arXiv:1205.6978v1 [hep-ph] 31 May 2012

Prepared for submission to JHEP

Chiral perturbation theory in a magnetic background - finite-temperature effects

Jens O. Andersen^{a,b} aDepartment of Physics, Norwegian University of Science and Technology, Høgskoleringen 5, N-7491 Trondheim, Norway bNiels Bohr International Academy, Niels Bohr Institute and Discovery Center, Blegdamsvej 17, DK-2100 Copenhagen, Denmark

E-mail: andersen@tf.phys.ntnu.no

Abstract: We consider chiral perturbation theory for SU(2) at finite temperature T in a constant magnetic background B. We compute the thermal mass of the pions and the pion decay constant to leading order in chiral perturbation theory in the presence of the magnetic field. The magnetic field gives rise to a splitting between M_π0 and M_π± as well as between F_π0 and F_π± . We also calculate the free energy and the quark condensate to next-to-leading order in chiral perturbation theory. Both the pion decay constants and the quark condensate are decreasing slower as a function of temperature as compared to the case with vanishing magnetic field. The latter result suggests that the critical temperature T_c for the chiral transition is larger in the presence of a constant magnetic field. The increase of T_c as a function of B is in agreement with most model calculations but in disagreement with recent lattice calculations.

Keywords: Chiral perturbation theory, finite-temperature field theory, chiral transition, magnetic field.

Contents

1 Introduction 1

2 Chiral perturbation theory 3

3 Pion masses and pion decay constants 5

4 Free energy and quark condensate 8 4.1 One-loop free energy 8 4.2 Two-loop free energy 9

5 High-temperature expansion 12

6 Numerical results and discussion 13

7 Acknowledgments 18

A Sum-integrals 18

B Explicit calculations 19

1 Introduction

While the QCD Lagrangian in the limit of zero quark masses has chiral symmetry, the true ground state of QCD does not respect this symmetry. Chiral symmetry is broken spontaneously in the vacuum by quantum effects. Specifically, the SU(N_f )_L × SU(N_f )_R symmetry of L_{QCD} is broken down to SU(N_f )_V , and according to Goldstone’s theorem this gives rise to as many massless spin-zero particles as there are broken generators. For N_f fermions, this implies N^2_f − 1 massless excitations and in phenomenological, we have applications N_f = 2 or N_f = 3. The symmetry breaking is apparent in the low-energy spectrum of QCD from the existence of the three very light pions. The fact that the pions are not strictly massless is due to the fact that chiral symmetry of nature is only approximate. The associated explicit symmetry breaking in QCD is built in by finite quark masses in L_{QCD}.

Lattice simulations are currently the only way to calculate the properties of QCD from first principles. However, due to the sign problem, one is restricted to small values of the baryon chemical potential. Other approaches involve low-energy effective theories or model calculations that share some of the properties of QCD such as the same pattern of symmetry breaking. Examples are chiral perturbation theory (ChPT), the Nambu-Jona-Lasinio (NJL) model, linear sigma models, and quark-meson (QM) models. At long wavelengths where the relevant degrees of freedom are the

– 1 – almost massless Goldstone bosons, one would naturally like to have an effective low-energy theory that contains only these degrees of freedom. Such an effective field theory may simplify calculations of the long-distance properties of the system and one can obtain model-independent predictions with a minimum of assumptions.

An example of a low-energy effective theory for QCD is chiral perturbation theory [1–4]. The chiral Lagrangian that describes the (pseudo)Goldstone bosons is uniquely determined by the global symmetries of QCD and the assumption of chiral symmetry breaking. The Lagrangian L_{eff} consists of a string of operators that involve an increasing number of derivatives or quark mass factors, each multiplied by a low-energy constant (LEC) l_i. However, QCD is a confining and strongly interacting theory at low energies. Thus the coefficients l_i of the chiral Lagrangian cannot be calculated directly from QCD. Instead, the coefficients of the effective Lagrangian are fixed by experiments.

Chiral perturbation theory provides a systematic framework at low energies. It is not an expansion in powers of some small coupling constant, but it is a a systematic expansion in powers of momenta p where a derivative counts as one power and the quark masses count as two powers [2]. Chiral perturbation theory is a nonrenormalizable quantum field theory in the old sense of the word. This means that a calculation at a given order n in momentum p, requires that one adds higher-order operators in order to cancel the divergences that arise in the calculations at order n. This implies that one needs more and more couplings l_i as one goes to higher loop orders, and therefore more experiments to determine them. However, this poses no problem, as long as one is content with finite precision. This is is the essence of effective field theory [5–7]. The order p^4-divergences in ChPT were determined in Ref. [2], while the order-p^6 divergences were calculated in Ref. [4].

The thermodynamics of a pion gas using ChPT was studied in detail in a series of papers 25 years ago [8–10]. The temperature-dependence of the pion mass M_π and the pion decay constant F_π were calculated to leading order (LO), while the the pressure and the temperature dependence of the quark condensate were calculated to next-to-next-to-leading order (NNLO) in chiral perturbation theory. In the chiral limit, there are two scales at finite temperature, namely the pion decay constant and T , and chiral perturbation theory is then an expansion in powers of T^2/F^2_π . In the present paper, we give the calculational details of a number of quantities in the presence of a constant magnetic field B. These include M_π0 , M_π± , F_π0 , F_π± at leading order and the free energy and the (normalized) quark condensate at next-to-leading order (NLO).

QCD in external magnetic fields has received a lot of attention in recent years. This is not a purely academic question since the properties of QCD in strong magnetic fields B is relevant in several situations. For example, large magnetic, B ∼ 10^{14} − 10^{15} Gauss, exist inside magnetars [11, 12]. If the density of the core is sufficiently high, it contains quark matter. In that case, the core may be color superconducting and so it is important to study the effects of external magnetic fields in this phase [13–20]. Similarly, it has been suggested that strong magnetic fields are created in (noncentral) heavy-ion collisions at the Relativistic Heavy-Ion Collider (RHIC) and the Large Hadron Collider (LHC) and that these play an important role [21–23]. In this case, the magnetic field strength has been estimated to be up to B ∼ 10^{19} Gauss, which corresponds to |qB| ∼ 6m^2_π, where |q| is the charge of the pion. Even larger fields could be reached due to the effects of event-by-event fluctuations, see for example [24].

This has spurred the interest in studying QCD in external fields. At zero baryon chemical potential

– 2 – this can be done from first principles using lattice simulations. Recently, lattice simulations in a constant magnetic background B have been carried out [25–27]. At finite μ_B this is very difficult due to the infamous sign problem. Therefore one often resorts to effective theories that share some of the features of QCD, such as chiral symmetry breaking.

A low-energy effective theory that provides a systematic framework for systematic calculations is chiral perturbation theory. Chiral perturbation theory has been used to study the quark condensate in strong magnetic fields at zero temperature [28–31] and finite temperature [32]. In Ref. [33], the thermal corrections to M_π0 and F_π0 were computed, while the quark-hadron phase transition was investigated in Ref. [34]. The effects of external magnetic fields on the chiral transition have been studied in detail using the NJL model [35–44], the Polyakov-loop extended NJL model [45, 46], the QM model [43, 44, 47–49], the linear sigma model [50], the (P)QM model [51, 52], and the MIT bag model [53].

In the present paper, we study pions at finite temperature in a constant external magnetic field B using chiral perturbation theory and it is organized as follows. In Sec. II, we briefly discuss ChPT in an external magnetic field. In Sec. III, we calculate the leading correction to the pion mass as well as the pion decay constant. In Sec. IV, we calculate the free energy and the quark condensate to next-to-leading order in chiral perturbation theory. In Sec. V the numerical results are presented and we summarize in Sec. VI. The necessary sum-integrals are listed in Appendix A, while explicit calculations of those sum-integrals are presented in Appendix B.

2 Chiral perturbation theory

As explained in the introduction, chiral perturbation theory is a low-energy effective field theory that can be used to systematically calculate physical quantities as a power series in momentum p. The effective Lagrangian is given by an infinite string of operators involving an increasing number of derivatives or quark masses. Schematically, we can write

L_{eff} = L^{(2)} + L^{(4)} + L^{(6)} + ... (2.1)

where the superscript indicates the powers of momentum. In Euclidean space, the leading term is given by

L^{(2)} = 1 4 F^2Tr [ (D_μU)^†(D_μU) − M^2Tr(U + U^†) ] . (2.2)

The first term is the Lagrangian of the nonlinear sigma model and the second term is the kinetic term for the gt Here U = exp[iτ^aπ^a/F ] is a unitary SU(2) matrix, where π^a are the pion fields and τ^a are the Pauli spin matrices. The low-energy constants M and F are the tree-level values for the pion mass M_π and the pion decay constant F_π, respectively. Moreover D_μ is the covariant derivative which replaces the partial derivative: D_μ = ∂_μ − i[U, v_μ] − i {U, a_μ} , (2.3)

– 3 – where v_μ is an external vector field and a_μ is an external axial vector field. The next-to-leading order terms in the low-energy expansion are [2, 10, 31]^1

L^{(4)} = − 1 4 l_1Tr [ (D_μU)^†(D_μU)

]_2 − 1 4 l_2Tr [ (D_μU)^†(D_ν U) ] Tr [ (D_μU)^†(D_ν U) ]

+ 1 8 l_4M^2Tr [ (D_μU)^†(D_μU) ] Tr(U + U^†) − 1 16 (l_3 + l_4)M^4Tr[(U + U^†)]^2 − l_5Tr[U^†F^R_{μν} UF^L_{μν} ] − 1 2 il_6Tr[F^R_{μν} (D_μU)(D_ν U^†) + F^L_{μν} (D_μU^†)(D_ν U)] − h_1M^4 + h_2Tr[F^l_{μν} F^l_{μν} ] . (2.4)

Here F^l_{μν} = ∂_μF^l_ν − ∂_ν F^l_μ − i[F^l_μ, F^l_ν ], where l = L, R, and F^R_μ = v_μ + a_μ and F^L_μ = v_μ − a_μ.

The Lagrangian L^{(6)} is very complicated as it contains more than 50 terms for SU(2) [4]. However, only one term is relevant for the calculations [29–31], namely

L^{(6),relevant} = −4c_{34}M^2(qF_{μν} )^2 . (2.5)

We consider in the following a constant external magnetic field so v_μ is an Abelian gauge field, v_μ =^1_2 qA_μτ^3, and a_μ = 0. Here q is the electric charge of the pion and we choose the four-vector potential to be A_μ = Bδ_{μ2}x_1. By expanding the Lagrangian Eq. (2.2) to fourth order in the pion field π, we obtain

L^{(2)} = −F^2M^2 + 1 2 ( ∂_μπ^0

)_2 + 1 2 M^2 ( π^0

)_2

+ (∂_μ + iqA_μ)π^+(∂_μ − iqA_μ)π^− + M^2π^+π^− − M^2 24F^2 [ (π^0)^2 + 2π^+π^−

]_2 + 1 6F^2 { 2π^0[∂_μπ^0][∂_μ(π^+π^−)] − 2π^+π^−(∂_μπ^0)^2 −2 [( π^0

)_2

+ 2π^+π^− ] (∂_μπ^+)(∂_μπ^−) + [∂_μ(π^+π^−)]^2 } , (2.6)

where we have defined the complex pion fields as π_± =^{1√}_2 (π_1 ± iπ_2) In the same manner, we can expand L^{(4)}:

L^{(4)} = 1 4 F^2_{μν} +

2l_5 F^2

(qF_{μν} )^2π^+π^− + 2il_6 F^2 qF_{μν} [ (∂_μπ^−)(∂_ν π^+) + iqA_μ∂_ν (π^+π^−) ] + (l_3 + l_4)

M^4 F^2 ( π^0

)_2

+2(l_3 + l_4)

M^4 F^2 π^+π^− + l_4

M^2 F^2

(∂_μπ^0)^2 + 2l_4

M^2 F^2

(∂_μ + iqA_μ)π^+(∂_μ − iqA_μ)π^− . (2.7)

We note in passing that our expression (2.6) for the truncated Lagrangian L^{(2)} differs from the expression found in Refs. [29, 30] since they use a different parametrization for the unitary matrix U, namely the Weinberg parametrization. However, we obtain the same expressions for physical quantities independent of parametrization [54]. This is simply the statement that physical quantities are independent of the coordinate system used.

1The last two operators of Eq. (2.4) are so-called contact terms. The term −h1M^4 contributes to the vacuum energy. Loop corrections to the vacuum energy are divergent and renormalizing the couplings such as h1 eliminates (some of) the divergences and is needed to render the vacuum energy finite. We will not need them in the following since we are subtracting the divergences in the vacuum diagrams that appear for B = 0. The remaining divergences are then eliminated by renormalizing the low-energy couplings l̄i.

– 4 –

At this point it is appropriate to briefly discuss the number of Goldstone modes in the presence of an external electromagnetic field. Due to the different electric charges of the u and d quarks, flavor symmetry is broken in an external electromagnetic field. In particular, the axial SU(2)_A-symmetry is broken down to a U(1)^3_A-symmetry, which corresponds to a rotation of the u and d-quarks with opposite angles. The formation of a quark condensate breaks this Abelian symmetry which gives rise to a Goldstone boson - the neutral pion π^0 [28]. The charged pions are thus no longer Goldstone modes. In fact, the presence of the external field allows for an effective mass term even in the chiral limit when M = 0, namely the first two terms in Eq. (2.7).

The chiral Lagrangian comes with a number of undetermined parameters or low-energy constants (LECs). These parameters can be determined by experiments. However, loop corrections involve renormalization of these parameters and the physical quantities are no longer equal to the parameters of the chiral Lagrangian. For example, F and M are no longer the measured pion decay constant and the physical pion mass, respectively. The relation between the bare and renormalized parameters has been found in [2] and can be expressed as^2

l_i = − γ_i 2(4π)^2 [ 1 ϵ + 1 − l̄_i ] , (2.8)

where γ_i are coefficients that are tabulated in [2] and l̄_i are scale-independent parameters, i. e. they are the renormalized running couplings evaluated at the renormalization scale Λ = M.

In the present calculations, we need γ_3 = −^1_2 , γ_4 = 2, γ_5 = −^1_6 , and γ_6 = −^1_3 [2, 3]. The coupling c_{34} in L^{(6)} can be renormalized as in [4] by using

c_{34} = 1 F^2 [ c̄_{34} − 1 2(4π)^2ϵ ( l̄_5 − 1 2 l̄_6 )] . (2.9)

We close this section by briefly discussion the bare propagators of the pions in a magnetic backround. The classical solutions to the Klein-Gordon equation in a constant magnetic field B are well known and the dispersion relation is given by ( E^±_{m,pz} )_2 = p^2_z + M^2 + (2m + 1)|qB| , (2.10)

where m = 0, 1, 2, ... denotes the mth Landau level, q is the electric charge of the pion, and p_z is the spatial momentum in the z-direction. The subscript ± denotes π^± and we note that the dispersion relations for the two charged pions are identical. The imaginary-time propagator for a charged pions is then Δ_π± (P_0, p) = 1/(P^2_0 + p^2_z + M^2 + (2m + 1)|qB|), while for neutral pions it is given by the usual Δ_π0 (P_0, p) = 1/(P^2_0 + p^2 + M^2), where P_0 = 2nπT is the nth Matsubara frequency.

3 Pion masses and pion decay constants

In this section, we discuss the thermal pion masses and the pion decay constants. In order to calculate the thermal pion masses, we consider the inverse propagators at one-loop. For example, the inverse propagator for the neutral pion can be written as

Δ^{−1}_{π0} (P_0, p) = P^2 + M^2 + Σ_{π0} (P_0, p) , (3.1)

2In contrast to ref. [2], we have introduced the renormalization scale Λ in the definition of the sum-integrals instead of as a part of the relation between the bare and renormalized parameters. See Appendix A for details.

– 5 – where the self-energy is given by

Σ_{π0} (P_0, p) = [A_0 − ΔZ_0]P^2 + [B_0 − ΔZ_0]M^2 , (3.2)

where ΔZ_0 is the wavefunction renormalization counterterm for π^0. and π^±, respectively. The coefficients A_0 and B_0 are given by

A_0 = − 2 3F^2 ∑ ∫_B P 1 P^2_0 + p^2_z + M^2_B + 2 M^2 F^2 l_4 , (3.3)

B_0 = 1 6F^2 [ 2 ∑ ∫_B P 1 P^2_0 + p^2_z + M^2_B − 3 ∑ ∫ P 1 P^2_0 + p^2 + M^2 ] + 2 M^2 F^2

(l_3 + l_4) . (3.4)

The sum-integrals ∑∫ P and ∑∫_B P are defined in Appendix A. The counterterms ΔZ_0 is chosen such that the self-energy Σ_{π0} is independent of the momentum of the pions [55]. This implies that ΔZ_0 = A_0. The propagator then reduces to

Δ^{−1}_{π0} (P_0, p) = P^2 + M^2 [1 − A_0 + B_0] . (3.5)

Inserting Eqs. (3.3) and (3.4) into Eq. (3.5), we can then read off the mass m_π0 from the propgator and we find

M^2_{π0} = M^2 +

M^2 F^2 ∑ ∫_B P 1 P^2_0 + p^2_z + M^2_B − 1 2 M^2 F^2 ∑ ∫ P 1 P^2 + M^2

+ 2l_3

M^4 F^2

. (3.6)

The mass M_π± of the charged pion can be found in a similar way

M^2_π± = M^2 + 1 2 M^2 F^2 ∑ ∫ P 1 P^2 + M^2

+ 2l_3

M^4 F^2 + 2 F^2

(2l_5 − l_6)(qB)^2 . (3.7)

Renormalization of l_5 and l_6 are carried out according to Eq. (2.8), which shows that we can replace 2l_5 − l_6 by (l̄_6 − l̄_5)/6(4π)^2 [29, 30]. After renormalization, one obtains

M^2_π0 = M^2_π [ 1 − 1 (4π)^2F^2 ( I_B(M) + 1 2 J_1(βM)T^2 − J^B_1 (βM)|qB| )] , (3.8)

M^2_π± = M^2_π [ 1 + 1 2(4π)^2F^2

J_1(βM)T^2 ] + (qB)^2 3(4π)^2F^2

(l̄_6 − l̄_5) , (3.9)

where the function I_B (M) is defined by

I_B(M) = M^2 log

M^2 2|qB| − M^2 − 2ζ^{(1,0)}(0,^1_2 + x)|qB|

= M^2 log

M^2 2|qB| − M^2 − 2 log[Γ(0,^1_2 + x)]|qB| + log(2π)|qB| , (3.10)

and x =^{M 2}_{2|qB|} . In particular, note that I_B(0) = |qB| log 2. The thermal integrals J_n(βM) and J^B_n (βM) are defined in Appendix A, and evaluated at ϵ = 0. Moreover, ζ^{(1,0)}(−b, y) =^d_{dx} ζ(x −

– 6 – b, y)|_{x=0}, where ζ(s, x) is the Hurwitz zeta-function and b is a real number. The physical pion mass M^2_π in the vacuum is given by

M^2_π = M^2 [ 1 − M^2 2(4π)^2F^2 l̄_3 ] . (3.11)

The result (3.8) is in agreement with the calculations of Ref. [33]. In the limit B → 0, Eqs. (3.8)– (3.9) reduce to the result of Ref. [8]. We notice that temperature dependence of the charged pion mass M_π± is the same as for vanishing magnetic field since the only loop correction to the mass involves a neutral pion, cf. Eq. (3.7). The only difference is a temperature-independent constant proportional to (qB)^2. This constant survives the the chiral limit, M → 0, which shows that the charged pion is no longer a Goldstone mode in the presence of an electromagnetic field.

We next discuss the pion decay constant F_π0 for the neutral pion. The components of the axial current A^0_μ are given by [54, 55]

A^0_μ = −F ∂_μπ^0 + 2 3F [ 2π^+π^−∂_μπ^0 − π^0∂_μ(π^+π^−) ] − 2 M^2 F l_4∂_μπ^0 , (3.12)

In order to calculate the pion decay constant, we need to evaluate the matrix element F_π0 = ⟨0|A^0_μ|π^0⟩. The matrix elements are proportional to ip_μ. Moreover, in the leading term −F ∂_μπ^0 of Eq. (3.12), we must take into account wavefunction renormalization of the pion field given by Eqs. (3.3). A straightforward calculation of the matrix element then gives

F_π0 = F [ 1 − 1 F^2 ∑ ∫_B P 1 P^2_0 + p^2_z + M^2_B + M^2 F^2 l_4 ] (3.13)

In a similar way we can calculate the pion decay constant for the charged pion, F_π± , and one finds F_π± = F [ 1 − 1 2F^2 ∑ ∫ P 1 P^2 + M^2 − 1 2F^2 ∑ ∫_B P 1 P^2_0 + p^2_z + M^2_B + M^2 F^2 l_4 ] . (3.14)

After renormalization, we find

F_π0 = F_π [ 1 + 1 (4π)^2F^2 ( I_B (M) − J^B_1 (βM)|qB| ) ] , (3.15) F_π± = F_π [ 1 + 1 2(4π)^2F^2 ( I_B(M) − J_1(βM)T^2 − J^B_1 (βM)|qB| )] , (3.16)

where the thermal integrals J_1(βM) and J^B_1 (βM) are evaluated at ϵ = 0,and where the pion decay constant F_π in the vacuum is

F_π = [ 1 + M^2 (4π)^2F^2 l̄_4 ] . (3.17)

The result (3.15) agrees with the calculations of Agasian and Shushpanov [33]. In the limit B → 0, F_π0 = F_π± and they reduce to the result of [9] as they should. At zero magnetic field, the decay constants are identical F_πo = F_π± but there are two pion decay constants at finite temperature; one for the time component and one for the spatial component of A_μ. The difference between them is an order-p^4 effect [56] and this the calculation of the diffference is beyond the scope of this paper.

– 7 –

4 Free energy and quark condensate

In this section, we compute the free energy and the quark condensate to NLO in chiral perturbation theory. We are interested in the contributions to the free energy that are due to a nonzero magnetic field and finite temperature. We therefore write the contribution to the free energy at the nth loop order, F_n, as a sum of three different terms

F_n = F^{vac}_n + F^B_n + F^T_n , (4.1)

where F^{vac}_n is the contribution in the vacuum, i. e. for B = T = 0, F^B_n is the zero-temperature contribution due to a finite magnetic field, and F^T_n is the finite-temperature contribution. The last term also depends on B. The strategy is to isolate the term F^{vac}_n and subtract it from Eq. (4.1). This term contains ultraviolet divergences which are removed by renormalization of the low-energy constants of the chiral Lagrangian in the usual way and the renormalized expression for F^{vac}_n represents the contribution to the vacuum energy of the theory from the nth loop order. The term F^B_n generally contains additional ultraviolet divergences as well and it is rendered finite by the same renormalization procedure. The term F^T_n is finite.

The free energy at tree level is given by the first term in Eqs. (2.6) and (2.7):

F_0 = 1 2 B^2 − F^2M^2 . (4.2)

The first term in Eq. (4.2) is needed when we renormalize the one-loop contribution to the free energy in the next subsection. The second term is independent of B, so we neglect it in the following.

4.1 One-loop free energy

The one-loop contribution F_1 to the free energy can be written as the sum of the contributions from the charged and neutral pions, and tree-level terms from L^{(4)}

F_1 = F_π0 + F_π+ + F_π− + tree level terms from L^{(4)} , (4.3)

where

F_π0 = 1 2 ∑ ∫ P log [ P^2 + M^2_π ] , (4.4) F_π± = 1 2 ∑ ∫_B P log [ P^2_0 + p^2_z + M^2_B ] , (4.5)

The tree-level terms are necessary in the renormalization of the vacuum energy, but according to our strategy we do not need to consider these since they are independent of the magnetic field. Using the expressions for the various sum-integrals in Appendix A, we obtain

F_1 = 1 2(4π)^2 ( Λ^2 2|qB| )_ϵ [( (qB)^2 3 − M^4 ) ( 1 ϵ + 1 ) + 8ζ^{(1,0)}(−1,^1_2 + x)(qB)^2 − 2J^B_0 (βM)|qB|T^2 ]

− 1 4(4π)^2 ( Λ^2 M^2 )_ϵ [( 1 ϵ + 3 2 ) M^4 + 2J_0(βM)T^4 ] . (4.6)

– 8 –

The divergence that depends on the external magnetic field B is removed by wavefunction renormalization, i. e. by the replacement

B^2 → B^2 [ 1 − q^2 6(4π)^2ϵ ] , (4.7)

in the tree-level term^1_2 B^2 in Eq. (4.2). Subtracting the expressions for the diagrams for T = B = 0, we remove the remaining divergences and obtain a finite result. One finds

F^B_1 =

M^4 4(4π)^2 [ 1 − 2 log

M^2 2|qB| ] + 4(qB)^2 (4π)^2 ζ^{(1,0)}(−1,^1_2 + x) +

(qB)^2 6(4π)^2 log Λ^2 2|qB| , (4.8)

F^T_1 = − 1 2(4π)^2 [ J_0(βM)T^4 + 2J^B_0 (βM)|qB|T^2 ] . (4.9)

4.2 Two-loop free energy

Figure 1. Feynman diagrams contributing to the free energy at order p^4.

The order-p^4 diagrams that contribute to the free energy are shown in Fig. 1. Dotted lines denote a neutral pion and solid lines denote a charged pion. Wiggly line denote the background field |qB|. The two-loop contribution F_2 to the free energy can be written as

F_2 = F_{2a} + F_{2b} + F_{2c} + F_{2d} + F_{2e} , (4.10)

where the expressions for the diagrams are^3

F_{2a} = − 1 8 M^2 F^2 ( ∑ ∫ P 1 P^2 + M^2

)_2 (4.11)

F_{2b} = 1 2 M^2 F^2 ∑ ∫_B P 1 P^2 + M^2_B ∑ ∫ Q 1 Q^2 + M^2

(4.12)

F_{2c} = 0 , (4.13)

F_{2d} = l_3

M^4 F^2 ∑ ∫ P 1 P^2 + M^2

+ 2l_3

M^4 F^2 ∑ ∫_B P 1 P^2 + M^2_B

, (4.14)

F_{2e} =

2(qB)^2

F^2

(2l_5 − l_6) ∑ ∫_B P 1 P^2 + M^2_B

, (4.15)

F_{2f} = −8c_{34}(qB)^2M^2 . (4.16)

3It was shown in Refs. [29, 31] that the diagram F2c vanishes at T = 0. It also vanishes at finite temperature.

– 9 –

Using the expressions for the sum-integrals in Appendix A, we obtain

F_{2a} = − 1 8(4π)^4

M^2 F^2 ( Λ^2 M^2 )_{2ϵ} [ ( 1 ϵ^2 + 2 ϵ + π^2 6 + 3 ) M^4 − 2 ( 1 ϵ + 1 ) J_1(βM)M^2T^2

+J^2_1 (βM)T^4 + O(ϵ) ] , (4.17)

F_{2b} = 1 2(4π)^4

M^2 F^2 ( Λ^2 M^2 )_ϵ ( Λ^2 2qB )_ϵ [( 1 ϵ^2 + 1 ϵ + π^2 6 + 1 ) M^4 − 2 ( 1 ϵ + 1 ) ζ^{(1,0)}(0,^1_2 + x)|qB|

−ζ^{(2,0)}(0,^1_2 + x)|qB|M^2 − 1 ϵ ( J_1(βM)T^2 + J^B_1 (βM)|qB| ) M^2 − J^B_1 (βM)|qB|M^2

+J_1(βM)J^B_1 (βM)T^2|qB| + 2ζ^{(1,0)}(0,^1_2 + x)J_1(βM)|qB|T^2 + O(ϵ) ] , (4.18) F_{2c} = 0 , (4.19)

F_{2d} = − l_3 (4π)^2

M^4 F^2 ( Λ^2 M^2 )_ϵ {[ 1 ϵ + 1 + ( π^2 12 + 1 ) ϵ ] M^2 − J_1(βM)T^2 + O(ϵ^2) } , (4.20) − 2l_3 (4π)^2

M^4 F^2 ( Λ^2 2|qB| )_ϵ [( 1 ϵ + π^2 12 ϵ ) M^2 − 2ζ^{(1,0)}(0,^1_2 + x)|qB|

−ζ^{(2,0)}(0,^1_2 + x)|qB| ϵ − J^B_1 (βM)|qB| + O(ϵ^2) ] , (4.21)

F_{2e} =

2(qB)^2

F^2

(2l_5 − l_6) 1 (4π)^2 ( Λ^2 2qB )_ϵ [ 1 ϵ M^2 − 2ζ^{(1,0)}(0,^1_2 + x)|qB| − J^B_1 (βM)|qB| +O(ϵ) ] . (4.22)

After having subtracted the expressions for the diagrams for T = B = 0, we are still left with some simple poles in ϵ. These remaining divergences are now elimated by renormalizing the couplings l_3, l_5, and l_6 according to the prescription (2.8). Since the renormalized couplings l^r_i are evaluated at the scale Λ^2 = M^2, the final result simplies significantly. After a lengthy calculations, we obtain

F^B_2 =

(qB)^2 2(4π)^4F^2 { I_B [ M^4 (qB)^2 l̄_3 − 2 3 (l̄_6 − l̄_5) ] − 2d̄M^2 } , (4.23)

F^T_2 =

M^2 8(4π)^4F^2 [ − J^2_1 (βM)T^4 + 4J_1(βM)J^B_1 (βM)T^2|qB| − 2l̄_3(J_1(βM)T^2 + 2J^B_1 (βM)|qB|)M^2

−4I_B J_1(βB)T^2 ] + (qB)^2 3(4π)^4F^2 (¯ l_6 − l̄_5 ) J^B_1 (βM)|qB| , (4.24)

where

d̄(M^2) = 8(4π)^4c^r_{34} + 1 3 (l̄_6 − l̄_5) log

Λ^2 M^2

. (4.25)

Note in particular that all the divergent terms involving the thermal integrals J_1 and J^B_1 cancel amongst themselves and so we can evaluate the remaining ones at ϵ = 0.

If we express the contributions F^B_1 and F^T_1 in terms of the physical pion masses M_π0 (0) and M_π± (0) using Eqs. (3.8) and (3.9) instead of the parameterM, the dependence on l̄_3, l_5, and l_6

– 10 – cancels in the sums F^B_{1+2} and F^T_{1+2}. This yields

F^B_{1+2} =

M^4_{π±} (0) 4(4π)^2 [ 1 − 2 log

M^2_{π±} (0) 2|qB| ] + 4(qB)^2 (4π)^2 ζ^{(1,0)}(−1,^1_2 + x_±) +

(qB)^2 6(4π)^2 log Λ^2 2|qB| − (qB)^2 (4π)^4F^2 d̄(|qB|)M ] , (4.26)

F^T_{1+2} = − 1 2(4π)^2 [ J_0(βM_π0 (0))T^4 + 2J^B_0 (βM_π± (0))|qB|T^2 ] + M^2 8(4π)^4F^2 [ − J^2_1 (βM)T^4

+4J_1(βM)J^B_1 (βM)T^2|qB| − 4I_B J_1(βM)T^2 ] , (4.27)

where x_± = M^2_{π±} (0)/2|qB|. The result for the vacuum energy F^B_{1+2} is in agreement with the calculation of Ref. [31]^4. Since M_π± is nonzero in the chiral limit (M = 0) and it appears in the thermal integrals J^B_0 in Eq. (4.27), the NLO correction to the free energy does not vanish in contrast to the case of zero magnetic field.

We next discuss the quark condensate in the presence of the the magnetic field B. At finite temperature, the quark condensate is [10] ⟨q̄q⟩ = ⟨0|q̄q|0⟩ [ 1 − c F^2

∂(F^B + F^T ) ∂M^2_π ] , (4.28)

where c is a constant defined by

c = −F^2 ∂M^2_π ∂m ⟨0|q̄q|0⟩^{−1} , (4.29) where m is the quark mass. In the chiral limit, we have c = 1 [10]. In this case, the quark condensate reduces to ⟨q̄q⟩ = ⟨0|q̄q|0⟩ { 1 + |qB| (4π)^2F^2

I_B (M_π± (0)) +

(qB)^2 (4π)^4F^4 d̄(qB) − 1 2(4π)^2F^2 ( J_1(0)T^2

+2J^B_1 (βM_π± (0))|qB| ) − T^2 8(4π)^4F^4 ( −J^2_1 (0)T^2 + 4J_1(0)J^B_1 (0)|qB| − 4 log 2 J_1(0)|qB| ) } , (4.30)

where we have used the recursion relations for J_n and J^B_n . We notice that we in the limit B → 0 recover the result by Gerber and Leutwyler [10] ⟨q̄q⟩ = ⟨0|q̄q|0⟩ [ 1 − T^2 8F^2 − T^4 384F^4 ] , (4.31)

where we have used J_1(0) = 4π^2/3.

4Note that the final result of Ref. [31] is expressed in terms of the pion mass Mπ in the vacuum and so the terms involving l̄5 and l̄6 are not absorbed in the order p^4 term.

– 11 –

5 High-temperature expansion

In this section, we discuss the expansion of our results in the limit of weak fields, i.e. for |qB|/T^2 ≪ 1. For simplicity, we restrict our analysis to the chiral limit, M = 0.

For values |qB|/T^2 ≤ 1, the sum over Landau levels in J^B_n (βM) converges very slowly. It is advantageous to use the Euler-McLaurin summation formula [57] to evaluate J^B_n in this regime [50]. The sum over integers m can be written as l∑ m=k f(m) = ∫_l k f(x) dx + 1 2 [f(l) + f(k)] + n∑ i=1 b_{2i} (2i)! [ f^{(2i−1)}(l) − f^{(2i−1)}(k) ]

+ ∫_l k B_{2n+1}({x}) (2n + 1)!

f^{(2n+1)}(x) dx , (5.1)

where B_n are the Bernoulli numbers and {x} means the fractional part of x. The last term in Eq. (5.1) is the remainder. We will illustrate the use of Eq. (5.1) in the case of J^B_1 . Setting n = 2, k = 0, and l = ∞, we obtain

J^B_1 = 8 ∫_∞ 0 dz {∫_∞ 0 dk E(z, M, T, B, k) 1 e^{E(z,M,T,B,k)} − 1 + 1 2 1 E(z, M, T, B, 0)(e^{E(z,M,T,B,0)} − 1) + |qB| 12T^2 1 E^2(z, M, T, B, 0)(e^{E(z,M,B,T,0)} − 1) [ 1 E(z, M, T, B, 0) + e^{E(z,M,T,B,0)} e^{E(z,M,T,B,0)} − 1 ]} + ... ,(5.2) where we have defined E(z, M, k, T ) = √ z^2 + M^2/T^2 + (2k + 1)|qB|/T^2. Integrating over k in the first term of Eq. (5.2), we obtain

J^B_1 = − 8 a^2 ∫_∞ 0 dz log [ 1 − e^− √ z^2+a^2 ] + 4 ∫_∞ 0 dz √ z^2 + a^2 1 e^{√z2+a2} − 1 + 2a^2 3 ∫_∞ 0 dz z^2 + a^2 1 e^{√z2+a2} − 1 [ 1 √ z^2 + a^2 + e^{√z2+a2} e^{√z2+a2} − 1 ] + ... , (5.3)

where a^2 = |qB|/T^2. The Euler-McLaurin formula is next used to expand the integrals J^B_n in a Taylor series around B = 0. This is particularly simple in the chiral limit where J^B_n only depends on the ratio |qB|/T^2, and the series is in powers of √ qB/T . Integrating the first and the last term in Eq. (5.3) by parts, we can write

J^B_1 = 1 a^2

J_1 + J_2 + a^2 3 J_3 + ... , (5.4)

where the argument of J_n is βa. The expansion of the integrals J_n(x) can be found in e.g. [60] and the leading terms are J_1 = 4π^2/3 − 4πa, J_2 = 2π/a, and J_3 = π/a^3. This yields J^B_1 |qB| = 4π^2T^2 3 [ 1 − 5 4π √ qB T + O ( qB T^2 )] . (5.5)

Inserting this expression into Eqs. (3.15), and (3.16), we obtain in the chiral limit

F_π0 = F_π [ 1 + |qB| (4π)^2F^2 log 2 −

T^2 12F^2 + 5 √ qBT 48πF^2 + ... ] , (5.6) F_π± = F_π [ 1 + |qB| 2(4π)^2F^2 log 2 −

T^2 12F^2 + 5 √ qBT 96πF^2 + ... ] . (5.7)

– 12 –

In the same manner, we can expand the temperature-dependent part of the quark condensate around qB = 0. A straightforward calculation yields ⟨q̄q⟩ = ⟨0|q̄q|0⟩ [ 1 − T^2 8F^2 + 5 √ qBT 48πF^2 − T^4 384F^4 + 5 √ qBT^3 1536πF^4 + T^2|qB| 384F^4 log 2 + ... ] . (5.8)

6 Numerical results and discussion

We need to evaluate the integrals J^B_0 and J^B_1 . By expanding the Bose-Einstein distribution function in J^B_0 and J^B_1 , and integrating over three-momenta, we write it as a double sum involving a modified Bessel function K_l(x) of order l = 0:

J^B_0 (βM) = −8 ∞∑ n=1 ∞∑ m=0 √ M^2_π + (2m + 1)|qB| T K_1

(_n√_{M 2} π +(2m+1)|qB| T ) , (6.1)

J^B_1 (βM) = 8 ∞∑ n=1 ∞∑ m=0 K_0

(_n√_{M 2} π+(2m+1)|qB| T ) . (6.2)

For values |qB|/T^2 ≥ 1, the sums converge fast. In the remainder of the paper, we use |qB| = 5(140MeV)^2 and so we use the expressions (6.1)–(6.2) in the numerical work.

Figure 2. Pion masses M^2_π0 and M^2_{π±} normalized to their vacuum valued M^2_π as a function of T .

In Fig. 2, we show the pion masses M^2_{π0} and M^2_{π±} given by Eqs. (3.8) and (3.9) normalized to their vacuum value M^2_π as a function of T . We use the experimental value F_π = 93 MeV. Moreover, the scale-independent difference of l̄_6 and l̄_5 is l̄_6 − l̄_5 = 3 ± 0.3 [58, 59]. In the remainder we use central value of this difference, i e. l̄_6 − l̄_5 = 3. We notice that the neutral pion mass is M^2_{π0} very large already at T = 0 due the strong magnetic field |qB| = 5(140MeV)^2.

In Fig. 3, we show the pion decay constant F^0_π given by Eq. (3.15) at T = 0 normalized by its vacuum value F_π = 93 MeV as a function of |qB|/F^2_π in the chiral limit as well as at the physical point. At T = 0, the dependence on the magnetic field is governed by the function I_B (M) defined

– 13 – in Eq. (3.10). In the chiral limit, F_π0 is a linear function of |qB| since I_B(0) = |qB| log 2. In both cases, we note that pion decays constant is an increasing function of |qB|. We do not show F^±_π since the functional dependence at T = 0 is the same, cf. Eq. (3.16).

Figure 3. Pion decay constant F_π0 at T = 0 scaled by its vacuum value F_π as a function of |qB|/F^2_π .

In Fig. 4, we show the normalized pion decay constant F_π0 in the chiral limit as a function of T for |qB| = 0 (dashed line) and |qB| = 5(140MeV)^2 (solid line). In vanishing magnetic field, the temperature dependence is given by

F_π0 = F_π ( 1 − T^2 12F^2_π ) . (6.3)

The pion decay constant is larger in a magnetic background. This is partly due to I_B (M) which is an increasing function of B and partly due to the fact that J^B_1 |qB| ≤ J_1T^2 for all temperatures.

In Fig. 5, we show the contribution F^B to free energy in the chiral limit at one and two loops normalized to F^4_π as a function of |qB|/F^2_π . We have omitted the term^{(qB)2}_{6(4π)2} log^{Λ2}_{2|qB|} as is customary in the literature. The uncertainty in the coupling d̄ = is large and even the sign is undetermined [58]. Varying d̄ would give rise to large bands for the free energy as well as the quark condensate [31]. Since the experimental value is consistent with zero, we will simply use d̄ = 0 in the remainder of the paper. The two-loop result (4.26) for the free energy then reduces to the one-loop result (4.8) with an effective mass for the charged pion given by M^2_{π±} =^{(qB)2}_{3(4π)2F 2π} (l̄_6 − l̄_5).

In Fig. 6, we show the contribution F^B to the free energy at the physical point at one - and two loops normalized to F^4_π as a function of |qB|/F^2_π . The correction is tiny and the two-loop result starts to deviate from the one-loop result first at very large values of the magnetic field. Again the two-loop result is obtained from the one-loop formula (4.8) using the effective mass M^2_{π±} = M^2_π +^{(qB)2}_{3(4π)2 F 2π} (l̄_6 − l̄_5) instead of M^2_π .

In Fig. 7, we show the thermal part F^T of the free energy as a function of T for qB = 5(140MeV)^2 in the chiral limit normalized to the free energy F_0 = −π^2T^4/30 of an ideal massless pion gas. In the chiral limit, the two-loop result (4.27) reduces to the one-loop (4.9) evaluated with the M^2_{π±} =

– 14 –

Figure 4. Normalized pion decay constant F_π0 for and |qB| = 0 and |qB| = 5(140MeV)^2 as a function of T .

Figure 5. The contribution F^B to the one and two-loop free energy scaled by F^4_π in the chiral limit.

(qB)^2(l̄_6 − l̄_5)/3(4π)^2F^2_π instead of M_π = 0. For low temperatures, only the neutral pion contributes to the free energy since the contributions from the charged pions are Boltzmann suppressed. From T around 50 MeV onwards, the normalized free energy increases sharply and approaches the normalized Stefan-Boltzmann result 1 as T → ∞. It has the value of approximately 0.97 for T = 313 MeV, i. e. for T^2/|qB| = 1. The two-loop result lies below the one-loop result since in this approximation the charged pions are not massless but has an effective mass due to the magnetic field, M^2_{π±} = (qB)^2(l̄_6 − l̄_5)/3(4π)^2F^2_π .

In Fig. 8, we show the LO and NLO results for the normalized quark condensate in the chiral limit including the T = 0 contribution. For comparison, we also show the LO and NLO results for the quark condensate for B = 0 given by Eq. (4.31). In Fig. 9, we show the LO and NLO results for the normalized quark condensate in the chiral limit excluding the zero-temperature contributions in

– 15 –

Figure 6. The contribution F^B to the one and two-loop free energy scaled by F^4_π at the physical point.

Figure 7. One and two-loop thermal part F^T of the free energy normalized to the free energy F_0 = −π^2T^4/30 of an ideal massless pion gas.

order to disentangle the effects of the magnetic field at T = 0 and the finite-temperature effects. For comparison, we again show the LO and NLO results for the quark condensate for B = 0. Figs. 8 and 9 show that the one-loop and two-loop results for the condensate are very close to each other in the entire temperature range. The LO and NLO results for the condensate are closer in a magnetic background than for B = 0 and this suggests that chiral perturbation theory converges at least as well for finite B.

Figs. 8 and 9 show that the quark condensate for nonzero B goes to zero slower than for vanishing magnetic field and the reason is two-fold. Firstly, there is an enhanced quark condensate at T = 0, which to leading order in ChPT is given by the function I_B(M). This is the familiar enhancement of the chiral condensate in a magnetic background. Secondly, there are finite-temperature effects. The

– 16 –

Figure 8. Temperature dependence of the quark condensate including the T = 0 contribution normalized to its vacuum value |qB| = 5 (140 MeV)^2 at LO and NLO in chiral perturbation theory. For comparison, we show the LO and NLO results for |qB| = 0 as well.

Figure 9. Temperature dependence of the quark condensate excluding the T = 0 contribution normalized to its vacuum value |qB| = 5 (140 MeV)^2 at LO and NLO in chiral perturbation theory. For comparison, we show the LO and NLO results for |qB| = 0 as well.

basic mechanism is that J^B_1 is a decreasing function of the magnetic field B and so J_1T^2 ≥ J^B_1 |qB| for all nonzero B.

Comparing the results for the condensate at B = 0 and |qB| = 5(140MeV)^2, we see that its effects are quantitavely large. This is a due to a very strong magnetic field. For weaker magnetic fields, the difference between the two sets of curves will be smaller too. The results suggest that the critical temperature T_c for the chiral transition is higher in a magnetic background. However, since ChPT is known to break down for large temperatures we do not make any quantitative statements about

– 17 –

T_c as a function of the magnetic field B. In Ref. [34], the authors are using chiral perturbation theory to investigate the quark-hadron phase transition as a function of the magnetic field at the physical point. They compare the pressure of a hot pion gas with that of an ideal quark-gluon plasma with with a subtracted vacuum energy term due to a nonzero gluon condensate. For weak magnetic fields, the transition is first order. The line of first-order transitions ends at critical point ( √ |qB|, T ) = (600, 104) MeV. The critical temperature determined this way is a decreasing function of the magnetic field B.

D’Elia et al have recently carried out lattice simulations in a constant magnetic background [25, 26]. They explored various constituent quark masses corresponding to a pion mass of 200 − 480 MeV and different magnetic fields, up to |qB| ∼ 20 M^2_π for the lightest quark masses. For these values of the pion mass, they found that there is a slight increase in the critical temperature T_c for the chiral transition. These results have been confirmed by Bali et al [27, 62]. The same group has alo carried out lattice simulations for physical values of the pion mass, i.e. M_π = 140 MeV. Their results which are extrapolated to the continuum limit show that the critical temperature is a decreasing function of the magnetic field [27, 62]. Hence the critical temperature for fixed |qB| as a function of the quark mass is nontrivial. This is in stark contrast to most model calculations that imply an increasing critical temperature as a functions of B. These include mean-field calculations as well as functional renormalization group calculations that incorporate quantum as well as thermal fluctuations [49, 52]. Since this discrepancy is not understood, more work is needed to resolve this problem.

7 Acknowledgments

The author would like to thank Gunnar Bali, G. Endrodi, and F. Bruckmann for useful discussions on their lattice simulations. He thanks the Niels Bohr International Academy and the Discovery Center for kind hospitality during the course of this work.

A Sum-integrals

In the imaginary-time formalism for thermal field theory, a boson has Euclidean 4-momentum P = (P_0, p) with P^2 = P^2_0 + p^2. The Euclidean energy P_0 has discrete values: P_0 = 2nπT , where n is an integer. Loop diagrams involve sums over P_0 and integrals over p. With dimensional regularization, the integral is generalized to d = 3 − 2ϵ spatial dimensions. We define the dimensionally regularized sum-integral by ∑ ∫ P = T ∑ P_0=2πnT ∫ p , (A.1)

where the the integral is defined ∫ p = ( e^{γE} Λ^2 4π )_ϵ ∫ d^dp (2π)^d

, (A.2)

and Λ is an arbitrary momentum scale. The factor (e^{γE} /4π)^ϵ is introduced so that, after minimal subtraction of the poles in ϵ due to ultraviolet divergences, Λ coincides with the renormalization scale of the MS renormalization scheme.

– 18 –

In the case of particles with electric charge q in a constant magnetic field B, the sum-integral is replaced by a sum over Matsubara frequencies P_0 = 2πnT , a sum over Landau levels m, and an integral over momenta in d − 2 = 1 − 2ϵ dimensions. We then define ∑ ∫_B P = |qB| 2π ∞∑ m=0 T ∑ P_0=2πnT ∫ p_z , (A.3)

where the the integral is defined ∫ p_z = ( e^{γE} Λ^2 4π )_ϵ ∫ d^{d−2}p (2π)^{d−2} , (A.4)

and where the prefactor^{|qB|}_{2π} takes into account the degeneracy of the Landau levels.

The specific sum-integrals that we need are ∑ ∫ P log [ P^2 + M^2 ] = − 1 2(4π)^2 ( Λ^2 M^2 )_ϵ [( 1 ϵ + 3 2 + 21 + π^2 12 ϵ ) M^4 + 2J_0T^4 + O(ϵ^2) ] , (A.5) ∑ ∫_B P log [ P^2_0 + p^2_z + M^2_B ] = 1 2(4π)^2 ( Λ^2 2|qB| )_ϵ [( (qB)^2 3 − M^4 ) ( 1 ϵ + 1 ) + 8ζ^{(1,0)}(−1,^1_2 + x)(qB)^2

−2J^B_0 |qB|T^2 + O(ϵ) ] , (A.6) ∑ ∫ P 1 P^2 + M^2 = − 1 (4π)^2 ( Λ^2 M^2 )_ϵ { [ 1 ϵ + 1 + ( π^2 12 + 1 ) ϵ ] M^2 − J_1T^2 + O(ϵ^2) } , (A.7) ∑ ∫_B P 1 P^2_0 + p^2_z + M^2_B = − 1 (4π)^2 ( Λ^2 2|qB| )_ϵ { ( 1 ϵ + π^2 12 ϵ ) M^2 − 2ζ^{(1,0)}(0,^1_2 + x)|qB|

−ζ^{(2,0)}(0,^1_2 + x)|qB| ϵ − J^B_1 |qB| + O(ϵ^2) } , (A.8)

where M^2_B = M^2 + (2m + 1)|qB| and where we have defined the functions J_n(βM) = 4e^{γE ϵ}Γ(^1_2 ) Γ(^5_2 − n − ϵ) β^{4−2n}M^{2ϵ} ∫_∞ 0 dp p^{4−2n−2ϵ} √ p^2 + M^2 1 e^β √_{p2+M 2} − 1 , (A.9)

J^B_n (βM) =

8e^{γE ϵ}Γ(^1_2 ) Γ(^3_2 − n − ϵ) β^{2−2n}(2|qB|)^{2ϵ} ∞∑ m=0 ∫_∞ 0 dp p^{2−2n−2ϵ} √ p^2 + M^2_B 1 e^β √_{p2+M 2B} − 1 . (A.10)

The functions J_n(x) and J^B_n (x) satisfy the recursion relations

xJ^′_n(x) = 2ϵJ_n(x) − 2x^2J_{n+1}(x) , (A.11) xJ^{B′}_n (x) = −2x^2J^B_{n+1}(x) . (A.12)

B Explicit calculations

In this appendix, we explitcitly calculate the sum-integrals that we need.

– 19 –

The first sum-integral we need is given by Eq. (A.5). Summing over Matsubara frequencies we can write ∑ ∫ P log [ P^2 + M^2 ] = ∫ p {√ p^2 + M^2 + 2T log [ 1 − e^{−β} √_{p2+M 2} ] } . (B.1)

The first term in Eq. (B.1) is ultraviolet divergent. Calculating it with dimensional regularization, we obtain ∫ p √ p^2 + M^2 = − ( e^{γE} Λ^2 4π )_ϵ Γ ( −^{d+1}_2 ) (4π)^{d+1}2

M^{d+1} . (B.2)

The second term in Eq. (B.1) can be expressed in terms of J_0 defined in Eq. (A.9) using integration by parts. Expanding Eq. (B.2) in powers of ϵ through order ϵ, we obtain Eq. (A.5). We next consider the sum-integral (A.6). Summing over the Matsubara frequencies, we obtain ∑ ∫_B P log [ P^2_0 + p^2_z + M^2_B ] = |qB| 2π ∞∑ m=0 ∫ p_z {√ p^2_z + M^2_B + 2T log [ 1 − e^{−β} √_{p2+M 2B} ]} . (B.3)

The first integral is ultraviolet divergent and we compute it in dimensional regularization using Eq. (B.2) with d = 1 − 2ϵ. This yields ∫ p_z √ p^2_z + M^2_B = − 1 4π ( e^{γE} Λ^2 M^2_B )_ϵ Γ(−1 + ϵ)M^2_B . (B.4)

Eq. (B.4) shows that the sum over Landau levels m involves the term M^{2−2ϵ}_B . This sum is divergent for ϵ = 0 and we regulate it using zeta-function regularization. After scaling out a factor of (2|qB|)^{1−ϵ}, this sum can be written as ∞∑ m=0 M^{2−2ϵ}_B = (2|qB|)^{1−ϵ} ∞∑ m=0 [ m +^1_2 +

M^2 2|qB| ]_{1−ϵ}

= (2|qB|)^{1−ϵ}ζ(−1 + ϵ,^1_2 + x) , (B.5)

where x =^{M 2}_{2|qB|} and ζ(q, s) = ∑_∞ m=0(q + m)^{−s} is the Hurwitz zeta-function. We then find |qB| 2π ∞∑ m=0 ∫ p_z {√ p^2_z + M^2_B } = − 4 (4π)^2 ( e^{γE} Λ^2 2|qB| )_ϵ Γ(−1 + ϵ)ζ(−1 + ϵ,^1_2 + x)(qB)^2 . (B.6)

The second term in Eq. (B.3) can be expressed in terms of J^B_0 defined in Eq. (A.10) using integration by parts. Expanding Eq. (B.6) in powers of ϵ, we obtain Eq. (A.6).

Taking the derivative of Eq. (A.5) with respect to M^2 and using the recursion relation (A.11) for J_n, one obtains Eq. (A.7).

We next consider Eq. (A.8). It is given by the derivative of Eq. (A.6) with respect to M^2_B . The temperature-independent part of the sum-integral is given by the derivative of Eq. (B.6) with respect to M^2. This yields |qB| 2π ∞∑ m=0 ∫ p_z 1 2 √ p^2_z + M^2_B = 2|qB| (4π)^2 ( e^{γE} Λ^2 2|qB| )_ϵ Γ(ϵ)ζ(ϵ,^1_2 + x) . (B.7)

Using the recursion relation (A.12), the temperature-dependent term of Eq. (A.8) is expressed in terms of J^B_1 .

– 20 –

References

[1] S. Weinberg, Phenomenological Lagrangians, Physica A 96 (1979) 327.

[2] J. Gasser and H. Leutwyler, Chiral Perturbation Theory to One Loop, Ann. Phys. 158 (1984) 142. [3] J. Gasser and H. Leutwyler, Chiral Perturbation Theory: Expansions in the Mass of the Strange Quark, Nucl. Phys. B 250 (1985) 465.

[4] J. Bijnens, G. Colangelo and G. Ecker, Renormalization of chiral perturbation theory to order p**6, Ann. Phys. 280(2000) 100 [hep-ph/9907333][SPIRES].

[5] H. Georgi, Effective field theory, Ann. Rev. Nucl. Part. Sci 43 (1993) 209. [6] G. P. Lepage, What is Renormalization, [hep-ph/0506330].

[7] C. P. Burgess, Introduction to Effective Field Theory. Ann. Rev. Nucl. Part. Sci. 57 (2007) 329 [hep-th/0701053] [SPIRES].

[8] J. Gasser and H. Leutwyler, Light Quarks at Low Temperatures, Phys. Lett. B 184 (1987) 83. [9] J. Gasser and H. Leutwyler, Thermodynamics of Chiral Symmetry, Phys. Lett. 188 (1987) 477. [10] P. Gerber and H. Leutwyler, Hadrons Below the Chiral Phase Transition, Nucl. Phys. B 321 (1989) 387.

[11] R. C. Duncan and C. Thompson, Formation of very strongly magnetized neutron stars - implications for gamma-ray bursts. Astrophys. J 392 (1992) L9 [12] J. M. Lattimer and M. Prakash Neutron Star Observations: Prognosis for Equation of State Constraints, Phys. Rept. 442 (2007) 109 [astro-ph/0612440][SPIRES].

[13] M. G. Alford, J. Berges, K. Rajagopal, Magnetic fields within color superconducting neutron star cores, Nucl. Phys. B 571, 269 (2000). [hep-ph/9910254][SPIRES].

[14] E. V. Gorbar, On color superconductivity in external magnetic field, Phys. Rev. D 62, 014007 (2000) [hep-ph/0001211][SPIRES].

[15] E. J. Ferrer, V. de la Incera, and C. Manuel, Magnetic color flavor locking phase in high density QCD, Phys. Rev. Lett. 95, 152002 (2005), [hep-ph/0503162][SPIRES], Color-superconducting gap in the presence of a magnetic field, Nucl. Phys B 747 88 (2006) [hep-ph/0603233][SPIRES] [16] E. J. Ferrer and V. de la Incera. Magnetic Phases in Three-Flavor Color Superconductivity Phys. Rev.

D 76, 045011 (2007) [arXiv:0705.2403][SPIRES] [17] K. Fukushima and H. J. Warringa, Color superconducting matter in a magnetic field Phys. Rev. Lett.

100, 032007 (2008) [arXiv:0707.3785][SPIRES] [18] J. L. Noronha and I. A. Shovkovy, Color-flavor locked superconductor in a magnetic field Phys. Rev. D 76 (2007) 105030 [arXiv:0708.0307 ].

[19] B. Feng, D. Hou, H.-C. Ren, and P.-P. Wu, The Single Flavor Color Superconductivity in a Magnetic Field Phys. Rev. Lett. 105, 042001 (2010) [arXiv:0911.4997][SPIRES] [20] S. Fayazbakhsh and N. Sadooghi, Color neutral 2SC phase of cold and dense quark matter in the presence of constant magnetic fields, Phys. Rev. D 82 (2010) 045010 [arXiv:1005.5022]; Phase diagram of hot magnetized two-flavor color superconducting quark matter, ibid 83 (2011) 025026 [arXiv:1009.6125].

[21] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, The Effects of topological charge change in heavy

– 21 – ion collisions: ’Event by event P and CP violation, Nucl. Phys. A 803 227 (2008) 227 [arXiv:0711.0950]

[22] V. Skokov, A.Yu. Illarionov, and V. Toneev, Estimate of the magnetic field strength in heavy-ion collisions Int. J. Mod. Phys. A 24 (2009) 5925, [arXiv:0907.1396][SPIRES]

[23] V. Voronyuk, V. D. Toneev, W. Cassing, E. L. Bratkovskaya, V.P. Konchakovski, and S. A. Voloshin, (Electro-)Magnetic field evolution in relativistic heavy-ion collisions Phys. Rev. C 83 (2011) 054911 [arXiv:1103.4239][SPIRES]

[24] W.-T. Deng and X-G. Huang, Event-by-event generation of electromagnetic fields in heavy-ion collisions, Phys. Rev. C 85 (2012) 044907 [arXiv:1201.5108] [SPIRES].

[25] M. D’Elia, S. Mukherjee, and F. Sanfilippo, QCD Phase Transition in a Strong Magnetic Background, Phys. Rev. D 82 (2010) 051501(R) [arXiv:1005.5365].

[26] M. D’Elia and F. Negro, Chiral Properties of Strong Interactions in a Magnetic Background, Phys. Rev.

D 83 (2011) 114028 [arXiv:1103.2080].

[27] G. S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S. D. Katz, S. Krieg, A. Schafer, and K. K. Szabo, The QCD phase diagram for external magnetic fields, JHEP 1202 044 (2012) [arXiv:1111.4956].

[28] I. A. Shuspanov and A. V. Smilga, Quark condensate in a magnetic field, Phys. Lett. B 402 (1997) 351 [hep-ph/9703201].

[29] N. O. Agasian and I. A. Shushpanov, The Quark and gluon condensates and low-energy QCD theorems in a magnetic field, Phys. Lett. B 472 (2000) 143 [hep-ph/9911254].

[30] T. D. Cohen, D. A. McGady, and E. S. Werbos, The Chiral condensate in a constant electromagnetic field, Phys. Rev. C 76 (2007) 055201 [arXiv:0706.3208].

[31] E. S. Werbos, The Chiral condensate in a constant electromagnetic field at O(p^6), Phys. Rev. C 77 (2008) 065202 [arXiv:0711.2635].

[32] N. O. Agasian, Phase structure of the QCD vacuum in a magnetic field at low temperature, Phys. Lett.

B 488, (2000) 39[hep-ph/0005300]; Chiral thermodynamics in a magnetic field, Phys. Atom. Nucl. 64, (2001) 554 [hep-ph/0112341].

[33] N. O. Agasian and I. A. Shushpanov, Gell-Mann-Oakes-Renner relation in a magnetic field at finite temperature, JHEP 0110, (2001) 006 [hep-ph/0107128].

[34] N. O. Agasian and S. M. Fedorov, . Quark-hadron phase transition in a magnetic field Phys. Lett. B 663 (2008) 445 [arXiv:0803.3156].

[35] S. P. Klevansky and R. H. Lemmer, Chiral Symmetry Restoration In The Nambu-Jona-Lasinio Model With A Constant Electromagnetic Field, Phys. Rev. D 39 (1989) 3478.

[36] V. P. Gusynin, V. A. Miransky, and I.A. Shovkovy, Dimensional reduction and catalysis of dynamical symmetry breaking by a magnetic field, Phys. Lett. B 349, (1995) 477 [hep-ph/9412257]; Dimensional reduction and catalysis of dynamical symmetry breaking by a magnetic field Nucl. Phys. B 462 (1996) 249 [hep-ph/9509320].

[37] A. Yu. Babansky, E. V. Gorbar, and G. V. Shchepanyuk, Chiral symmetry breaking in the Nambu-Jona-Lasinio model in external constant electromagnetic field, Phys. Lett. B 419 (1998) 272 [hep-th/9705218].

[38] D. Ebert and K. G. Klimenko, Quark droplets stability induced by external magnetic field, Nucl. Phys.

A 728 (2003) 203 [hep-ph/0305149].

– 22 –

[39] B. Hiller, A. A. Osipov, A. H. Blin, and J. da Providencia, Effects of quark interactions on dynamical chiral symmetry breaking by a magnetic field, SIGMA 4 (2008) 024 [arXiv:0802.3193].

[40] J. K. Boomsma and D. Boer, The Influence of strong magnetic fields and instantons on the phase structure of the two-flavor NJL model, Phys. Rev. D 81 (2010) 074005 [arXiv:0911.2164].

[41] B. Chatterjee, H. Mishra, and A. Mishra, Vacuum structure and chiral symmetry breaking in strong magnetic fields for hot and dense quark matter, Phys. Rev. D 84 (2011) 14016 [arXiv:1101.0498].

[42] S. S. Avancini, D. P. Menezes, and C. Providencia, Finite temperature quark matter under strong magnetic fields, Phys. Rev. C 83 (2011) 065805.

[43] M. Frasca and M. Ruggieri, Magnetic Susceptibility of the Quark Condensate and Polarization from Chiral Models. Phys. Rev. D 83 (2011) 094024 [arXiv:1103.1194].

[44] A. Rabhi and C. Providencia, Quark matter under strong magnetic field in chiral models Phys. Rev. C 83 (2011) 055801 [arXiv:1104.1512].

[45] R. Gatto and M. Ruggieri, Dressed Polyakov loop and phase diagram of hot quark matter under magnetic field [arXiv:1007.0790] Phys. Rev. D 82, (2010) 054027; Deconfinement and Chiral Symmetry Restoration in a Strong Magnetic Background, ibid 83 (2011) 034016 [arXiv:1012.1291].

[46] K. Kashiwa, Entanglement between chiral and deconfinement transitions under strong uniform magnetic background field, Phys. Rev. D 83 (2011) 117901 [arXiv:1104.5167].

[47] E. S. Fraga and A. J. Mizher, Chiral transition in a strong magnetic background Phys. Rev. D 78 (2008) 025016 [arXiv:0804.1452].

[48] J. O. Andersen and R. Khan, Chiral transition in a magnetic field and at finite baryon density Phys.

Rev. D 84 (2011) 087703 [arXiv:1105.1290].

[49] J. O. Andersen and A. Tranberg, The Chiral transition in a magnetic background: Finite density effects and the functional renormalization group e-Print: arXiv:1204.3360 [hep-ph].

[50] D. C. Duarte, R. L. S. Farias, and R. O. Ramos, Optimized perturbation theory for charged scalar fields at finite temperature and in an external magnetic field, Phys. Rev. D 84 (2011) 083525 [arXiv:1108.4428].

[51] A. J. Mizher, M. N. Chernodub and E. S. Fraga, Phase diagram of hot QCD in an external magnetic field: possible splitting of deconfinement and chiral transitions, Phys. Rev. D 82 (2010) 105016 [arXiv:1004.2712].

[52] V. Skokov, Phase diagram in an external magnetic field beyond a mean-field approximation, [arXiv:1112.5137].

[53] E. S. Fraga and L. F. Palhares Deconfinement in the presence of a strong magnetic background: an exercise within the MIT bag model, [arXiv:1201.5881].

[54] A. Bochkarev and J. I. Kapusta, Chiral symmetry at finite temperature: Linear versus nonlinear sigma models, Phys. Rev. D 54 (1996) 4066 [hep-ph/9602405].

[55] M. Loewe and C. Villavicencio, Thermal pions at finite isospin chemical potential, Phys. Rev. D 67 (2003) 074034 [hep-ph/0212275].

[56] R. D. Pisarski and M. Tytgat, Propagation of cool pions, Phys. Rev. D 54 (1996) 2989 [hep-ph/9604404].

[57] Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, edited by M.

– 23 –

Abramowitz and I. A. Stegun, Dover, New York, NJ, (1972).

[58] S. Belluci, J. Gasser and M. E. Sainio, Low-energy photon-photon collisions to two loop order, Nucl.

Phys. B 423 (1994) 80; Erratum-ibid. B 431 (1994) 413 [hep-ph/9401206].

[59] J. Bijnens, P. Talavera (Nordita). Oct 1996. 21 pp. π → lνγ form-factors at two loop, Nucl. Phys. B 489 (1997) 387 [hep-ph/9610269].

[60] J. O. Andersen, E. Braaten, and M. Strickland, Screened perturbation theory to three loops, Phys. Rev.

D 63 (2001) 105008 [hep-ph/0007159].

[61] H. Abuki, R. Anglani, R. Gatto, M. Pellicoro, and M. Ruggieri, The Fate of pion condensation in quark matter: From the chiral to the real world, Phys. Rev. D 79 (2009) 034032 [arXiv:0809.2658].

[62] G. Bali, G. Endrődi, and F. Bruckmann, Private communications.

– 24 –