arXiv:1205.6763v2 [gr-qc] 3 Jul 2012

Quantum gravitational Kasner transitions in Bianchi-I spacetime

Brajesh Gupt^∗ and Parampreet Singh^†

Department of Physics and Astronomy, Louisiana State University, Baton Rouge, 70803

Due to non-perturbative quantum gravitational effects, the classical big bang singularity is replaced by a quantum big bounce of the mean scale factor in loop quantization of Bianchi-I spacetime. An important issue is to understand various differences in the physical properties of the spacetime across the bounce. We investigate this issue in the context of various geometrical structures, identified by the Kasner exponents of the metric, which arise on approach to the singularity in the classical theory. Using effective spacetime description of Bianchi-I model in loop quantum cosmology with dust, radiation and stiff matter, we find that as in the classical theory, geometrical structures such as a cigar or a pancake form, but they are finite and non-singular. Depending on the initial conditions of the matter and anisotropies, different geometric structures are possible in the pre- and post-bounce phases in physical evolution. Thus, quantum gravitational effects can cause a Kasner transition in Bianchi-I spacetime, which is not possible at the classical level. Interestingly, we find that not all transitions are allowed at the level of effective dynamics in loop quantum cosmology. We find the selection rules and underlying conditions for all allowed and forbidden transitions. Selection rules suggest that for a given set of initial conditions on anisotropies, occurrence of Kasner transitions follows a distinct pattern, and certain transitions are more favored than others.

I. INTRODUCTION

Singularities such as the big bang are the boundaries of spacetime in Einstein’s theory of general relativity (GR). Signalling the limits of validity of GR, and generally characterized by inextendibility of geodesics and divergence of curvature scalars, they come in a diverse variety. They can be strong or weak (harmless) [1, 2], and can arise by divergence of Ricci or Weyl curvature, or both. They may have various geometries such as a barrel, cigar, pancake or a point, as in a Bianchi-I spacetime [3–6]. These geometrical structures are described via Kasner exponents in the spacetime metric, and it has been conjectured by Belinski-Khalatnikov-Lifshitz (BKL), that a general approach to singularity may involve chaotic oscillations between different Kasner phases [7, 8]. However, for the matter satisfying weak energy condition, such transitions require a spacetime to have both spatial curvature and anisotropies, hence, these are absent in a classical Bianchi-I spacetime. For such spacetimes, the geometric structure of the singularity is determined from the initial conditions on the matter content and anisotropies, through the resulting interplay between the Ricci and Weyl parts of the spacetime curvature. As an example, for a Bianchi-I universe in GR, filled with dust, only cigar and pancake structures are possible, whereas if filled with stiff matter, barrel, cigar and point like singularities can form [5].

Such singularities are expected to be resolved in a quantum theory of gravity. Though the exact mechanism of this resolution is still to be understood for arbitrary spacetimes in quantum gravity, analysis of various isotropic and anisotropic models based on loop quantum gravity (LQG) suggests that the singularities are replaced by a non-singular bounce which occurs due to underlying discrete quantum geometry, and bridges two classically disjoint branches of continuum spacetime. The

∗Electronic address: bgupt1@lsu.edu †Electronic address: psingh@phys.lsu.edu

occurrence of bounce, first obtained for spatially flat isotropic models in loop quantum cosmology (LQC) for massless scalar field (which is equivalent to stiff matter in terms of equation of state) [9–11], has been established in various matter models [12–18] and in the presence of anisotropies [19–24].^1 For an up to date review of recent results, see Ref. [29]. A robust feature of these models is that non-perturbative quantum gravitational effects lead to singularity resolution when spacetime curvature becomes Planckian, irrespective of the initial conditions. These effects occur in a very short range of spacetime curvature, and quickly die when spacetime curvature becomes small, roughly at a percent of the Planck value below which LQC approximates GR. Various physical insights on quantum geometry have been obtained using effective continuum spacetime description of LQC [30–32], which provides an accurate representation of the underlying discrete quantum dynamics for states which describe a macroscopic universe at late times [11, 16, 18, 23, 33, 34]. Using effective dynamics, in context of the details of singularity resolution, bounds on the energy density, expansion and shear scalars in different models have been found [35], and strong singularities have been shown to be generically resolved in isotropic [36, 37] and Bianchi-I models [38]. For more discussion on semiclassical limit and effective dynamics see Sec.-V of Ref. [29] and the references therein.

These developments set a stage of posing various interesting questions which fall beyond the realm of the classical theory. Of these perhaps one of the most important one concerns with understanding the way physics in the pre-bounce branch influences the physics in the post-bounce branch (and vice-versa). For the isotropic models in LQC, useful insights have been gained by considering properties of semi-classical states when evolved across the bounce [39–41]. As the bounce is approached, the geometrical structure of the spatial geometry is always point like on both sides of the bounce in the isotropic and homogeneous models. These results can change in anisotropic setting where due to the presence of Weyl curvature, physics is much richer. In particular, given that in Bianchi-I spacetime, the classical theory leads to different geometric structures as the singularity is approached, it becomes important to understand how such structures arise in effective spacetime description of LQC and the way they are affected across the bounce. It is important to note that far away from the Planck regime, since there is little distinction between LQC and GR, for a given set of initial conditions on the matter and anisotropies, a comoving observer in GR and another in LQC measure practically the same Kasner exponents of the spacetime metric. Such observers thus deduce the formation of the same geometric structure, such as a cigar or a pancake, in high curvature regime. The important difference between their description is, that the observer in GR, is inevitably annihilated as the geometric structure becomes singular at the big bang, whereas the observer in LQC finds geometric structure to be finite and singularity free.

These and related aspects of new physics have so far remained unexplored in the studies on Bianchi models in LQC.^2 Our goal in this work is to investigate these issues for Bianchi-I spacetimes where detailed results on the formation of geometric structures at the classical level are already available [5]. We consider effective dynamics of Bianchi-I model in LQC for a barotropic fluid^3 with equation of state corresponding to stiff matter, dust and radiation, with an objective to understand answers to the following questions: Given a set of initial conditions under what conditions do particular geometric structures arise in LQC as one approaches the bounce of the mean scale factor? Does a physical evolution across the bounce yield the same geometric structure in the

1 For some of the earlier attempts to quantizing the anisotropic spacetimes based on the old quantization methods see eg. [25–27]. See also Ref. [28] for a discussion on von-Neumann stability issues in anisotropic models in LQC.

2 For some of the phenomenological implications see for eg. [42–47].

3 In the loop quantization of perfect fluid there are several open issues such as that of deparametrization. See eg.

Ref. [48] for a discussion. In this analysis, our treatment of perfect fluid will be at an effective Hamiltonian level.

pre-bounce and post-bounce phases? If not, then is such a transition across the bounce random, or does it follow a set of rules? If such rules exist, under what conditions are some transitions favored over others, and finally how do they depend on the matter content?

In our presented analysis, based on effective spacetime description, we outline all the conditions under which particular geometric structures form in the Bianchi-I model in LQC. This result stands on an analog footing as the work of Jacobs’ in the classical theory [5]. We show that there exists a hierarchy amongst different structures. Whether or not a certain geometric structure forms, depends on the ratio of shear and the expansion scalar. For large values of expansion normalized shear, cigar structures are more probable, whereas for small values of ratio of shear and expansion scalar, a point like or isotropic approach to the bounce occurs. Moreover, depending on the initial conditions, pre-bounce and post-bounce branches may have different geometric structures. That is, a universe which forms a cigar type structure in the contracting branch before the bounce, may form cigar, barrel, pancake or point like structure in the expanding branch (in the backward evolution). Interestingly, such a Kasner transition is not random. It follows selection rules which are determined by the initial relative strength of the matter and anisotropies, captured in terms of two anisotropy parameters. The Kasner transitions which take place across the bounce in Bianchi-I model in LQC remind us of the mixmaster behavior between Kasner phases in classical Bianchi-IX universe. However, there are important differences. As mentioned earlier, there are no Kasner transitions in the Bianchi-I model in GR. Thus, such transitions are purely quantum gravitational in origin. Further, unlike the Kasner transitions in the classical Bianchi-IX spacetime, there is only one transition across the bounce. And finally, the Kasner transitions in the classical Bianchi-IX model lie on the same branch (expanding or contracting) of the universe, whereas in LQC, they involve a non-singular transition between expanding and contracting branches.

The plan of this work is as follows. In the following section, we start with the classical GR to provide a stage for discussion of the new results in LQC. We discuss the derivation of the primary dynamical equations in classical Bianchi-I spacetime using classical Hamiltonian constraint, and illustrate various geometric structures using the Kasner exponents. Here we provide a hierarchy among different geometric structures, which to our knowledge has not been discussed before in the classical theory. We discuss parameterization introduced by Jacobs [5] which proves very useful in the analysis of the formation of geometric structures. This is followed by a summary of the results in the case of stiff matter or the Zel’dovich solution, and dust and radiation. In Sec. III, we start with the effective Hamiltonian constraint of Bianchi-I model in LQC, and summarize the derivation of the effective dynamical equations which are then numerically solved. We analyze the cases of stiff matter, and dust and radiation separately, and classify all kinds of geometric structures and the allowed and forbidden transitions across the bounce. Defining a ratio in the parameter space, we also compute how favored a particular type of transition is for a given equation of state and the anisotropic shear scalar. We conclude with a summary of main results in Sec. IV.

II. CLASSICAL THEORY: DYNAMICS, ANISOTROPIC HIERARCHY, JACOBS’ PARAMETERIZATION AND EXAMPLES

Since loop quantization is based on classical gravitational phase space variables, the Ashtekar- Barbero connection A^i_a and the triads E^a_i , in this section we start with a discussion on the classical theory in connection variables, and then relate it to conventional metric variables. In the first part of this section we obtain the dynamical equations resulting from the classical Hamiltonian constraint and discuss the Kasner exponents obtained from integration of the dynamical equations. We then use these Kasner exponents to elucidate the structure of the singularities in classical Bianchi-I model and establish a hierarchy amongst them using expansion normalized shear scalar. A useful way to understand the properties of the anisotropic structure of the spatial geometry of spacetime is via parameters introduced by Jacobs [5]. After discussing these parameters, which we later use to classify the Kasner transitions, we illustrate some key properties of Bianchi-I spacetime with stiff matter (or massless scalar), and dust and radiation.

A. Dynamical equations

We consider a homogeneous and diagonal Bianchi-I spacetime with a manifold Σ × R where Σ refers to the flat spatial manifold having a R^3 topology. Due to the non-compact nature of the spatial manifold, one needs to introduce a fiducial cell V in order to define the symplectic structure. The fiducial cell is chosen to have a fiducial volume V_o = l_1l_2l_3 where l_i are the coordinate lengths in the three spatial directions. The edges of the cell are chosen to lie along fiducial triads e̊^i_a. We denote the fiducial metric compatible with the co-triads ω̊^i_a as q̊_{ab}. Using the underlying symmetries of the homogeneous spatial manifold, the Ashtekar-Barbero connection A^i_a and the triads E^a_i , can be symmetry reduced as:

A^i_a = c^i (l_i)^{−1} ω̊^i_a, and E^a_i = p_i l_i V^{−1}_o √ q̊ , (2.1)

where i = 1, 2, 3. The symmetry reduced connection c^i and triad p_j satisfy the following Poisson bracket relation {c^i, p_j } = 8πGγδ^i_j (2.2) where γ = 0.2375 is the Barbero-Immirizi parameter fixed by the black-hole entropy calculation in LQG. The triads are related to the directional scale factors a_i in the Bianchi-I metric

ds^2 = −dt^2 + a^2_1 dx^2 + a^2 dy^2 + a^2_3 dz^2 (2.3) as

p_1 = l_2 l_3 |a_2 a_3|, p_2 = l_1 l_3 |a_1 a_3|, p_3 = l_2l_1|a_1a_2|. (2.4)

The classical Hamiltonian constraint for Bianchi-I spacetime in terms of the above connection and triad variables, for lapse N = 1, is [27]

H_{cl} = 1 8πGγ^2 V (c_1p_1c_2p_2 + cyclic terms) + H_{matt} , (2.5)

where without any loss of generality we have chosen fiducial lengths l_i to be unity, V = √ p_1p_2p_3 is the physical volume of the cell V and H_{matt} denotes the matter part of the Hamiltonian. We consider the matter as a perfect fluid with a barotropic equation of state w = P/ρ, where P and ρ denote the pressure and the energy density of the matter content.

The dynamical equations for the triad and the connection components can be derived using the Hamilton’s equations: ṗ_i = {p_i, H_{cl}} = −8πGγ ∂H_{cl} ∂c_i , ċ_i = {c_i, H_{cl}} = 8πGγ ∂H_{cl} ∂p_i (2.6)

where a ‘dot’ refers to the derivative with respect to the proper time t. Using these equations, it is straight forward to obtain the classical evolution equations for Bianchi-I spacetime

H_1H_2 + H_2H_3 + H_3H_1 = 8πGρ (2.7) and Ḣ_2 + Ḣ_3 + H^2_1 + H^2_2 + H^2_3 = −8πGP (2.8)

(and its cyclic permutations). Here H_i denote the directional Hubble rates, which are related to the time derivatives of the triad components, such as

H_1 = ȧ_1 a_1 = 1 2 ( ṗ_2 p_2 + ṗ_3 p_3 − ṗ_1 p_1 ) , (2.9)

(and similarly for H_2 and H_3). The energy density and pressure in the above equations, satisfy the conservation law

ρ̇ = −3H(ρ + P ), (2.10)

where H = (H_1 + H_2 + H_3)/3 is the mean Hubble rate. Using the relation P = wρ, the energy density can be expressed as follows

ρ(t) = ρ_o a(t)^{−3(1+w)} , (2.11)

where ρ_o is the initial energy density, a = (a_1a_2a_3)^{1/3} is the mean scale factor and a(t = 0) = 1.

We now consider the parts of the expansion matrix in the Bianchi-I spacetime. For the diagonal Bianchi-I metric, the expansion tensor θ_{αβ} is given by the covariant derivative of the unit fluid velocity, with its trace defining the expansion scalar θ of a co-moving observer:

θ = H_1 + H_2 + H_3 . (2.12)

The traceless part of the expansion matrix defines the anisotropic shear which takes the following form for the diagonal Bianchi-I spacetime:

σ_{ij} = diag (σ_1, σ_2, σ_3) (2.13)

where σ_i = H_i −^1_3 θ are the anisotropy parameters. Since the shear matrix σ_{ij} is traceless, by definition its components satisfy the following constraint

σ_1 + σ_2 + σ_3 = 0. (2.14)

An important measure of the anisotropy of the spacetime is the shear scalar, defined as σ^2 = σ^{ij} σ_{ij}, which can be expressed in terms of H_i as

σ^2 = ∑ i σ^2_i = 1 3 ( (H_1 − H_2)^2 + (H_2 − H_3)^2 + (H_3 − H_1)^2 ) . (2.15)

In the classical theory, using the dynamical equations it follows that σ^2 ∝ a^{−6}. Further, it satisfies the generalized Friedmann equation:

H^2 = 8πG 3 ρ + 1 6 σ^2 . (2.16)

In the absence of the matter, solution of the dynamical equations (2.7) and (2.8), gives the Kasner solution according to which the directional scale factors can be written as

a_i ∝ t^{ki} (2.17) where constants k_i are the Kasner exponents. For vacuum Bianchi-I, these exponents satisfy the following two constraints

k_1 + k_2 + k_3 = 1 and k^2_1 + k^2 + k^2_3 = 1. (2.18)

For general matter, the directional scale factors can not be expressed in terms of eq. (2.17) with (2.18) holding true. However, for the case of w = 1, it is possible to write similar constraints, given by [49]

k_1 + k_2 + k_3 = 1 and k^2_1 + k^2 + k^2_3 = 1 − k^2, (2.19)

where k^2 is a constant which can be expressed in terms of the energy density and shear scalar as k^2 =^2_3 (_{8πGρ/3} 8πGρ/3+σ^2 /6 ) . For a massless scalar field (for which the equation of state is w = 1) the constant k^2 can also be expressed in terms of its field momentum (P_ϕ, which is a constant of motion) as-

k^2 = 2 3 ( 4πGP^2_ϕ /3 4πGP^2_ϕ /3 + Σ^2 ) (2.20)

where, Σ^2 =^1_6 σ^2a^6 is also a constant motion.

We now have the expression for k^2 in terms of the two constants of motion of the system for a massless scalar field. It is evident from the above equations that its value depends on the initial data and k^2 ≤ 2/3. The Kasner exponents in terms of the directional Hubble rates can be given as k_i = H_i/(3H). Utilizing this relation and σ_i = H_i − H, it is straightforward to show that the constraints on the Kasner exponents given in eq. (2.19) follow from eqs. (2.14 and 2.15). The second constraint in eq. (2.19) can also be derived from the classical Hamiltonian constraint.

The case of massless scalar field is interesting as it is the only matter, satisfying dominant energy condition, for which Bianchi-I universe does not isotropize as the universe expands. This is so because the energy density for w = 1 scales as ρ ∝ a^{−6}, in the same way as σ^2. Behavior of the energy density in relation to σ^2 also shows that unless the matter is massless scalar field, the anisotropic shear always dominates ρ as the classical singularity is approached (for w ≤ 1). Thus, for w < 1, a Bianchi-I spacetime near the singularity approaches the Kasner vacuum solution.

B. Structure of the singularities and their hierarchy

Presence of the anisotropic shear makes the structure of the spacetime near the singularity much richer in comparison to the isotropic spacetime. Recall that in an isotropic universe, the big bang singularity is always point like. However, in the Bianchi-I spacetime the geometrical nature of singularity depends on whether or not the scale factors in the three directions approach zero together, and can be classified as follows [4]

• Point: The approach to singularity is said to be point like when all the scale factors tend towards zero simultaneously i.e. when all three Kasner exponents k_1, k_2, k_3 > 0. These singularities occur when the energy density of the matter content plays an important role, and thus only occur for w ≥ 1. At these singularities, the anisotropic shear does not play a dominant role. In the above sense, a point singularity is often also termed as isotropic singularity in Bianchi-I model.

• Barrel: Barrel singularity occurs when one of the scale factors tends to a constant while the other two approach zero i.e. a_1 → const and a_2, a_3 → 0. The corresponding Kasner exponents for barrel type singularity are k_1 = 0 and k_2, k_3 > 0.

• Pancake: Pancake singularity occurs when one of the scale factors tends to zero while the other two approach to constant i.e. a_1 → 0 and a_2, a_3 → const which means that the Kasner exponents k_1 > 0 and k_2, k_3 = 0. This singularity appears as one of the axisymmetric solutions for 0 ≤ w < 1 and does not take place for w = 1.

• Cigar: The approach to singularity is classified as cigar when one of the scale factors diverges while the other two approach to zero i.e. a_1 → ∞ and a_2, a_3 → 0 as the singularity is approached. For cigar type singularity one of the Kasner exponents is negative while the remaining two are positive i.e. k_1 < 0 and k_2, k_3 > 0

FIG. 1: Hierarchy of singularity structure in the classical theory based on σ^2/θ^2 for Bianchi-I spacetime.

It is to be noted that the approach to singularity for the vacuum Bianchi-I spacetime is always either cigar or pancake like. Introducing the stiff matter (perfect fluid with w = 1) to the Bianchi-I spacetime brings in other types of the approach to singularity which were otherwise forbidden in the vacuum Kasner solution. The geometric structure of singularity is decided by the anisotropy present in the system. As remarked above, for a point like singularity to exist, the matter part should dominate over the anisotropy. On the other hand if the anisotropy wins over the matter, the point like approach to singularity becomes less likely.

It turns out that one can define a hierarchy of the various approaches to the singularities based on the value of σ^2/θ^2, the normalized dimensionless shear scalar. Using the definitions of the shear and the expansion scalar, the normalized shear scalar can be expressed in terms of the Kasner exponents k_i as follows:

σ^2 θ^2 = 2 3 (1 − 3(k_1k_2 + k_2k_3 + k_3k_1)) . (2.21)

The ratio σ^2/θ^2 takes the smallest value when all three Kasner exponents are positive which is the case for point singularity. It is also evident from the expression for σ^2/θ^2 and the definitions of the various singularities that for a pancake singularity σ^2/θ^2 = 2/3, for barrel singularity 1/6 ≤ σ^2/θ^2 < 2/3 and for cigar singularity σ^2/θ^2 > 1/6. This hierarchy of the singularities based on the normalized shear scalar is shown in Fig. 1. From here we can say that the point like singularity is the least anisotropic structure of singularity while cigar corresponds to highly anisotropic situations.

C. Jacobs’ parameterization

It is convenient to capture the information contained in these, by using parameters introduced by Jacobs Ref. [5]. One first defines two parameters ϵ and ψ as:

ϵ = √ σ^2 4πGρ (2.22) and sin (ψ) = √ 3 2 σ^2_1 σ^2

, sin ( ψ + 2π 3 ) = √ 3 2 σ^2 σ^2

, sin ( ψ + 4π 3 ) = √ 3 2 σ^2_3 σ^2

. (2.23)

We will refer to these transformed parameters as Jacobs’ anisotropy parameters in the rest of the article. The ranges of the Jacobs’ anisotropy parameters are |ϵ| = (0, ∞) and ψ = [0, 2π/3]. Note that in the classical theory ϵ = 0 is reached only in the isotropic limit of the model. Similarly, ϵ = ∞ is also reached only for a vacuum Bianchi-I model or when the approach to singularity is dominated by anisotropies.^4

It is evident from the eqs. (2.22 and 2.23) that ϵ refers to the ratio of the total anisotropic shear present in the spacetime to the energy density while the parameter ψ tells how the total anisotropy is distributed in the three directions. Thus, one has complete information about the shear matrix σ_{ij} of the spacetime, when both ϵ and ψ are specified.

The classical dynamical equations in GR can be analytically integrated for constant equations of state w. For 0 ≤ w ≤ 1, upon integration, the Einstein’s equations give the following expressions for the scale factors in terms of Jacobs’ parameters [5]

a_i(t) ∝ a(t) ( [4 a(t)^{3(1−w)} +ϵ^2]^{1/2}+|ϵ| [4 a(t)^{3(1−w)} +ϵ^2]^{1/2}−|ϵ|

)^{2 sgn(ϵ)Z}i 3(1−w) (0 ≤ w < 1)

a(t)^{1−2 ϵZi(4+ϵ2)−1/2} (w = 1)

(2.24)

where

Z_1 = sin (ψ) , Z_2 = sin ( ψ + 2π 3 ) , Z_3 = sin ( ψ + 2π 3 ) . Also, the expressions for the directional Hubble rates are given via,

H_i(t) = [ 4 a(t)^{3(1−w)} + ϵ^2 ]_{1/2} ∓ 2|ϵ|Z_i 3(6πρ_o)^{−1/2}a^3(t)

(0 ≤ w ≤ 1) (2.25)

where ρ_o is the initial energy density. In the following subsections we discuss the properties of these solutions for the case of massless scalar, dust and radiation.

4 In the stiff matter universe, a non-zero finite |ϵ| in the initial data ensures that |ϵ| will never be zero or infinity during the evolution, not even if σ^2 and ρ diverge as the singularity is approached. In LQC, since the energy density and shear both are finite during the entire evolution for Bianchi-I spacetime, ϵ = 0 is possible when σ^2 = 0, which is the isotropic limit of the model and ϵ = ∞ takes place only when ρ = 0 which is only allowed for the vacuum case.

D. Stiff matter

The solution of Bianchi-I spacetime with stiff matter is also referred to as Zel’dovich solution[50]. For such a universe where w = 1 the energy density varies with the mean scale factor as ρ ∝ a^{−6}, i.e. in the same way as the shear scalar σ^2 in the classical theory. Thus, the ratio of the shear scalar to the energy density is a constant, which means that the Bianchi-I spacetime filled with stiff matter never isotropizes. Further, depending on the initial conditions, it is also possible that the matter density dominates over anisotropy and the approach to singularity is point like. Hence, such a universe does not, in general, behave like vacuum Kasner universe as the singularity is approached. For a Bianchi-I universe with stiff matter, |ϵ| is a constant of motion in the classical theory, and the Kasner like behavior occurs only when the anisotropic contribution to the spacetime curvature dominates over the contribution due to the matter. This requires ϵ to be greater than a critical value ϵ^∗, where for any ϵ < ϵ^∗, the approach to singularity will be always point like and the Kasner behavior will be absent. We now find out this critical value ϵ.

We first make the following transformation of the parameter ϵ [5]: δ = − ϵ √ 4 + ϵ^2

. (2.26)

This transformation restricts the range of new anisotropy parameter δ to 0 < |δ| < 1. In terms of δ and ψ, the expressions for the directional scale factors and Hubble rates for stiff matter universe take a much simpler form,

a_i(t) = a_{i o} a(t)^{1±2|δ|Zi} , and H_i(t) = (1 ± 2|δ|Z_i) 3a(t)^3

. (2.27)

Here a_{i o} is the directional scale factor at the initial time. From the above equations, it is clear that for all of the Hubble rates to be positive, which is the requirement for a point like approach to singularity (in the expanding branch), δ must be given by 1 ± 2|δ| > 0. Thus, for |δ| < 1/2 the approach to singularity will always be point like, irrespective of the value of ψ. As we will discuss in the next section, for δ ≥ 1/2, the approach to the classical singularity can be point like, barrel or cigar. Using the definition of δ, we find that the critical value of ϵ below which the approach to the classical singularity is always point like turns out to be ϵ^∗ = 2/ √ 3. Existence of such a critical value is an important property of the Bianchi-I spacetime with stiff matter, and we will see in the next subsection that such a critical value of anisotropy parameter is absent for w < 1 for which the point like singularity is forbidden. Integrating Einstein’s equations, the mean scale factor for w = 1 universe can be written as a function of time as

a(t) ∝ (t + t_s)^{1/3} (2.28)

where t_s is an integration constant. Now let us write the classical directional scale factors in terms of the Kasner exponents k_i as follows:

a_i(t) ∝ (t + t_s)^{ki} (2.29)

where k_i are the Kasner exponents. The anisotropy parameters δ and ψ can now be expressed in terms of the directional scale factors and the Kasner exponents as follows -

ψ(t) = tan^{−1} ( 1 √ 3 + 2 log (a_1/a_2) √ 3 log (a_2/a_3) ) (2.30) and

δ(t) = 3 (k_1 − k_2) 2 (sin(Z_1) − sin(Z_2))

. (2.31)

Bianchi-I spacetime with stiff matter admits all kind of singularity except the pancake type, as the Kasner exponents for the pancake singularity are k_1 = 1, k_2, k_3 = 0 and they do not satisfy the constraint on the Kasner exponent for w = 1 given in eqs. (2.19). The axisymmetric solution could be either cigar or barrel depending on the value of δ and ψ. We notice that if the anisotropy parameter (δ) is small enough, the only possible singularity is point. For higher values of δ, barrel and cigar singularity form depending on the value of the parameter ψ. The various possible structure of singularity in the classical Bianchi-I model for stiff matter universe are shown in the second column of Tables I and II in the following section.

E. Dust (w = 0) and radiation (w = 1/3)

Solution for a general equation of state in the range 0 ≤ w < 1 is given via eqs. (2.24 and 2.25). The energy density depends on the mean scale factor as ρ ∝ a(t)^{−3(1+w)} and hence the ratio of the anisotropic shear scalar to the energy density is given via

σ^2 ρ ∝ a(t)^{−3(w−1)} . (2.32)

It is evident from the above equation that the shear always dominates over the energy density for w < 1 as the singularity is approached i.e. a(t) → 0 which implies that the point like singularity does not occur. Near the singularity the spacetime behaves similarly to vacuum Bianchi-I given via the vacuum Kasner solution. Moreover, the axisymmetric case is either a cigar or a pancake singularity, and the barrel singularity does not form.^5 In the asymptotic limit when a → ∞, it is the energy density which is more prominent and contribution of the anisotropic shear to the extrinsic curvature become negligible compared to that of the energy density. Hence the isotropization takes place. This is an important distinction from w = 1 where the universe never isotropizes, not even in the asymptotic limit. It can also be concluded from the eq. (2.32) that smaller the equation of state, faster will be the isotropization. We now discuss some of the main features of the dust filled Bianchi-I universe. (The features for the radiation filled case can be deduced similarly). The behavior of the directional scale factors for a dust filled universe (w = 0), also called the Heckmann-Shucking solution, is given as [51]

a_i(t) = a_{i o} t^{ki} (t + t_o)^{2/3−ki} (2.33)

where t_o is the initial time, and k_i are the vacuum Kasner exponents satisfying the eqs. (2.18). As the classical singularity is approached i.e. when t ≪ t_o, then it is straightforward to see from the eq. (2.33) that the directional scale factors behave as a_i(t) ∝ t^{ki} .^6 This precisely is the Kasner

5 For barrel singularity, k1 = 0, k2, k3 > 0. These values of the Kasner exponents do not satisfy the constraint for the vacuum Bianchi-I given by eqs. (2.18) therefore barrel singularity does not form for dust and radiation filled Bianchi-I spacetime.

6 For t ≪ to, t + to ≈ to which is a constant and therefore the time dependence comes from the t^{ki} part of the expression.

vacuum solution to the Bianchi-I spacetime. This shows that, near singularity, w = 0 universe behaves like vacuum solution to Bianchi-I. Note that the Kasner solution is only a limit which is approached when t ≪ t_o, the universe never actually becomes an exact Kasner vacuum universe. On the other hand the asymptotic limit t ≫ t_o gives the following expression for the directional scale factors a_i(t)_{dust}|_{t→∞} ∝ t^{3/2} and in this limit the isotropization takes place. Following similar argument for a radiation filled universe, one finds that the spacetime behaves like vacuum Kasner universe as the singularity is approached while in the asymptotic limit the spacetime isotropizes and the directional scale factors behave as a_i(t)_{rad}|_{t→∞} ∝ t^{1/2}. It is worth noting that the asymptotic behavior of these scale factors for dust and radiation filled Bianchi-I spacetime is the same as that of the scale factor of an isotropic spacetime filled with dust and radiation respectively.

III. EFFECTIVE DYNAMICS IN LQC AND KASNER TRANSITIONS

In the previous section, we discussed the way various geometric structures arise in the Bianchi-I spacetime with stiff matter, dust and radiation in the classical theory. In this section, we will examine the formation of these structures in LQC using effective dynamics. We will study the structure of the spatial geometry on both sides of the bounce by computing the Kasner exponents and investigate the various possible transitions as the spacetime transits from an expanding to a contracting branch during the backward evolution of given initial data. The dependence of these transitions on the matter content and the anisotropy will also be explored in detail. We will, first, discuss the effective dynamics of Bianchi-I spacetime, and then in the following subsections we will present the results of numerical solution of the dynamical equations for stiff matter, dust and radiation filled universes.

A. Effective dynamics

The loop quantization of Bianchi-I is performed by expressing the classical Hamiltonian in terms of the elementary variables of LQG, namely the holonomies of the connection A^i_a taken over the closed loops and the fluxes of the triads E^a_i and promoting them to their corresponding quantum operators. This results in discrete quantum difference equations which govern the evolution of the spacetime. The discrete difference equations hence obtained are manifestation of the discrete quantum geometry inherent in loop quantization. LQC also provides an approximate effective description of the underlying quantum geometry of the spacetime, known as the effective Hamiltonian description. The effective description is obtained through a faithful embedding of the finite dimensional classical phase space in the infinite dimensional quantum phase space of LQC based on the geometric formulation of quantum mechanics [52, 53]. Through a proper choice of semiclassical states, this procedure furnishes an effective Hamiltonian which contains the leading order corrections due to the discrete quantum geometry. Using the Hamiltonian hence obtained, the effective equations of motion can be derived. These modified equations of motion introduce quantum geometric corrections to the classical dynamics of the spacetime and yield the modified dynamical equations. The dynamics hence obtained has been shown to be in excellent agreement with the full quantum evolution of semiclassical states using numerical simulations in many situations including in the presence of anisotropies [10–12, 14, 16, 18, 23, 33]. Our analysis will assume validity of the effective Hamiltonian approach for the Bianchi-I model.

The effective Hamiltonian constraint for Bianchi-I with choice of lapse N = 1 can be written as

[19, 42, 43]^7

H_{eff} = H_{grav} + H_{matt} = − 1 8πGγ^2V ( sin (μ̄_1c_1) μ̄_1 sin (μ̄_2c_2) μ̄_2 p_1p_2 + cyclic terms ) + H_{matt} (3.1)

where H_{matt} is the matter Hamiltonian and μ̄_i are given via

μ̄_1 = λ √ p_1 p_2p_3

; μ̄_2 = λ √ p_2 p_1p_3 and μ̄_3 = λ √ p_3 p_1p_2

. (3.2)

Here λ^2 = 4 √ 3πγl^2_{Pl} arise from the discrete quantum geometry of the underlying spacetime predicted by LQG. The dependence of μ̄_i on the p_i is unique in the sense that any other choice of the function μ̄_i(p_i) would lead the physical results to depend on the rescaling of the edges of the fiducial cell and the shape of the fiducial cell would affect the physical results [44].

The equations of motion of the triads and connection can be computed using the Hamilton’s equations of motion-

ṗ_1 = p_1 γλ (sin (μ̄_2c_2) + sin (μ̄_3c_3)) cos (μ̄_1c_1) (3.3) and ċ_1 = 1 p_1γλ [ c_2p_2 cos (μ̄_2c_2) (sin(μ̄_1c_1) + sin(μ̄_3c_3)) + c_3p_3 cos (μ̄_3c_3) (sin(μ̄_1c_1) + sin(μ̄_2c_2))

− c_1p_1 cos (μ̄_1c_1) (sin(μ̄_2c_2) + sin(μ̄_3c_3)) −

2μ̄_1p_2p_3 λ ( sin(μ̄_2c_2) sin(μ̄_3c_3)

+ sin(μ̄_3c_3) sin(μ̄_1c_1) + sin(μ̄_1c_1) sin(μ̄_2c_2) )] + 8πGγ ∂H_{matt} ∂p_1 . (3.4)

Similarly one can obtain equations for ṗ_2, ṗ_3, ċ_2 and ċ_3, and also ä_i/a_i [38].

The values of the directional triads and the connection at any time can be computed through numerical evolution of initial data specified at a given instant of time. The directional Hubble rates, the expansion scalar and the shear scalar can be computed using the definitions given in eqs. (2.9, 2.12 and 2.15) respectively. The dynamical equations of motion for p_i and c_i (given in eqs. 3.3 and 3.4 and their cyclic permutation) modify the Einstein’s field equations. From the eq. (3.3) it is evident that since the maximum value of sin(θ) is 1, the value of ṗ_i/p_i never diverges and hence the modified effective equations provide a singularity free solutions, causing bounces of the directional scale factors (or the bounce of the mean scale factor). The energy density, expansion scalar and the shear scalar are also bounded by their respective upper maxima [35]. Further, all strong singularities for the matter with equation of state w > −1 have been shown to be resolved [38].

Before we go in to detailed analysis for different matter components, it is important to make following remarks.

7 The effective Hamiltonian considered here does not include ‘inverse volume corrections’ which are sometimes included in studies of spatially compact models in LQC. In our analysis the Bianchi-I model is considered with a non-compact topology. Even if one takes a compact model, since the physical volume the fiducial cells in the simulations presented here are larger than Planck volume, the corrections introduced due to inverse triad terms would remain negligible.

Remark 1: In the classical theory, depending on the matter content and the anisotropy, Bianchi-I spacetime demonstrates various geometrical structures of singularity; for example if one of the three directional scale factors diverges and the other two approach to zero as the singularity is approached, then the structure of the spatial geometry of the spacetime tends to an ‘infinite’ cigar. In LQC, for the same initial data, the structure near the bounce is rather a ‘finite’ cigar. This is so because in LQC, due to the nonsingular bounce the singularity is avoided and all the scale factors take non-zero and finite value near the bounce. Similarly, if the classical trajectory for a given initial data collapses to a barrel, point or pancake singularity, then in LQC, these geometric structures form for the same initial data, but are finite. Although LQC and GR trajectories are in agreement with each other in the low curvature regime and an observer sees both trajectories tending towards the same type of geometrical structure as the high curvature regime is approached, the actual spatial geometry near the bounce in LQC is non-vanishing and is a finite version of the geometry in GR near singularity.

Remark 2: In the following analysis we always specify the initial data in the expanding branch (post-bounce) of the mean scale factor and perform a backward time evolution through the bounce to the contracting branch (pre-bounce). A Kasner transition in the following is defined as the change in geometric structure from the post-bounce phase of the mean scale factor a, as observed by an observer approaching the bounce, to the one in the pre-bounce phase as will be observed by the same observer if she/he evolves forward in time in the contracting branch. Thus, even though the evolution occurs in only one direction (i.e. backward), the geometric structure in the pre- and post-bounce phases is defined in the approach to the bounce. Note that the nature of transition is unaffected by providing the initial data in the contracting branch of the mean scale factor and evolving in future time direction.

B. Bianchi-I LQC with stiff matter

We perform several numerical simulations (over 100 simulations for each range of δ) for various anisotropy parameters to solve the system of differential equations (3.3 and 3.4) for a variety of initial data. We use 4th order adaptive Runge-Kutta for the numerical solutions to the equations. Then, for various ranges of the anisotropy parameters we find out the structure of spacetime by calculating the values of the Kasner exponents. This way a wide class of transition of structures is obtained, based on the initial anisotropy. It also turns out that the structures of spacetime on two sides of the bounce are not the same although the anisotropic shear parameter Σ^2 is conserved on the two sides of the bounce in the asymptotic limit. This provides a rich and interesting transitions of structures across the bounce. Fig. 2 shows an example of a Kasner transition across the nonsingular bounce. We find that in the post-bounce phase, two scale factors are decreasing and one is increasing as the bounce of the mean scale factor is approached, i.e. a cigar is formed. Similarly, in the pre-bounce phase, two scale factors decrease while one increases, on approach to the bounce in the forward time evolution. Thus, again a finite cigar forms. Hence, this figure corresponds to a cigar-cigar transition. (In all the plots, presented in the following, structures are defined in this same way).

In all numerical simulations presented here, the initial data is given at t = 0 without any loss of generality and the classical singularity occurs at t = −t_s. The value of t_s depends on the initial data. The initial data set consists of the values of the connections (c_1, c_2), the triads (p_1, p_2, p_3), the energy density ρ at time t = 0. The value of the remaining connection component c_3 is computed by satisfying the effective Hamiltonian constraint given by eq. (3.1). The parameters ψ and δ are computed via eq. (2.30 and 2.31) by using the Kasner exponents and the directional scale factors,

FIG. 2: The left plot shows the cigar-cigar transition of structure of the spatial geometry of the spacetime for 1/ √ 3 < δ < 1, the dotted lines represent the corresponding classical trajectory and the right plot shows the evolution of the mean scale factor. The spacetime undergoes a cigar-cigar transition while the mean scale factor bounces and remains non-singular throughout the evolution.

FIG. 3: This plot shows the Hamiltonian constraint during the evolution of the effective equations. |H_{eff} /H_{matt}| and |H_{eff} /H_{grav}| remain sufficiently small at all the time which indicates the high numerical accuracy of the results.

which can be easily obtained from the triads p_i. This provides the complete specification of the initial condition of the system. Also, the constant ψ_c (which will be used further in this section) is given in terms of the anisotropy parameter (δ) as ψ_c = sin^{−1}(|δ|/2).

Fig. 3 shows an important feature of the numerical simulations, the absolute value of the ratios of effective Hamiltonian to the matter Hamiltonian and gravitational part of the Hamiltonian are of the order of 10^{−8} or less during the evolution, which implies that the effective Hamiltonian constraint is satisfied with such a high order of accuracy. This, in turn, assures the numerical accuracy of the results presented in this article up to the order of 10^{−8}. We consider such a numerical accuracy to be good enough for our analysis because the physical quantities of interest are of order much higher than 10^{−8} and hence the numerical errors can safely be neglected.

We now discuss the cases of various values of the anisotropy parameter δ.

1. 1/ √ 3 < δ < 1 This range of anisotropy parameter δ corresponds to high anisotropy and it is the only range in positive δ region when cigar to cigar transition is allowed. All possible transitions depending on ψ are shown in the Table-I. Out of the total range of ψ = [0, 2π/3], cigar to cigar, of all the transitions, occupies the biggest range. As we will see in the following subsections that cigar-cigar transition is forbidden for |δ| ≤ 1/ √ 3. This signals that cigar-cigar transition is a highly anisotropic transition.

Axisymmetric solutions exist for ψ = (_{2π} 3 − ψ_c and^π_3 + ψ_c ) on the expanding side of the universe and for ψ = (_π 3 − ψ_c and ψ_c ) on the contracting side. As discussed in Sec. II, the parameter δ is related to the ratio of the shear scalar to the energy density of the matter field and larger value of δ means that the anisotropy dominates over the matter energy density. This is partially the reason why there are no point like to point like transitions allowed for this range of δ.

FIG. 4: These plots show various transitions of structure across the bounce depending on various values of ψ for 1/ √ 3 < δ < 1.

FIG. 5: This figure shows the transition of Kasner exponents (from cigar to point like) zoomed in near the bounce for δ = 0.8 and ψ = 0.58543.

Various possible transitions for a choice of δ = 0.8 are shown in Fig. 4. The transition for δ = 0.8 and ψ = 0.586431 (which correspond to cigar to point like transition) zoomed in near the bounce has been shown in Fig. 5 which clearly portrays the rich dynamics near the bounce and resulting transition in the Kasner exponents. It is straightforward to see that the values of the Kasner components change across the bounce leading to the corresponding transition in the structure of the spatial geometry. Similar to the Kasner transitions in classical mixmaster phenomena, one of the Kasner components retains its behavior and the remaining two switch their role or two of them retain their behavior while the remaining one changes its sign. In other words, if k_1 < 0 and k_2, k_3 > 0 (cigar) in the expanding branch, then after the transition takes place the Kasner components are either k_1, k_2 > 0 and k_3 < 0 (as shown in the cigar-cigar transition where one of the Kasner exponents remains positive on both sides while the remaining two change their sign) or k_1 > 0 and k_2, k_3 > 0 (as shown for the cigar to point like transition where only of the exponents changes the sign while the other tow remain positive across the bounce). The table also shows that if there is an axisymmetric barrel structure on one side, it goes to cigar type structure across the bounce. There are no barrel to barrel, or barrel to point like transitions allowed for this range of δ. The transitions involving barrel happen for a certain value of ψ, whereas other transitions have a range of ψ associated to them. 2. |δ| = 1/ √ 3 δ = 1/ √ 3 is very interesting case in the sense that this is the only case where the barrel to barrel transition occurs. In all the other cases if there is barrel structure on one side of the bounce, it becomes either cigar or point like on the other side. Except for the two values of ψ when the barrel structure is allowed, for all the other ψ the transitions are the point like to cigar transitions. Moreover, the cigar-cigar transition is forbidden in this range. The barrel to barrel transition occurs at particular values of ψ unlike for other transitions for which there are ranges of ψ. Fig. 6 shows the Kasner transition for δ = 1/ √ 3. Fig. 7 shows one of the transitions of Fig. 6 (δ = 1/ √ 3, ψ = 2π/3 − 0.1) zoomed in near the bounce. In a barrel-barrel transition one of the Kasner exponents remain the same while the other two interchange their value across the bounce. It is important to note that the transitions involving barrel occur at a fixed value of ψ for a given δ while other structures happen for a range of values of ψ. This feature is shown in Fig. 6 – the barrel-barrel transition occurs at ψ = 2π/3, and if ψ is decreased by a small amount, the structures on both sides of the bounce change and the resulting transition becomes point like to cigar. Similarly, when ψ increased slightly, cigar to point like transition turns up. 3. 1/2 < δ < 1/ √ 3 In this range of δ, point like to point like transition appears but there are no cigar-cigar transitions anymore. Also the barrel-barrel transition are now forbidden. The absence of cigar-cigar transitions and the appearance of point like to point like transition are consistent with the fact that the anisotropy is now smaller than the previous cases, and the matter dominates over the anisotropic shear. Fig. 8 shows various transitions for δ = 0.53. One of the transitions (δ = 0.53, ψ = 0.04188), which correspond to point like to point like transition, has been zoomed in near the bounce in Fig. 9. It is worth noting that barrel to point like transition occurs at a fixed value of ψ = ψ_c − π/3 and if ψ is changed even for a small amount, the transition of structures changes. As shown in figure if ψ is decreased, the transition is point like to cigar and when increased it becomes cigar to point like. Again, at ψ = 2π/3 − ψ_c the transition involves the barrel structure in the expanding branch.

FIG. 6: Various transitions of structure across the bounce for δ = 1/ √ 3. The Barrel-Barrel transition occurs at ψ = 2π/3, a small deviation from ψ = 2π/3 results in other transitions for example when ψ decreased, the transition is Point-Cigar and when increased, the transition is Cigar-Point.

FIG. 7: This figure shows the transition of Kasner exponents (from point like to cigar) zoomed in near the bounce for δ = 1/ √ 3 and ψ = 2π/3 − 0.1.

4. |δ| ≤ 1/2 This range of δ is highly isotropic range in the sense that the matter dominates over the anisotropy so much that the transition is always point like to point like except for the two special cases namely (δ = 1/2, ψ = π/2) and (δ = −1/2, ψ = π/6), for which the transition is point like

Table-I Expanding branch Contracting branch 1/ √ 3 < δ < 1 Cigar Cigar 0 < ψ <^π_3 − ψ_c 0 < ψ <^{2π}_3 − ψ_c Barrel ψ =^π_3 − ψ_c Point^π_3 − ψ_c < ψ < ψ_c Barrel ψ = ψ_c Cigar ψ_c < ψ <^{2π}_3 − ψ_c Barrel Cigar ψ =^{2π}_3 − ψ_c ψ =^{2π}_3 − ψ_c Point Cigar 2π 3 − ψ_c < ψ <^π_3 + ψ_c^{2π}_3 − ψ_c < ψ <^π_3 + ψ_c Barrel Cigar ψ =^π_3 + ψ_c ψ =^π_3 + ψ_c Cigar Cigar π 3 + ψ_c < ψ <^{2π}_3^π_3 + ψ_c < ψ <^{2π}_3 δ = 1/ √ 3 Barrel ψ = 0 Barrel ψ = 0 Cigar 0 < ψ <^π_3 Point 0 < ψ <^π_3 Barrel ψ =^π_3 Barrel ψ =^π_3 Point^π_3 < ψ <^{2π}_3 Cigar^π_3 < ψ <^{2π}_3 1/2 < δ < 1/ √ 3 Point Point 0 ≤ ψ < ψ_c −^π_3 0 ≤ ψ < ψ_c −^π_3 Barrel Point ψ = ψ_c −^π_3 ψ = ψ_c −^π_3 Cigar Point ψ_c −^π_3 < ψ <^{2π}_3 − ψ_c ψ_c −^π_3 < ψ <^{2π}_3 − ψ_c Barrel Point (ψ =^{2π}_3 − ψ_c) (ψ =^{2π}_3 − ψ_c) Point Point (^{2π}_3 − ψ_c < ψ < ψ_c) (^{2π}_3 − ψ_c < ψ <^{2π}_3 ) Barrel (ψ = ψ_c) Cigar (ψ_c < ψ < π − ψ_c) Barrel (ψ = π − ψ_c ) Point (π − ψ_c < ψ <^{2π}_3 )

TABLE I: Transition of structures across the bounce for (1/2 ≤ δ < 1)

to barrel. The barrel to point like transitions again appear at a fixed value of ψ. This feature is shown in Fig. 10. In Fig. 11 the transitions for δ = 1/2, and ψ = π/4 has been zoomed in near the bounce. The transition involving barrel is the axisymmetric case and all the other transitions are always point like to point like transitions. For |δ| < 1/2 the only structure possible is a point like and therefore the transition for |δ| < 1/2 is always point like to point like. As one decreases |δ| further towards zero, the universe becomes more and more isotropic.

Tables I and II summarize the geometric structures on both sides of the bounce for various values of δ in the range −1 < δ < 1. One can see that as the value of |δ| increases, more anisotropic transitions start showing up i.e. for |δ| < 1/2 only point like to point like transitions are allowed. For |δ| > 1/ √ 3 most prominent transition is cigar-cigar. In this way, there is a preference of certain transitions over the others depending on the value of |δ|. Table-III shows all the allowed and forbidden transitions for various values of the anisotropy parameter |δ|. Since, there are

FIG. 8: This figure shows the transition of structure across the bounce for 1/2 < δ < 1/ √ 3 when δ = 0.53.

FIG. 9: This figure shows the transition of Kasner exponents (from point like to point like) zoomed in near the bounce for δ = 0.53 and ψ = 0.04188.

favored sets of transitions for different values of δ, let us now define the “transition fraction” T of a transition as the ratio of the range of ψ for which a particular transition takes place to the total range of ψ. For example, the point like to point like transition takes place for 1/2 ≤ |δ| < 1/ √ 3 for the following values of ψ:

ψ_{P ↔P} = [ ( ψ_c − π 3 ) + ( ψ_c − ( 2π 3 − ψ_c )) + ( 2π 3 − (π − ψ_c) ) ] . (3.5)

Therefore the transition fraction of point like to point like transition is

FIG. 10: The left figure shows the axisymmetric transition for δ = 0.5 and right figure shows the transition for the same value of δ and ψ = π/4 which gives the point like to point like transition.

FIG. 11: This figure shows the transition of Kasner exponents (from point like to point like) zoomed in near the bounce for δ = 1/ √ 3 and ψ = 2π/3 − 0.1.

T_{P ↔P} = 4 (ψ_c − π/3) 2π/3 . For |δ| ≤ 1/2 the transition fraction of point like to point like transition is 1. Similarly, T for various transitions can be calculated:

(i) for point like to point like transition

T_{P ↔P} = 6 π ( sin^{−1}

(_1 2|δ| ) −^π_3 ) (1/2 < |δ| < 1/ √ 3) 1 (|δ| ≤ 1/2) 0 (otherwise)

(3.6)

(ii) for point like to cigar transition

T_{P ↔C} = 3 π ( 2 sin^{−1}

(_1 2|δ| ) −^π_3 ) (1/ √ 3 < |δ| < 1) 3 π ( π − 2 sin^{−1}

(_1 2|δ| )) (1/2 < |δ| < 1/ √ 3) 0 (otherwise)

(3.7)

(iii) and, for cigar-cigar transition

Table-II Expanding branch Contracting branch

|δ| = 1/2 Point Point ψ ≠^π_2 ψ ≠^π_6 (δ > 0) Barrel ψ =^π_2 Point Point ψ ≠^π_6 ψ ≠^π_2 (δ < 0) Barrel ψ =^π_6 0 < |δ| < 1/2 Point (∀ ψ) Point (∀ ψ) −1/ √ 3 < δ < −1/2 Point Point 0 ≤ ψ < ψ_c −^π_3 0 ≤ ψ < ψ_c Barrel ψ = ψ_c −^π_3 Cigar ψ_c −^π_3 < ψ <^{2π}_3 − ψ_c Barrel ψ =^{2π}_3 − ψ_c Point^{2π}_3 − ψ_0 < ψ < ψ_c Barrel Point ψ = ψ_c ψ = ψ_c Cigar Point ψ_c < ψ < π − ψ_c ψ_c < ψ < π − ψ_c Barrel Point ψ = π − ψ_c ψ = π − ψ_c Point Point π − ψ_c < ψ <^{2π}_3 π − ψ_c < ψ <^{2π}_3 δ = −1/ √ 3 Barrel (ψ = 0) Barrel (ψ = 0) Point (0 < ψ <^π_3 ) Cigar (0 < ψ <^π_3 ) Barrel (ψ =^π_3 ) Barrel (ψ =^π_3 ) Cigar (^π_3 < ψ <^{2π}_3 ) Point (^π_3 < ψ <^{2π}_3 ) −1 < δ < −1/ √ 3 Cigar Cigar 0 ≤ ψ <^π_3 − ψ_c 0 ≤ ψ <^π_3 − ψ_c Barrel Cigar ψ =^π_3 − ψ_c ψ =^π_3 − ψ_c Point Cigar π 3 − ψ_c < ψ < ψ_c^π_3 − ψ_c < ψ < ψ_c Barrel Cigar ψ = ψ_c ψ = ψ_c Cigar Cigar ψ_c < ψ <^{2π}_3 − ψ_c ψ_c < ψ <^{2π}_3 Barrel ψ =^{2π}_3 − ψ_c Point^{2π}_3 − ψ_c < ψ <^π_3 + ψ_c Barrel ψ =^π_3 + ψ_c Cigar^π_3 + ψ_c < ψ <^{2π}_3

TABLE II: Transition of structures across the bounce for (−1 < δ ≤ 1/2)

T_{C↔C} = {_6 π (_π 3 − sin^{−1}

(_1 2|δ| )) (1/ √ 3 < |δ| < 1) 0 (otherwise)

(3.8)

Fig. 12 shows the way transition fraction of point like to point like transition depends on |δ|. T for point like to point like transitions is highest for smaller values of δ. As |δ| increases beyond 1/2, the transition fraction of point like to point like transition decreases and cigar to point like transition starts increasing and attains a maximum. At this maximum, point like to point like transition has zero transition fraction and as |δ| is increased beyond this value, the cigar-cigar

FIG. 12: Fraction of various transitions. The (red) solid line corresponds to point like to point like transition, (blue) dotted line represents the cigar to point like transitions and the (orange) dashed line shows the likelihood of the cigar-cigar transition. The (blue) thick line for 0.5 ≤ |δ| ≤ 0.57 shows that the transitions involving barrel take place in this range, however the transition fraction T corresponds to a set of measure zero for such transitions.

0 < |δ| <^1_2 |δ| =^1_2^1_2 < |δ| <^{1√}_3 |δ| =^{1√}_3^{1√}_3 < |δ| < 1

P ↔ P P ↔ P P ↔ P P ↮ P P ↮ P B ↮ P B ↔ P B ↔ P B ↮ P B ↮ P C ↮ P C ↮ P C ↔ P C ↔ P P ↔ C B ↮ B B ↮ B B ↮ B B ↔ B B ↮ B B ↮ C B ↮ C B ↮ C B ↮ C B ↔ C C ↮ C C ↮ C C ↮ C C ↮ C C ↔ C

TABLE III: This table shows that depending on δ, some transitions are favored over others. As |δ| increases, the transitions across the bounce involve more anisotropic structures. For |δ| < 1/2 only transition possible is point like to point like and as |δ| increases more anisotropic transitions take place and for |δ| > 1/ √ 3 the point like to point like transition is forbidden.

transitions begin to increase from zero while T for cigar to point like transitions decrease. As the anisotropy increases, cigar-cigar transitions become more prominent than the rest of the transitions.

Remark 3: As noted in this section, barrel structures are special in the sense that they occur at a particular value of ψ for a given δ and so do the cigar-barrel or point like to barrel transitions. According to the definition of T , the transition fraction for any transition involving barrel is essentially negligible (corresponds to a set of measure zero). Table-III shows that transition to (from) barrel is possible only for 1/2 ≤ |δ| ≤ 1/ √ 3. The range of transitions involving a barrel is marked in the Fig. 12 by a (blue) thick line.

Remark 4: Tables I and II show an important symmetry regarding the value of δ and structure of the spatial geometry near the bounce. A positive (negative) δ in the expanding branch forms the same structure, for a given value of ψ, as negative (positive) δ in the contracting branch. For example, cigar structure is formed for 0 ≤ ψ ≤ (2π/3 − ψ_c) in both the cases when 1/ √ 3 < δ < 1 in the expanding branch and −1 < δ < −1/ √ 3 in the contracting branch. This behavior can be understood by writing δ in terms of the mean Hubble rate H as δ = ±^1_H √ σ^2/6. As the universe makes a transition from expanding to contracting branch, H changes from positive to negative. This leads δ to change it sign across the bounce. For example, if one starts with a positive (negative) value of δ in the expanding branch, then, during the backward evolution across the bounce, δ becomes negative (positive) in the contracting branch.

C. Dust (w = 0) and Radiation (w = 1/3)

In this subsection we discuss the Kasner like transitions for the equation of state w = 0 and w = 1/3. From eq. (2.32), it is clear that the behavior of anisotropy with respect to the matter energy density is different in the two limits i.e. a → 0 and a → ∞. Recall that in the classical theory, the shear scalar always dominates over the energy density (for w < 1) and the universe behaves like a vacuum Bianchi-I near the singularity, whereas in the asymptotic limit universe isotropizes giving the directional scale factors to be a_i(t) ∝ t^{3/2} for dust (w = 0) and a_i(t) ∝ t^{1/2} for radiation (w = 1/3). In LQC, as the expanding branch of the spacetime is evolved backwards in time the bounce of the mean scale factor happens well before the vacuum solutions are reached. Since there are no point like or barrel structures allowed for the dust and radiation filled universe, the transitions involve only pancake and cigar structures. Also, since the classical behavior of dust and radiation filled universe near the singularity is the same (i.e. the vacuum Kasner solution), they allow similar types of transitions across the bounce. Table IV shows all possible and forbidden transitions for dust and radiation filled Bianchi-I universe in LQC. It also turns out that other equations of state in the range 0 ≤ w < 1 follow the same selection rule given in the table. We find that in all the transitions the structure is cigar on at least one side of the bounce. There is no pancake-pancake transition present.

P B Pc C P × × × × B × × × × Pc × × × ✓ C × × ✓ ✓ TABLE IV: Transitions for 0 ≤ w < 1. (P→Point, B→Barrel, Pc→Pancake and C→Cigar)

For dust and radiation models, the pancake type structure comes out to be special (similar to barrel in the stiff matter universe) in the sense that it appears only as an axisymmetric solution occurring only for certain values of ψ (ψ = π/6 when ϵ > 0 and ψ = π/2 when ϵ < 0 [5]) for a given |ϵ|. Moreover, pancake to pancake like transition is forbidden. This feature can be attributed to the change in the sign of the parameter ϵ across the bounce (similar to the sign change of δ discussed in remark 4). One can write ϵ = ±2H

√_3 8πGρ − 1 H^2 which suggests that due to the change in the

sign of mean Hubble rate during the transition from expanding to contracting branch of universe along the backward evolution, the parameter ϵ also changes the sign. Owing to this sign change in ϵ, although ψ does not change, if one starts with an initial condition such that structure near the bounce is pancake on one side of the bounce, one does not obtain a pancake structure across. In other words, if one starts with ϵ > 0 and ψ = π/6 forming a pancake like structure near the bounce in the expanding branch, the parameters across the bounce will become ϵ < 0 and ψ = π/6 which is a condition for cigar like structure.

Fig. 13 shows the behavior of dust filled Bianchi-I spacetime across the bounce. The left plot, for which the initial parameter is taken to be ϵ = 34 and ψ = π/6, shows the directional Hubble rates. This corresponds to a pancake-cigar transition as discussed above. In the expanding branch,

FIG. 13: The left plot shows the directional Hubble rates for a dust filled universe near the bounce when the spacetime undergoes a transition from a pancake type structure to a cigar. The right plot shows the evolution of the Kasner exponents far from the bounce, all the Kasner exponents tend to take the same value (k_i = 2/3) in this limit which is an indication of the isotropization. The initial anisotropy parameters for this figure are: ϵ = 34, ψ = π/6 (for the left plot) and ψ = 13π/36 (for the right plot).

FIG. 14: The left plot shows the directional Hubble rates for a radiation filled universe near the bounce. The right plot shows the evolution of Kasner exponents far from the bounce when all the Kasner exponents tend to take the same value (i.e. k_i = 0.5). This is an indication of isotropization of the spacetime at very late time. The initial conditions for this simulation are ϵ = 8.1, ψ = π/18.

two of the directional Hubble rates are zero while the other is positive, this calls for a pancake type structure near the bounce. Whereas, on the contracting side across the bounce, two of the Hubble rates are negative while the remaining one is positive leading to a cigar like structure. The right plot of Fig. 13 depicts the Kasner exponents with the initial anisotropy parameters being ϵ = 34 and ψ = 13π/36. In this plot it is evident that in the asymptotic limit all the Kasner exponents tend to take the same value (i.e. k_i → 2/3) which leads to the isotropization of the spacetime such that a_i ∝ t^{2/3}. This is also a general asymptotic behavior of a classical dust filled Bianchi-I, as noted in the previous section.

An evolution of a radiation Bianchi-I spacetime has been shown in Fig. 14. Left figure shows the directional Hubble rates close to the bounce and the right one portrays the late time behavior of the Kasner exponents on the two sides of the bounce. It is evident from the figure that the spatial structure near the bounce is cigar on the expanding side as well as on the contracting side which entails to a cigar-cigar transition. Similar to the dust model, the pancake-cigar transition for radiation also occurs for certain value of ψ (ψ = π/6 when ϵ > 0 and ψ = π/2 when ϵ < 0). The asymptotic behavior is evident from the nature of the late time behavior of the Kasner exponents

(the right plot in Fig. 14). All the three Kasner exponents tend to take the same value i.e. k_i → 1/2 which is an indication of the isotropization of the radiation Bianchi-I spacetime in the asymptotic limit. This also is a general asymptotic property of a classical radiation filled Bianchi-I universe.

IV. DISCUSSION

A key question for various models in LQC is to understand various physical properties in the high curvature regime and the way they change in evolution across the bounce. Our goal in this manuscript dealt with gaining insights on this issue for Bianchi-I model using effective dynamics. Bianchi-I spacetimes are one of the simplest settings where the role of Weyl curvature on the nature of the singularities becomes transparent. The dynamics of anisotropic spacetimes has been extensively studied in the classical theory [3–8]. In contrast to the isotopic (and homogeneous) universe, where the approach to singularity is always point like, a general approach to singularity in Bianchi spacetimes can have various geometric structure depending on the anisotropic shear and the matter content. These structures, which include barrel, cigar, pancake and a point, are labelled using the Kasner exponents in the spacetime metric. Since the formation of these structures is tied to the detailed properties of the matter and anisotropies, understanding of their formation in LQC, and their evolution across the bounce provides us with valuable hints on the change in detailed composition of the universe from one side of the bounce to the other.

Our analysis is based on the effective spacetime description of LQC, which has been tested extensively to confirm with the underlying quantum dynamics for states which lead to a macroscopic universe at late times [10–12, 14, 16, 18, 23, 33, 34]. In the case of Bianchi-I model considered here, effective dynamics has provided useful insights on the boundedness of the energy density, expansion and shear scalars [35, 43, 44] and generic resolution of strong singularities [38]. The modified dynamical equations obtained from the effective Hamiltonian constraint approximate the classical dynamical equations to a high order of accuracy at low curvature scales. At these scales, two observers starting from the same initial conditions, say evolving backward in the expanding branch defined by the mean scale factor, in LQC and in GR measure the same Kasner exponents, and thus deduce the same geometric structure which is formed in the high curvature regime. The important difference being that in GR structures such as barrel, pancake, cigar and point are associated to the big bang singularity, whereas in LQC these structure are finite and non-singular. Our detailed analysis for dust, radiation and stiff matter, shows that in the evolution across the bounce, the geometric structure in the post-bounce phase can be different from the one in the prebounce phase. A novel result of our investigation is that there are certain selection rules between the transitions of geometric structures across the bounce. These transitions imply change in the Kasner exponents across the bounce for asymptotic observers. Many of these Kasner transitions occur in a particular range of anisotropic parameters, whereas some occur only for fine tuned values (those involving the barrel for stiff matter and the pancake for dust and radiation). Thus, given the initial conditions on the anisotropies and the matter, it is possible to identify allowed and forbidden transitions.

We show that there is a hierarchy of different geometrical structures, and in transitions between them. Given initial conditions on the matter and anisotropies, we find the existence of allowed and forbidden transitions in the effective spacetime description. We find a definite pattern in when a particular kind of transition is favored. For example, in the case of stiff matter for large values of anisotropic parameter |δ| ∼ 1, cigar to cigar transitions are found to be most favored. If the value of this parameter (which depends on initial conditions) is chosen to be smaller, the likelihood of cigar to cigar transition decreases, and becomes zero for |δ| ≤ 1/3. In a similar way, point like to point like transitions are forbidden for |δ| > 1/ √ 3, and are exclusively allowed for |δ| < 1/2.

Similar behavior is deduced for all other transitions (summarized in Tables I and II), and for dust and radiation (summarized in Table IV). These results clearly show that transitions between the anisotropic structures are forbidden in the case of stiff matter, if anisotropic content in the universe is small. Similarly, when anisotropies are large, transition between isotropic structures do not occur. In summary, depending on the strength of anisotropies, certain transitions are favored over others, and some are forbidden.

Analysis in this article provides useful insights on the structure of the spatial geometry and their transitions across the bounce. It brings out some important differences with isotropic models in LQC, which arise due to richness of physics introduced by the interplay of the Ricci and Weyl curvature components of the spacetime curvature. These Kasner transitions draw a similarity with the mixmaster behavior for spatially curved anisotropic models in GR but with some key differences. Unlike in GR where numerous Kasner transitions occur in the approach to general singularity, in LQC Kasner transition occurs in absence of spatial curvature and only once across the non-singular bounce. In an upcoming work, we will provide more details on the BKL like phenomena in LQC in a different model [54]. In future, it will be interesting to analyze the Kasner transitions and selection rules using quantum constraint in LQC. Such a study will shed insights on the way quantum properties of states affect allowed and forbidden transitions across the bounce.

Acknowledgments

We would like to thank Jacobo Diaz-Polo and Jorge Pullin for useful comments and discussions. This work was supported by NSF grant PHYS1068743.

[1] F. J. Tipler, Singularities in conformally flat spacetimes, Phys. Lett. A 64, 8 (1977). [2] A. Krolak, Towards the proof of the cosmic censorship hypothesis, Class. Quant. Grav. 3, 267 (1986). [3] A. G. Doroshkevich, Model of a universe with a uniform magnetic field, Astrophysics, 1 138 (1965) [4] K. S. Thorne, Primordial element formation, primordial magnetic fields, and the isotropy of the universe”, Astrophys. J., 148, 51 (1967) [5] K. C. Jacobs, Spatially homogeneous and euclidean cosmological models with shear, Astrophys. J. 153, 661 (1968).

[6] G. F. R. Ellis and M. A. H. MacCallum, A Class of homogeneous cosmological models, Commun. Math.

Phys. 12, 108 (1969).

[7] V. A. Belinskii, I. M. Khalatnikov and E. M. Lifshitz, Oscillatory approach to a singular point in the relativistic cosmology, Adv. Phys. 31, 525-573 (1970).

[8] C. W. Misner, The isotropy of the universe Astrophys. J., 151 431 (1968).

[9] A. Ashtekar, T. Pawlowski and P. Singh, Quantum nature of the big bang, Phys. Rev. Lett. 96 141301 (2006), [10] A. Ashtekar, T. Pawlowski and P. Singh, Quantum nature of the big bang: An analytical and numerical investigation I, Phys. Rev. D73 124038 (2006) [11] A. Ashtekar, T. Pawlowski and P. Singh, Quantum nature of the big bang: Improved dynamics, Phys.

Rev. D74 084003 (2006) [12] A. Ashtekar, T. Pawlowski, P. Singh and K. Vandersloot, Loop quantum cosmology of k=1 FRW models. Phys. Rev. D75 0240035 (2006) [13] A. Ashtekar, A. Corichi, P. Singh, Robustness of key features of loop quantum cosmology, Phys. Rev.

D 77, 024046 (2008).

[14] K. Vandersloot, Loop quantum cosmology and the k = −1 FRW model, Phys. Rev. D 75 023523 (2007) [15] L. Szulc, Open FRW model in loop quantum cosmology, Class. Quant. Grav. 24 6191 (2007) [16] E. Bentivegna and T. Pawlowski, Anti-deSitter universe dynamics in LQC, Phys. Rev. D77 124025 (2008)

[17] W. Kaminski and T. Pawlowski, The LQC evolution operator of FRW universe with positive cosmological constant Phys. Rev. D81 024014 (2010) [18] T. Pawlowski, A. Ashtekar, Positive cosmological constant in loop quantum cosmology, arXiv:1112.0360. [19] A. Ashtekar and E. Wilson-Ewing, Loop quantum cosmology of Bianchi type I models, Phys. Rev. D79 083535 (2009) [20] A. Ashtekar and E. Wilson-Ewing, Loop quantum cosmology of Bianchi type II models, Phys. Rev.

D80 123532 (2009) [21] E. Wilson-Ewing, Loop quantum cosmology of Bianchi type IX models, Phys. Rev. D82 043508 (2010) [22] M. Martin-Benito, G. A. Mena Marugan and T. Pawlowski, “Loop Quantization of Vacuum Bianchi I Cosmology,” Phys. Rev. D 78, 064008 (2008) [arXiv:0804.3157 [gr-qc]].

[23] M. Martin-Benito, G. A. Mena Marugan and T. Pawlowski, Physical evolution in Loop Quantum Cosmology: The example of vacuum Bianchi I, Phys. Rev. D 80 084038 (2009), [arXiv:0906.3751 [gr-qc]].

[24] MMartin-Benito, L JGaray, G A M. Marugan and E. Wilson-Ewing, “Loop quantum cosmology of the Bianchi I model: complete quantization,” J. Phys. Conf. Ser. 360, 012031 (2012) [arXiv:1110.1941 [gr-qc]].

[25] M. Bojowald, G. Date and G. M. Hossain, “The Bianchi IX model in loop quantum cosmology,” Class.

Quant. Grav. 21, 3541 (2004) [gr-qc/0404039].

[26] M. Bojowald and G. Date, “Quantum suppression of the generic chaotic behavior close to cosmological singularities,” Phys. Rev. Lett. 92, 071302 (2004) [gr-qc/0311003].

[27] D. W. Chiou, Loop Quantum Cosmology in Bianchi Type I Models: Analytical Investigation, Phys.

Rev. D 75, 024029 (2007) [gr-qc/0609029].

[28] M. Bojowald, D. Cartin and G. Khanna, “Lattice refining loop quantum cosmology, anisotropic models and stability,” Phys. Rev. D 76, 064018 (2007) [arXiv:0704.1137 [gr-qc]].

[29] A. Ashtekar and P. Singh, Loop Quantum Cosmology: A Status Report, Class. Quant. Grav. 28, 213001 (2011) [arXiv:1108.0893 [gr-qc]].

[30] J. Willis, On the low energy ramifications and a mathematical extension of loop quantum gravity.

Ph.D. Dissertation, The Pennsylvaina State University (2004) [31] V. Taveras, LQC corrections to the Friedmann equations for a universe with a free scalar field, Phys.

Rev. D78 064072 (2008) [32] P. Singh, V. Taveras, Effective equations for arbitrary matter in loop quantum cosmology, (In preparation).

[33] L. Szulc, Loop quantum cosmology of diagonal Bianchi type I model: Simplifications and scaling problems, Phys. Rev. D 78, 064035 (2008) [34] P. Diener, B. Gupt, P. Singh, Probing the validity of effective dynamics in loop quantum cosmology (In preparation) [35] B. Gupt and P. Singh, Contrasting features of anisotropic loop quantum cosmologies: The Role of spatial curvature, Phys. Rev. D 85, 044011 (2012) [36] P. Singh, Are loop quantum cosmologies never singular? Class. Quant. Grav. 26 125005 (2009) [37] P. Singh, F. Vidotto, Exotic singularities and spatially curved loop quantum cosmology, Phys. Rev. D 83 064027 (2011).

[38] P. Singh, Curvature invariants geodesics and the strength of singularities in Bianchi-I loop quantum cosmology, Phys. Rev. D 85 104011 (2012).

[39] A. Corichi and P. Singh, Quantum bounce and cosmic recall, Phys. Rev. Lett. 100 161302 (2008) [40] W. Kaminski, T. Pawlowski, Cosmic recall and the scattering picture of Loop Quantum Cosmology, Phys. Rev. D 81 084027 (2010).

[41] A. Corichi, E. Montoya, Coherent semiclassical states for loop quantum cosmology, Phys. Rev.D 84 044021 (2011) [42] D. W. Chiou and K. Vandersloot, The Behavior of non-linear anisotropies in bouncing Bianchi I models of loop quantum cosmology, Phys. Rev. D 76, 084015 (2007) [43] T. Cailleteau, P. Singh and K. Vandersloot, Non-singular ekpyrotic/cyclic model in loop quantum cosmology, Phys. Rev. D80 124013 (2009) [44] A. Corichi, P. Singh, A geometric perspective on singularity resolution and uniqueness in loop quantum cosmology, Phys. Rev. D 80, 044024 (2009).

[45] R. Maartens, K. Vandersloot, Magnetic Bianchi I Universe in Loop Quantum Cosmology, arXiv:0812.1889.

[46] M. Artymowski, Z. Lalak, Vector fields and Loop Quantum Cosmology, JCAP 09 (2011) 017. [47] A. Corichi, E. Montoya, Effective Dynamics in Bianchi Type II Loop Quantum Cosmology, arXiv:1201.4853.

[48] M. Domagala, K. Giesel, W. Kaminski and J. Lewandowski, “Gravity quantized: Loop Quantum Gravity with a Scalar Field,” Phys. Rev. D 82, 104038 (2010) [arXiv:1009.2445 [gr-qc]].

[49] V. A. Belinsky and I. M. Khalatnikov, Sov. Phys. JETP 36, 591 (1973).

[50] Ya. B. Zel’dovich The equation of state at ultrahigh densities and its relativistic limitations, Sov. Phys. JETP, 14 1143 (1962) [51] O. Heckmann and E. Shucking, “Relativistic Cosmology”, Ch. 11, Gravitation: An introduction to current research, ed. by L. Witten, NY, Willey (1962) [52] T. A. Schilling, PhD Thesis, Pennsylvania State University, 1996 [53] A. Ashtekar and T. A. Schilling, Geometrical formulation of quantum mechanics, gr-qc/9706069. [54] B. Gupt, P. Singh (in preparation)