arXiv:1205.6779v2 [hep-th] 29 Oct 2012

Ambiguities in the gravitational correction of quantum electrodynamics

J. C. C. Felipe^{(a)},^∗ L. A. Cabral^{(a,c)},^† L. C. T. Brito^{(b)},^‡ Marcos Sampaio^{(a)},^§ and M. C. Nemes^{(a)¶} (a) Universidade Federal de Minas Gerais - Departamento de Física - ICEX P.O. BOX 702, 30.161-970, Belo Horizonte MG - Brazil (b) Universidade Federal de Lavras - Departamento de Ciências Exatas P. O. BOX 3037, 37.200-000, Lavras MG - Brazil and (c) Universidade Federal do Tocantins - Centro de Ciências P. O. BOX 132, 77.804-970, Araguaína TO - Brazil

We verify that quadratic divergences stemming from gravitational corrections to QED which have been conjectured to lead to asymptotic freedom near Planck scale are arbitrary (regularization dependent) and compatible with zero. Moreover we explicitly show that such arbitrary term contributes to the beta function of QED in a gauge dependent way in the gravitational sector.

PACS numbers: 04.60.-m 11.10.Gh 11.15.Bt 11.10.Hi

Gravitational effects in Quantum Field Theory can only be obtained in the context of effective theories. This situation resembles the early days of Quantum Mechanics when the study of matterradiation interaction was treated in a similar fashion. Matter was quantized while electromagnetic field was treated classically. Nonetheless in both cases relevant information has been extracted from such effective theories. In the case of quantum gravity the issue of effective theories has been discussed in depth in [1–5].

Recently a most challenging far reaching result has been put forth by Robinson and Wilczek. They showed that quantum gravitational effects may contribute to asymptotic freedom in gauge theories [6]. As to be expected several independent investigations started to appear arguing either in favor or against the result. Within the context of the Einstein-Yang-Mills model, in [7] it is argued that the quadratic divergences ultimately responsible for asymptotic freedom are canceled in some step of the calculation. In [8] the gauge dependence of the gluon and graviton propagator are included and asymptotic freedom remains, being however gauge dependent in what concerns the gravitational sector. Results in the context of the Einstein- Maxwell model, are also contradictory. The issue of the gauge dependence has been addressed in ref [9]. Also in [7, 10, 11] the quadratic divergences appear again as the agent of asymp-

∗guaxu@fisica.ufmg.br †cabral@uft.edu.br ‡lcbrito@dex.ufla.br §msampaio@fisica.ufmg.br ¶mcnemes@fisica.ufmg.br

totic freedom in this model. In [12] it is shown that quadratic divergences are intrinsically ambiguous in a regularization independent way. Other regularization dependence may arise during the calculations since surface terms will certainly appear if quadratic divergences are present and are evaluated differently in different regularizations. The authors of [13] also argue that quadratic divergences are devoid of physical significance, since they may be eliminated by a redefinition of the fields in the original Lagrangian. An argument along a different line was given recently in ref [14] where it is argued that the linearized spacetime metric is not a solution of Einstein equation. Against the existence of asymptotic freedom in the context of the Einstein-Maxwell model a calculation is presented which leaves arbitrary gauge parameters (both for the photon and graviton sectors) and concludes that the results are dependent on the gravitational gauge only [15]. Moreover it is shown that in the limit of zero mass quadratic divergences disappear, in agreement with Dimensional Regularization.

Given the nature of the discrepancies in the results in the literature regarding both gauge and regularization dependence we believe it is pertinent to present a calculation using the most general parametrization of logarithmic and quadratic integrals which allows one to display ambiguities arising either from divergences as well as those intrinsic to perturbative calculations such as surface terms. We carry all ambiguities till the end of the calculation.

We show that there appears in fact a quadratic divergence which could in principle be responsible for asymptotic freedom. It is however intrinsically ambiguous as it is both regularization and gauge (in the gravitational sector) dependent.

We start by describing the model. We couple scalar electrodynamics with gravitation as follows S = ∫ d^4x √ −g [ − 1 4 (g^{μα}g^{νβ}F_{μα}F_{νβ} ) +

g^{μν} (D_μϕ)(D_ν ϕ)^∗ − m^2ϕϕ^∗ + 2 κ^2 R ] , (1)

where in (1), F_{μν} is the (Maxwell) field strength tensor, (D_μϕ) = (∂_μϕ + ieA_μϕ) represents the covariant derivative, g_{μν} the space time metric, κ = √ 16πG the gravitational coupling constant and R the scalar curvature tensor. We use the weak field approximation, linearizing the metric around a Minkowski background η_{μν} = (1, −1, −1, −1) in the following way

g_{μν} = η_{μν} + κh_{μν} , (2)

with h_{μν} in eq. (2) being the deviation from the flat background.

The propagator of the scalar field is

Δ(p) = i p^2 − m^2

, (3)

whereas the graviton propagator with explicit gauge dependence reads Δ^{αλσβ} (k) = iP^{αλσβ} (k^2 − μ^2) + 1 2 (ξ −1) iM^{αλσβ} (k^2 − μ^2)^2

, (4)

with P^{αλσβ} = 1 2 ( η^{βλ}η^{σα} + η^{βα}η^{λσ} − η^{αλ}η^{σβ} ) , (5)

M^{αλσβ} = ( η^{ασ} (k^λk^β) + η^{αβ} (k^λk^σ) + η^{λσ} (k^αk^β )

+η^{λβ} (k^αk^σ ) ) (6) and μ is a fictitious mass which we will set to zero at the end of calculation. The photon propagator as usual is given by

Δ^{μν} (k) = −iη^{μν} (k^2 − μ^2) − i (1 − α) α k^μk^ν (k^2 − μ^2)^2

, (7)

in an arbitrary gauge α.

The one loop corrections to the photon propagator for scalar QED in weak gravitational field approximation (2) are depicted in figures (1) and (2) respectively.

The graviton-photon vertices in fig. (1) are given by

FIG. 1: One-loop gravitational corrections to the photon propagator. Solid and wavy lines represent graviton and photon propagators respectively.

FIG. 2: One-loop matter field corrections to the photon propagator. Dashed line represents the scalar field.

V^{λθγδ}(p, p^′) = iκ { P^{λθγδ}(p · p^′) + 1 2 [ η^{γδ} ( p^θp^{′λ} + p^λp^{′θ} ) + η^{λθ}p^δ p^{′γ} − η^{λδ} p^{′γ} p^θ −η^{λγ} p^δp^{′θ} − η^{θγ} p^δ p^{′λ} − η^{θδ} p^λp^{′γ} ] } , (8)

where, the term P^{λθγδ} is given by in (5). V^{στ θδρξ}(p, p^′) = i κ^2 4 { η^{δθ}η^{ρσ}Ω̃^{τ ξ} + 2η^{τ θ}η^{σδ}Ω̃^{ρξ} +η^{στ} { η^{ξ[ρ}Ω^{δ]θ} + η^{ξ[ρ}Ω^{θ]δ} − η^{ρ(δ} Ω^{θ)ξ} }

+η^{δθ} { η^{ξ[ρ}Ω^{σ]τ} + η^{ξ[ρ}Ω^{τ ]σ} + η^{τ [σ}Ω^{ρ]ξ} }

+2 { η^{ξ[σ} Ω^{δ][τ} η^{θ]ρ} + η^{ξ[τ} Ω^{θ][σ}η^{δ]ρ} }

+4η^{σδ} { η^{ρ(θ}Ω^{τ )ξ} + η^{ξ[θ}Ω^{ρ]τ} + η^{ξ[τ} Ω^{ρ]θ} }

+(p · p^′) { η^{δθ}η^{τ [ρ}η^{σ]ξ} + η^{τ σ} η^{θ(ρ}η^{δ)ξ} −4η^{σδ}η^{θ(ρ}η^{ξ)τ} }} , (9)

where Ω^{μν} = p^μp^{′ν} , Ω̃^{μν} = η^{μν} (p · p^′) − Ω^{μν} and the parentheses (brackets) indicate symmetrization (anti-symmetrization) in the indices. In fig. (2), the photon scalar field vertices are

V^γ (p, p^′) = −ie(p + p^′)^γ (10) and V^{γβ} = 2ie^2η^{γβ} (11)

respectively.

The photon self energy correction to one loop order is given by the sum of the amplitudes depicted in figs. (1) and (2). They read

Π^{μν}_{1a} (p) = ∫ k Δ_{αδ} (k)V^{γλμδ} (p, p − k)Δ_{γλβσ} (k) ×V^{βσνα}(p − k, p), (12)

Π^{μν}_{1b} (p) = ∫ k V^{αλσβμν} (p, p^′)Δ_{αλσβ} (k), (13)

Π^{μν}_{2a} (p) = ∫ k V^μ(p + 2k)Δ(p)V^ν (p + 2k)

×Δ(p + k), (14)

Π^{μν}_{2b} (p) = ∫ k V^{μν} Δ(p), (15)

where, for brevity, ∫ k = ∫_d4_k

(2π)^4 .

To evaluate these amplitudes we adopt a strategy based on Implicit Regularization [16, 17]. Their ultraviolet content will be displayed in terms of basic divergent integrals which depend on the loop momentum only. Free parameters expressed by surface terms which stem from differences between basic divergent integrals with the same superficial degree of divergence yet different Lorentz structure parametrize are fixed to zero on gauge and momentum routing invariance grounds [18]. Typical basic divergent integrals at one loop order are given by

I_{log} (μ^2) = ∫ k 1 (k^2 − μ^2)

(16) and I_{quad}(μ^2) = ∫ k 1 (k^2 − μ^2)^2

. (17)

Other basic loop divergent integrals appear in the calculation, e.g.

I^{μν}_{log} (μ^2) = ∫ k k^μk^ν (k^2 − μ^2)^3

(18) and I^{μν}_{quad}(μ^2) = ∫ k k^μk^ν (k^2 − μ^2)^2

, (19) which however are related to (16) and (17) through surface terms.

We can parametrize the divergent integrals in a general form [18]. For example, I_{log} (μ^2) in equation (16) satisfies the regularization independent equation dI_{log} (μ^2) dμ^2 = − b μ^2

, (20)

where b = −^i_{(4π2)} . The most parametrization compatible with equation (20) is

I_{log} (μ^2) = b_1 + b ln ( Λ^2 μ^2 ) , (21)

with b_1 is arbitrary constant. In analogous fashion, I^{μν}_{log} (μ^2) can be written

I^{μν}_{log} (μ^2) = g^{μν} 4 [ b^′_1 + bln ( Λ^2 μ^2 )] , (22)

where b^′_1 is another arbitrary constant. The choice of the arbitrary constant have a physical motivation. Notice that

g^{μν} I_{log} (μ^2) − 4I^{μν}_{log}(μ^2) = ∫ k ∂ ∂k_μ k^ν (k^2 − μ^2)^2 = g^{μν} (b_1 − b^′_1) (23)

is a surface term, which is in principle arbitrary and generally regularization dependent as the parametrization shown in eqs. (21) and (22).

Likewise, equation (17) satisfies dI_{Iquad}(μ^2) dμ^2 = I_{log} (μ^2) (24)

and the most consistent parametrization from (24) is I_{quad}(μ^2) = c_1Λ^2 + bμ^2 ln ( Λ^2 μ^2 ) + c^′_1μ^2. (25)

and, in analogous way I^{μν}_{quad}(μ^2) = g^{μν} 2 [ c_2Λ^2 + bμ^2 ln ( Λ^2 μ^2 ) + c^′_2μ^2 ] , (26) These parametrization reveal the regularization dependence character of I_{quad}(μ^2) which, i.e., vanishes in dimensional regularization (c_1 = c_2 = 0) but not in a momentum cut off, where we have

c_1 = c_2 = − iΛ^2 64π^2

. (27)

4 In other words, while gauge invariance and momentum routing fix the surface terms to zero, c_1, for instance, remains undetermined.

Thus, after a brief discussion about ambiguities, we will show the our principal result for this paper. After a lengthy yet straightforward calculation we get Π^{μν}_{total}(p) = −κ^2 [ (9ξ + 1) 24 F (p^2)p^2 + (13ξ − 5) 4 I_{quad}(μ^2) +

(1 − α) 6α F (p^2)p^2 + (ξ − 1)(1 − α) 4 F (p^2)p^2 ] ( p^2η^{μν} − p^μp^ν )

−κ^2 [ Υ^{μν}_2 +

(1 − α) α Υ^{μν}_3 + (ξ − 1)Υ^{μν}_4

+(ξ − 1)

(1 − α) α Υ^{μν}_5 ]

−e^2 [ 1 3 F (p^2)(η^{μν} p^2 − p^μp^ν ) − 4Υ^{μν}_1 ] , (28)

where the term F (p^2) in equation (28) is given by

F (p^2) = I_{log} (μ^2) − i 16π^2 ln ( − p^2 μ^2 ) (29)

The infrared regulator expressed by ln(μ^2) when μ → 0 in finite part of the amplitude is canceled against the infrared regulator in I_{log} (μ^2) through the regularization independent relation

I_{log} (μ^2) = I_{log} (λ^2) − i 16π^2 ln ( μ^2 λ^2 ) , (30)

where λ^2 is a non vanishing arbitrary parameter which plays the role of renormalization group constant [19].

In (28) the (regularization dependent) surface terms read

Υ^{μν}_1 = a_2η^{μν} − ( a_1 − 1 6 a_3 ) (η^{μν} p^2 + 2p^μp^ν ), (31)

Υ^{μν}_2 = a_1 12 p^2 ( 13p^2η^{μν} − 20p^ν p^μ )

− [ a_2 2 − 8a_3 3 p^2 ] ( η^{μν} p^2 − p^μp^ν ) , (32)

Υ^{μν}_3 = (η^{μν} p^4 − p^2p^μp^ν )[2a_3 − a_1], (33)

Υ^{μν}_4 = [ 2(a_3 + a_1)p^2 + a_2 ] (p^2η^{μν} − p^μp^ν ) , (34)

Υ^{μν}_5 = [ 3a_1 2 − a_3 ] p^2 ( p^2η^{μν} − p^μp^ν ) , (35)

where the terms a_1, a_2 and a_3 are given by

a_1η^{μν} = 1 4 η^{μν} I_{log} (μ^2) − ∫ k k^μk^ν (k^2 − μ^2)^3

, (36)

a_2η^{μν} = 1 2 η^{μν} I_{quad}(μ^2) − ∫ k k^μk^ν (k^2 − μ^2)^2

, (37) and a_3η^{{μν} η^{αβ}} = 1 24 η^{{μν} η^{αβ}}I_{log} (μ^2) − ∫ k k^μk^ν k^αk^β (k^2 − μ^2)^4

, (38)

respectively.

Whilst quadratic divergences are canceled between the graphs in figure (2) there remains a I_{quad}(μ^2) from the graphs in figure (1). This term proportional to I_{quad}(μ^2) in (28) could give rise to asymptotic freedom in electrodynamics as pointed out by Toms in [10]. We show however that besides being gauge dependent it is also intrinsically undetermined as we can see in eqs (25) and (26) respectively. As for the other indeterminacies contained in eq. (28) expressed by the Υ^′s (surface terms) it can be easily checked that the terms a_i, with i = 1, ..., 3 are evaluated to zero in dimensional regularization, rendering Π^{μν}_{total} transverse, as it should. Within the framework of Implicit Regularization we have demonstrated that both momentum routing and gauge invariance are simultaneously satisfied if we set surface terms to zero [18]. Results in the literature can be recovered by choosing ξ = α = 1.

We get the β function from eq. (28). It is given by β = e^3 12π^2 − (13ξ − 5) 128π^2 c_1Λ^2κ^2e, (39)

where c_1 in eq. (39) remains arbitrary and can not be fixed by gauge invariance. In the same sense, [20–22] also argue that the quadratic divergence present in (28) should not exist because the quadratic divergence dependence disappears when physical processes are taking into account.

To summarize we have shown in a regularization independent way that the quadratic divergences which contribute to asymptotic freedom in QED at the Planck scale is intrinsically undetermined and gauge dependent.

Acknowledgements: This work was supported by CAPES, CNPq and FAPEMIG.

[1] G. ’t Hooft and M. J. G. Veltman, Annales Poincare Phys. Theor. A 20, 69 (1974).

[2] S. Deser and P. Van Nieuwenhuizen, Phys. Rev. D 10, 401 (1974).

[3] S Deser and P. Van Nieuwenhuizen, Phy. Rev.

Lett. 32, 245-247 (1974).

[4] S. Weinberg, Physica A 96, 327 (1979). [5] J. F. Donoghue, Phys. Rev. Lett. 72, 2996 (1994). [6] S. P. Robinson and F. Wilczek, Phys. Rev. Lett.

96, 231601 (2006).

[7] D. Ebert, J. Plefka and A. Rodigast, Phys. Lett.

B 660, 579 (2008).

[8] Sarah Folkerts, Daniel F. Litim, Jan M.

Pawlowski, Phys. Lett. B 709, 234-241 (2012). [9] A. R. Pietrykowski, Phys. Rev. Lett. 98, 061801 (2007).

[10] D. J. Toms, Nature 468, 56 (2010).

[11] Yong Tang and Yue-Lian Wu, Commu. Theor.

Phys. 57, 629-636 (2012).

[12] J. C. C. Felipe, L. C. T. Brito, M. Sampaio, M. C. Nemes, Phys. Lett. B 700, 86-89 (2011).

[13] J. Ellis, N. E. Mavromatos, Phys. Lett. B 711, 139 (2012).

[14] N. K. Nielsen, Annals Phys. 327 861-892 (2012). [15] K. E. Leonard and R. P. Woodard, arXiv:

1202.5800v1. (2012).

[16] A. P. B. Scarpelli, M. Sampaio and M. C. Nemes, Phys. Rev. D 63 (2001) 046004.

[17] A. P. B. Scarpelli, M. Sampaio, M. C. Nemes and B. Hiller, Phys. Rev. D 64 (2001) 046013.

[18] L. C. Ferreira, A. L. Cherchiglia, B. Hiller, M.

Sampaio, M. C. Nemes arXiv: 1110.6186, to appear in Phys. Rev. D (2012).

[19] L. C. T. Brito, H. G. Fargnoli, A. P. B. Scarpelli, M. Sampaio and M. C. Nemes, Phys. Lett. B 673, 220 (2009) and references therein.

[20] M. M. Anber, J. F. Donoghue and M. El- Houssieny, Phys. Rev. D 83 (2011) 124003.

[21] D. J. Toms, Phys. Rev. D 84 (2011) 084016. [22] M. M. Anber and J. F. Donoghue, Phys. Rev. D 85 (2012) 104016.