ·+ p_n, and K_2 := p_3 + · · ·+ p_i.

In order to establish a connection between this particular class of triple cuts and recursion diagrams we will now solve the triple cut conditions in a way that closely parallels the on-shell conditions for the shifted legs in the recursion relation. To this end, we note that the conditions l^2_a = l^2_b = 0 (in the notation of Figure 3) can be satisfied by setting (l_a)_{αβ} := λ̂_{a;α}λ̂_{a;β}, (l_b)_{αβ} := λ̂_{b;α}λ̂_{b;β} with

λ̂_a = xλ_1 − yλ_2 , λ̂_b = yλ_1 + xλ_2 . (3.11)

Momentum conservation implies l_a + l_b = (x^2 + y^2)(λ_1λ_1 + λ_2λ_2), and hence x^2 + y^2 = 1. We will solve this condition by setting [14] x = 1 2 (z + z^{−1}) , y = 1 2i (z − z^{−1}) , (3.12)

or ( λ̂_a λ̂_b ) = R(z) ( λ_1 λ_2 ) , (3.13)

where R(z) = 1 2 (z + z^{−1}) −^1_{2i} (z − z^{−1}) 1 2i (z − z^{−1})^1_2 (z + z^{−1})

. (3.14)

Note that R^T R = 1l. Finally, z can be determined by solving the remaining on-shell condition l^2_c = (l_a + K_1)^2 = 0 . (3.15) This turns out to be a biquadratic equation in z, as can be seen in the following way [14]. One notices that λ̂_a = 1 2 [ z(λ_1 + iλ_2) + z^{−1}(λ_1 − iλ_2) ] , (3.16) and introducing

q^{αβ} := 1 4 (λ_1 + iλ_2)^α(λ_1 + iλ_2)^β , q̃^{αβ} := 1 4 (λ_1 − iλ_2)^α(λ_1 − iλ_2)^β , (3.17)

one can rewrite l_a := λ̂_aλ̂_a = z^2q + z^{−2}q̃ + 1 2 (p_1 + p_2) . (3.18)

Eqn. (3.15) then takes the form,

az^{−2} + b + cz^2 = 0 , (3.19)

with a = 2(q̃ · K_1) , b = −K_1 · K_2 , c = 2(q · K_1) , (3.20) whose solutions can be cast in the form^5 [14]

z^2_1 =

K_1 · K_2 + √ K^2_1 K^2_2 4(q · K_1)

, z^2 =

K_1 · K_2 − √ K^2_1 K^2_2 4(q · K_1)

. (3.21)

There is an interesting way to rewrite (3.21) making use of a peculiar representation for generic non-null three-dimensional vectors K, discussed in (A.3) of Appendix A. We define

K_{1 ab} := ξ_{(a}μ_{b)} , K_{2 ab} := ξ^′_{(a}μ^′_{b)} , (3.22)

and use (A.7) to write K^2_1 K^2_2 = (1/16)⟨ξμ⟩^2⟨ξ^′μ^′⟩^2. The solutions z_{1,2} can therefore be re-cast in the following form,^6

z^2_1 = ⟨ξμ^′⟩⟨μξ^′⟩ ⟨λ_1 + iλ_2| K_1 |λ_1 + iλ_2⟩

, z^2 = ⟨ξξ^′⟩⟨μμ^′⟩ ⟨λ_1 + iλ_2| K_1 |λ_1 + iλ_2⟩

, (3.23)

where z_{1,2} correspond to the two choices K_1 ·K_2 ∓(1/4)⟨ξμ⟩⟨ξ^′μ^′⟩, respectively. Note that, effectively, (3.23) can be obtained from (3.21) by performing the replacement √ K^2_1 K^2_2 → −(1/4)⟨ξμ⟩⟨ξ^′μ^′⟩ . (3.24)

Very interestingly, all square roots have disappeared in this new representation of the solution given in (3.23). This feature will be useful in the following.

3.3 Anomalous triple cuts and the associated recursive diagrams

At this point let us compare the triple-cut equations we have just considered, which we momentarily rewrite as

l^2_c = 0 , (l_c + K_1)^2 = 0 , (l_c − K_2)^2 = 0 , (3.25)

5After using the identity (q · K_1)(q̃ · K_1) = (1/16) [ (K_1 · K_2)^2 − K^2_1 K^2_2 ] . 6The precise definition of z^2_1 and z^2 in (3.23) is chosen in order to agree with the explicit solutions in the six-point case given in (4.1).

to the equations determining the BCFW shift in the recursion diagram in Figure 4. The latter are p̂^2_f = p̂^2_1 = p̂^2 = 0, or

p̂^2_f = 0 , (p̂_f + K_1)^2 = 0 , (p̂_f − K_2)^2 = 0 . (3.26)

Note that (3.25) and (3.26) are identical in form, and so will the solutions for l_c and p̂_f . This is the first evidence of an underlying connection between the triple-cut diagram in Figure 3 and the recursive diagram in Figure 4.

Next, we move on to evaluating explicitly the triple cut in Figure 3. We denote the product of the three amplitudes (before evaluating them on the solution of the cut equations) with the slightly simplified notation C_{12;i}(z), where the label i is introduced in Figure 3. Using (3.9), the supercoefficient is then given by

C_{12;i} = 1 2 ∑ l^∗ C_{12;i}(l^∗) = 1 4 ∑ z∈{±z_1,±z_2} C_{12;i}(z) . (3.27)

Note the appearance of an extra factor of 1/2 on the right-hand side of (3.27) compared to (3.9), which is due to the sum over equal and opposite roots of z_i, i = 1, 2.

The expression for C_{12;i}(z) is

C_{12;i}(z) = ∫ d^3η_ad^3η_bd^3η_c M_4(¯1, 2, −b̄, −a) M_R(¯3, . . . , i, −c̄, b)M_L(i + 1, . . . , n, ā, c) , (3.28) where the four-point superamplitude is given in (2.9). Here we adopt the short-hand notations M(1, . . . , n) = M(λ_1, η_1; . . . ; λ_n, η_n) and M(· · · ; −a; · · · ) = M(· · · ; iλ_a, iη_a; · · · ), where −a indicates that the momentum and supermomentum of particle a are −λ_aλ_a and −λ_aη_a. In order to perform the Grassmann integrations efficiently we use the identity

δ^{(6)}

(^2∑ i=1 λ_iη_i − λ̂_aη_a − λ̂_bη_b ) = ⟨12⟩^3δ^{(3)}(η_a − η̂_a)δ^{(3)}(η_b − η̂_b) , (3.29)

where ( η̂_a η̂_b ) = R(z) ( η_1 η_2 ) , (3.30)

and we have also used ⟨â b̂⟩ = ⟨1 2⟩. The integration over η_a and η_b is then performed trivially, and the particular triple cut we are considering becomes

C_{12;i}(z) =

⟨1 2⟩^2 i⟨2 b̂⟩ ∫ d^3η_c M_R(¯3 . . . , i, −c̄, b̂) M_L(i + 1, . . . , n, ^̄a, c) , (3.31) where ⟨2 b̂⟩ = − 1 2i ⟨1 2⟩(z − z^{−1}) . (3.32)

Thus we arrive at the result

C_{12;i}(z) = −2 ⟨12⟩ z − z^{−1} ∫ d^3η_c M_R(¯3 . . . , i, −c̄, b̂) M_L(i + 1, . . . , n, ^̄a, c) . (3.33)

The next step consists in performing the sum over the four solutions (z_1, −z_1, z_2, −z_2) to (3.19) in order to obtain (3.27). To this end, we first note the property [14]

M_R(−z)M_L(−z) = −M_R(z)M_L(z) , (3.34)

which follows from λ̂_a and λ̂_b being odd in z and from (2.8), together with the fact that particles 1 and 2 are adjacent in colour ordering. Using (3.34), we can rewrite the sum on the right-hand side of (3.27) as ∑ z∈{±z_1,±z_2} C_{12;i}(z) = −4 ⟨12⟩ z_1 − z^{−1}_1 ∫ d^3η_c [ M_R(¯3 . . . , i, −c̄, b̂) M_L(i + 1, . . . , n, ^̄a, c) ] z=z_1 + z_1 → z_2 . (3.35)

At this point we would like to establish a connection between (3.35) and a particular

Figure 4: The recursive diagram which we associate with the three-particle cut in Figure 4. We also set K_1 := p_{i+1} + · · · + p_n, and K_2 := p_3 + · · · + p_i.

diagram in the BCFW recursion relation formulated in [14]. More specifically, we now compare (3.35) with the recursive diagram depicted in Figure 4, whose expression is given by [14]

R_{12;i} = ∫ d^3η_c

H(z_1, z_2) p^2_f [ M_R(¯3 . . . , i, −c̄, ^2) M_L(i + 1, . . . , n, ^̄1, c) ] z=z_1 + (z_1 ↔ z_2)

:= Y^{(1)}_{12;i} + Y^{(2)}_{12;i} , (3.36)

where p_f = p_2 + · · · + p_i is the momentum in the internal propagator, (z_1, −z_1, z_2, −z_2) are the four solutions to (3.26) (or equivalently (3.19)), and

H(z_1, z_2) := z_1(z^2 − 1) z^2_1 − z^2

. (3.37)

Here we have also introduced shifted superspace variables λ̂_{1,2} and η̂_{1,2} which are defined by formulae that are identical in form to (3.13) and (3.30), namely (^ λ_1 λ̂_2 ) = R(z) ( λ_1 λ_2 ) , ( η̂_1 η̂_2 ) = R(z) ( η_1 η_2 ) . (3.38)

In other words, the solution â := (λ̂_a, η̂_a) and b̂ := (λ̂_b, η̂_b) to the cut conditions for the legs a and b in the the triple-cut diagram are precisely the same as the three-dimensional BCFW shifts. Note that a very similar relation between certain quadruple cuts with two adjacent three-particle amplitudes as depicted in Figure 1 and on-shell recursive diagrams was observed in four dimensions already in [36]. It is very interesting that the very same connection between maximal cuts and recursion relations emerges also in the three-dimensional theory considered here. Furthermore, from the viewpoint of the triple cuts the non-linear BCFW shifts in three dimensions appear very naturally.

In order to simplify the notation, we define G(z) = ⟨1 2⟩ z − z^{−1} , (3.39)

and look for a relation between H(z_1, z_2), and G(z_1) and G(z_2). After a short calculation making use of the explicit expressions for the solutions z_{1,2}, we find that^7 1 p^2_f

H(z_1, z_2) G(z_1) = − 1 p^2_f

H(z_2, z_1) G(z_2) = 1 ⟨1 2⟩ √ K^2_1 K^2_2

. (3.40)

The minus sign in the first equality in (3.40) is very important – if it were not present, we would ultimately be led to conclude that one-loop amplitudes are proportional to tree-level amplitudes, which is not the case.

We conclude by stating the precise relation between the recursive diagram and the triple-cut diagram considered so far, namely

R_{12;i} = − 1 4 ⟨1 2⟩ √ K^2_1 K^2_2 [ ∑ z=±z_1 C_{12;i}(z) − ∑ z=±z_2 C_{12;i}(z) ] . (3.41)

The sum ∑ i R_{12;i} over all possible recursive diagrams gives the tree-level superamplitude M_{tree}, and hence we have derived the new relation

M_{tree} = − ∑ i ∑ z=±z_1 C12;i(z) − ∑ z=±z_2 C12;i(z) 4 ⟨1 2⟩ √ K^2_1 K^2_2

, (3.42)

where the sum is extended to all supercoefficients corresponding to the triple cuts in Figure 3, where one of the corners has fixed legs, say 1 and 2. This is one of the main results of this section. Using the notation (3.23) we can re-write (3.41) and (3.42) in a neater form manifestly free of square roots:

R_{12;i} = 1 ⟨1 2⟩⟨ξμ⟩⟨ξ^′μ^′⟩ [ ∑ z=±z_1 C_{12;i}(z) − ∑ z=±z_2 C_{12;i}(z) ] , (3.43)

M_{tree} = ∑ i ∑ z=±z_1 C12;i(z) − ∑ z=±z_2 C12;i(z) ⟨1 2⟩⟨ξμ⟩⟨ξ^′μ^′⟩ , (3.44)

7 Specifically, from (3.19) and (3.20) it follows that c(1 − z^2_1 )(1 − z^2 ) = p^2_f and c(z^2_1 − z^2 ) = √ K^2_1 K^2_2 .

In the notation of (3.23), the latter equation reads c(z^2_1 − z^2 ) = −(1/4)⟨ξμ⟩⟨ξ^′μ^′⟩.

Incidentally, we note that the BCFW recursion relation can also be re-expressed in the interesting form^8

M_{tree} = ∑ i 1 √ K^2_1 K^2_2 ∫ d^3η_c 1 z_1 − z^{−1}_1 [ M_R(¯3 . . . , i, −c̄, ^2) M_L(i + 1, . . . , n, ^̄1, c) ] z=z_1 − (z_1 → z_2) . (3.45)

Conversely, we can re-express the supercoefficient as a function of the two recursion diagram terms Y^{(n)}_{12;i} , n = 1, 2 defined in (3.36). Since

G(z_1) = ⟨12⟩ √ K^2_1 K^2_2

H(z_1, z_2) p^2_f

, G(z_2) = −⟨12⟩ √ K^2_1 K^2_2

H(z_2, z_1) p^2_f

, (3.46)

we find, using (3.27),

C_{12;i} = −⟨12⟩ √ K^2_1 K^2_2 ( Y^{(1)}_{12;i} − Y^{(2)}_{12;i} ) , (3.47) or C_{12;i} = 1 4 ⟨12⟩⟨ξμ⟩⟨ξ^′μ^′⟩ ( Y^{(1)}_{12;i} − Y^{(2)}_{12;i} ) . (3.48)

Multiplying this by the corresponding three-mass triangle (3.2) we obtain a contribution equal to

C_{12;i} I_{12,K1,K2} = −i π^3 4 ⟨12⟩ √ −(P^2_{12} + iε) ⟨ξμ⟩ √ −(K^2_1 + iε) ⟨ξ^′μ^′⟩ √ −(K^2_2 + iε) ( Y^{(1)}_{12;i} − Y^{(2)}_{12;i} ) , (3.49)

where we remind the reader that K_1 and K_2 are written in (3.22) using three-dimensional spinor notation.

Eqns. (3.48) and (3.49) are the other main results of this section; these are practical formulae of immediate applicability in deriving higher-point one-loop superamplitudes, as we will illustrate in several examples in the next sections.

We conclude this section with two short comments.

1. We have seen that the combinations Y^{(1)}_{12;i} ± Y^{(2)}_{12;i} correspond to either recursion diagrams or supercoefficients. It was demonstrated in [14] that each recursive diagram is separately dual conformal invariant. As it was pointed out in the Introduction, one can see using the same proof that in fact each residue Y^{(1)}_{12;i} and Y^{(2)}_{12;i} is separately dual conformal invariant.

2. We note the appearance in (3.49) of peculiar ratios of Lorentz-invariant angle brackets to square roots of kinematic invariants. These correspond to the sign functions detected in [16–18], and will be made more explicit in the six-point case discussed below, see (4.8).

8Recall that K_1 := p_{i+1} + · · · + p_n and K_2 = p_3 + · · · + p_i.

4 The one-loop six-point superamplitude

We can use the results of the previous section, specifically (3.48) and (3.49), to re-derive the six-point one-loop superamplitude, recently obtained in [17, 18]. In this case the two possible three-particle cuts involve only four-point amplitudes. For six-point kinematics, (3.23) takes the simple form

z^2_1 = 2

P_{34} · P_{56} + ⟨3 4⟩⟨5 6⟩ ⟨λ_1 + iλ_2| P_{34} |λ_1 + iλ_2⟩

, z^2 = 2

P_{34} · P_{56} − ⟨3 4⟩⟨5 6⟩ ⟨λ_1 + iλ_2| P_{34} |λ_1 + iλ_2⟩

. (4.1)

Here we have used K_1 := P_{34}, K_2 := P_{56} and ⟨ξμ⟩ = −2i ⟨3 4⟩, ⟨ξ^′μ^′⟩ = −2i ⟨5 6⟩, with P^2_{34} = ⟨3 4⟩^2, P^2_{56} = ⟨5 6⟩^2.

Figure 5: The two contributions to the one-loop six-point amplitude.

Using (4.1), it is straightforward to find the six-point tree-level amplitude from BCFW recursion relations

M_{tree}(¯1, 2, ¯3, 4, ¯5, 6) := Y^{(1)}_{12;4} + Y^{(2)}_{12;4} = δ^{(3)}(P )δ^{(6)}(Q)

P^2_{24} [ δ^{(3)}(ϵ_{ijk}⟨j k⟩η_i − i ϵ¯_i¯_j¯_k⟨j̄ k̄⟩η¯_i) (⟨2|P_{34}|5⟩ + i⟨3 4⟩⟨6 1⟩)(⟨1|P_{23}|4⟩ + i⟨2 3⟩⟨5 6⟩) + δ^{(3)}(ϵ_{ijk}⟨j k⟩η_i + i ϵ¯_i¯_j¯_k⟨j̄ k̄⟩η¯_i) (⟨2|P_{34}|5⟩ − i⟨3 4⟩⟨6 1⟩)(⟨1|P_{23}|4⟩ − i⟨2 3⟩⟨5 6⟩) ] , (4.2)

where i , j , k = 2 , 3 , 4 , and ī , j̄ , k̄ = 5 , 6 , 1 .

We can now write down the expression for the corresponding one-loop supercoefficient C_{12;4} from the triple cut in Figure 5(a) using (3.48),

C_{12;4} = −⟨1 2⟩⟨3 4⟩⟨5 6⟩ ( Y^{(1)}_{12;4} − Y^{(2)}_{12;4} ) . (4.3)

It was observed in [17] that the combination Y^{(1)}_{12;4} − Y^{(2)}_{12;4} is in fact equal to the shifted tree-level amplitude i M_{tree}(¯6, 1, ¯2, 3, ¯4, 5).^9 Hence,

C_{12;4} = −i ⟨1 2⟩⟨3 4⟩⟨5 6⟩M_{tree}(¯6, 1, ¯2, 3, ¯4, 5) . (4.4)

9This fact can be easily understood by comparing the BCFW diagram with the same shift for these two different amplitudes, M_{tree}(¯1, 2, ¯3, 4, ¯5, 6) and M_{tree}(¯6, 1, ¯2, 3, ¯4, 5). Similar but slightly more complicated relations may be obtained from BCFW for higher-point tree-level amplitudes.

Similarly, we find for the supercoefficient C_{23;5} of Figure 5(b)

C_{23;5} = −i ⟨2 3⟩⟨4 5⟩⟨6 1⟩M_{tree}(¯6, 1, ¯2, 3, ¯4, 5) . (4.5)

Note that here the same tree-level amplitude M_{tree}(¯6, 1, ¯2, 3, ¯4, 5) appears both in (4.4) and (4.5) – in the two cases it appears as a BCFW recursion relation for the same amplitude but with a different shift.

The final result for the one-loop superamplitude is obtained by multiplying the supercoefficients by the corresponding three-mass triangle function as in (3.49), with the result

M^{(1)}(¯1, 2, ¯3, 4, ¯5, 6) = C_{12;4} I_{12,34,56} + C_{23;5} I_{23,45,61}

= iπ^3 S(p) M_{tree}(¯6, 1, ¯2, 3, ¯4, 5) , (4.6)

where the prefactor S(p) is

S(p) = sgn(⟨1 2⟩)sgn(⟨3 4⟩)sgn(⟨5 6⟩) + sgn(⟨2 3⟩)sgn(⟨4 5⟩)sgn(⟨6 1⟩) , (4.7) and sgn ( ⟨k l⟩ ) := −i ⟨k l⟩ √ −(⟨k l⟩^2 + iε) . (4.8)

This is in agreement with the recent calculations of [17, 18].

5 Eight-point and ten-point superamplitudes at one loop from recursive diagrams

There are two more superamplitudes whose triple cuts will always involve at least one four-point superamplitude, namely the eight-point and the ten-point superamplitudes. Using the procedure outlined in the previous sections, it is clear that such amplitudes can be expressed in terms of tree-level recursive diagrams evaluated on the different pole solutions z_1 and z_2 for each case. As observed earlier, evaluating a recursive diagram on z_i leads to a dual conformal invariant result even before summing over the two solutions z^2_i , i = 1, 2. Beyond ten points, there will be triple cuts involving three amplitudes with more than four legs; these will be genuinely new terms which have to be evaluated separately.

In order to make this discussion more concrete, we illustrate it in the eight-point case. The ten-point superamplitude can be addressed in the same way.

At eight points, there are eight independent triple cuts to consider, two of which are depicted in Figure 6. The remaining six are obtained by shifting the labels by one, four, and five units. According to the discussion of the previous sections, summarised by (3.48) and (3.49), the two cut diagrams in Figure 6 can be put in correspondence with the two recursive diagrams in Figure 7. In particular, the recursive diagram in Figure 7(a) has the expression^{10} R^{(a)}_{12;4} := Y^{(1)}_{12;4} + Y^{(2)}_{12;4} , (5.1)

10We evaluate explicitly these recursive diagrams and provide expressions for the functions Y in Appendix C.

Figure 6: Two of the eight triple-cut diagrams contributing to the eight-point superamplitude at one loop. The six remaining diagrams are obtained by cyclically shifting the particle labels by one, four, and five units.

Figure 7: The two recursive diagrams associated with the triple-cut diagrams shown in Figure 6.

and using (3.49), the corresponding expression for the triple-cut diagram in Figure 6(a) multiplied by the corresponding triangle function will be

C_{12;4} I_{12,34,5678} = iπ^3 S_{12;4} ( Y^{(1)}_{12;4} − Y^{(2)}_{12;4} ) . (5.2)

Here we denote by Y^{(i)}_{12;4} the result of the evaluation of the recursive diagram in Figure 7(a) on the solution z^2_i , i = 1, 2, where z^2_i are given in (3.23). The prefactor S_{12;4} can be read off from (3.49), and has the form

S_{12;4} = − 1 4 ⟨12⟩ √ −(P^2_{12} + iε) ⟨ξμ⟩ √ −(K^2_1 + iε) ⟨ξ^′μ^′⟩ √ −(K^2_2 + iε)

. (5.3)

In this case K_1 = p_5 + · · · + p_8 := P_{58}, whereas K_2 = p_3 + p_4. Hence we can replace ⟨ξ^′μ^′⟩ = −2i⟨34⟩, and S_{12;4} = i 2 ⟨12⟩ √ −(P^2_{12} + iε) ⟨ξμ⟩ √ −(P^2_{58} + iε) ⟨34⟩ √ −(P^2_{34} + iε)

. (5.4)

ξ and μ are indirectly defined through P^{ab}_{58} := ξ^{(a}μ^{b)}.

The contribution from Figure 6(b), multiplied by the appropriate triangle function, is

C_{12;6} I_{12,3456,78} = iπ^3 S_{12;6} ( Y^{(1)}_{12;6} − Y^{(2)}_{12;6} ) , (5.5) where the functions Y^{(i)}_{12;6} correspond to the recursive diagrams in Figure 7(b) evaluated on the two solutions z^2_i , i = 1, 2. The prefactor S_{12;6} is now given by

S_{12;6} = i 2 ⟨12⟩ √ −(P^2_{12} + iε) ⟨78⟩ √ −(P^2_{78} + iε) ⟨ξ^′μ^′⟩ √ −(P^2_{36} + iε)

, (5.6)

where P^{ab}_{36} := ξ^{′(a}μ^{′b)}.

The final result is then obtained by summing eight contributions and reads

M^{(1)}_8 (¯1, . . . , 8) = iπ^3 [ S_{12;4} ( Y^{(1)}_{12;4} − Y^{(2)}_{12;4} ) + S_{12;6} ( Y^{(1)}_{12;6} − Y^{(2)}_{12;6} )

+ S_{23;5} ( Y^{(1)}_{23;5} − Y^{(2)}_{23;5} ) + S_{23;7} ( Y^{(1)}_{23;7} − Y^{(2)}_{23;7} )

+ S_{56;8} ( Y^{(1)}_{56;8} − Y^{(2)}_{56;8} ) + S_{56;2} ( Y^{(1)}_{56;2} − Y^{(2)}_{56;2} )

+ S_{67;1} ( Y^{(1)}_{67;1} − Y^{(2)}_{67;1} ) + S_{67;3} ( Y^{(1)}_{67;3} − Y^{(2)}_{67;3} )] . (5.7)

Note the sum of certain pairs of Y^{(1)} and Y^{(2)} gives the eight-point tree-level amplitude,

M_{tree}(¯1, 2, . . . , ¯7, 8) = Y^{(1)}_{ij;k} + Y^{(2)}_{ij;k} + Y^{(1)}_{ij;k+2} + Y^{(2)}_{ij;k+2} , (5.8)

namely they are the same amplitude with a different BCFW shift. We present an explicit calculation of tree-level eight-point amplitude in Appendix C.

The calculation of the ten-point amplitude would largely parallel the steps presented above but we will not present the technical details here. We only comment that in all 20 possible triple cuts at least one four-point amplitude appears and, hence, the procedure goes through straightforwardly as for the six- and eight-point cases. For twelveand higher-point amplitudes in addition to the anomalous triple cuts also genuine nonanomalous triple cuts will appear which involve products of three amplitudes with more than four legs. We believe that the representation of the momenta K_i appearing in the corners of the triangles using (A.3) will be beneficial to derive compact expressions for completely general one-loop amplitudes^{11}.

Acknowledgements

We would like to thank Harald Ita, Tristan McLoughlin, Massimo Siani, Bill Spence and Gang Yang for very interesting discussions. This work was supported by the STFC Grant ST/J000469/1, “String theory, gauge theory & duality”. AB thanks the “Feinberg Foundation Visiting Faculty Program” at the Weizmann Institute of Science and Tel Aviv University for hospitality, and GT thanks the ETH Zürich and the Niels Bohr

11In particular note that also the solutions of the generic, non-anomalous triple cut (i.e. when K_3 is the sum of an arbitrary number of momenta) can be represented in a form free of square roots. All steps of the derivation in Section 3.2 go through if we express K_3 as K^{ab}_3 = ρ^{(a}ρ^{b)} with ρ complex, and simply replace λ_1 + iλ_2 → ρ. In this way we can still use the solution (3.23).

International Academy for hospitality. We would also like to thank the Newton Institute for Mathematical Sciences, Cambridge, for hospitality, the participants in the Newton Institute workshop “Recent Advances in Scattering Amplitudes” for creating a stimulating atmosphere and the speakers for giving wonderful talks.

A Conventions

We present here a stenographic summary of our conventions. We work in signature (+, −, −) and use the real Pauli matrices to relate momenta in vector and double-spinor notation,

σ^0_{αβ} = ( 1 0 0 1 ) , σ^1_{αβ} = ( 0 1 1 0 ) , σ^2_{αβ} = ( 1 0 0 −1 ) , (A.1)

such that a generic, possibly off-shell momentum can be written as

P_{αβ} = p_μσ^μ_{αβ} = ( E − p_y −p_x −p_x E + p_y ) . (A.2)

Note that this is a symmetric matrix and hence any off-shell momentum can be written alternatively as the symmetrised product of two two-spinors ξ, μ as

P_{αβ} = ξ_{(α}μ_{β)} = 1 2 (ξ_αμ_β + ξ_βμ_α) , (A.3)

a useful fact that is used throughout the text. Note that if we choose ξ and μ to be real then there is a rescaling invariance in this representation ξ → rξ, μ → μ/r with r a non-zero real number. Alternatively we can choose the spinor variables to be complex, but then they are related by complex conjugation μ = ξ in order for the momenta to be real. This representation is invariant under ξ → e^{iϕ}ξ, μ → e^{−iϕ}μ.

For on-shell momenta p_μp^μ = det p_{αβ} = 0, and we simply set μ = ξ = λ, which reduces the rank of the two-by-two matrix defined above and removes the rescaling invariance except for the reflection λ → −λ. Therefore, we have

p_{αβ} = λ_αλ_β , (A.4)

and we note that for positive energy λ must be real, while for negative energy it is purely imaginary.

Spinor variables can be contracted in an SL(2, R) (Lorentz-)invariant fashion using the epsilon tensor ϵ_{αβ} = ϵ^{αβ} with ϵ_{12} = +1, which is also used to raise and lower spinor indices. The fundamental invariant of two spinor variables λ and μ is defined as ⟨λμ⟩ = ϵ_{αβ}λ^αμ^β , (A.5) in terms of which we can write any Lorentz-invariant momentum vector contractions, two very common examples being

(p_1 + p_2)^2 = ⟨12⟩^2 , 2ϵ^{μνρ}p_{1μ}p_{2ν} p_{3ρ} = tr(σ^μσ^ν σ^ρ)p_{1μ}p_{2ν} p_{3ρ} = ⟨12⟩⟨23⟩⟨31⟩ . (A.6)

Here we have also introduced the short-hand notation ⟨λ_1λ_2⟩ ≡ ⟨12⟩. Finally, we note that for a generic momentum written as in (A.3), we have

P^2 = − 1 4 ⟨ξ μ⟩^2 . (A.7)

Note that if P = p_1 + p_2, then in the notation of (A.3) we have ξ = λ_1 + iλ_2 and μ = λ_1 − iλ_2, where p_i := λ_iλ_i, i = 1, 2.

B One-loop triangle in D = 3

In this section we describe the explicit evaluation of the three-mass one-loop triangle integral in three dimensions. We will use Feynman parameters and a Mellin Barnes representation to perform the integrals. The result is finite but since the Mellin Barnes is singular we will have to introduce an intermediate regulator to perform the calculation. We have

I^{3m}(K_1, K_2, K_3) := ∫ d^3l 1 (l^2 + iε)((l + K_1)^2 + iε)((l + K_1 + K_2)^2 + iε)

(B.1) = − i π^2 2 ∫_1 0 dx ∫_{1−x} 0 dy [x(1 − x − y)t_1 + y(1 − x − y)t_2 + xyt_3]^{−3/2} ,

where we defined t_i := −K^2_i −iε. To arrive at the second line we have introduced Feynman parameters x, y and performed the loop integration after Wick rotating l^0 → il^0. Next, we break up the denominator into three terms using a double Mellin Barnes integral to arrive at − i π^2 2πΓ(3/2)(2πi)^2 ∫_{+i∞} −i∞ dzdw Γ(−z)Γ(−w)Γ (3 2 + z + w ) t^{− 32 −z−w} 1 t^z_2 t^w_3 × ∫_1 0 dx ∫_{1−x} 0 dy [ x(1 − x − y) ]_− 3_{2 +ϵ}( y x )_w( y 1 − x − y )_z , (B.2)

where in the last line we have introduced an intermediate regulator, ϵ, for the otherwise ill-defined Feynman parameter integral. The last line of (B.2) integrates then to

Γ(−^1_2 + ϵ − w)Γ(−^1_2 + ϵ − z)Γ(1 + w + z) Γ(2ϵ)

. (B.3)

The remaining contour integrals can be evaluated directly or using the Mathematica package MB.m [45] which in this case reduce to a double residue at z = w = −1/2. The final result including all factors in the limit ϵ → 0 is

I^{3m}(K_1, K_2, K_3) = −i π^3 √ −K^2_1 − iε √ −K^2_2 − iε √ −K^2_3 − iε . (B.4)

Let us conclude with a short comment on dual conformal symmetry. Obviously I^{3m} is not invariant under dual conformal inversions. To see this we rewrite momenta in terms of dual momenta as K_i = x_i − x_{i+1} and denote the internal loop momentum by x_0. Then the three-mass triangle can be written as ∫ d^3x_0 x^2_{10}x^2_0x^2_{30}

, (B.5)

with x_{ij} ≡ x_i − x_j . This is obviously non-invariant since under an inversion x^μ → x^μ/x^2 it picks up the factor x^2_1x^2x^2_3. This can be compensated by an appropriate prefactor √ −x^2_{12} √ −x^2_3 √ −x^2_{31} = √ −K^2_1 − iε √ −K^2_2 − iε √ −K^2_3 − iε. But this implies that the properly normalised three-mass triangle in D = 3 is a constant. This is consistent with the fact that it is impossible to write a dual conformal cross-ratio with only three momenta.

C The tree-level eight-point amplitude

In this section we present the calculation for tree-level eight-point amplitude by applying BCFW recursion relations explicitly. Let us start with the recursive diagram in Figure 7(a), R^{(a)}_{12;4}, which can be evaluated by using the four- and six-point results, (2.9) and (4.2),

R^{(a)}_{12;4} = 1 √ P^2_{58}P^2_{34} ∫ d^3η_{P̂a} 1 z_{a1} − z^{−1}_{a1} [ M_R(¯3, 4, − ^̄P_a, ^2) M_L(¯5, 6, 7, 8, ^̄1, P̂_a) ] z=z_{a1} − (z_{a1} → z_{a2} ) .

(C.1) Evaluating this, one obtains

R^{(a)}_{12;4} := Y^{(1)}_{12;4} + Y^{(2)}_{12;4} = i 1 √ P^2_{58}P^2_{34} 1 z_{a1} − z^{−1}_{a1} δ^{(3)}(P )δ^{(6)}(Q)δ^{(3)}(σ_a) P^2_{68}⟨3 4⟩^4⟨4 P̂_a⟩ × [ δ^{(3)}(γ_{a1} ) (⟨6|P_{78}|^1⟩ + i⟨7 8⟩⟨P̂_a 5⟩)(⟨5|P_{67}|8⟩ + i⟨6 7⟩⟨^1 P̂_a⟩) + δ^{(3)}(γ_{a2} ) (⟨6|P_{78}|^1⟩ − i⟨7 8⟩⟨P̂_a 5⟩)(⟨5|P_{67}|8⟩ − i⟨6 7⟩⟨^1 P̂_a⟩) ] z=z_{a1} −(z_{a1} → z_{a2} ) , (C.2)

where the arguments of the fermionic delta functions are

σ_a = ⟨3 4⟩η̂_2 + ⟨4 ^2⟩η_3 + ⟨^2 3⟩η_4 , (C.3) and γ_{a1,2} = ⟨^2 P̂_a⟩ϵ_{ijk}⟨j k⟩η_i ∓ i ( ⟨^1|P_{34}|^2⟩η_5 − ⟨^2|P_{34}|5⟩η̂_1 + ⟨5 ^1⟩(⟨3 ^2⟩η_3 + ⟨4 ^2⟩η_4) ) , (C.4)

with i, j, k = 6, 7, 8, and P̂_a = p̂_2 + p_3 + p_4. Finally the on-shell solutions z_{ai} can be found from (3.21) or (3.23) with

K_1 = P_{58} , K_2 = P_{34} , (C.5) and similarly one can determine z_{bi} , the on-shell solution of the contribution from Figure 7(b), which we will consider in the following. For the contribution of Figure 7(b), we have

R^{(b)}_{12;4} = − i √ P^2_{36}P^2_{78} 1 z_{b1} − z^{−1}_{b1} δ^{(3)}(P )δ^{(6)}(Q)δ^{(3)}(σ_b) P^2_{46}⟨7 8⟩^4⟨8 ^1⟩ × [ δ^{(3)}(γ_{b1} ) (⟨4|P_{56}|P̂_b⟩ + ⟨5 6⟩⟨^2 3⟩)(⟨3|P_{45}|6⟩ − ⟨4 5⟩⟨P̂_b ^2⟩) + δ^{(3)}(γ_{b2} ) (⟨4|P_{56}|P̂_b⟩ − ⟨5 6⟩⟨^2 3⟩)(⟨3|P_{45}|6⟩ + ⟨4 5⟩⟨P̂_b ^2⟩) ] z=z_{b1} −(z_{b1} → z_{b2} ) , (C.6)

where

σ_b = ⟨7 8⟩η̂_1 + ⟨8 ^1⟩η_7 + ⟨^1 7⟩η_8 , (C.7) and γ_{b1,2} = ⟨^1 P̂_b⟩ϵ_{ijk}⟨j k⟩η_i ∓ ( ⟨^1|P_{78}|^2⟩η_3 − ⟨^1|P_{78}|3⟩η̂_2 + ⟨^2 3⟩(⟨^1 7⟩η_7 + ⟨^1 8⟩η_8) ) , (C.8)

with i, j, k = 4, 5, 6, and P̂_b = −(p_7 + p_8 + p̂_1).

In summary, the complete tree-level eight-point amplitude is given by the sum of the two contributions (C.2) and (C.6),

M_{tree}(¯1, 2, . . . , ¯7, 8) = R^{(a)}_{12;4} + R^{(b)}_{12;4} . (C.9)

References

[1] J. H. Schwarz, Superconformal Chern-Simons theories, JHEP 0411 (2004) 078

[hep-th/0411077].

[2] J. Bagger and N. Lambert, Gauge symmetry and supersymmetry of multiple M2- branes, Phys. Rev. D 77 (2008) 065008 [arXiv:0711.0955 [hep-th]].

[3] A. Gustavsson, Algebraic structures on parallel M2-branes, Nucl. Phys. B 811 (2009) 66 [arXiv:0709.1260 [hep-th]].

[4] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals, JHEP 0810 (2008) 091 [arXiv:0806.1218 [hep-th]].

[5] G. Arutyunov and S. Frolov, Superstrings on AdS(4) × CP^3 as a Coset Sigmamodel, JHEP 0809 (2008) 129, [arXiv:0806.4940 [hep-th]]; B. Stefanski, jr, Green-Schwarz action for Type IIA strings on AdS(4) × CP^3, Nucl. Phys. B 808 (2009) 80, [arXiv:0806.4948 [hep-th]]; D. Sorokin and L. Wulff, Evidence for the classical integrability of the complete AdS_4 ×CP^3 superstring, JHEP 1011 (2010) 143, [arXiv:1009.3498 [hep-th]].

[6] J. A. Minahan, K. Zarembo, The Bethe ansatz for superconformal Chern- Simons, JHEP 0809 (2008) 040, [arXiv:0806.3951 [hep-th]]; J. A. Minahan, W. Schulgin, K. Zarembo, Two loop integrability for Chern-Simons theories with N=6 supersymmetry, JHEP 0903 (2009) 057, [arXiv:0901.1142 [hep-th]].

[7] N. Gromov, P. Vieira, The all loop AdS_4/CF T_3 Bethe ansatz, JHEP 0901 (2009) 016, [arXiv:0807.0777 [hep-th]].

[8] N. Gromov and P. Vieira, The AdS_4/CF T_3 algebraic curve, JHEP 0902 (2009) 040 [arXiv:0807.0437 [hep-th]]; C. Ahn and R. I. Nepomechie, N=6 super Chern- Simons theory S-matrix and all-loop Bethe ansatz equations, JHEP 0809 (2008) 010,

[arXiv:0807.1924 [hep-th]].

[9] T. McLoughlin and R. Roiban, Spinning strings at one-loop in AdS_4 × P^3, JHEP 0812, 101 (2008), [arXiv:0807.3965 [hep-th]]; L. F. Alday, G. Arutyunov and D. Bykov, Semiclassical Quantization of Spinning Strings in AdS_4 × CP^3, JHEP 0811, 089 (2008), [arXiv:0807.4400 [hep-th]]; C. Krishnan, AdS_4/CF T_3 at One Loop, JHEP 0809, 092 (2008) [arXiv:0807.4561 [hep-th]]; T. McLoughlin, R. Roiban and A. A. Tseytlin, Quantum spinning strings in AdS_4 ×CP^3: Testing the Bethe Ansatz proposal, JHEP 0811, 069 (2008), [arXiv:0809.4038 [hep-th]].

[10] D. Gaiotto, S. Giombi and X. Yin, Spin Chains in N=6 Superconformal Chern- Simons-Matter Theory, JHEP 0904, 066 (2009), [arXiv:0806.4589 [hep-th]]; T. Nishioka and T. Takayanagi, On Type IIA Penrose Limit and N=6 Chern-Simons Theories, JHEP 0808, 001 (2008), [arXiv:0806.3391 [hep-th]].

[11] A. Agarwal, N. Beisert and T. McLoughlin, Scattering in Mass-Deformed N ≥ 4 Chern-Simons Models, JHEP 0906 (2009) 045 [arXiv:0812.3367 [hep-th]].

[12] T. Bargheer, F. Loebbert and C. Meneghelli, Symmetries of Tree-level Scattering Amplitudes in N=6 Superconformal Chern-Simons Theory, Phys. Rev. D 82 (2010) 045016 [arXiv:1003.6120 [hep-th]].

[13] Y. -t. Huang and A. E. Lipstein, Dual Superconformal Symmetry of N=6 Chern- Simons Theory, JHEP 1011 (2010) 076 [arXiv:1008.0041 [hep-th]].

[14] D. Gang, Y. -t. Huang, E. Koh, S. Lee and A. E. Lipstein, Tree-level Recursion Relation and Dual Superconformal Symmetry of the ABJM Theory, JHEP 1103 (2011) 116 [arXiv:1012.5032 [hep-th]].

[15] W. -M. Chen and Y. -t. Huang, Dualities for Loop Amplitudes of N=6 Chern-Simons Matter Theory, JHEP 1111 (2011) 057 [arXiv:1107.2710 [hep-th]].

[16] Y. -t. Huang, seminar given at the workshop “Recent Advances in Scattering Amplitudes”, Newton Institute for Mathematical Sciences, Cambridge, 4^{th} April 2012,

http://www.newton.ac.uk/programmes/BSM/seminars/040409001.html

[17] T. Bargheer, N. Beisert, F. Loebbert and T. McLoughlin, Conformal Anomaly for Amplitudes in N=6 Superconformal Chern-Simons Theory, arXiv:1204.4406

[hep-th].

[18] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati and A. Santambrogio, One Loop Amplitudes In ABJM, arXiv:1204.4407 [hep-th].

[19] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati and A. Santambrogio, Scattering Amplitudes/Wilson Loop Duality In ABJM Theory, JHEP 1201 (2012) 056

[arXiv:1107.3139 [hep-th]].

[20] M. S. Bianchi, M. Leoni and S. Penati, An All Order Identity between ABJM and N=4 SYM Four-Point Amplitudes, JHEP 1204 (2012) 045 [arXiv:1112.3649

[hep-th]].

[21] L. F. Alday and J. M. Maldacena, Gluon scattering amplitudes at strong coupling, JHEP 0706, 064 (2007), [arXiv:0705.0303 [hep-th]].

[22] J. M. Drummond, G. P. Korchemsky and E. Sokatchev, Conformal properties of four-gluon planar amplitudes and Wilson loops, Nucl. Phys. B 795, 385 (2008),

[arXiv:0707.0243 [hep-th]].

[23] A. Brandhuber, P. Heslop and G. Travaglini, MHV amplitudes in N=4 super Yang-Mills and Wilson loops, Nucl. Phys. B 794, 231 (2008), [arXiv:0707.1153

[hep-th]].

[24] J. M. Henn, J. Plefka and K. Wiegandt, Light-like polygonal Wilson loops in 3d Chern-Simons and ABJM theory, JHEP 1008 (2010) 032 [Erratum-ibid. 1111 (2011) 053] [arXiv:1004.0226 [hep-th]].

[25] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati, C. A. Ratti and A. Santambrogio, From Correlators to Wilson Loops in Chern-Simons Matter Theories, JHEP 1106 (2011) 118 [arXiv:1103.3675 [hep-th]].

[26] K. Wiegandt, Equivalence of Wilson Loops in N = 6 super Chern-Simons matter theory and N = 4 SYM Theory, Phys. Rev. D 84 (2011) 126015 [arXiv:1110.1373

[hep-th]].

[27] P. A. Grassi, D. Sorokin and L. Wulff, Simplifying superstring and D-brane actions in AdS_4 × CP^3 superbackground, JHEP 0908 (2009) 060 [arXiv:0903.5407 [hep-th]]; I. Adam, A. Dekel and Y. Oz, On Integrable Backgrounds Self-dual under Fermionic T-duality, JHEP 0904 (2009) 120 [arXiv:0902.3805 [hep-th]]; I. Adam, A. Dekel and Y. Oz, On the fermionic T-duality of the AdS_4 × CP^3 sigma-model, JHEP 1010 (2010) 110 [arXiv:1008.0649 [hep-th]]; I. Adam, A. Dekel and Y. Oz, On the fermionic T-duality of the AdS_4 × CP^3 sigma-model, JHEP 1010 (2010) 110 [arXiv:1008.0649 [hep-th]]; A. Dekel and Y. Oz, Self- Duality of Green-Schwarz Sigma-Models, JHEP 1103 (2011) 117 [arXiv:1101.0400

[hep-th]]; I. Bakhmatov, On AdS_4 × CP^3 T-duality, Nucl. Phys. B 847 (2011) 38
[arXiv:1011.0985 [hep-th]]; I. Bakhmatov, E. O. Colgain and H. Yavartanoo,

Fermionic T-duality in the pp-wave limit, JHEP 1110 (2011) 085 [arXiv:1109.1052 [hep-th]]; E. OColgain, Self-duality of the D1-D5 near-horizon, JHEP 1204 (2012)

047 [arXiv:1202.3416 [hep-th]].

[28] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, Dual superconformal symmetry of scattering amplitudes in N=4 super-Yang-Mills theory, Nucl. Phys. B 828 (2010) 317, [arXiv:0807.1095 [hep-th]].

[29] J. M. Drummond, J. M. Henn and J. Plefka, Yangian symmetry of scattering amplitudes in N=4 super Yang-Mills theory, JHEP 0905 (2009) 046, [arXiv:0902.2987

[hep-th]].

[30] S. Lee, Yangian Invariant Scattering Amplitudes in Supersymmetric Chern-Simons Theory, Phys. Rev. Lett. 105, 151603 (2010), [arXiv:1007.4772 [hep-th]].

[31] R. Roiban, M. Spradlin and A. Volovich, Dissolving N=4 loop amplitudes into QCD tree amplitudes, Phys. Rev. Lett. 94 (2005) 102002 [hep-th/0412265].

[32] N. Arkani-Hamed, F. Cachazo and J. Kaplan, What is the Simplest Quantum Field Theory?, JHEP 1009, 016 (2010), [arXiv:0808.1446 [hep-th]]

[33] A. Brandhuber, P. Heslop and G. Travaglini, One-Loop Amplitudes in N=4 Super Yang-Mills and Anomalous Dual Conformal Symmetry, JHEP 0908, 095 (2009),

[arXiv:0905.4377 [hep-th]].

[34] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, Conformal Ward identities for Wilson loops and a test of the duality with gluon amplitudes, Nucl. Phys. B 826 (2010) 337 [arXiv:0712.1223 [hep-th]].

[35] A. Brandhuber, P. Heslop and G. Travaglini, Proof of the Dual Conformal Anomaly of One-Loop Amplitudes in N=4 SYM, JHEP 0910, 063 (2009), [arXiv:0906.3552

[hep-th]].

[36] R. Britto, F. Cachazo and B. Feng, New recursion relations for tree amplitudes of gluons, Nucl. Phys. B 715, 499 (2005), [hep-th/0412308].

[37] R. Britto, F. Cachazo, B. Feng and E. Witten, Direct proof of tree-level recursion relation in Yang-Mills theory, Phys. Rev. Lett. 94 (2005) 181602 [hep-th/0501052].

[38] F. Cachazo, Sharpening The Leading Singularity, arXiv:0803.1988 [hep-th].

[39] A. Brandhuber, P. Heslop and G. Travaglini, A Note on dual superconformal symmetry of the N=4 super Yang-Mills S-matrix, Phys. Rev. D 78, 125005 (2008),

[arXiv:0807.4097 [hep-th]].

[40] T. Bargheer, N. Beisert, W. Galleas, F. Loebbert and T. McLoughlin, Exacting N=4 Superconformal Symmetry, JHEP 0911 (2009) 056 [arXiv:0905.3738 [hep-th]].

[41] N. Beisert, J. Henn, T. McLoughlin and J. Plefka, One-Loop Superconformal and Yangian Symmetries of Scattering Amplitudes in N=4 Super Yang-Mills, JHEP 1004 (2010) 085 [arXiv:1002.1733 [hep-th]].

[42] D. I. Kazakov, The Method Of Uniqueness, A New Powerful Technique For Multiloop Calculations, Phys. Lett. B 133 (1983) 406.

[43] J. A. Gracey, On the evaluation of massless Feynman diagrams by the method of uniqueness, Phys. Lett. B 277 (1992) 469.

[44] A. I. Davydychev and J. B. Tausk, A Magic connection between massive and massless diagrams, Phys. Rev. D 53 (1996) 7381 [hep-ph/9504431].

[45] M. Czakon, Automatized analytic continuation of Mellin-Barnes integrals, Comput.

Phys. Commun. 175 (2006) 559, arXiv:hep-ph/0511200.

[46] Z. Bern, L. J. Dixon and D. A. Kosower, One loop amplitudes for e+ e- to four partons, Nucl. Phys. B 513 (1998) 3 [hep-ph/9708239].

[47] R. Britto, F. Cachazo and B. Feng, Generalized unitarity and one-loop amplitudes in N=4 super-Yang-Mills, Nucl. Phys. B 725 (2005) 275 [hep-th/0412103].