arXiv:1206.0577v1 [hep-th] 4 Jun 2012

ITP-UU-12/20 Nikhef-2012-010

Non-holomorphic deformations of special geometry and their applications

Gabriel Lopes Cardoso^{+1}, Bernard de Wit^{∗,∗∗} and Swapna Mahapatra^†

+ CAMGSD, Departamento de Matemática Instituto Superior Técnico, Universidade Técnica de Lisboa, 1049-001 Lisboa, Portugal ∗ Nikhef Theory Group, Science Park 105, 1098 XG Amsterdam, The Netherlands ∗∗ Institute for Theoretical Physics, Utrecht University, 3584 CE Utrecht, The Netherlands † Physics Department, Utkal University, Bhubaneswar 751 004, India

gcardoso@math.ist.utl.pt, b.dewit@uu.nl, swapna@iopb.res.in

ABSTRACT

The aim of these lecture notes is to give a pedagogical introduction to the subject of non-holomorphic deformations of special geometry. This subject was first introduced in the context of N = 2 BPS black holes, but has a wider range of applicability. A theorem is presented according to which an arbitrary point-particle Lagrangian can be formulated in terms of a complex function F , whose features are analogous to those of the holomorphic function of special geometry. A crucial role is played by a symplectic vector that represents a complexification of the canonical variables, i.e. the coordinates and canonical momenta. We illustrate the characteristic features of the theorem in the context of field theory models with duality invariances.

The function F may depend on a number of external parameters that are not subject to duality transformations. We introduce duality covariant complex variables whose transformation rules under duality are independent of these parameters. We express the real Hesse potential of N = 2 supergravity in terms of the new variables and expand it in powers of the external parameters. Then we relate this expansion to the one encountered in topological string theory.

These lecture notes include exercises which are meant as a guidance to the reader.

1Lectures given by G.L.Cardoso at the 2011 Frascati School on Black Objects in Supergravity

Contents

1 Introduction 1

2 Lecture I: Point-particle models and F -functions 5 2.1 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.1 The Born-Infeld model . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.2 Including a dilaton-axion complex scalar field . . . . . . . . . . . . . . 14 2.2.3 Towards N = 2 supergravity models . . . . . . . . . . . . . . . . . . . 16 2.3 Homogeneous F (x, x̄; η) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 Lecture II: Duality covariant complex variables 21

4 Lecture III: The Hesse potential and the topological string 25 4.1 The reduced Wilsonian Lagrangian in an AdS_2 × S^2 background . . . . . . . 26 4.2 The reduced low-energy effective action in an AdS_2 × S^2 background . . . . . 28

A Symplectic reparametrizations 37

B The covariant derivative D_η 40

C The holomorphic anomaly equation in big moduli space 43

D The functions H^{(a)}_i for a ≥ 2 45

E Transformation laws by iteration 47

1 Introduction

As is well known, an abelian N = 2 supersymmetric vector multiplet in four dimensions is described by a reduced chiral multiplet, whose gauge covariant degrees of freedom include an (anti-selfdual) field strength F^−_{μν} and a complex scalar field X. The Wilsonian effective Lagrangian for these vector multiplets is encoded in a holomorphic function F (X) which, when coupled to supergravity, is required to be homogeneous of degree two [1]. The abelian vector multiplets may be further coupled to (scalar) chiral multiplets that describe either additional dynamical fields or background fields. The function F will then also depend on holomorphic fields that reside in these chiral multiplets. An example thereof is provided by the coupling of vector multiplets to a conformal supergravity background. The multiplet that describes conformal supergravity is the Weyl multiplet, and the chiral background is given by the square of it [2]. In this case the function F , which now depends on the lowest component field of the chiral background superfield, encodes the couplings of the vector multiplets to the square of the Riemann tensor. These couplings constitute a special class of higher-derivative couplings, namely, they depend on the Riemann tensor but not on derivatives thereof. In this paper we will only consider higher-derivative couplings of this type, i.e. couplings that depend on field strengths but not on their derivatives.^2 We refer to [3] for a discussion on other classes of higher-derivative couplings. When higher-order derivative couplings are absent, we will denote the function F by F^{(0)}(X), which then refers to a Wilsonian action that is at most quadratic in space-time derivatives.

The abelian vector fields in these actions are subject to electric/magnetic duality transformations under which the electric field strengths and their magnetic duals are subjected to symplectic rotations. It is then possible to convert to a different duality frame, by regarding half of the rotated field strengths as the new electric field strengths and the remaining ones as their magnetic duals. The latter are then derivable from a new action. To ensure that the characterization of the new action in terms of a holomorphic function remains preserved, the scalars of the vector multiplets are transformed accordingly. This amounts to rotating the complex fields X^I and the holomorphic derivatives F_I = ∂F/∂X^I of the underlying function F by the same symplectic rotation as the field strengths and their dual partners [1, 4]. Here the index I labels the vector multiplets (in supergravity it takes the values I = 0, 1, . . . , n). Thus, electric/magnetic duality (which acts on the vector (X^I , F_I )), constitutes an equivalence transformation that relates two Lagrangians (based on two different functions) and gives rise to equivalent sets of equations of motion and Bianchi identities. A subgroup of these equivalence transformations may constitute a symmetry (an invariance) of the system. For a duality transformation to constitute a symmetry, the substitution X^I → X̃^I into F_I must correctly induce the transformation (X^I , F_I ) → (X̃^I , F̃_I ) [5].

At the Wilsonian level, when coupling the N = 2 vector multiplets to supergravity, the scalar fields of the vector multiplets parametrize a non-linear sigma-model whose geometry is called special geometry [6], a name that first arose in the study of the geometry of the effective action of type-II string compactifications on Calabi-Yau threefolds [4]. The sigmamodel space is a so-called special-Kähler space, whose Kähler potential is [1], K(z, z̄) = − ln [ i ( X^I F̄^{(0)}_I − X̄^I F^{(0)}_I ) |X^0|^2 ] , (1.1)

where F^{(0)}(X) is the holomorphic function that determines the supergravity action, which is quadratic in space-time derivatives. Because F^{(0)}(X) is homogeneous of second degree, this Kähler potential depends only on the ‘special’ holomorphic coordinates z^i = X^i/X^0 and their complex conjugates, where i = 1, . . . , n, so that we are dealing with a special-Kähler space of complex dimension n. In view of the homogeneity, the symplectic rotations acting on the vector (X^I , F^{(0)}_I ), induce corresponding (non-linear) transformations on the special coordinates z^i. Up to a Kähler transformation, the Kähler potential transforms as a function under duality.

There actually exist various ways of defining special Kähler geometry. Apart from its definition in terms of special holomorphic coordinates [1], it can also be defined in a coordinate

2In the language of the theorem that will be presented in section 2, this may be rephrased by saying that the Lagrangians we will consider depend on coordinates and velocities, but not on accelerations.

independent way [7]. More recently, the formulation of special geometry in terms of special real instead of special holomorphic coordinates has been emphasized [8, 9, 10, 11, 12, 13]. This formulation is based on the real Hesse potential [14, 15, 16], which will play an important role below.

In order to pass from the Wilsonian effective action to the 1PI low-energy effective action, one needs to integrate over the massless modes of the model. In the context of N = 2 theories this induces non-holomorphic modifications in the gauge and gravitational couplings of the theory that, at the Wilsonian level, are encoded in the holomorphic function F . An early example thereof is provided by the computation of the moduli dependence of string loop corrections to gauge coupling constants in heterotic string compactifications [17]. These nonholomorphic modifications of the coupling functions are crucial to ensure that the low-energy effective action possesses the expected duality symmetries. This is therefore a generic feature of the low-energy effective action of N = 2 models with duality symmetries.

Another context where these moduli dependent corrections play an important role is the one of BPS black hole solutions in N = 2 models. Their entropy should exhibit the duality symmetries of the underlying model, and this is achieved by taking into account the nonholomorphic modifications of the low-energy effective action. The need for non-holomorphic modifications of the entropy was established in models with exact S-duality [18], and their presence has been confirmed at the semiclassical level from microstate counting [19, 20]. The fact that non-holomorphic modifications can be incorporated into the entropy of BPS black holes gave a first indication that the framework of special geometry can be consistently modified by a class of non-holomorphic deformations, to be described below. This can be understood as follows. The free energy of these BPS black holes turns out to be given by a generalized version of the aforementioned Hesse potential [8, 21, 10]. The Hesse potential is related by a Legendre transformation to the function F that defines the effective action, and thus it can be regarded as the associated ‘Hamiltonian’. The Hamiltonian transforms as a function under electric/magnetic duality transformations. If the N = 2 model under consideration has a duality symmetry, the Hamiltonian will be invariant under symmetry transformations due to the presence of the aforementioned non-holomorphic modifications. Since the Hamiltonian is related to the function F by an Legendre transformation, these non-holomorphic modifications will also be encoded in F .

This ‘Hamiltonian’ picture of BPS black holes suggests that special geometry can be consistently modified by a class of non-holomorphic deformations, whereby the holomorphic function F (X) that characterizes the Wilsonian action is replaced by a non-holomorphic function F (X, X̄) = F^{(0)}(X) + 2i Ω(X, X̄) , (1.2) where Ω denotes a real (in general non-harmonic) function. The Wilsonian limit is recovered by taking Ω to be harmonic. In section 2 we show that the non-holomorphic deformations of special geometry described by (1.2) occur in a generic setting. There we consider general point-particle Lagrangians (that depend on coordinates and velocities) and their associated Hamiltonians. We present a theorem that shows that the dynamics of these models can be reformulated in terms of a symplectic vector (X, ∂F/∂X) constructed out of a complex function F of the form (1.2), and whose real part comprises the canonical variables of the associated Hamiltonian. We show that under duality transformations the transformed symplectic vector is again encoded in a non-holomorphic function of the form (1.2). We illustrate the theorem with various field theory examples with higher-derivative interactions. We give a detailed discussion of these examples in order to illustrate the characteristic features of the theorem. One example consists of the Born-Infeld Lagrangian for an abelian gauge field, which we reformulate in the language of the theorem based on (1.2). We subsequently promote the gauge coupling constant to a dynamical field S and discuss the duality symmetries of the resulting model. We then turn to more general models with exact S- and T-duality and discuss the restrictions imposed on Ω by these symmetries.

The function F in (1.2) may depend on a number of external parameters which we denote by η. Under duality transformations, the symplectic vector (X, ∂F/∂X) transforms into (X̃, ∂F̃ /∂X̃), while the parameters η are inert. When expressing the transformed variables X̃ in terms of the X, the relation will depend on η, i.e. X̃ = X̃(X, η). In section 3 we introduce covariant complex variables that constitute a complexification of the canonical variables of the Hamiltonian, and whose duality transformation law is independent of η. These variables ensure that when expanding the Hamiltonian in powers of the external parameters, the resulting expansion coefficients transform covariantly under duality transformations. This expansion can also be studied by employing a modified derivative D_η, which we construct. The covariant variables introduced in this section have the same duality transformation properties as the ones used in topological string theory and can therefore be identified with the latter. A further indication of the relation with topological string theory is provided by the generating function that relates the canonical variables of the Hamiltonian to the covariant complex variables. This generating function turns out to be the one that is used in the wave function approach to perturbative topological string theory [22, 23, 24, 25, 26] .

In section 4 we turn to supergravity models in the presence of higher-curvature interactions encoded in the square of the Weyl superfield [2, 5]. We consider these models in an AdS_2 ×S^2 background and compute the effective action in this background. This is first done at the level of the Wilsonian effective action [27, 28]. Then we assume that the extension to the lowenergy effective action can be implemented by replacing the Wilsonian holomorphic function F by the non-holomorphic function (1.2). Next, we perform a Legendre transformation of the low-energy effective action in this background and obtain the associated ‘Hamiltonian’, which takes the form of the aforementioned generalized Hesse potential. Using the covariant complex variables introduced in section 3, we expand the associated Hesse potential (the Hamiltonian) and work out the first few iterations. This reveals a systematic structure. Namely, the Hesse potential decomposes into two classes of terms. One class consists of combinations of terms, constructed out of derivatives of Ω, that transform as functions under electric/magnetic duality. The other class is constructed out of Ω and derivatives thereof. Demanding this second class to also exhibit a proper behavior under duality transformations (as a consequence of the transformation behavior of the Hesse potential) imposes restrictions on Ω. These restrictions are captured by a differential equation that constitutes half of the holomorphic anomaly equation encountered in the context of perturbative topological string theory. The differential equation is a consequence of the tension between maintaining harmonicity of Ω and insisting on a proper behavior under duality transformations [5]. We conclude section 4 with a brief discussion of open issues.

In the appendices we have collected various results, as follows. Appendix A discusses the transformation behavior under symplectic transformations of various holomorphic and anti-holomorphic derivatives of F . We use these expressions to give an alternative proof of the integrability of the resulting structures. In addition, we show that when F depends on an external parameter η, its derivative ∂_η F transforms as a function under symplectic transformations. In appendix B we show that the modified derivative D_η of section 3 acts as a covariant derivative for symplectic transformations. This is done by showing that when given a quantity G(x, x̄; η) that transforms as a function under symplectic transformations, also D_ηG transforms as a function. In appendix C we review the holomorphic anomaly equation of topological string theory in the big moduli space. Appendix D lists certain combinations that arise in the expansion of the Hesse potential in powers of η and that transform as functions under electric/magnetic duality. In appendix E we list the transformation properties of various derivatives of Ω under duality transformations using the covariant variables of section 3. These lecture notes include exercises which we hope will constitute a guidance to the reader.

2 Lecture I: Point-particle models and F -functions

We begin by considering a general point-particle Lagrangian that depends on coordinates ϕ and velocities ϕ̇. The associated Hamiltonian will depend on the canonical variables ϕ and π, where π denotes the canonical momentum. After briefly reviewing some of the salient features of the Hamiltonian description, such as canonical transformations in phase space, we present a theorem that shows that the dynamics of these models can be reformulated in terms of a symplectic vector that is complex, and whose real part comprises the canonical variables (ϕ, π). This is achieved by introducing a complex function F that depends on complex variables x, with the symplectic vector given by (x, ∂F/∂x). This reformulation exhibits many of the special geometry features that are typical for N = 2 supersymmetric systems. However, it also goes beyond the standard formulation of these systems in that the function F is of the form (1.2), and hence non-holomorphic in general.

We illustrate the theorem with various field theory examples with higher-derivative interactions. We give a detailed discussion of these examples in order to illustrate the characteristic features of the theorem. One example consists of the Born-Infeld Lagrangian for a Maxwell field, which we reformulate in the language of the theorem. We subsequently promote the gauge coupling constant to a dynamical field S and discuss the duality symmetries of the resulting model. We turn to more general models with exact S- and T-duality and discuss the restrictions imposed on Ω by these symmetries.

The reader not interested in the details of these examples may want to proceed to subsection 2.3, where we discuss the form of the Hamiltonian when the function F is such that it transforms homogeneously under a real rescaling of the variables involved.

2.1 Theorem Let us consider a point-particle model described by a Lagrangian L with n coordinates ϕ^i and n velocities ϕ̇^i. The associated canonical momenta ∂L/∂ϕ̇^i will be denoted by π_i. The Hamiltonian H of the system, which follows from L by Legendre transformation, H(ϕ, π) = ϕ̇^i π_i − L(ϕ, ϕ̇) , (2.1) depends on (ϕ^i, π_i), which are called canonical variables, since they satisfy the canonical Poisson bracket relations. The variables (ϕ^i, π_i) denote coordinates on a symplectic manifold called the classical phase space of the system. In these coordinates, the symplectic 2-form is dπ_i ∧ dϕ^i. This 2-form is preserved under canonical transformations of (ϕ^i, π_i) given by ϕ^i π_i −→ ϕ̃i π̃_i = U^i_j Z^{ij} W_{ij} V_i^j ϕ^j π_j , (2.2)

where U, V, Z and W denote n × n matrices that satisfy the relations

U^T V − W^T Z = V^T U − Z^T W = I , U^T W = W^T U , Z^T V = V^T Z . (2.3)

These relations are precisely such that the transformation (2.2) constitutes an element of Sp(2n, R). This transformation leaves the Poisson brackets invariant. The Hamiltonian transforms as a function under symplectic transformations, i.e. H̃(ϕ̃, π̃) = H(ϕ, π). When the Hamiltonian is invariant under a subset of Sp(2n, R) transformations, this subset describes a symmetry of the system. This invariance is often called duality invariance. Observe that the Legendre transformation (2.1) also gives rise to the relation ∂L/∂ϕ^i = −∂H/∂ϕ^i by virtue of π_i = ∂L/∂ϕ̇^i. Now we present a theorem that states that the Lagrangian can be reformulated in terms of a complex function F (x, x̄) based on complex variables x^i, such that the canonical coordinates (ϕ^i, π_i) coincide with (twice) the real part of (x^i, F_i), where F_i = ∂F (x, x̄)/∂x^i. Theorem: Given a Lagrangian L(ϕ, ϕ̇) depending on n coordinates ϕ^i and n velocities ϕ̇^i, with corresponding Hamiltonian H(ϕ, π) = ϕ̇^i π_i − L(ϕ, ϕ̇), there exists a description in terms of complex coordinates x^i =^1_2 (ϕ^i + iϕ̇^i) and a complex function F (x, x̄), such that,

2 Re x^i = ϕ^i ,

2 Re F_i(x, x̄) = π_i , where F_i = ∂F (x, x̄) ∂x^i . (2.4)

The function F (x, x̄) is defined up to an anti-holomorphic function and can be decomposed into a holomorphic and a purely imaginary (in general non-harmonic) function,

F (x, x̄) = F^{(0)}(x) + 2iΩ(x, x̄) . (2.5)

The relevant equivalence transformations take the form,

F^{(0)} → F^{(0)} + g(x) , Ω → Ω − Im g(x) , (2.6)

which results in F (x, x̄) → F (x, x̄) + ḡ(x̄). The Lagrangian and Hamiltonian can then be expressed in terms of F^{(0)} and Ω,

L = 4[Im F − Ω] , H = − i(x^i F̄_ī − x̄^ī F_i) − 4 Im[F −^1_2 x^i F_i] + 4 Ω = − i(x^i F̄_ī − x̄^ī F_i) − 4 Im[F^{(0)} −^1_2 x^i F^{(0)}_i ] − 2(2 Ω − x^iΩ_i − x̄^īΩ_ī) , (2.7)

with F_i = ∂F/∂x^i, F^{(0)}_i = ∂F^{(0)}/∂x^i, Ω_i = ∂Ω/∂x^i, and similarly for F̄_ī, F̄^{(0)}_ī and Ω_ī.

Furthermore, a crucial observation is that the 2n-vector (x^i, F_i) denotes a complexification of the phase space coordinates (ϕ^i, π_i) that transforms precisely as (ϕ^i, π_i) under symplectic transformations, i.e. x^i F_i(x, x̄) −→ x̃^i F̃_i(x̃, ¯x̃) = U^i_j Z^{ij} W_{ij} V_i^j x^j F_j (x, x̄) . (2.8)

Hence, a Sp(2n, R) transformation of (x^i, F_i) is a canonical transformation of H(ϕ, π). The equations (2.8) are, moreover, integrable: the symplectic transformation yields a new function F̃ (x̃, ¯x̃) = F̃ (0)(x̃) + 2iΩ̃(x̃, ¯x̃), with Ω̃ real.

Proof: The proof of this theorem proceeds as follows. First we introduce the 2n-vector (x^i, y_i),

x^i =^1_2 ( ϕ^i + i ∂H ∂π_i ) , y_i =^1_2 ( π_i − i ∂H ∂ϕ^i ) , (2.9)

which is constructed out of two canonical pairs, one comprising the variables (ϕ^i, π_i) and the other one comprising derivatives of H(ϕ, π), namely (∂H/∂π_i, −∂H/∂ϕ^i). Both pairs transform in the same way under canonical transformations (2.2). Now we relate the vector (x^i, y_i) to the one given in (2.4), and we show that Lagrangian and the Hamiltonian can be expressed in terms of a complex function F (x, x̄) as in (2.7).

The Legendre transformation (2.1) gives ϕ̇^i = ∂H/∂π_i, where we used π_i = ∂L/∂ϕ̇^i. This equation establishes that the complex x^i introduced in (2.9) coincide with the x^i defined above (2.4). Then, expressing the Lagrangian in terms of x^i and x̄^ī, gives ∂L(x, x̄) ∂x^i = −2iy_i , (2.10) where we used the relation ∂L/∂ϕ^i = −∂H/∂ϕ^i mentioned below (2.3). Next we write L as the sum of a harmonic and a non-harmonic function (which is always possible), L = −2i [ F^{(0)}(x) − F̄^{(0)}(x̄) ] + 4 Ω(x, x̄) . (2.11) By introducing the combination F (x, x̄) = F^{(0)}(x) + 2iΩ(x, x̄), we observe that the relation (2.10) can be concisely written as y_i = ∂F (x, x̄)/∂x^i, while the Lagrangian (2.11) becomes L = 4[Im F − Ω]. Using this as well as (2.9), we obtain that the Hamiltonian H(ϕ, π) = ϕ̇i π_i − L(ϕ, ϕ̇) can be expressed as in (2.7).

Exercise 1: Verify that H can be written as in (2.7).

Thus, we have shown that the vector (x^i, y_i) equals (x^i, F_i), and we have established the validity of (2.7).

Now let us discuss the integrability of (x^i, y_i) under canonical transformations. The vector (x^i, y_i), given in (2.9), consists of two canonical pairs, and hence it transforms as in (2.8) under canonical transformations. We denote the transformed variables by (x̃^i, ỹ_i). The Hamiltonian transforms as a function, i.e. H̃(Re x̃, Re ỹ) = H(Re x, Re y), as already mentioned. Since we are dealing with a canonical transformation, the dual quantities (x̃^i, ỹ_i) and H̃ will satisfy the same relations as the original quantities (x^i, y_i) and H, so that we can apply the steps (2.9)–(2.11) to the dual quantities. The dual variables (x̃^i, ỹ_i) have the decomposition given in (2.9), but now in terms of the dual quantities. The Lagrangian L̃ associated to H̃ is obtained by a Legendre transformation of H̃, i.e. L̃ = ˙ϕ̃^iπ̃_i − H̃. Then, applying the steps given below (2.9) to the dual Lagrangian shows that L̃ = 4[Im F̃ − Ω̃], where F̃ is the sum of a holomorphic function F̃^{(0)} and a real function Ω̃, i.e. F̃ (x̃, ¯x̃) = F̃^{(0)}(x̃) + 2iΩ̃(x̃, ¯x̃). This establishes that (x̃^i, ỹ_i) can be obtained from a new function F̃ , and hence ensures the integrability of (x̃^i, ỹ_i) under symplectic transformations.

To complete the proof of the theorem, we need to discuss one more issue, namely the decompositions of F (x, x̄) and F̃ (x̃, ¯x̃) and their relation. The decomposition of F into F^{(0)} and Ω suffers from the ambiguity (2.6), and so does the decomposition of F̃ . Therefore, to be able to relate both decompositions, we need to fix the ambiguity in the decomposition of F̃ , once a decomposition of F has been given. To do so, we proceed as follows.

We consider a symplectic transformation (2.8) which, as we just discussed, yields a new function F̃ . Given a decomposition of F , we apply the same transformation to the vector (x^i, F^{(0)}_i ) alone, where F^{(0)}_i = ∂F^{(0)}/∂x^i. This yields the vector (x̂^i, F̃^{(0)}_i (x̂)), as explained in appendix A. The transformed vector (x̂^i, F̃^{(0)}_i (x̂)) can be integrated, i.e. F̃^{(0)}_i can be expressed as ∂F̃^{(0)}(x̂)/∂x̂^i, where F̃^{(0)}(x̂) is uniquely determined up to a constant and up to terms linear in x̂^i (see (A.8)) [5]. The expression for F̃^{(0)}(x̂) can be readily obtained by using that the combination F^{(0)} −^1_2 x^i F^{(0)}_i transforms as a function under symplectic transformations, i.e. δ ( F^{(0)} −^1_2 x^i F^{(0)}_i ) =^1_2 ( δx^i F^{(0)}_i − x^i δF^{(0)}_i ) . One obtains F̃^{(0)}(x̂) = 1 2 x̂^i F̃^{(0)}_i (x̂)+F^{(0)} −^1_2 x^i F^{(0)}_i , up to a constant and up to terms linear in x̂^i. Thus, to relate the decomposition of F̃ to the decomposition of F , we demand that F̃^{(0)} refers to the combination that follows by applying a symplectic transformation to (x^i, F^{(0)}_i ), as just described. This in turn determines Ω̃ =^1_4 [L̃ − 4Im F̃^{(0)}]. This completes the proof of the theorem.

We finish this subsection with a few comments. First, we note that since both H and F^{(0)} −^1_2 x^i F^{(0)}_i transform as functions under symplectic transformations, so does the following combination that appears in (2.7),

2 Ω − x^iΩ_i − x̄^īΩ_ī . (2.12)

Second, the transformation law of 2iΩ_i = F_i − F^{(0)}_i under symplectic transformations is determined by the transformation behavior of F_i and F^{(0)}_i , as described above. In appendix A we give an equivalent expression for Ω̃_i in terms of a power series in derivatives of Ω, see (A.4). The transformation law of 2iΩ_ī = F_ī, on the other hand, follows from the reality of Ω̃, Ω̃_ī = (Ω̃_i) . (2.13)

Third, as mentioned in the introduction, the function F (x, x̄) may, in general, depend on a number of external parameters η that are inert under symplectic transformations. Without loss of generality, we may take η to be solely encoded in Ω and, upon transformation, in Ω̃ (we can use the equivalence relation (2.6) to achieve this). In appendix A we show that ∂_ηF = ∂F/∂η transforms as a function under symplectic transformations [21]. We will return to this feature in subsection 2.3.

Appendix A also discusses the transformation behavior under symplectic transformations of various holomorphic and anti-holomorphic derivatives of F . We use these expressions to give an alternative proof of the integrability of (2.8).

2.2 Examples We now proceed to illustrate the features of the theorem discussed above in various models that have duality symmetries. To keep the discussion as transparent as possible in all cases, we consider the reduced Lagrangian that is obtained by restricting to spherically symmetric static configurations in flat spacetime. The first model we consider is the Born-Infeld model for an abelian gauge field, which has been known to have an SO(2) duality symmetry for a long time [29]. This symmetry may be enlarged to an SL(2, R) duality symmetry by coupling the system to a complex scalar field, called the dilaton-axion field [30]. This is the second model we consider. Then we turn to more general models with exact S- and T-duality and discuss the restrictions imposed on Ω by these symmetries. We exhibit how the Born-Infeld-dilaton-axion system fits into this class of models. Finally, we focus on the case when the function F (x, x̄) is taken to be homogeneous, and we discuss the form of the associated Hamiltonian.

2.2.1 The Born-Infeld model

The Born-Infeld Lagrangian^3 for an abelian gauge field in a spacetime with metric g_{μν} is given by [31] L = −g^{−2} [√ | det[g_{μν} + g F_{μν} ]| − √ | det g_{μν} | ] . (2.14)

3We will use the notation L and H when dealing with Lagrangian and Hamiltonian densities, respectively.

It depends on an external parameter η = g^2. In the following we consider spherically symmetric static configurations in flat spacetime given by

ds^2 = − dt^2 + dr^2 + r^2 ( dθ^2 + sin^2 θ dφ^2 ) , F_{rt} = e(r) , F_{θφ} = p sin θ . (2.15)

Here, the θ-dependence of F_{θφ} is fixed by rotational invariance, and p is constant by virtue of the Bianchi identity. Evaluating (2.14) for this configuration gives

L = −g^{−2}r^2 sin^2 θ [√ |1 − g^2e^2(r)| √ 1 + g^2 p^2 r^{−4} − 1 ] . (2.16)

Below we will rewrite (2.16) and bring it into the form (2.7). Since this rewriting does not depend on the angular variables and since it applies to any r-slice, we integrate over the angular variables and pick the r-slice 4πr^2 = 1, for convenience. The resulting reduced Lagrangian reads, L(e, p) = −g^{−2} [√ 1 − g^2e^2 √ 1 + g^2p^2 − 1 ] , (2.17)

where we take g^2e^2 < 1.

Exercise 2: Instead of flat spacetime, consider the AdS_2 × S^2 line element ds^2 = v_1(−r^2dt^2 + r^{−2}dr^2) + v_2(dθ^2 + sin^2 θ dφ^2), where v_1 and v_2 denote constants. Show that the resulting reduced Lagrangian takes the form (2.17) after performing a suitable rescaling of g, e and p.

In the example (2.17), the role of the coordinate ϕ and of the velocity ϕ̇ introduced above (2.4) is played by p and e, respectively. The associated Hamiltonian H is obtained by Legendre transforming with respect to ϕ̇ = e. The conjugate momentum π is given by the electric charge q, so that H(p, q) = q e − L(e, p) . (2.18) Computing q = ∂L ∂e = e √ 1 + g^2p^2 1 − g^2e^2 , f ≡ ∂L ∂p = −p √ 1 − g^2e^2 1 + g^2p^2

, (2.19)

where we introduced f for later convenience, and substituting in (2.18), we obtain for the Hamiltonian, H(p, q) = g^{−2} [√ 1 + g^2(p^2 + q^2) − 1 ] . (2.20)

This Hamiltonian is manifestly invariant under SO(2) rotations of p and q and, in particular, under the discrete symmetry that interchanges the electric and magnetic charges. The external parameter η = g^2 is inert under these transformations. These rotations constitute the only continuous symmetry of the system [29]. Their infinitesimal form can be represented by an Sp(2, R)-transformation (2.3) with U = V = 1 and Z = −W = −c, where c ∈ R.

Now, following the construction described in the previous subsection 2.1, we introduce a complex coordinate x in terms of the coordinate ϕ = p and the velocity ϕ̇ = e, and a complex function F (x, x̄; g^2),

x =^1_2 (p + ie) , F (x, x̄; g^2) = F^{(0)}(x) + 2iΩ(x, x̄; g^2) , (2.21) where

F^{(0)}(x) = −^1_2 i x^2 ,

Ω(x, x̄; g^2) =^1_8 g^{−2} (√ 1 + g^2(x + x̄)^2 − √ 1 + g^2(x − x̄)^2

)_2

. (2.22)

The split into F^{(0)} and Ω is done in such a way that F^{(0)} will encode the contribution at the two-derivative level (which corresponds to the term L ≈ −^1_4 F^2_{μν} + O(g^2) in (2.14)), while Ω will encode the higher-derivative contributions. Indeed, with these definitions the Lagrangian (2.17) can be written as L = 4[ImF − Ω] , (2.23)

in agreement with the first equation of (2.7). Next, using the first equation of (2.19), we establish p = 2 Re x , q = 2 Re F_x , (2.24)

in accordance with (2.4), where we recall that the conjugate momentum π equals q. Then, inserting (2.24) into (2.20) yields

H = i(x̄ F_x − x F̄_{x̄}) + 4 g^2 ∂Ω ∂g^2 , (2.25)

where F_x = ∂F (x, x̄; g^2)/∂x. This is in agreement with the second equation of (2.7), since F^{(0)} satisfies F^{(0)} =^1_2 xF^{(0)}_x , and Ω obeys the homogeneity relation

2 Ω = x Ω_x + x̄ Ω_{x̄} − 2 g^2 ∂Ω ∂g^2 , (2.26)

which is a consequence of the behavior of Ω under the real scaling x → λ x and g^2 → λ^{−2} g^2. Exercise 3: Establish (2.26) by differentiating the relation Ω(λ x, λ x̄; λ^{−2} g^2) = λ^2 Ω(x, x̄; g^2). Exercise 4: Verify (2.23), (2.24) and (2.25).

Rather than performing a Legendre transformation of L(e, p) with respect to e, we may instead consider performing a Legendre transformation with respect to p. The resulting quantity S(e, f) will then depend on the canonical pair (e, f), rather than on (p, q). Using the expression for f given in (2.19), we obtain S(e, f) = f p − L(e, p) = g^{−2} [√ 1 − g^2(e^2 + f^2) − 1 ] , (2.27)

which is invariant under SO(2) rotations of e and f. Next, we express S(e, f) in terms of x and F_x introduced in (2.21). First we establish

f = 2 Im F_x , (2.28)

so that x =^1_2 (p + ie) , F_x =^1_2 (q + if) . (2.29)

Then, using (2.25) and (2.29), we obtain^4 S = f p − q e + H = −i ( x̄ F_x − x F̄_{x̄} ) + 4 g^2 ∂Ω ∂g^2 . (2.30)

Let us now return to the discussion about symplectic transformations alluded to below (2.20). A symplectic transformation (2.8) may either constitute a symmetry (an invariance) of the system or correspond to a symplectic reparametrization of the system giving rise to an equivalent set of equations of motion and Bianchi identities [33]. When a symplectic transformation describes a symmetry, a convenient method for verifying this consists in performing the substitution x^i → x̃^i in the derivatives F_i, and checking that this correctly induces the symplectic transformation on (x^i, F_i) [5].

To elucidate this, let us consider a particular example, namely the discrete symmetry that interchanges the electric and magnetic charges. It can be implemented by the transformation (x, F_x) → (F_x, −x), which operates on the canonical pairs (p, q) and (e, f) through (2.29). This constitutes a symplectic transformation (2.3) with U = V = 0 , Z = 1 , W = −1. To verify that the transformation x → x̃ = F_x correctly induces the transformation of F_x, we compute F_x = −ix 1 + g^2(x^2 − x̄^2) √ 1 + g^2(x + x̄)^2 √ 1 + g^2(x − x̄)^2

. (2.31)

Also, expressing e in terms of p and q (by using the first relation of (2.19)), we may express x in terms of p = 2Re x and q = 2Re F_x,

x =^1_2 ( p + iq √ 1 + g^2(p^2 + q^2) ) . (2.32)

We leave the following exercise to the reader.

Exercise 5: Using (2.31), show that the transformation x → F_x induces the transformation F_x → −x by inserting the former on the right hand side of F_x. Similarly, using (2.32), show that the transformation (Re x, Re F_x) → (Re F_x, −Re x) induces the transformation x → F_x.

Next, let us discuss an example of a symplectic transformation that does not constitute a symmetry of the system, but instead describes a reparametrization of it. Namely, consider the following transformation of the canonical pair (p, q), ( p q ) = ( 2Re x 2Re F_x ) −→ ( p̃ q̃ ) = ( 2Re x̃ 2Re F̃_{x̃} ) = ( p + α q q ) , α ∈ R . (2.33)

This constitutes a symplectic transformation (2.3) given by U = V = 1 , Z = α , W = 0. Since, however, it does not represent an SO(2) rotation of p and q, it does not leave the Hamiltonian (2.20) invariant. To determine the new function F̃ (x̃, ¯x̃; g^2) associated with this reparametrization, we start on the Hamiltonian side and use the fact that H transforms as a function under symplectic transformations. Using (2.33) this gives H̃(p̃, q̃) = H(p, q) = g^{−2} [√ 1 + g^2[(p̃ − αq̃)^2 + q̃^2] − 1 ] . (2.34)

4In the context of BPS black holes, H is the Hesse potential, and the double Legendre transform of H yields the entropy function [32, 8].

Now we determine the corresponding Lagrangian by Legendre transformation, L̃(ẽ, p̃) = ẽ q̃ − H̃(p̃, q̃) , (2.35) where ẽ = ∂H̃ ∂q̃ = (1 + α^2)q̃ − α p̃ √ 1 + g^2(1 + α^2)^{−1}[((1 + α^2)q̃ − α p̃)^2 + p̃^2]

. (2.36)

This yields,

q̃ = α p̃ 1 + α^2 + ẽ 1 + α^2 √ 1 + α^2 + g^2 p̃^2 1 + α^2 − g^2 ẽ^2

, (2.37)

which, when inserted in (2.35), gives L̃(ẽ, p̃) = α ẽ p̃ 1 + α^2 − g^{−2} [ 1 1 + α^2 √ 1 + α^2 − g^2 ẽ^2 √ 1 + α^2 + g^2 p̃^2 − 1 ] . (2.38)

In order to bring the Lagrangian L̃ into the form L̃ = 4 [ Im F̃ − Ω̃ ] , as in (2.7), we express L̃ in terms of the complex coordinate

x̃ =^1_2 (p̃ + iẽ) , (2.39)

which is the transformed version of the coordinate x introduced in (2.21). Then, we consider all the terms in L̃ that are independent of g^2, and we express them in terms of a function F̃ (0)(x̃), as follows, 1 1 + α^2 [ α ẽ p̃ +^1_2 ( ẽ^2 − p̃^2 )] = 4 Im F̃^{(0)}(x̃) . (2.40)

This yields F̃^{(0)}(x̃) = α − i

2 (1 + α^2) x̃^2 , (2.41)

up to a real constant. It represents the function that is obtained by applying the symplectic transformation (2.33) to F^{(0)}(x), as explained at the end of subsection 2.1. Next, we introduce the function F̃ (x̃, ¯x̃; g^2) = F̃^{(0)}(x̃) + 2iΩ̃(x̃, ¯x̃; g^2) , (2.42)

with Ω̃ real, and we require it to satisfy L̃ = 4 [ Im F̃ − Ω̃ ] . This implies that all the g^2- dependent terms will be encoded in Ω̃(x̃, ¯x̃; g^2). We obtain

Ω̃(x̃, ¯x̃; g^2) = 1 8(1 + α^2) g^2 (√ 1 + α^2 + g^2(x̃ + ¯x̃)^2 − √ 1 + α^2 + g^2(x̃ − ¯x̃)^2

)_2

. (2.43)

This result gives the function F̃ associated with the reparametrization (2.33). We now check that it correctly reproduces the relation q̃ = 2 Re F̃_{x̃}, as required by (2.33). We compute F̃_{x̃} and obtain,

F̃_{x̃} = α x̃

1 + α^2

(2.44) − i 2 (1 + α^2) { (x̃ − ¯x̃) √ 1 + α^2 + g^2(x̃ + ¯x̃)^2 1 + α^2 + g^2(x̃ − ¯x̃)^2

+ (x̃ + ¯x̃) √ 1 + α^2 + g^2(x̃ − ¯x̃)^2 1 + α^2 + g^2(x̃ + ¯x̃)^2 } .

We leave the following exercise to the reader.

Exercise 6: Using (2.44), verify explicitly that 2Re F̃_{x̃} equals (2.37).

Now we want to see how F̃_{x̃} is related to F_x. According to the discussion around (2.8), the symplectic transformation (2.33) of the canonical pair (Re x, Re F_x) induces a corresponding transformation of the vector (x, F_x), ( x̃ F̃_{x̃} ) = ( x + α F_x F_x ) . (2.45)

This is indeed the case, as can be verified explicitly by expressing the transformed variables (p̃, ẽ) in terms of the original variables (p, e) using (2.19), (2.36) and (2.33),

p̃ = p + α e √ 1 + g^2p^2 1 − g^2e^2 , ẽ = e − α p √ 1 − g^2e^2 1 + g^2p^2

, (2.46)

and employing the relation 1 + α^2 − g^2ẽ^2 1 + α^2 + g^2p̃^2 = 1 − g^2e^2 1 + g^2p^2

. (2.47)

Exercise 7: Verify (2.45) explicitly using (2.44).

2.2.2 Including a dilaton-axion complex scalar field

The Born-Infeld system discussed in the previous section possesses a continuous SO(2) duality symmetry group. It is possible to enlarge this duality symmetry group to Sp(2, R) by coupling the abelian gauge field to a complex scalar field S = Φ+i B [30]. This is achieved by replacing g F_{μν} in (2.14) with g Φ^{1/2} F_{μν} and adding a term BF_{μν}F̃^{μν} to the Lagrangian, as follows [30] L = −g^{−2} [√ | det[g_{μν} + g Φ^{1/2} F_{μν} ]| − √ | det g_{μν} | ] +^1_4 B F_{μν}F̃^{μν} . (2.48)

Then, the combined system of equations of motion and Bianchi identity for F_{μν} is invariant under Sp(2, R) transformations, provided that S transforms in a suitable fashion. The associated Hamiltonian will then be invariant under these transformations. This will be discussed momentarily. The coupling g Φ^{1/2} replaces the gauge coupling constant with a dynamical field, customarily called the dilaton field, while the term BF_{μν}F̃^{μν} introduces a scalar field degree of freedom called the axion. For this reason, S is also called the dilaton-axion field.

As before, let us consider spherically symmetric static configurations of the form (2.15). Picking again the r-slice 4πr^2 = 1, for convenience, the reduced Lagrangian is now given by L(e, p, Φ, B) = −g^{−2} [√ 1 − g^2 Φ e^2 √ 1 + g^2 Φ p^2 − 1 ] + B e p , (2.49)

where we take g^2 Φ e^2 < 1. This reduces to the previous one in (2.17) when setting S = 1. To obtain the associated Hamiltonian H, H(p, q, Φ, B) = q e − L(e, p, Φ, B) , (2.50) we first compute q = ∂L/∂e,

q = e Φ √ 1 + g^2 Φ p^2 1 − g^2 Φ e^2

+ B p . (2.51)

Inverting this relation yields e = q − B p √ Φ^2 + g^2 Φ [Φ^2 p^2 + (q − B p)^2]

, (2.52)

and substituting in (2.50) gives H(p, q, Φ, B) = g^{−2} [√ 1 + g^2[Φ p^2 + Φ^{−1} (q − B p)^2] − 1 ] . (2.53)

Then, expressing Φ and B in terms of S and S̄ results in H(p, q, S, S̄) = g^{−2} [√ 1 + 2 g^2 Σ(p, q, S, S̄) − 1 ] , (2.54)

where Σ(p, q, S, S̄) = q^2 + ip q(S − S̄) + p^2 |S|^2 S + S̄ . (2.55)

Exercise 8: Verify (2.54).

Now we are in position to discuss the invariance of the Hamiltonian under Sp(2, R) transformations. Consider a general Sp(2, R) transformation of the canonical pair (p, q) given by ( p q ) −→ ( p̃ q̃ ) = ( d −c −b a ) ( p q ) , (2.56)

where a, b, c, d ∈ R and ad − bc = 1. The latter ensures that the transformation belongs to SL(2, R) ∼= Sp(2, R). Then, Σ given in (2.55) is invariant under (2.56) provided that S transforms according to [8] S → aS − ib icS + d . (2.57)

This explains the role of S in achieving duality invariance. It should be noted that S does not constitute an additional canonical variable, but instead describes a background field. The external parameter g^2 is inert under these transformations.

Exercise 9: Show that Σ is invariant under the combined transformation (2.56) and (2.57). We observe that H homogeneously as H → λ^2H under the real scaling (p, q) → λ(p, q) , g^2 → λ^{−2} g^2 , S → S, with λ ∈ R.

Let us now return to the reduced Lagrangian (2.49) and recast it in the form L = 4 [ImF − Ω], where again we introduce the complex variable x =^1_2 (p + ie). The function F will now depend on the two complex scalar fields x an S,

F (x, x̄, S, S̄; g^2) = F^{(0)}(x, S) + 2iΩ(x, x̄, S, S̄; g^2) , (2.58) and is determined as follows. The holomorphic function F^{(0)} encodes all the contributions that are independent of g^2, while Ω, which is real, accounts for all the terms in the reduced Lagrangian that depend on g^2. This yields,

F^{(0)}(x, S) = −^1_2 i S x^2 , (2.59)

Ω(x, x̄, S, S̄; g^2) =^1_8 g^{−2} (√ 1 +^1_2 g^2 (S + S̄) (x + x̄)^2 − √ 1 +^1_2 g^2 (S + S̄) (x − x̄)^2

)_2 . Observe that under the scaling of (p, q) and g^2 discussed below (2.57), e scales as e → λe, and hence x scales as x → λx. This in turn implies that F scales as F → λ^2F .

From (2.4) we infer that the canonical pair (p, q) is given by (2Re x, 2Re F_x). According to the discussion around (2.8), the symplectic transformation (2.56) of the canonical pair (Re x, Re F_x) induces a transformation of the vector (x, F_x) given by (x, F_x) → (d x − c F_x, a F_x − b x). Since (2.56) together with (2.57) constitutes a symmetry of the model, the transformation of F_x must be induced by the transformation of x and S upon substitution. We leave it to the reader to verify this.

Exercise 10: Show that the transformation of x and S (given in (2.56) and (2.57), respectively) induces the transformation F_x → a F_x − b x by substituting x and S with x̃ and S̃ in F_x.

The reduced Lagrangian (2.49) describes the system on an r-slice 4πr^2 = 1. Another background leading to a similar reduced Lagrangian, and hence to a similar description in terms of a function F , is provided by an AdS_2 × S^2 spacetime.

Exercise 11: Consider the Born-Infeld-dilaton-axion system in an AdS_2 ×S^2 background and show that, after performing a suitable rescaling of g, e and p, the resulting reduced Lagrangian is again encoded in (2.59).

2.2.3 Towards N = 2 supergravity models

In the Born-Infeld example discussed above, the duality symmetry of the model was enlarged by coupling it to an additional complex scalar field S. This feature is not an accident. In the context of N = 2 supersymmetric models, it is well known that the presence of complex scalar fields is crucial in order for the model to have duality symmetries. To explore this in more detail, let us broaden the discussion and consider functions F that depend on three complex scalar fields Y^I (with I = 0, 1, 2), as well as on an external parameter η. They will have the form

F (Y, Ȳ ; η) = −^1_2

Y^1(Y^2)^2 Y^0

+ 2iΩ(Y, Ȳ ; η) . (2.60)

The function F describing the Born-Infeld-dilaton-axion system, given in (2.58), is a special case of (2.60). It is obtained by performing the identification S = −i Y^1/Y^0, x = Y^2 and η = g^2. This identification is consistent with the scaling properties of x, S and g^2 discussed below (2.57). Namely, by assigning the uniform scaling behavior Y^I → λ Y^I to the Y^I , we reproduce the scalings of x, S and g^2. The function (2.60) may, however, also describe other models, such as genuine N = 2 supergravity models and should thus be viewed in a broader context. Depending on the chosen context, the external parameter η will have a different interpretation. Observe that in the description (2.60) based on the Y^I , duality transformations are represented by Sp(6, R) matrices (which are 6 × 6 matrices of the form (2.3)) acting on (Y^I , F_I ), where F_I = ∂F (Y, Ȳ ; η)/∂Y^I . The external parameter η is inert under these transformations.

Let us now assume that a model based on (2.60) has a symmetry associated with a subgroup of Sp(6, R). This will impose restrictions on the form of Ω [18, 21]. For concreteness, we take the symmetry to be an SL(2, R) × SL(2, R) subgroup. The first SL(2, R) subgroup acts as follows on (Y^I , F_I ),

Y^0 → d Y^0 + c Y^1 , Y^1 → a Y^1 + b Y^0 , Y^2 → d Y^2 − c F_2 ,

F_0 → a F_0 − b F_1 , F_1 → d F_1 − c F_0 , F_2 → a F_2 − b Y^2 ,

(2.61)

where a, b, c, d are real parameters that satisfy ad − bc = 1. This symmetry is referred to as S-duality. Let us describe its action on two complex scalar fields S and T that are given by the scale invariant combinations S = −iY^1/Y^0 and T = −iY^2/Y^0. The field S is the one we encountered above. The S-duality transformation (2.61) acts as S → aS − ib icS + d , T → T + 2i c Δ_S (Y^0)^2 ∂Ω ∂T , Y^0 → Δ_S Y^0 , (2.62)

where we view Ω as function of S, T, Y^0 and their complex conjugates, and where

Δ_S = d + ic S . (2.63)

The second SL(2, R) subgroup is referred to as T-duality group. Here we focus on the Tduality transformation that, in the absence of Ω, induces the transformation T → 2/T . It is given by the following Sp(6, R) transformation,

Y^0 → F_1 , Y^1 → −F_0 , Y^2 → Y^2 ,

F_0 → −Y^1 , F_1 → Y^0 , F_2 → F_2 ,

(2.64)

and yields S → S + 2 Δ_T(Y^0)^2 [ −Y^0 ∂Ω ∂Y^0 + T ∂Ω ∂T ] , T → T Δ_T

, Y^0 → Δ_T Y^0 , (2.65)

where Δ_T =^1_2 T^2 + 2 (Y^0)^2 ∂Ω ∂S . (2.66)

As already mentioned below (2.30), when a symplectic transformation describes a symmetry of the system, a convenient method for verifying this consists in performing the substitution Y^I → Ỹ^I in the derivatives F_I , and checking that this substitution correctly induces the symplectic transformation of F_I . This will impose restrictions on the form of F , and hence also on Ω. Imposing that S-duality (2.61) constitutes a symmetry of the model (2.60) results in the following conditions on the transformation behavior of the derivatives of Ω [21], ( ∂Ω ∂T )_′ S = ∂Ω ∂T , ( ∂Ω ∂S )_′ S = Δ_S^2 ( ∂Ω ∂S ) + ∂ ( Δ_S^2 ) ∂S [ −^1_2 Y^0 ∂Ω ∂Y^0 − ic 2Δ_S (Y^0)^2 ( ∂Ω ∂T )_2] , ( Y^0 ∂Ω ∂Y^0 )_′ S = Y^0 ∂Ω ∂Y^0 + 2ic Δ_S (Y^0)^2 ( ∂Ω ∂T )_2 , (2.67)

while requiring (2.64) to constitute a symmetry imposes the transformation behavior [21] ( ∂Ω ∂S )_′ T = ∂Ω ∂S , ( ∂Ω ∂T )_′ T = ( Δ_T − T^2 ) ∂Ω ∂T + T Y^0 ∂Ω ∂Y^0 , ( Y^0 ∂Ω ∂Y^0 )_′ T = Y^0 ∂Ω ∂Y^0 + 4 Δ_T (Y^0)^2 ∂Ω ∂S [ −Y^0 ∂Ω ∂Y^0 + T ∂Ω ∂T ] . (2.68)

These equations allow for various classes of solutions. For instance, if we only impose Sduality invariance, then an exact solution to the S-duality conditions (2.67) is

Ω(S, S̄, Y^0, Ȳ^0; η) = η [ ln Y^0 + ln Ȳ^0 + ln(S + S̄) ] , (2.69)

which is invariant under (2.62). If, on the other hand, we impose both S-duality and T-duality invariance, solutions to both (2.67) and (2.68) may be constructed iteratively by assuming that Ω is analytic in η and power expanding in it, so that

Ω(Y, Ȳ ; η) = ∞∑ n=1 η^n Ω^{(n)}(Y, Ȳ ) . (2.70)

Then, at order η, the differential equations (2.67) reduce to ( ∂Ω^{(1)} ∂T )_′ S = ∂Ω^{(1)} ∂T , ( ∂Ω^{(1)} ∂S )_′ S = Δ_S^2 ( ∂Ω^{(1)} ∂S ) + ∂ ( Δ_S^2 ) ∂S [ −^1_2 Y^0

∂Ω^{(1)} ∂Y^0 ] , ( Y^0

∂Ω^{(1)} ∂Y^0 )_′ S = Y^0

∂Ω^{(1)} ∂Y^0 , (2.71)

while the differential equations (2.68) reduce to ( ∂Ω^{(1)} ∂S )_′ T = ∂Ω^{(1)} ∂S , ( ∂Ω^{(1)} ∂T )_′ T = −^1_2 T^2

∂Ω^{(1)} ∂T + T Y^0

∂Ω^{(1)} ∂Y^0 ,

( Y^0

∂Ω^{(1)} ∂Y^0 )_′ T = Y^0

∂Ω^{(1)} ∂Y^0 . (2.72)

Once a solution Ω^{(1)} to these equations has been found, the full expression (2.70) can be constructed by solving (2.67) and (2.68) iteratively starting from Ω^{(1)}.

As an application, let us return to the Born-Infeld-dilaton-axion model (2.59) which, as we already mentioned, is a model of the form (2.60) that scales as F → λ^2 F under Y^I → λY^I with λ ∈ R (see below (2.59)). Let us first check that both S- and T-duality constitute invariances of the model. We recall that x = Y^2. The S-duality transformation (2.61) precisely induces the transformations (2.56) and (2.57), since (p, q) = (2Re x, 2Re F_x). The T-duality transformation (2.64) leaves (x, F_x) invariant. By expressing Ω given in (2.59) in terms of S, T and Y^0 (and their complex conjugates), we see from (2.65) that also S is invariant under this T-duality transformation, since Y^0∂Ω/∂Y^0 = T ∂Ω/∂T . Consequently, the Hamiltonian (2.54) is also invariant under (2.64).

Now consider expanding (2.59) in powers of g^2. To first order we obtain

Ω^{(1)} =^1_8 |Y^0|^4 (S + S̄)^2 |T |^4 . (2.73)

It is invariant under both (2.61) and (2.64) to lowest order in g^2, and it is straightforward to check that (2.73) indeed satisfies the differential equations (2.71) and (2.72). We note that under the aforementioned scaling Y^I → λ Y^I , Ω^{(1)} scales as Ω^{(1)} → λ^4 Ω^{(1)}. This scaling behavior is thus very different from the one encountered in supergravity models, such as those considered in [18, 21], where the function F scaled homogeneously as F → λ^2 F , but the associated Ω^{(1)} did not scale at all. This difference is due to the fact that in these models, the external parameter η scaled as η → λ^2 η, while in the Born-Infeld-dilaton-axion model it scales as η → λ^{−2} η.

Thus, we see that the actual solutions to (2.67) and (2.68) depend sensitively on the scaling behavior of the Y^I and η. For instance, the solution (2.69) does not exhibit a homogeneous scaling behavior under Y^I → λY^I . In the next subsection, we further analyze some of the consequences of this scaling behavior.

2.3 Homogeneous F (x, x̄; η) The theorem in subsection 2.1 did not assume any homogeneity properties for F . Here we will look at the case when F is homogeneous of degree two and discuss some of its consequences. As shown in the previous subsections, an example of a model with this feature is the Born- Infeld-dilaton-axion system.

Let us consider a function F (x, x̄; η) = F^{(0)}(x) + 2iΩ(x, x̄; η) that depends on a real external parameter η, and let us discuss its behavior under the scaling x → λ x , η → λ^m η with λ ∈ R. We take F^{(0)}(x) to be quadratic in x, so that F^{(0)} scales as F^{(0)}(λ x) = λ^2 F^{(0)}(x). This scaling behavior can be extended to the full function F if we demand that the canonical pair (ϕ, π) given in (2.4) scales uniformly as (ϕ, π) → λ (ϕ, π). Then we have

F (λ x, λ x̄; λ^m η) = λ^2 F (x, x̄; η) , (2.74) which results in the homogeneity relation

2 F = x^i F_i + x̄^ī F_ī + m η F_η , (2.75)

where F_η = ∂F/∂η. Inspection of (2.9) shows that the associated Hamiltonian H scales with weight two as H(λ ϕ, λ π; λ^m η) = λ^2 H(ϕ, π; η) , (2.76)

so that H satisfies the homogeneity relation,

2 H = ϕ ∂H ∂ϕ + π ∂H ∂π + m η ∂H ∂η . (2.77)

Using (2.9) as well as y_i = F_i, this can be written as

H = i ( x̄^ī F_i − x^i F̄_ī ) + m 2 η ∂H ∂η . (2.78)

Next, using that the dependence on η is solely contained in Ω, we obtain ∂H ∂η |_{ϕ,π} = − ∂L ∂η |_{ϕ,ϕ̇} = −4Ω_η , (2.79)

where Ω_η = ∂Ω/∂η. Thus, we can express (2.78) as

H = i ( x̄^ī F_i − x^i F̄_ī ) − 2 m η Ω_η . (2.80)

This relation is in accordance with (2.7) upon substitution of the homogeneity relations 2F^{(0)}(x) = x^i F^{(0)}_i and 2 Ω = x^iΩ_i + x̄^īΩ_ī + m η Ω_η that follow from (2.75).

The Hamiltonian transforms as a function under symplectic transformations. Since the first term in (2.80) transforms as a function, it follows that Ω_η also transforms as a function. This is in accordance with the general result quoted at the end of subsection 2.1 which states that ∂_ηF transforms as a function.

An application of the above is provided by the Born-Infeld-dilaton-axion system based on (2.59), whose function F scales according to (2.74) with m = −2 (in this example, η = g^2).

In certain situations, such as in the study of BPS black holes [34], the discussion needs to be extended to an external parameter η that is complex, so that now we consider a function F (x, x̄; η, η̄) = F^{(0)}(x) + 2iΩ(x, x̄; η, η̄) that scales as follows (with λ ∈ R), F (λ x, λ x̄; λ^m η, λ^m η̄) = λ^2 F (x, x̄; η, η̄) . (2.81) For instance, in the case of BPS black holes, η is identified with Υ, which is complex and denotes the (rescaled) lowest component of the square of the Weyl superfield. The extension to a complex η results in the presence of an additional term on the right hand side of (2.75) and (2.77),

2 F = x^i F_i + x̄^ī F_ī + m (η F_η + η̄F_{η̄}) ,

2 H = ϕ ∂H ∂ϕ + π ∂H ∂π + m ( η ∂H ∂η + η̄ ∂H ∂η̄ ) , (2.82) and hence H = i ( x̄^ī F_i − x^i F̄_ī ) + m 2 ( η ∂H ∂η + η̄ ∂H ∂η̄ ) . (2.83)

Then, since the dependence on η and η̄ is solely contained in Ω, we obtain

H = i ( x̄^ī F_i − x^i F̄_ī ) − 2 m (η Ω_η + η̄ Ω_{η̄}) . (2.84)

This is in accordance with (2.7) upon substitution of the homogeneity relations 2F^{(0)}(x) = x^i F^{(0)}_i and 2 Ω = x^iΩ_i + x̄^īΩ_ī + m (η Ω_η + η̄ Ω_{η̄}) that follow from (2.82). The case of BPS black holes mentioned above corresponds to m = 2 [8, 21].

The above extends straightforwardly to the case of multiple real external parameters.

3 Lecture II: Duality covariant complex variables

As already discussed, the function F (x, x̄) may depend on a number of external parameters η. Under duality transformations (2.8), the symplectic vector (x^i, F_i(x, x̄)) transforms into (x̃^i, F̃_i(x̃, ¯x̃)), while the parameters η are inert. When expressing the transformed variables x̃^i in terms of the original x^i, the relation will depend on η, i.e. x̃^i = x̃^i(x, x̄, η). In this section we introduce duality covariant complex variables t^i whose duality transformation law is independent of η. These variables constitute a complexification of the canonical variables of the Hamiltonian and ensure that when expanding the Hamiltonian in powers of the external parameters, the resulting expansion coefficients transform covariantly under duality transformations. This expansion can also be organized by employing a suitable covariant derivative, which we construct. The covariant variables introduced here have the same duality transformation properties as the ones used in topological string theory and can therefore be identified with the latter.

We begin by writing the Hamiltonian H given in (2.7) in the form

H = −i(x^i F̄^{(0)}_ī − x̄^ī F^{(0)}_i ) − 4 Im[F^{(0)} −^1_2 x^i F^{(0)}_i ] − 2 [ 2 Ω − (x^i − x̄^ī)(Ω_i − Ω_ī) ] , (3.1)

where we made use of (2.5). We take Ω(x, x̄; η) to depend on a single real parameter η that is inert under symplectic transformations. The discussion given below can be extended to the case of multiple real external parameters in a straightforward manner. For later convenience, we introduce the notation Ω_η = ∂Ω/∂η, F_{ηj} = ∂^2F/∂η∂x^j , etc.

The Hamiltonian (3.1) is given in terms of complex fields x^i and x̄^ī whose transformation law under duality depends on the external parameter η. Now we define complex variables t^i whose transformation law does not depend on η, as follows. We introduce the complex vector (t^i, F^{(0)}_i (t)) and equate its real part with the vector comprising the canonical variables (ϕ^i, π_i) [10],

2Re t^i = ϕ^i , 2Re F^{(0)}_i (t) = π_i . (3.2)

This definition ensures that the vector (t^i, F^{(0)}_i (t)) describes a complexification of (ϕ^i, π_i) that transforms in the same way as (ϕ^i, π_i) under duality transformations, namely as in (2.2). This yields the transformation law t̃^i = U^i_j t^j + Z^{ij}F^{(0)}_j (t) , (3.3)

which, differently from the one for the x̃^i, is independent of η.

Using (2.4), the new variables t^i are related to the x^i by

2Re t^i = 2Re x^i , 2Re F^{(0)}_i (t) = 2Re F_i(x, x̄; η) . (3.4)

Now we consider the series expansion of H in powers of η. If the expansion is performed keeping x^i and x^ī fixed, the resulting coefficients functions in the expansion do not have a nice behavior under sympletic transformations because of the aforementioned dependence of x̃^i on η. This implies that the coefficient functions at a given order in η will transform into coefficient functions at higher order. This can be avoided by performing an expansion in powers of η keeping t^i and t^ī fixed instead. We obtain H = ∞∑ n=0 η^n n! f^{(n)}(t, t̄) , (3.5)

where the coefficient functions

f^{(n)} = ∂^n_η H(t, t̄; η) | |_{η=0} (3.6)

transform as functions under symplectic transformations, i.e. f̃^{(n)}(t̃, ¯t̃) = f^{(n)}(t, t̄). Viewing them as as functions of Re t^i and of Re F^{(0)}_i (t), we can re-express them in terms of x^i and x̄^ī using (3.4), as follows. First we introduce a modified derivative D_η [5, 33] that has the feature that it annihilates the canonical variables (ϕ^i, π_i), so that D_η ( Re x^i ) = 0 , D_η (Re F_i) = 0 . (3.7)

We then use D_η to expand H in powers of η while keeping Re x^i and Re F_i fixed, H = ∞∑ n=0 η^n n! H^{(n)} , (3.8)

where the coefficient functions are given by

H^{(n)} = D^n_η H(x, x̄; η) | |_{η=0} . (3.9)

By comparing (3.5) with (3.8), we conclude that f^{(n)} = H^{(n)}, so that the symplectic coefficient functions f^{(n)} can be expressed as

f^{(n)} = ∂^n_η H(t, t̄; η) | |_{η=0} = D^n_η H(x, x̄; η) | |_{η=0} . (3.10)

The modified derivative D_η used in the expansion is given by

D_η = ∂_η + i N̂^{ij} ( F_{ηj} + F̄_{ηj̄} ) (∂_i − ∂_ī) , (3.11)

where N̂^{ij} denotes the inverse of

N̂_{ij} = −i [F_{ij} − F̄_{īj̄} − F_{ij̄} + F̄_{īj} ] . (3.12)

Using (2.5), the above can also be written as

D_η = ∂_η − 2 N̂^{ij} (Ω_{ηj} − Ω_{ηj̄}) (∂_i − ∂_ī) , (3.13)

with

N̂_{ij} = N_{ij} + 4Re (Ω_{ij} − Ω_{ij̄}) ,

N_{ij} = − i [ F^{(0)}_{ij} − F̄^{(0)}_{īj̄} ] . (3.14)

Observe that N̂_{ij} is a real symmetric matrix. Exercise 12: Verify (3.7).

We now give the first few terms in the expansion of H. We choose to evaluate them using (3.9). Expanding Ω in a power series^5 in η, Ω(x, x̄; η) = ∞∑ n=1 η^n n! Ω^{(n)}(x, x̄) , (3.15)

we obtain

f^{(0)} = − i(x^i F̄^{(0)}_ī − x̄^ī F^{(0)}_i ) − 4 Im[F^{(0)} −^1_2 x^i F^{(0)}_i ] , f^{(1)} = − 4 Ω^{(1)} , f^{(2)} = − 4 [ Ω^{(2)} − 2N^{ij} ( Ω^{(1)}_i − Ω^{(1)}_ī ) ( Ω^{(1)}_j − Ω^{(1)}_{j̄} )] , f^{(3)} = − 4 [ Ω^{(3)} − 6N^{ij} ( Ω^{(2)}_i − Ω^{(2)}_ī ) ( Ω^{(1)}_j − Ω^{(1)}_{j̄} ) (3.16) + 12N^{ik}N^{jl} ( Ω^{(1)}_{ij} − Ω^{(1)}_{ij̄} + c.c. ) ( Ω^{(1)}_k − Ω^{(1)}_{k̄} ) ( Ω^{(1)}_l − Ω^{(1)}_{l̄} )

+4i N^{ip}N^{jl}N^{km} ( Ω^{(1)}_i − Ω^{(1)}_ī ) ( Ω^{(1)}_j − Ω^{(1)}_{j̄} ) ( Ω^{(1)}_k − Ω^{(1)}_{k̄} ) ( F^{(0)}_{plm} + F̄^{(0)}_{p̄l̄m̄} )] . Observe that at any given order in η, there is no distinction between x^i and t^i, so that in (3.16) we may replace x^i everywhere by t^i.

The expansion (3.8) yields expansion functions that are symplectic functions. This implies that D_η acts as a covariant derivative for symplectic transformations. This can be verified explicitely and is done in appendix B, where we show that if a quantity G(x, x̄; η) transforms as a function under symplectic transformations, then so does D_ηG. In particular, applying D_η to H yields the relation ∂_ηH(t, t̄; η) = D_ηH(x, x̄; η) , (3.17) 5Note that here we have chosen a different normalization for the Ω^{(n)} compared to the one in (2.70).

where the right-hand side defines a symplectic function. More generally, applying multiple derivatives D^n_η on any symplectic function depending on x^i and x̄^ī, will again yield a symplectic function. As an example, consider applying D_η and D^2_η on (3.1), D_ηH(x, x̄; η) = − 4 ∂_η Ω(x, x̄; η) , D^2_ηH(x, x̄; η) = − 4 [ ∂^2_η Ω − 2 N̂^{ij} ∂_ηω_i ∂_ηω_j ] , (3.18)

where ω_i = Ω_i − Ω_ī. According to the above, both these expressions transform as functions under symplectic transformations. For the first expression this is confirmed by the result (A.20) which shows that ∂_ηΩ transforms as a function. The second expression shows that, while ∂^2_η Ω does not transform as a function, there exists a modification that can be included such that the result does again transform as a function. Expressions like these were derived earlier in a holomorphic setup [5, 33]. Furthermore, we note that the differential operators D^i, defined by D^i = N̂^{ij} ( ∂ ∂x^j − ∂ ∂x̄^{j̄} ) , (3.19)

are mutually commuting, and they also commute with D_η,

[D^i, D^j ] = [D^i, D_η ] = 0 . (3.20)

Exercise 13: Verify (3.20).

As already mentioned, it is possible to extend the above to the case of several independent real parameters η, η^′, η^{′′}, . . .. In that case the additional operators, D_η′ , etc., will also commute with the operators considered in (3.20).

Obviously, when imposing the restriction η = 0 on the functions D^n_η H, they reduce to the expressions for the f^{(n)} obtained in (3.16). This can be explicitly verified for the functions given in (3.18) by comparing them to the expressions in (3.16).

Let us return to the relation (3.2) and discuss it in the light of phase space variables. As mentioned in subsection 2.1, we view (ϕ^i, π_i) as coordinates on a classical phase space equipped with the symplectic form dπ_i ∧ dϕ^i. Let us express the symplectic form in terms of the t^i using (3.2), dπ_i ∧ dϕ^i = i N_{ij} dt^i ∧ dt̄^{j̄} , (3.21)

with N_{ij} given in (3.14). This relation may be interpreted as a canonical transformation from variables (ϕ^i, π_i) to (t^i, t̄^ī) which is generated by a function S that depends on half of all the coordinates. We take S to depend on ϕ^i and t^i. We determine it in the linearized approximation by expanding N_{ij} around a background value t^i_B . Performing the shift

t^i → t^i_B + t^i , t̄^ī → t̄^ī_B + t̄^ī , (3.22)

and keeping only terms linear in the fluctuations t^i and t̄^ī, we obtain from (3.2),

ϕ^i = t^i + t̄^ī , π_i = F^{(0)}_{ij} (t_B) t^j + F̄^{(0)}_{īj̄} (t̄_B ) t̄^{j̄} , (3.23) where we absorbed the fluctuation independent pieces into the definition of (ϕ^i, π_i). Then, expressing π_i in terms of t^i and ϕ^i,

π_i = iN_{ij}(t_B , t̄_B ) t^j + F̄^{(0)}_{īj̄} (t̄_B ) ϕ^j , (3.24)

and introducing the combination

P_i = −i N_{ij}(t_B , t̄_B ) ( ϕ^j − t^j ) , (3.25)

yields dπ_i ∧ dϕ^i = i N_{ij}(t_B , t̄_B ) dt^i ∧ dt̄^{j̄} = dP_i ∧ dt^i . (3.26) Hence, the 1-form π_i dϕ^i − P_i dt^i is closed, so that locally,

π_i dϕ^i − P_i dt^i = dS , (3.27)

where S(ϕ, t) is called the generating function of the canonical transformation. Then, integrating this relation yields the following expression for the generating function S(ϕ, t; t_B , t̄_B ) [23, 24, 25],

S(ϕ, t; t_B , t̄_B ) =^1_2F̄^{(0)}_{īj̄} (t̄_B ) ϕ^iϕ^j + i N_{ij}(t_B , t̄_B ) ϕ^it^j −^1_2 i N_{ij}(t_B , t̄_B ) t^it^j + c(t_B , t̄_B ) , (3.28)

where c denotes a background dependent integration constant. Observe that S(ϕ, t; t_B , t̄_B ) is holomorphic in the fluctuation t and non-holomorphic in the background t_B. The generating function S(ϕ, t; t_B , t̄_B ) plays a crucial role in the wave function approach to perturbative topological string theory. This approach represents a concise framework [22, 23, 24, 25, 26] for deriving the holomorphic anomaly equation of topological string theory [35, 36], and will be reviewed in appendix C.

4 Lecture III: The Hesse potential and the topological string

In the previous sections we showed that the dynamics of a general class of Lagrangians is encoded in a non-holomorphic function F of the form given in (1.2). This function F may depend on a number of external parameters η. We expressed the associated Hamiltonian in terms of duality covariant complex variables and showed that in these variables, the expansion of the Hamiltonian in a power series in η yields expansion coefficients that transform as functions under duality. In this section we apply these techniques to supergravity models in the presence of higher-curvature interactions encoded in the square of the Weyl superfield [2, 5]. We consider these models in an AdS_2 × S^2 background. The Hamiltonian (2.7) associated to the reduced Lagrangian is a (generalized) Hesse potential. The Hesse potential plays a central role in the formulation of special geometry in terms of real variables [7, 14, 15, 16]. The external parameter η, which is now complex, is identified with the lowest component field of the square of the Weyl superfield.

We begin by reviewing the computation of the Wilsonian effective Lagrangian in an AdS_2 ×S^2 background [27, 28] and relate it to the presentation of section 2. We then generalize the discussion to the case of a function F of type (2.5) with a non-harmonic Ω. We express the Hesse potential in terms of the aforementioned duality covariant complex variables, and expand it in powers of η and η̄. This reveals a systematic structure. Namely, the Hesse potential decomposes into two classes of terms. One class consists of combinations of terms, constructed out of derivatives of Ω, that transform as functions under electric/magnetic duality. The other class is constructed out of Ω and derivatives thereof. Demanding this second class to also exhibit a proper behavior under duality transformations (as a consequence of the transformation behavior of the Hesse potential) imposes restrictions on Ω. These restrictions are captured by a differential equation that equals half of the holomorphic anomaly equation encountered in perturbative topological string theory.

4.1 The reduced Wilsonian Lagrangian in an AdS_2 × S^2 background We consider the coupling of N = 2 vector multiplets to N = 2 supergravity in the presence of higher-curvature interactions encoded in the square of the Weyl superfield [2, 5]. We use the conventions of N = 2 supergravity, whereby the vector multiplets are labelled by a capital index I = 0, . . . , n (instead of the index i used in the previous sections). The degrees of freedom of a vector multiplet include an abelian gauge field and a complex scalar field, and these will thus carry an index I. We denote the complex scalar fields by X^I . The square of the Weyl superfield has various component fields. The highest component field contains the square of the anti-selfdual components of the Riemann tensor, while the lowest one, denoted by Â, equals the square of an anti-selfdual tensor field. Below we will find it convenient to work with rescaled complex fields Y^I and Υ, which are related to the X^I and Â by a complex rescaling [34].

First we evaluate the Wilsonian effective Lagrangian of these models on a field configuration consistent with the SO(2, 1) × SO(3) isometry of an AdS_2 × S^2 background. The spacetime metric g_{μν} and the field strengths F_{μν}^I of the abelian gauge fields are given by

ds^2 = v_1 ( − r^2 dt^2 + dr^2 r^2 ) + v_2 ( dθ^2 + sin^2 θ dφ^2 ) , F_{rt}^I = e^I , F_{θφ}^I = p^I sin θ . (4.1)

The θ-dependence of F_{θφ}^I is fixed by rotational invariance and the p^I denote the magnetic charges. The quantities v_1, v_2, e^I and p^I are all constant by virtue of the SO(2, 1) × SO(3) symmetry.

It is well-known [2] that the Wilsonian Lagrangian L is encoded in a holomorphic function F (X, Â), which is homogeneous of degree two under the scaling discussed in (2.74), i.e. F (λX, λ^2Â) = λ^2 F (X, Â). Evaluating the Wilsonian Lagrangian in the background (4.1) and integrating over S^2 [32], F = ∫ dθ dφ √ |g| L , (4.2) yields the reduced Wilsonian Lagrangian which depends on e^I and p^I , on the rescaled fields Y^I and Υ, and on v_1 and v_2 through the ratio U = v_1/v_2.

In the following, we will restrict to supersymmetric backgrounds, for simplicity, in which case U = 1 and Υ = −64 [34]. Then, the reduced Wilsonian Lagrangian reads [27, 28],

F(e, p, Y, Ȳ ; Υ, Ῡ) = −^1_8 i ( F_{IJ} − F̄¯_I¯_J ) ( e^I e^J − p^I p^J ) −^1_4 ( F_{IJ} + F̄¯_I¯_J ) e^I p^J +^1_2 ie^I ( F_I + F_{IJ}Ȳ^{J̄} − h.c. ) −^1_2 p^I ( F_I − F_{IJ}Ȳ^{J̄} + h.c. ) + i ( F − Y^I F_I +^1_2F̄¯_I¯_J Y^I Y^J − h.c. ) , (4.3)

where Υ = Ῡ = −64 and F_I = ∂F/∂Y^I , F_{IJ} = ∂^2F/∂Y^I ∂Y^J , etc. Introducing the complex scalar fields x^I =^1_2 (p^I + ie^I ) of section 2.2.1 (see (2.29)), the reduced Lagrangian becomes a function of two types of complex scalar fields, namely the x^I that incorporate the electromagnetic information, and the moduli fields Y^I .

Now we recall that in an AdS_2 ×S^2 background the electro/magnetic quantities appearing in (4.1) are related to the moduli fields Y^I . When the background is supersymmetric, the relation takes the form [37] x^I = iȲ^I . (4.4)

In the context of BPS black holes, the real part of this equation yields the magnetic attractor equation. Then, using (4.4), the reduced Wilsonian Lagrangian becomes equal to

F(Y, Ȳ ; Υ, Ῡ) = −2 ImF (Y, Υ) , (4.5)

with Υ = Ῡ = −64. Exercise 14: Verify (4.5).

Let us reformulate the reduced Lagrangian (4.5), which is based on a holomorphic functions F (Y, Υ), in terms of the function F (Y, Ȳ ; Υ, Ῡ) = F^{(0)}(Y ) + 2iΩ(Y, Ȳ ; Υ, Ῡ) introduced in section 2. This is achieved by using the equivalence transformation (2.6). Writing the holomorphic function F (Y, Υ) as F (Y, Υ) = F^{(0)}(Y ) − g(Y, Υ) and applying (2.6), we obtain Ω = −Im g(Y, Υ). Thus, at the Wilsonian level, Ω is a harmonic function, and the reduced Lagrangian can be expressed as

F(Y, Ȳ ; Υ, Ῡ) = − 2 [ ImF^{(0)}(Y ) + Ω(Y, Ȳ ; Υ, Ῡ) ] = − 2 [ ImF (Y, Ȳ ; Υ, Ῡ) − Ω(Y, Ȳ ; Υ, Ῡ) ] , (4.6)

with Υ = Ῡ = −64. Both F^{(0)} and Ω are homogeneous functions of degree two, so that F(λY, λȲ ; λ^2Υ, λ^2Ῡ) = λ^2 F(Y, Ȳ ; Υ, Ῡ).

The reduced Lagrangian (4.6) agrees with the one in (2.7), up to an overall normalization factor of −2. In the following, we rescale (4.6) by this factor, so that from now on

F(Y, Ȳ ; Υ, Ῡ) = 4 [ ImF (Y, Ȳ ; Υ, Ῡ) − Ω(Y, Ȳ ; Υ, Ῡ) ] . (4.7)

Using (4.4), we infer that p^I = −i ( Y^I − Ȳ^I ) and e^I = Y^I + Ȳ^I . According to (2.4), on the other hand, the real part of Y^I plays the role of the canonical variable ϕ^I , so that we have ϕ^I = e^I . We may thus view F as a function of p^I and ϕ^I , and consider its Legendre transformation either with respect to p^I or with respect to ϕ^I . Performing the Legendre transformations with respect to the p^I , i.e. H = F − p^I π_I , results in

π_I = ∂F ∂p^I = F_I + F̄¯_I , (4.8)

and hence

H = i [ Y^I F̄¯_I − Ȳ^Ī F_I ] + 2 [ 2 Ω − Y^I Ω_I − Ȳ^Ī Ω¯_I ]

= i [ Y^I F̄^{(0)}_Ī − Ȳ^Ī F^{(0)}_I ] + 2 [ 2 Ω − (Y^I − Ȳ^Ī )(Ω_I − Ω¯_I ) ] , (4.9)

which is the analogue of the Hamiltonian (2.7) (up to an overall sign difference in the definition of both quantities). In the context of BPS black holes, H denotes the BPS free energy of the black hole. When viewed as a function of ϕ^I and π_I , H(ϕ, π) is called the Hesse potential. Exercise 15: Verify (4.9).

On the other hand, performing the Legendre transformations with respect to the ϕ^I , i.e. S = F − ϕ^I q_I , results in q_I = ∂F ∂ϕ^I = −i ( F_I − F̄¯_I ) , (4.10)

and hence S = −i [ Y^I F̄¯_I − Ȳ^Ī F_I ] + 2 [ 2 Ω − Y^I Ω_I − Ȳ^Ī Ω¯_I ]

= −i(Y^I F̄^{(0)}_Ī − Ȳ^Ī F^{(0)}_I ) + 2 [ 2 Ω − (Y^I + Ȳ^Ī )(Ω_I + Ω¯_I ) ] . (4.11)

In the context of BPS black holes, (4.10) is the electric attractor equation, and S denotes the black hole entropy when viewed as function of p^I and q_I [34]. Exercise 16: Verify (4.11).

The entropy S can be obtained from the Hesse potential by a double Legendre transformation with respect to (ϕ^I , π_I ) [8], i.e.

S(p, q) = H(ϕ, π) + π_I p^I − ϕ^I q_I (4.12) with p^I = −∂H/∂π_I and q_I = ∂H/∂ϕ^I . 4.2 The reduced low-energy effective action in an AdS_2 × S^2 background When passing from the Wilsonian to the low-energy effective action, non-holomorphic terms emerge that are crucial for maintaining duality invariances [17], and that therefore need to be incorporated into the framework of the previous subsection. In the following, we assume that these terms can be incorporated into Ω by giving up the requirement that Ω is harmonic. We take the reduced low-energy effective Lagrangian and the associated Hesse potential to be given by (4.7) and (4.9), respectively, but now based on a non-harmonic Ω.

The Hesse potential (4.9) is given in terms of complex scalar fields Y^I and Ȳ^I . Under duality transformations, the scalar fields Y^I transform into Ỹ^I = Ỹ^I (Y, Ȳ , Υ, Ῡ) (and similarly for the ¯Ỹ^I ), as discussed in section 3. In order to obtain expansion coefficients that have a proper behavior under duality when expanding H in powers of Υ and Υ, we first express H in terms of the duality covariant complex coordinates introduced in section 3. This can be achieved by iteration, and the result for the Hesse potential in the new coordinates then takes the form of an infinite power series in terms of Ω and its derivatives. We explicitly evaluate the first terms in this expansion up to order Ω^5. This suffices for appreciating the general structure of the full result. The actual calculations are rather cumbersome, and we have relegated some relevant material to appendices D and E. The expression for the Hesse potential, given in (4.29), consists of a sum of contributions H^{(a)}_i , each of which transforms as a function under symplectic transformations. The function H^{(1)} is the only one that contains Ω, while all the other H^{(a)}_i contain derivatives of Ω. Using that H^{(1)} transforms as a function under symplectic transformations, we determine the transformation law of Ω, which is given in (4.32). In the following, we present a detailed derivation of these results. We suppress the superscript in F^{(0)} for the most part, for simplicity.

The Hesse potential H is defined in terms of the real variables (ϕ^I , π_I ), whose definition depends on the full effective action. These may be expressed in terms of the duality covariant variables introduced in (3.2), and which will be denoted by Y^I in the following. Inspection of (3.4) shows that these new variables are such that they coincide precisely with the fields Y^I that one would obtain from (ϕ^I , π_I ) by using only the lowest-order holomorphic function F^{(0)},

2 Re Y^I = ϕ^I = 2 Re Y^I , 2 Re F^{(0)}_I (Y) = π_I = 2 Re F_I (Y, Ȳ ; Υ, Ῡ) . (4.13)

Since the relation between the new variables and the real variables (ϕ^I , π_I ) depends only on F^{(0)}, their duality transformations will not depend on the the details of the full effective action. Under symplectic transformations they transform according to,

Ỹ^I = U^I_J Y^J + Z^{IJ} F^{(0)}_J (Y) = S_0^I_J (Y) Y^J , (4.14)

where S_0^I_J (Y) = U^I_J + Z^{IK} F^{(0)}_{KJ} (Y) . (4.15)

At the two-derivative level, where Ω = 0, we have Y^I = Y^I , but in higher orders the relation between these moduli is complicated and will depend on Ω. Hence we write Y^I = Y^I + ΔY^I , where ΔY^I is purely imaginary. Writing F = F^{(0)} + 2iΩ, we will express (4.14) in terms of F^{(0)} and Ω, so that we can henceforth suppress the superscript in F^{(0)}. Hence, in the following, F will denote a holomorphic homogeneous function of degree two. Therefore it is not necessary to make a distinction between holomorphic and anti-holomorphic derivatives of this function. The equations (4.13) can then be written as,

F_I (Y − ΔY ) + F̄_I (Ȳ + ΔY ) − F_I (Y) − F̄_I (Ȳ) = − 2i [ Ω_I (Y − ΔY, Ȳ + ΔY ) − Ω¯_I (Y − ΔY, Ȳ + ΔY ) ] . (4.16)

Upon Taylor expanding, this equation will lead to an infinite power series in ΔY^I . Retaining only the term of first order in ΔY^I shows that it is proportional to the first derivative of Ω. Proceeding by iteration will then lead to an expression for ΔY^I involving increasing powers of Ω and its derivatives taken at Y^I = Y^I . Here it suffices to give the result of this iteration up to fourth order in Ω,

ΔY^I = 2 (Ω^I − Ω^Ī )

− 2i(F + F̄ )^{IJK} (Ω_J − Ω¯_J )(Ω_K − Ω¯_K ) − 8 Re(Ω^{IJ} − Ω^{IJ̄} ) (Ω_J − Ω¯_J ) +^4_3 i [ (F − F̄ )^{IJKL} + 3i(F + F̄ )^{IJM} (F + F̄ )_M^{KL} ] × (Ω_J − Ω¯_J )(Ω_K − Ω¯_K )(Ω_L − Ω¯_L) + 8i [ 2 (F + F̄ )^{IJ}_K Re(Ω^{KL} − Ω^{KL̄}) + Re(Ω^{IK} − Ω^{IK̄} )(F + F̄ )_K^{JL} ] × (Ω_J − Ω¯_J )(Ω_L − Ω¯_L) + 32 Re(Ω^{IJ} − Ω^{IJ̄} ) Re(Ω_{JK} − Ω_J¯_K) (Ω^K − Ω^{K̄} ) + 8i Im(Ω^{IJK} − 2 Ω^{IJK̄} + Ω^{IJ̄K̄} )(Ω_J − Ω¯_J ) (Ω_K − Ω¯_K ) + O(Ω^4) . (4.17)

Here indices have been raised by making use of N^{IJ} , which denotes the inverse of

N_{IJ} = 2 ImF_{IJ} , (4.18)

where we stress that all the derivatives of F and Ω are taken at Y^I = Y^I and Ȳ^I = Ȳ^I .

Furthermore, we obtain the following expression for the Hesse potential (4.9),

H(Y, Ȳ) = − i[Ȳ^I F_I (Y) − Y^IF̄_I (Ȳ)] + 4 Ω(Y, Ȳ) − i [ Y^I (F_I (Y ) − F_I (Y)) + ΔY^I F_I (Y ) − h.c. ]

+ 4 [ Ω(Y, Ȳ ) − Ω(Y, Ȳ) + ΔY^I ( Ω_I (Y, Ȳ ) − Ω¯_I (Y, Ȳ ) ) ] . (4.19)

Here we made use of (4.16) at an intermediate stage of the calculation. Again this result must be Taylor expanded upon writing Y^I = Y^I − ΔY^I and Ȳ^I = Ȳ^I + ΔY^I . The last two lines of (4.19) then lead to a power series in ΔY , starting at second order in the ΔY ,

H(Y, Ȳ) = − i[Ȳ^I F_I (Y) − Y^IF̄_I (Ȳ)] + 4 Ω(Y, Ȳ) − N_{IJ} ΔY^I ΔY^J −^2_3 i(F + F̄ )_{IJK} ΔY^I ΔY^J ΔY^K − 4 Re(Ω_{IJ} − Ω_I¯_J )ΔY^I ΔY^J +^1_4 i(F − F̄ )_{IJKL}ΔY^I ΔY^J ΔY^K ΔY^L +^8_3 i Im(Ω_{IJK} − 3Ω_{IJ}¯_K )ΔY^I ΔY^J ΔY^K + · · · . (4.20)

Inserting the result of the iteration (4.17) into the expression above leads to the following expression for the Hesse potential, up to terms of order Ω^5,

H(Y, Ȳ) = − i[Ȳ^I F_I (Y) − Y^IF̄_I (Ȳ)] + 4 Ω(Y, Ȳ) − 4 N̂^{IJ} ω_I ω_J +^8_3 i(F + F̄ )_{IJK}N̂^{IL}N̂^{JM}N̂^{KN} ω_L ω_M ω_N −^4_3 i[(F − F̄ )_{IJKL} + 3i(F + F̄ )_{IJR}N̂^{RS} (F + F̄ )_{SKL}]

× N̂^{IM}N̂^{JN} N̂^{KP} N̂^{LQ}ω_M ω_N ω_P ω_Q −^{32}_3 i Im(Ω_{IJK} − 3Ω_{IJ}¯_K )N̂^{IL}N̂^{JM}N̂^{KN} ω_L ω_M ω_N + O(Ω^5) , (4.21)

where ω_I = Ω_I − Ω¯_I , and where we also made use of N̂^{IJ} , which is the inverse of the real, symmetric matrix N̂_{IJ} given in (3.14), namely

N̂_{IJ} = N_{IJ} + 4 Re(Ω_{IJ} − Ω_{IJ̄} ) . (4.22)

Upon expanding N̂^{IJ} we straightforwardly determine the contributions to the Hesse potential up to fifth order in Ω,

H = H|_{Ω=0} + 4 Ω − 4 N^{IJ} (Ω_I Ω_J + Ω¯_I Ω¯_J ) + 8 N^{IJ} Ω_I Ω¯_J + 16 Re(Ω_{IJ} − Ω_I¯_J )N^{IK} N^{JL} ( Ω_K Ω_L + Ω¯_K Ω¯_L − 2 Ω_K Ω¯_L ) −^{16}_3 (F + F̄ )_{IJK} N^{IL}N^{JM} N^{KN} Im(Ω_LΩ_M Ω_N − 3 Ω_LΩ_M Ω¯_N ) − 64N^{IP} Re ( Ω_{P Q} − Ω_P¯_Q ) N^{QR}Re (Ω_{RK} − Ω_R¯_K ) N^{KJ} (Ω_I Ω_J + Ω¯_I Ω¯_J − 2Ω_I Ω¯_J ) + 64(F + F̄ )_{IJK} N^{IL}N^{JM} N^{KP} Re ( Ω_{P Q} − Ω_P¯_Q ) N^{QN} Im(Ω_LΩ_M Ω_N − 3 Ω_LΩ_M Ω¯_N ) −^8_3 i[(F − F̄ )_{IJKL} + 3i(F + F̄ )_{R(IJ} N^{RS} (F + F̄ )_{KL)S}]N^{IM} N^{JN} N^{KP} N^{LQ} × Re ( Ω_M Ω_N Ω_P Ω_Q − 4Ω_M Ω_N Ω_P Ω¯_Q + 3Ω_M Ω_N Ω¯_P Ω¯_Q ) +^{64}_3 Im(Ω_{IJK} − 3Ω_{IJ}¯_K )N^{IL}N^{JM} N^{KN} Im(Ω_LΩ_M Ω_N − 3 Ω_LΩ_M Ω¯_N ) + O(Ω^5) . (4.23)

We stress once more that this expression is taken at Y^I = Y^I .

The expression (4.23) gives the Hesse potential in terms of the duality covariant variables Y^I and Ȳ^I , up to order Ω^5. It takes a rather complicated form, even at this order of approximation. Nevertheless, it will turn out that there is some systematics here. First of all, the Hesse potential (4.23) transforms as a function under duality transformations acting on the fields Y^I . This in turn enables one to determine how Ω should transform. Clearly, when Ω = 0 the Hesse potential transforms manifestly as a function. In general the transformation behaviour of Ω must be rather complicated in view of the non-linear dependence of the Hesse potential on Ω. To evaluate this transformation, we have to perform yet another iteration procedure.

To demonstrate how this iteration proceeds, let us have a look at the first few steps. Consider the expression (4.23) at first order in Ω. At this order, Ω must transform as a function, since both H and H|_{Ω=0} transform as functions. This implies that

Ω̃(Ỹ, ~Ȳ) = Ω(Y, Ȳ) , Ω̃_I (Ỹ, ~Ȳ) = [S^{−1}_0 ]^J_I (Y) Ω_J (Y, Ȳ) . (4.24)

Now consider the terms of order Ω^2 in (4.23). Applying the transformation given in the second line of (4.24) to these terms and demanding H to transform as a function, shows that the result given in the first line of (4.24) must be modified to

Ω̃ = Ω − i(Z^{IJ}_0 Ω_I Ω_J − Z̄^{ĪJ̄}_0 Ω_Ī Ω_{J̄} ) + O(Ω^3) , (4.25) which in turn gives rise to the following result for derivatives of Ω,

Ω̃_I = [S^{−1}_0 ]^J_I [ Ω_J + iF_{JKL} Z^{KM}_0 Ω_M Z^{LN}_0 Ω_N − 2iΩ_{JK}Z^{KL}_0 Ω_L + 2iΩ_J¯_KZ̄^{K̄L̄}_0 Ω¯_L ] + O(Ω^3) , Ω̃_{IJ} = [S^{−1}_0 ]^K_I [S^{−1}_0 ]^L_J [ Ω_{KL} − F_{KLM} Z^{MN}_0 Ω_N ] + O(Ω^2) , Ω̃_{IJ̄} = [S^{−1}_0 ]^K_I [S̄^{−1}_0 ]^{L̄}_{J̄} Ω_{KL̄} + O(Ω^2) , (4.26)

where the symmetric matrix Z^{IJ}_0 is defined by^6

Z^{IJ}_0 = [S^{−1}_0 ]^I_K Z^{KJ} . (4.27)

Here we made use of the relations,

[S^{−1}_0 ]^I_K [S̄_0]^{K̄}¯_J = δ^I_J − iZ^{IK}_0 N_{KJ} , Ñ_{IJ} = [S^{−1}_0 ]^K_I [S̄^{−1}_0 ]^{L̄}_{J̄} N_{KL} ,

δZ^{IJ}_0 = − Z^{IK}_0 δF_{KL} Z^{LJ}_0 , (4.28)

which are independent of Ω.

This iteration can be continued by including the terms of order Ω^3, making use of (4.26) for derivatives of Ω, to obtain the expression for Ω̃ up terms of order Ω^4. In the next iterative step one then derives the effect of a duality transformation on Ω up to terms of order Ω^5. Before presenting this result, we wish to observe that terms transforming as a proper function under duality, will not contribute to this result. This is precisely what already happened to the Ω-independent contribution to the Hesse potential, which decouples from the above equations. As it turns out there actually exists an infinite set of contributions to the Hesse potential that transform as functions under duality. By separating those from (4.23), we do not change the transformation behaviour of Ω, but we can extract certain functions from the Hesse potential in order to simplify its structure. We obtain

H = H^{(0)} + H^{(1)} + H^{(2)} + ( H^{(3)}_1 + H^{(3)}_2 + h.c. ) + H^{(3)}_3 + H^{(4)}_1 + H^{(4)}_2 + H^{(4)}_3 + ( H^{(4)}_4 + H^{(4)}_5 + H^{(4)}_6 + H^{(4)}_7 + H^{(4)}_8 + H^{(4)}_9 + h.c. ) . . . , (4.29)

where the H^{(a)}_i are certain expressions to be defined below, whose leading term is of order Ω^a. For higher values of a it turns out that there exists more than one functions with the same value of a, and those will be labeled by i = 1, 2, . . .. Of all the combinations H^{(a)}_i appearing in (4.29), H^{(1)} is the only that contains Ω, while all the other combinations contain derivatives of Ω. Obviously, H^{(0)} equals,

H^{(0)} = −i[Ȳ^I F_I (Y) − Y^IF̄_I (Ȳ)] , (4.30)

whereas H^{(1)} at this level of iteration is given by,

H^{(1)} = 4 Ω − 4 N^{IJ} (Ω_I Ω_J + Ω¯_I Ω¯_J )

6This quantity was first defined in [5]. It appeared later in [25], where it was denoted by Δ.

+ 16 Re [ (Ω_{IJ} )(NΩ)^I (NΩ)^J ] + 16Ω_I¯_J (NΩ)^I (NΩ̄)^J

−^{16}_3 Im [ F_{IJK} (NΩ)^I (NΩ)^J (NΩ)^K ] −^4_3 i [ ( F_{IJKL} + 3iF_{R(IJ} N^{RS} F_{KL)S} ) (NΩ)^I (NΩ)^J (NΩ)^K (NΩ)^L − h.c. ] −^{16}_3 [ Ω_{IJK} (NΩ)^I (NΩ)^J (NΩ)^K + h.c. ] − 16 [ Ω_{IJ}¯_K (NΩ)^I (NΩ)^J (NΩ̄)^K + h.c. ] − 16i [ F_{IJK} N^{KP} Ω_{P Q}(NΩ)^I (NΩ)^J (NΩ)^Q − h.c. ]

− 16 [ (NΩ)^P Ω_{P Q} N^{QR}Ω_{RK} (NΩ)^K + h.c. ]

− 32 [ (NΩ)^P Ω_{P Q} N^{QR}Ω_R¯_K (NΩ̄)^K + h.c. ]

− 16 [ (NΩ)^P Ω_P¯_Q N^{QR}Ω¯_{RK} (NΩ)^K + h.c. ]

− 16i [ F_{IJK} N^{KP} Ω_P¯_Q(NΩ)^I (NΩ)^J (NΩ̄)^Q − h.c. ] + O(Ω^5) . (4.31)

Here we have used the notation (NΩ)^I = N^{IJ} Ω_J , (NΩ̄)^I = N^{IJ} Ω¯_J . The symmetrization F_{R(IJ} N^{RS} F_{KL)S} is defined with a symmetrization factor 1/(4!).

The expressions for the higher-order functions H^{(a)}_i with a = 2, 3, 4 are given in appendix D. Each of these higher-order functions transforms as a function under symplectic transformations. Demanding H^{(1)} to also transform as a function under these transformations determines the transformation behavior of Ω. Proceeding as already explained below (4.24) we obtain for the transformation law of Ω (up to order Ω^5), Ω̃ = Ω − i(Z^{IJ}_0 Ω_I Ω_J − Z̄^{ĪJ̄}_0 Ω_Ī Ω_{J̄} )

+^2_3 ( F_{IJK} Z^{IL}_0 Ω_L Z^{JM}_0 Ω_M Z^{KN}_0 Ω_N + h.c. ) − 2 ( Ω_{IJ} Z^{IK}_0 Ω_K Z^{JL}_0 Ω_L + h.c. ) + 4 Ω_I¯_J Z^{IK}_0 Ω_K Z̄^{J̄L̄}_0 Ω¯_L + [ −^i_3 F_{IJKL}(Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^K (Z_0Ω)^L

+^{4i}_3 Ω_{IJK}(Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^K + i F_{IJR} Z^{RS}_0 F_{SKL} (Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^K (Z_0Ω)^L − 4iΩ_{IJ}¯_K (Z_0Ω)^I (Z_0Ω)^J (Z̄_0Ω̄)^K − 4i F_{IJK} Z^{KP}_0 Ω_{P Q} (Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^Q + 4i F_{IJK} Z^{KP}_0 Ω_P¯_Q(Z_0Ω)^I (Z_0Ω)^J (Z̄_0Ω̄)^Q + 4i (Z_0Ω)^P Ω_{P Q} Z^{QR}_0 ( Ω_{RK} (Z_0Ω)^K − 2Ω_R¯_K (Z̄_0Ω̄)^K ) − 4i (Z_0Ω)^P Ω_P¯_Q Z̄^{Q̄R̄}_0 Ω¯_{RK} (Z_0Ω)^K + h.c. ] + O(Ω^5) . (4.32)

The transformation laws of the derivatives of Ω, such as those in (4.26), are summarized in appendix E.

The transformation law (4.32), which is entirely encoded in Z_0 and in Z̄_0, suggest a systematic pattern, which we now explore. First we observe that (4.32) simplifies when taking Ω to be harmonic both in Y^I and Υ,

Ω(Y, Ȳ; Υ, Ῡ) = f(Y, Υ) + h.c. . (4.33)

We obtain Ω̃ = Ω + [ − iZ^{IJ}_0 Ω_I Ω_J +^2_3 F_{IJK} Z^{IL}_0 Ω_L Z^{JM}_0 Ω_M Z^{KN}_0 Ω_N − 2 Ω_{IJ} Z^{IK}_0 Ω_K Z^{JL}_0 Ω_L −^i_3 F_{IJKL}(Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^K (Z_0Ω)^L +^{4i}_3 Ω_{IJK} (Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^K + i F_{IJR} Z^{RS}_0 F_{SKL} (Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^K (Z_0Ω)^L − 4i F_{IJK} Z^{KP}_0 Ω_{P Q} (Z_0Ω)^I (Z_0Ω)^J (Z_0Ω)^Q + 4i Z^{IP}_0 Ω_{P Q} Z^{QR}_0 Ω_{RK} (Z_0Ω)^K Ω_I + h.c. ] + O(Ω^5) , (4.34)

which shows that Ω̃ also is harmonic. Hence, the harmonicity of Ω is preserved under symplectic transformations. The transformation law (4.34) has a certain resemblance with the one encountered in the context of perturbative topological string theory, where Z^{IJ}_0 plays the role of a propagator [25]. The relation with topological string theory will be discussed below. Next, inserting (4.33) into (4.31), we find that H^{(1)} is also almost harmonic, i.e. it equals the real part of a function that contains only purely holomorphic derivatives of F and Ω, contracted with the non-holomorphic tensor N^{IJ} ,

H^{(1)} = [ 4 f(Y, Υ) − 4 N^{IJ} Ω_I Ω_J + 8(Ω_{IJ} )(NΩ)^I (NΩ)^J +^8_3 i F_{IJK} (NΩ)^I (NΩ)^J (NΩ)^K −^4_3 i ( F_{IJKL} + 3iF_{R(IJ} N^{RS} F_{KL)S} ) (NΩ)^I (NΩ)^J (NΩ)^K (NΩ)^L −^{16}_3 Ω_{IJK}(NΩ)^I (NΩ)^J (NΩ)^K − 16i F_{IJK} N^{KP} Ω_{P Q}(NΩ)^I (NΩ)^J (NΩ)^Q − 16(NΩ)^P Ω_{P Q} N^{QR}Ω_{RK} (NΩ)^K + h.c. ] + O(Ω^5) . (4.35)

Thus, when Ω is of the form (4.33), H^{(1)} is given in terms of the real part of a function that is holomorphic in Υ. Moreover, since N^{IJ} is homogeneous of degree zero, this function is homogeneous of degree two in Y^I and homogeneous of degree zero in Ȳ^I .

Let us now elucidate the relation of H^{(1)} given in (4.35) with topological string theory. We write H^{(1)} as H^{(1)} = h(Y, Ȳ, Υ) + h.c. , (4.36) and we consider two expansions of h(Y, Ȳ, Υ), namely one in powers of Ω and the other one in powers of Υ. First we consider the expansion in powers of Ω. Expanding h as h = ∞∑ g=1 h^{(g)} (4.37)

and comparing with (4.35), we obtain

h^{(1)} = 4f , h^{(2)} = −4N^{IJ} Ω_I Ω_J , h^{(3)} = 8Ω_{IJ} (NΩ)^I (NΩ)^J +^8_3 iF_{IJK} (NΩ)^I (NΩ)^J (NΩ)^K , h^{(4)} = −^4_3 i ( F_{IJKL} + 3iF_{R(IJ} N^{RS} F_{KL)S} ) (NΩ)^I (NΩ)^J (NΩ)^K (NΩ)^L −^{16}_3 Ω_{IJK}(NΩ)^I (NΩ)^J (NΩ)^K − 16i F_{IJK} N^{KP} Ω_{P Q}(NΩ)^I (NΩ)^J (NΩ)^Q − 16(NΩ)^P Ω_{P Q} N^{QR}Ω_{RK} (NΩ)^K , (4.38)

where (NΩ)^I = N^{IJ} f_J . This shows that all the h^{(g)} are non-holomorphic in Y^I with the exception of h^{(1)}. Using these expressions, one finds by direct calculation that the following relation holds,

∂¯_I h^{(g)} =^1_4 i F̄¯_I^{JK} g−1∑ r=1 ∂_J h^{(r)} ∂_K h^{(g−r)} , g ≥ 2 , (4.39)

where F̄¯_I^{JK} = F̄¯_I¯_L¯_M N^{LJ} N^{MK} . Exercise 17: Verify (4.39) for g = 2, 3.

Equation (4.39) captures the Ȳ^I -dependence of h^{(g)} (for g ≥ 2). This dependence is a consequence of requiring H^{(1)} to have a proper behavior under symplectic transformations [5]. The differential equation (4.39) resembles the holomorphic anomaly equation of perturbative topological string theory. The latter arises in a specific setting, namely in the study of the non-holomorphicity of the genus-g topological free energies F^{(g)} [36]. To exhibit the relation with the holomorphic anomaly equation, we turn to the second expansion and expand both f(Y, Υ) and h(Y, Ȳ, Υ) in powers of Υ,

f(Y, Υ) = −^1_2 i ∞∑ g=1 Υ^g f^{(g)}(Y) ,

h(Y, Ȳ, Υ) = − 2i ∞∑ g=1 Υ^g F^{(g)}(Y, Ȳ) . (4.40)

Then we obtain

F^{(1)}(Y) = f^{(1)}(Y) , F^{(2)}(Y, Ȳ) = f^{(2)}(Y) +^1_2 i N^{IJ} F^{(1)}_I F^{(1)}_J , F^{(3)}(Y, Ȳ) = f^{(3)}(Y) + i N^{IJ} f^{(2)}_I F^{(1)}_J −^1_2 F^{(1)}_{IJ} (NF^{(1)})^I (NF^{(1)})^J −^1_6 iF_{IJK}(NF^{(1)})^I (NF^{(1)})^J (NF^{(1)})^K , F^{(4)}(Y, Ȳ) = f^{(4)}(Y) + i N^{IJ} f^{(3)}_I F^{(1)}_J +^1_2 i N^{IJ} f^{(2)}_I f^{(2)}_J −^1_2 f^{(2)}_{IJ} (NF^{(1)})^I (NF^{(1)})^J − F^{(1)}_{IJ} (Nf^{(2)})^I (NF^{(1)})^J −^1_2 iF_{IJK}(Nf^{(2)})^I (NF^{(1)})^J (NF^{(1)})^K +^1_{24} ( F_{IJKL} + 3iF_{R(IJ} N^{RS} F_{KL)S} ) (NF^{(1)})^I (NF^{(1)})^J (NF^{(1)})^K (NF^{(1)})^L −^1_6 i F^{(1)}_{IJK} (NF^{(1)})^I (NF^{(1)})^J (NF^{(1)})^K +^1_2 F_{IJK} N^{KP} F^{(1)}_{P Q}(NF^{(1)})^I (NF^{(1)})^J (NF^{(1)})^Q −^1_2 i (NF^{(1)})^P F^{(1)}_{P Q} N^{QR}F^{(1)}_{RK} (NF^{(1)})^K , (4.41)

where (NF^{(1)})^I = N^{IJ} F^{(1)}_J and (Nf^{(2)})^I = N^{IJ} f^{(2)}_J . Observe that all the F^{(g)} are nonholomorphic except F^{(1)}. Using these expressions, one again finds by direct calculation,

∂¯_I F^{(g)} =^1_2 F̄¯_I^{JK} g−1∑ r=1 ∂_J F^{(r)} ∂_K F^{(g−r)} , g ≥ 2 . (4.42)

This is similar to (4.39), except that now the relation holds order by order in Υ, whereas (4.39) holds order by order in Ω. Both expansions are, nevertheless, related. Namely, taking f in (4.40) to consist of only f^{(1)}, the expansion (4.41) coincides with the expansion (4.38).

Summarizing, we have found the following. When expressing the Hesse potential, which is a symplectic function, in terms of the duality covariant complex variables (4.13), we obtain an infinite set of contributions H^{(a)}_i , all of which transform as functions under symplectic transformations. One of them, namely H^{(1)}, has a structure that arises in topological string theory. H^{(1)} is the only contribution that contains Ω, while all the other combinations contain derivatives of Ω. When Ω is taken to be harmonic in all the variables (i.e. in both Y^I and Υ), the resulting H^{(1)} is given in terms of the real part of a function that is holomorphic in Υ, homogeneous of degree two in Y^I and homogeneous of degree zero in Ȳ^I . Then, expanding H^{(1)} in powers of Υ yields expansion functions F^{(g)}, given in (4.41), that transform as functions under symplectic transformations. The F^{(g)} are all non-holomorphic, with the exception of F^{(1)}, and the non-holomorphicity is governed by (4.42). This differential equation equals half of the holomorphic anomaly equation of perturbative topological string theory, which reads [38]

∂¯_I F^{(g)} =^1_2 F̄¯_I^{JK} ( D_J ∂_K F^{(g−1)} + g−1∑ r=1 ∂_J F^{(r)} ∂_K F^{(g−r)} ) , g ≥ 2 , (4.43)

where D_LV_M = ∂_LV_M + iN^{P I} F_{ILM} V_P . This is the holomorphic anomaly equation in the so-called big moduli space [38], and its derivation is reviewed in appendix C following [25]. In the context of topological string theory, the F^{(g)} denote free energies that arise in the perturbative expansion of the topological free energy F_{top} in powers of the topological string coupling g_{top}, i.e. F_{top} = ∑_∞ g=0 g^{2g−2}_{top} F^{(g)}. Whereas F^{(0)} is holomorphic (it only depends on Y), all the higher F^{(g)} (with g ≥ 1) are non-holomophic. For g ≥ 2 this non-holomorphicity is captured by (4.43).

The fact that the first term on the right hand side of (4.43) is missing in (4.42) is due to the holomorphic nature of the expansion function F^{(1)} appearing in (4.41). Were it to be non-holomorphic, it would induce a modification of the relation (4.42). The required modification arises by replacing the holomorphic quantity F^{(1)}_I = f^{(1)}_I with the non-holomorphic combination F^{(1)}_I = f^{(1)}_I +^1_2 i F_{IJK} N^{JK} (see (C.12)).

Acknowledgements We acknowledge helpful discussions with Thomas Mohaupt, Ashoke Sen and Marcel Vonk. The work of G.L.C. is partially supported by the Center for Mathematical Analysis, Geometry and Dynamical Systems (IST/Portugal), as well as by Fundação para a Ciência e a Tecnologia (FCT/Portugal) through grants CERN/FP/116386/2010 and PTDC/MAT/119689/2010.

The work of B.d.W. is supported by the ERC Advanced Grant no. 246974, Supersymmetry: a window to non-perturbative physics. G.L.C. would like to thank Stefano Bellucci for the invitation to lecture at BOSS2011. We would like to thank each other’s institutions for hospitality during the course of this work. S.M. would also like to thank Hermann Nicolai and the members of Quantum Gravity group at the Max Planck Institut für Gravitationsphysik (AEI, Potsdam), where part of this work was carried out, for the warm hospitality.

A Symplectic reparametrizations

In subsection 2.1 we introduced the 2n-vector (x^i, F_i) and discussed its behavior under symplectic transformations. Here we consider derivatives of F_i and show how they transform under symplectic transformations. We use the resulting expressions to give an alternative proof of integrability of the equations (2.8). In addition, we show that ∂_ηF transforms as a function under symplectic transformations.

We begin by recalling some of the elements of subsection 2.1. The 2n-vector (x^i, F_i) is constructed using F (x, x̄) = F^{(0)}(x) + 2iΩ(x, x̄). Under symplectic transformations, it transforms as,

x̃^i = U^i_j x^j + Z^{ij} [F^{(0)}_j (x) + 2iΩ_j(x, x̄)] , F̃_i(x̃, ¯x̃) = V_i^j [F^{(0)}_j (x) + 2iΩ_j(x, x̄)] + W_{ij} x^j , (A.1)

where U, V, Z and W are the n × n submatrices (2.3) that define a symplectic transformation belonging to Sp(2n, R). Without loss of generality, we decompose F̃_i as

F̃_i(x̃, ¯x̃) = F̃^{(0)}_i (x̃) + 2iΩ̃_i(x̃, ¯x̃) . (A.2)

This decomposition, which a priori is arbitrary, can be related to the decomposition of F_i = F^{(0)}_i + 2iΩ_i in the following way. The symplectic transformation (A.1) is specified by the matrices U, V, W and Z. Consider applying the same transformation (specified by these matrices) to the vector (x^i, F^{(0)}_i ) alone. This yields the vector (x̂^i, F̃^{(0)}_i (x̂)), which is expressed in terms of x̂^i = x̃^i − 2iZ^{ij}Ω_j(x, x̄) instead of x̃^i,

x̂^i = U^i_j x^j + Z^{ij} F^{(0)}_j (x) , F̃^{(0)}_i (x̂) = V_i^j F^{(0)}_j (x) + W_{ij} x^j . (A.3)

Thus, by demanding that F̃^{(0)}_i follows from the same symplectic transformation applied on F^{(0)}_i alone, we relate the decomposition of F̃_i to the decomposition of F_i. Then, the second equation of (A.1) can be written as

Ω̃_i(x̃, ¯x̃) = V_i^j Ω_j(x, x̄) −^1_2 i[F̃^{(0)}_i (x̂) − F̃^{(0)}_i (x̃)] (A.4)

= V_i^j Ω_j(x, x̄)

+^1_2 i ∞∑ m=1 (2i)^m m! Z^{j1k1} Ω_{k1} (x, x̄) · · · Z^{jmkm} Ω_{km} (x, x̄) F̃^{(0)}_{ij1···jm} (x̂) , where the F̃^{(0)}_{ij1···jm} (x̂) denote multiple derivatives of F̃^{(0)}_i (x̃) evaluated at x̂. The right-hand side of (A.4) can be written entirely in terms of functions of x and x̄, upon expressing F̃^{(0)}_{ij1···jm} (x̂) in terms of derivatives of F^{(0)}_i (x) using (A.3). We give the first few derivatives, F̃^{(0)}_{ij} (x̂) = (V_i^lF^{(0)}_{lk} + W_{ik}) [S^{−1}_0 ]^k_j , (A.5) F̃^{(0)}_{ijk} (x̂) = [S^{−1}_0 ]^l_i [S^{−1}_0 ]^m_j [S^{−1}_0 ]^n_k F^{(0)}_{lmn} , F̃^{(0)}_{ijkl}(x̂) = [S^{−1}_0 ]^m_i [S^{−1}_0 ]^n_j [S^{−1}_0 ]^p_k [S^{−1}_0 ]^q_l [ F^{(0)}_{mnpq} − 3 F^{(0)}_{r(mn}Z^{rs}_0 F^{(0)}_{pq)s} ] , where we used the definitions S^i_{0 j} = U^i_j + Z^{ik}F^{(0)}_{kj} , Z^{ij}_0 = [S^{−1}_0 ]^i_k Z^{kj} . (A.6) Let us consider the first expression of (A.5). While F^{(0)}_{ij} is manifestly symmetric in i, j, this appears not to be the case for F̃^{(0)}_{ij} . However, using the properties (2.3) of the matrices U, V, W and Z, it follows that F̃^{(0)}_{ij} is symmetric in i, j. Using this, we obtain F̃^{(0)}_{ij} (x̂) Z^{jk} = V_i^k − [S^{−1,T}_0 ]_i^k . (A.7)

Exercise 18: Verify (A.7) by computing V^T S_0.

The symmetry of F̃^{(0)}_{ij} implies that F̃^{(0)}_i (x̂) can be integrated, i.e. F̃^{(0)}_i (x̂) = ∂F̃^{(0)}(x̂)/∂x̂^i, with F̃^{(0)}(x̂) given by the well-known expression [5],

F̃^{(0)}(x̂) = F^{(0)}(x) −^1_2 x^iF^{(0)}_i +^1_2 (U^T W )_{ij} x^ix^j +^1_2 (U^T V + W^T Z)_i^jx^iF^{(0)}_j +^1_2 (Z^T V )^{ij} F^{(0)}_i F^{(0)}_j , (A.8) up to a constant and up to terms linear in x̂^i.

In addition to (A.6), we will also need the combinations S and Ŝ given in (A.10) and (A.12) below, which are related to S_0 by S^i_j = S^i_{0 j} + 2iZ^{ik}Ω_{kj} , Ŝ^i_j = S^i_{0 j} + Z^{ik}[2iΩ_{kj} − 4 Ω_{kl̄}Z̄^{l̄m̄}Ω_{m̄j} ] , Z^{ij} = [S^{−1}]^i_k Z^{kj} . (A.9) Observe that the matrices Z_0, Z and Ẑ = Ŝ^{−1} Z are symmetric matrices by virtue of the fact that ZU^T is a symmetric matrix [5].

Next we consider the transformation behavior of the derivatives F_{ij} = ∂F_i/∂x^j and F_{ij̄} = ∂F_i/∂x̄^{j̄}. First we observe that ∂x̃^i ∂x^j ≡ S^i_j = U^i_j + Z^{ik}F_{kj} , ∂x̃^i ∂x̄^{j̄} ≡ Z^{ik}F_{kj̄} . (A.10) Applying the chain rule to (A.1) yields the relation F_{ij} → F̃_{ij} = ( V_i^lF̂_{lk} + W_{ik} ) [Ŝ^{−1}]^k_j , (A.11) where F̃_{ij} = ∂F̃_i/∂x̃^j and

F̂_{ij} = F_{ij} − F_{ik̄} Z^{k̄l̄} F̄_{l̄j} = F^{(0)}_{ij} + 2iΩ_{ij} − 4 Ω_{ik̄} Z̄^{k̄l̄} Ω_{l̄j} , Ŝ^i_j = U^i_j + Z^{ik}F̂_{kj} . (A.12)

Exercise 19: Derive (A.11) by differentiating the second equation of (A.1) with respect to either x or x̄. Then combine the two resulting equations to arrive at (A.11). Then, using the first equation of (A.5) as well as (A.7) in (A.11) yields,

Ω̃_{ij} (x̃, ¯x̃) =^1_2 i[F̃^{(0)}_{ij} (x̃) − F̃^{(0)}_{ij} (x̃^k − 2iZ^{kl}Ω_l(x, x̄))] (A.13)

+ [Ŝ^{−1}]^k_i [Ŝ^{−1}]^l_j [ Ω_{kl} + 2iΩ_{km̄}Z̄^{m̄n̄}Ω_{n̄l}

+ 2i(Ω_{km} + 2iΩ_{kp̄}Z̄^{p̄r̄}Ω_{r̄m})Z^{mn}_0 (Ω_{nl} + 2iΩ_{nq̄}Z̄^{q̄s̄}Ω_{s̄l}) ] , which is symmetric by virtue of the symmetry of F̃^{(0)}_{ij} , Ω_{ij} , Z^{mn} and Z^{mn}_0 .

Subsequently we derive the following result from (A.4) [21],

Ω̃_{ij̄} = [Ŝ^{−1}]^k_i [S̄^{−1}]^{l̄}_{j̄} Ω_{kl̄} = [S^{−1}]^k_i[ ^̄S^{−1}]^{l̄}_{j̄} Ω_{kl̄} . (A.14)

Exercise 20: Deduce (A.14) by taking the first line of (A.4) and differentiating it with respect to x̄. Use the relation (A.7) in the form

V_i^j = [S^{−1,T}_0 ]_i^k + (V_i^lF^{(0)}_{lk} + W_{ik})Z^{kj}_0 , (A.15)

together with (A.9).

The relation (A.14) establishes that Ω̃_{ij̄} = (Ω̃_{jī}). Using this as well as (2.13), and recalling that Ω̃_{ij̄} = ∂Ω̃_i/∂ ¯x̃^{j̄}, we obtain Ω̃_{ij̄} = (Ω̃_{jī}) = (∂Ω̃_j /∂ ¯x̃^ī) = ∂(Ω̃_j )/∂x̃^i = ∂Ω̃_{j̄}/∂x̃^i ≡ Ω̃_{j̄i}. This, together with the symmetry of Ω̃_{ij}, ensures the integrability of (A.1), as follows.

We consider the 1-form Ã = Ω̃_i dx̃^i + Ω̃_ī d¯x̃^ī, which is real by virtue of Ω̃_ī = (Ω̃_i). Its field strength reads F̃ = dÃ = Ω̃_{ij} dx̃^j ∧ dx̃^i + ( Ω̃_{ij̄} − Ω̃_{j̄i} ) d¯x̃^{j̄} ∧ dx̃^i + Ω̃_{īj̄} d¯x̃^{j̄} ∧ d¯x̃^ī. Then, using Ω̃_{ij} = Ω̃_{ji} as well as Ω̃_{ij̄} = Ω̃_{j̄i}, we conclude that F̃ = 0, which establishes that locally Ã = dΩ̃, with a real Ω̃.

Hence we conclude that the equations (A.1) are integrable and the decomposition (2.5) is preserved, i.e. the transformed 2n-vector (x̃^i, F̃_i) is constructed from a new function F̃ (x̃, ¯x̃) = F̃ (0)(x̃) + 2iΩ̃(x̃, ¯x̃) with a real Ω̃(x̃, ¯x̃). This was established in subsection 2.1 by relying on the Hamiltonian.

Next, let us assume that the function F depends on a auxiliary real parameter η that is inert under symplectic transformation, i.e. F (x, x̄; η), and let us consider partial derivatives with respect to it. A little calculation shows that ∂_ηF_i transforms in the following way,

∂_ηF̃_i = [Ŝ^{−1}]^j_i [ ∂_ηF_j − F_j¯_k Z̄^{k̄l̄} ∂_ηF̄¯_l ] , (A.16)

where x̃ and ¯x̃ are kept fixed under the η-derivative in ∂_ηF̃_i(x̃, ~x̄; η), while in ∂_η F_i(x, x̄; η) the arguments x and x̄ are kept fixed.

Exercise 21: Verify (A.16) by differentiating the second equation of (A.1) with respect to η, keeping x and x̄ fixed. Subsequently, use (A.2), (A.11) and (A.14) to arrive at (A.16).

Let us first consider (A.16) in the case of a holomorphic function F , so that Ω = 0. In that case (A.16) implies that the derivative with respect to x^i of ∂_ηF̃ −∂_ηF must vanish. Therefore it follows that ∂_η F transforms as a function under symplectic transformations (possibly up to an x-independent expression, which is irrelevant in view of the same argument that led to the equivalence (2.6)).

When Ω ≠ 0 one derives the following result using (A.16), ∂x̃^j ∂x^i ∂_ηF̃_j − ∂ ¯x̃^{j̄} ∂x^i ∂_η(F̃_j ) = ∂_ηF_i . (A.17)

Exercise 22: Deduce (A.17) by suitably combining (A.16) with its complex conjugate, and using the relation Z̄^{īj̄} F̄_{j̄k} [Ŝ^{−1}S]^k_l = [ ^̄S^{−1}S̄]^ī_{j̄} Z̄^{j̄k̄} F̄_{k̄l} . (A.18)

Next, we assume without loss of generality that the dependence of F̃ on η is entirely contained in Ω̃. Then, using (2.13), it follows that

∂_η(F̃_j ) = −∂_ηF̃_{j̄} , (A.19)

and the relation (A.17) simplifies. Namely, the left hand side of (A.17) becomes equal to ∂(∂_ηF̃ )/∂x^i, where we used the existence of the new function F̃ . Thus, we obtain from (A.17), ∂ ∂x^i ( ∂_ηF̃ − ∂_ηF ) = 0 . (A.20)

This equation, together with its complex conjugate equation, implies that ∂_ηF̃ −∂_ηF vanishes upon differentiation with respect to x and x̄, so that ∂_η F transforms as a function under symplectic transformations (possibly up to an irrelevant term that is independent of x and x̄).

B The covariant derivative D_η

The modified derivative (3.11) acts as a covariant derivative for symplectic transformations. Here we verify this explicitly by showing that, given a quantity G(x, x̄; η) that transforms as a function under symplectic transformations, also D_ηG transforms as a function.

To establish this, we need the transformation law of N̂^{ij} that enters in (3.11). Under symplectic transformations, N̂_{ij} given in (3.12) transforms as ^̃N_{ij} = [Ŝ−1]k_i [^̄S^{−1}]l̄_{j̄} [N̂_{kl} + i F_{km̄} Z̄m̄n̄ F̄_{n̄p} (δp_l − Zpq F_{ql̄}) −i F̄¯_{km} Z^{mn} F_{np̄} ( δ^{p̄}_{l̄} − Z̄^{p̄q̄} F̄_{q̄l} )]

+ i [Ŝ^{−1}]^k_i [^̄S^{−1}]^{l̄}_{j̄} F̄¯_{km} [S^{−1} Ŝ]^m_l − i[^̄S^{−1}]^{k̄}_ī F̄¯_{kl} [S^{−1}]^l_j , (B.1)

where S, Ŝ and Z are defined in (A.9).

Exercise 23: Verify (B.1) using (A.11) and (A.14). Then, it follows that the inverse matrix N̂^{ij} transforms as ^̃N ij = (Si_l − Zin F_{nl̄}) N̂ lk (Sj_k − Zjm F_{mk̄}) − i Si_k Zkl Sj_l . (B.2) Since the matrix Z = S^{−1} Z is symmetric [5], so is ^̃N^{ij} . Observe that it can also be written as ^̃N ij = (S̄ī_{l̄} − Zin F̄_{n̄l}) N̂ lk (Sj_k − Zjm F_{mk̄}) − i Zil Zjm F_{lm̄} . (B.3) Establishing the transformation behavior (B.2) turns out to be a tedious exercise, which we relegate to end of this appendix.

Now consider a quantity G(x, x̄; η) that transforms as a function under symplectic transformations, i.e. G(x, x̄; η) = G̃(x̃, ¯x̃; η). We then calculate the behavior of D_ηG under symplectic transformations. First we establish

G_η = G̃_η + G̃_i Z^{ij} F_{ηj} + G̃_ī Z^{ij} F̄_{ηj̄} , (B.4)

where, on the right hand side, the tilde quantities are differentiated with respect to the tilde variables, while those without a tilde are differentiated with respect to the original variables. Similarly, G_i − G_ī = ( G̃_j − G̃_{j̄} ) ( S^j_i − Z^{jk} F_{kī} ) + i G̃_{j̄} Z^{jk} N̂_{ki} , (B.5)

as well as F_{ηj} = F̃_{ηi} S^i_j + F̃_{ηī} Z^{ik} F̄¯_{kj} , (B.6)

where we used that F_η transforms as a symplectic function, as established in (A.20). Exercise 24: Verify (B.4) and (B.5) using G(x, x̄; η) = G̃(x̃, ¯x̃; η). Then, inserting (B.4) and (B.5) into (3.11) yields,

D_ηG = G̃_η + ( G̃_i − G̃_ī ) Z^{ij} F_{ηj} + i N̂^{ij} ( F_{ηj} + F̄_{ηj̄} ) (~ G_k − G̃¯_k ) ( S^k_i − Z^{kl} F_{lī} ) . (B.7)

Next, using (B.6), we compute ( F_{ηj} + F̄_{ηj̄} ) = ( F̃_{ηk} + ¯F̃_{ηk̄} ) ( S^k_j − Z^{kl} F_{lj̄} ) − i ¯F̃_η¯_l Z^{lk} N̂_{kj} + ( F̃_{ηl} + ¯F̃_{ηl} ) Z^{lk} F_k¯_j + ( F̃_{ηl̄} + ¯F̃_{ηl̄} ) Z^{lk} F̄¯_{kj} . (B.8)

Using that F̃ has the decomposition

F̃ (x̃, ¯x̃; η) = F̃^{(0)}(x̃) + 2i Ω̃(x̃, ¯x̃; η) (B.9)

with Ω̃ real, it follows that the second line of (B.8) vanishes. Inserting the first line of (B.8) into (B.7) and using F_{ij̄} = −F̄_{j̄i} as well as S Z^T = Z S^T , we obtain

D_ηG = G̃_η + i Ñ^{ij} ( F̃_{ηj} + ¯F̃_{ηj̄} ) ( G̃_i − G̃_ī ) = ~ (D_ηG) , (B.10) which shows that D_ηG transforms as a function under symplectic transformations.

Now we return to the transformation behavior of N̂^{ij} given in (B.2) and verify that it is the

inverse of (B.1), i.e. ^̃N^{−1} ^̃N = I. We use the decomposition F (x, x̄; η) = F^{(0)}(x)+2iΩ(x, x̄; η).

We find it useful to introduce the following matrix notation, S̄^{−1} S = I+ Z̄ (F_{··} − F̄_{−−}) , S^{−1} Ŝ = I− X , X = Z F_{· −} Z̄F̄_{−·} = 4 Z Ω_{· −} Z̄ Ω_{−·} ,

Ŝ^{−1}S = (I− X)^{−1} =^∞ ∑ n=0 X^n , ^̄S = S [I− X − Z (F̂_{··} − ^̄F_{−−})] = [I− Z (F_{··} − F̄_{−−}) − 4 Z Ω_{−·} Z Ω_{·−}] , Z − Z̄ = − Z̄ ( F_{··} − F̄_{−−} ) Z = −Z ( F_{··} − F̄_{−−} )¯ Z , (B.11)

where we assume that the power series expansion of S^{−1} Ŝ is convergent. Here F_{··} , F_{−−} , F_{·−}

denote entries of the type F_{ij} , F_{īj̄}, F_{ij̄}, respectively. Then, using (B.1), we compute

S^T ^̃N ^̄S = ∞∑ n=0 (X^n)^T ( N̂ + 4i Ω_{·−} Z̄ Ω_{−·} − 4iΩ_{−·} Z Ω_{·−} + 2Ω_{·−} X̄ + 2Ω_{−·} ) (B.12)

− 2 (¯ S^{−1} S )_T^∞∑ n=0 (¯ X^n )_T Ω_{−·} [ I− Z ( F_{··} − F̄_{−−} ) − 4 Z Ω_{−·} Z Ω_{·−} ] .

Multiplying this with ^̃N^{−1} S^{−1,T} from the left and requiring the resulting expression to equal ^̄S yields the relation [ N̂^{−1} − 2i N̂^{−1} Ω_{−·} Z − 2i Z Ω_{·−} N̂^{−1} − 4Z Ω_{·−} N̂^{−1} Ω_{−·} Z − iZ ] [_∞ ∑ n=0 (X^n)^T ( N̂ + 4i Ω_{·−} Z̄ Ω_{−·} − 4iΩ_{−·} Z Ω_{·−} + 2Ω_{·−} X̄ + 2Ω_{−·} )

−2 (¯ S^{−1} S )_T^∞∑ n=0 (¯ X^n )_T Ω_{−·} [ I− Z ( F_{··} − F̄_{−−} ) − 4 Z Ω_{−·} Z Ω_{·−} ] ]

= [ I− Z ( F_{··} − F̄_{−−} ) − 4 Z Ω_{−·} Z Ω_{·−} ] . (B.13)

Thus, checking ^̃N^{−1} ^̃N = Iamounts to verifying the relation (B.13). To do so, we write (B.13)

as a power series in Z by converting Z̄ into Z using the last relation in (B.11). Introducing

the expressions

σ = 4 Ω_{−·} Z Ω_{·−} Z , Δ = ∞∑ n=1 [( F_{··} − F̄_{−−} ) Z ]_n , (B.14)

we obtain

X̄ = 4 Z (I+ Δ) Ω_{−·} Z Ω_{·−} ,

X̄^T Ω_{−·} = Ω_{−·} X ,

∞∑ n=0 (¯ X^n )_T Ω_{−·} = Ω_{−·} ∞∑ n=0 X^n , X^n = 4 Z Ω_{·−} Z [(I+ Δ) σ]^{n−1} (I+ Δ) Ω_{−·} , n ≥ 1 ,

(X^n)^T = 4 Ω_{·−}(I+ Δ^T ) [ σ^T (I+ Δ^T ) ]_{n−1} Z Ω_{−·} Z , n ≥ 1 , (¯ S^{−1} S )_T = I+ ( F_{··} − F̄_{−−} ) Z (I+ Δ) . (B.15)

Then, (B.13) becomes [ I− 2i Ω_{−·} Z − 2i N̂ Z Ω_{·−} N̂^{−1} − 4 N̂ Z Ω_{·−} N̂^{−1} Ω_{−·} Z − i N̂ Z ] [_∞ ∑ n=0 (X^n)^T [ N̂ + 4i Ω_{·−} Z (I+ Δ) Ω_{−·} − 4iΩ_{−·} Z Ω_{·−} + 8Ω_{·−} Z (I+ Δ) Ω_{−·} Z Ω_{·−} + 2Ω_{−·} ]

−2 [ I+ ( F_{··} − F̄_{−−} ) Z (I+ Δ) ] Ω_{−·} ∞∑ n=0 X^n [ I− Z ( F_{··} − F̄_{−−} ) − 4 Z Ω_{−·} Z Ω_{·−} ] ]

= N̂ [ I− Z ( F_{··} − F̄_{−−} ) − 4 Z Ω_{−·} Z Ω_{·−} ] , (B.16)

where X^n (with n ≥ 1) is expressed in terms of Z according to (B.15). Now we proceed to

check that (B.16) is indeed satisfied, order by order in Z. Observe that the right hand side

of (B.16) is quadratic in Z, so first we check the cancellation of the terms up to order Z^2.

Then we proceed to check the terms at order n with n ≥ 3. Here we use the relations

F_{··} − F̄_{−−} = iN̂ + 2iΩ_{·−} + 2iΩ_{−·} ,

Δ^T Z = Z Δ , [ σ^T ( I+ Δ^T )]_n Z = Z [σ (I+ Δ)]^n , (B.17)

and we organize the terms at order n into those that end on either N (introduced in (3.14)),

Ω_{·−} or Ω_{−·}. It is then straightforward, but tedious, to check that at order n in Z all these

terms cancel out. This establishes the validity of the transformation law (B.2).

C The holomorphic anomaly equation in big moduli space

The holomorphic anomaly equation (4.43) of perturbative topological string theory [35, 36]

can be suscintly derived in the wave function approach [22] to the latter [23, 24, 25, 26]. In

this approach, the topological string partition function Z is represented by a wavefunction,

Z(t; t_B , t̄_B) = ∫ dϕ e^{−S(ϕ,t;tB ,t̄B )/ℏ} Z(ϕ) , (C.1) where S(ϕ, t; t_B , t̄_B ) denotes the generating function (3.28) of canonical transformations^7. We

take the background dependent constant c(t_B , t̄_B) appearing in S to be given by [23, 24, 25, 26]

c(t_B , t̄_B ) = − ℏ 2 ln det N_{IJ} (t_B , t̄_B ) , (C.2)

7We use the conventions of section 4 and suppress the superscript of F^{(0)}.

with N_{IJ} as in (4.18).

Differentiating (C.1) with respect to the background field t̄_B on the one hand, and with respect to the fluctuations t on the other hand, yields the relation [24], ∂Z(t; t_B , t̄_B ) ∂t̄^L_B = ℏ 2 F̄_{L̄}^{IJ} ∂ ∂t^I ∂ ∂t^J Z(t; t_B , t̄_B ) . (C.3)

Here F̄¯_L^{IJ} is evaluated on the background, and is given by F̄¯_L^{IJ} = F̄¯_L¯_M¯_ON^{MI} N^{OJ} . Assigning scaling dimension 1 to both t_B and t (and to their complex conjugates) and scaling dimension 2 to ℏ, we see that (C.3) has scaling dimension −1. Setting

Z(t; t_B , t̄_B) = e^{W (t;tB ,t̄B )/ℏ} , (C.4)

we obtain from (C.3) ∂W (t; t_B , t̄_B) ∂t̄^L_B =^1_2 F̄¯_L^{IJ} ( ℏ ∂^2W ∂t^I ∂t^J + ∂W ∂t^I ∂W ∂t^J ) , (C.5)

which has scaling dimension 1. The BCOV-solution [36] is obtained by making the ansatz [38] W = ∞∑ g=0,n=0 ℏ^g n! C^{(g)}_{I1...In} (t_B, t̄_B ) t^{I1} . . . t^{In} , (C.6) with C^{(g)}_{I1...In} = 0 , 2g − 2 + n ≤ 0 . (C.7)

The C^{(g)}_{I1...In} are symmetric in I_1, . . . , I_n and have scaling dimension 2 − 2g − n. Inserting the ansatz (C.6) into (C.5), equating the terms of order ℏ^g for g ≥ 2 and setting t = 0 gives,

∂¯_LC^{(g)}(t_B , t̄_B) =^1_2 F̄¯_L^{IJ} ( C^{(g−1)} IJ + g−1∑ r=1 C^{(r)}_I C^{(g−r)}_J ) , g ≥ 2 . (C.8)

Exercise 25: Verify (C.8). Now we set [38]

C^{(g)}_{I1...In} = D_{I1} . . . D_{In} F^{(g)} , g ≥ 1 , (C.9)

where D_L is given by D_LV_M = ∂_LV_M + i N^{P I} F_{ILM} V_P . (C.10)

D_L acts as a covariant derivative for symplectic reparametrizations V_M → ( S^{−1}_0 )_{P M} V_P , since N^{IJ} transforms as N^{IJ} → [S_0 N^{−1} S_0]^{IJ} − i[S_0 Z_0 S_0]^{IJ} (see (B.2)). The F^{(g)} have scaling dimension 2 − 2g and transform as functions under symplectic transformations. Inserting (C.9) into (C.8) yields the holomorphic anomaly equation in big moduli space [38],

∂¯_LF^{(g)}(t_B , t̄_B ) =^1_2 F̄¯_L^{IJ} ( D_I ∂_J F^{(g−1)} + g−1∑ r=1 ∂_I F^{(r)} ∂_J F^{(g−r)} ) , g ≥ 2 . (C.11)

As an example, consider solving (C.11) for g = 2. We need F^{(1)}_I = ∂_I F^{(1)}(t_B, t̄_B ), which is non-holomorphic and given by^8

∂_I F^{(1)}(t_B , t̄_B ) = ∂_I f^{(1)}(t_B ) +^1_2 i F_{IJK} N^{JK} . (C.12)

Then, solving (C.11) for F^{(2)} yields [25, 38]

F^{(2)}(t_B , t̄_B ) = f^{(2)}(t_B ) +^1_2 i N^{IJ} ( D_I F^{(1)}_J + F^{(1)}_I F^{(1)}_J )

+^1_2 N^{IJ} N^{KL}

(_1

4 F_{IJKL} +^1_3 i N^{MN} F_{IKM} F_{JLN} + F_{IJK} F^{(1)}_L ) . (C.13)

In this expression, all the terms are evaluated on the background (t_B , t̄_B).

Exercise 26: Verify that (C.13) solves (C.11).

Observe that (C.12) transforms covariantly under symplectic transformations, provided that f^{(1)} transforms as f^{(1)} −→ f^{(1)} −^1_2 ln det S_0 in order to compensate for the transformation behavior N_{IJ} −→ N_{KL} [S̄_0^{−1}]^K_I [S^{−1}_0 ]^L_J [5], so that

f^{(1)}_I −→ ( f^{(1)}_J −^1_2 Z^{P Q}_0 F_{P QJ} ) ( S^{−1}_0 )_{J I} , f^{(1)}_{IJ} −→ ( S^{−1}_0 )_{Q J} ∂_Q [( f^{(1)}_L −^1_2 Z^{P Q}_0 F_{P QL} ) ( S^{−1}_0 )_{L I} ] . (C.14)

Exercise 27: Determine the transformation behavior of f^{(2)}(t_B) under symplectic transformations (4.14) that ensures that F^{(2)}(t_B , t̄_B ) transforms as a function. A useful transformation law is F_{IJKL} −→ ( S^{−1}_0 )_{M I} ∂_M [ F_{NOP} ( S^{−1}_0 )_{N J} ( S^{−1}_0 )_{O K} ( S^{−1}_0 )_{P L}] = ( S^{−1}_0 )_{M I} ( S^{−1}_0 )_{N J} ( S^{−1}_0 )_{O K} ( S^{−1}_0 )_{P L}[ F_{MNOP} − F_{MP S} Z^{SR}_0 F_{RNO} − F_{OP S}Z^{SR}_0 F_{RMN} − F_{NP S} Z^{SR}_0 F_{ROM} ] . (C.15)

D The functions H^{(a)}_i for a ≥ 2

Here we collect the explicit results for the various functions H^{(a)}_i (with a ≥ 2) that appear in (4.29). These functions can be determined by iteration. We present the functions up to order O(Ω^4). We use the notation (NΩ)^I = N^{IJ} Ω_J , (NΩ̄)^I = N^{IJ} Ω¯_J . The symmetrization F_{R(IJ} N^{RS} F_{KL)S} is defined with a symmetrization factor 1/(4!).

H^{(2)} = 8 N^{IJ} Ω_I Ω¯_J − 16 [ Ω_{IJ} (NΩ̄)^I (NΩ)^J + Ω_I¯_J (NΩ̄)^I (NΩ̄)^J + h.c. ] − 8i [ F_{IJK} (NΩ̄)^I (NΩ)^J (NΩ)^K − h.c. ] +^{16}_3 i [ ( F_{IJKL} + 3iF_{IJR}N^{RS} F_{SKL} ) (NΩ)^I (NΩ)^J (NΩ)^K (NΩ̄)^L − h.c. ] + 16 [ Ω_{IJK} (NΩ)^I (NΩ)^J (NΩ̄)^K + h.c. ] 8F^{(1)} contains an additional term proportional to the Kähler potential (1.1), but this term drops out of (C.11) due to the special geometry relation F̄¯_I¯_J¯_K t̄^{K̄} = 0.

+ 16 [ ( Ω_{IJ}¯_K + iF_{IJP} N^{P Q}Ω_Q¯_K ) ( (NΩ)^I (NΩ)^J (NΩ)^K + 2(NΩ)^I (NΩ̄)^J (NΩ̄)^K ) + h.c. ] + 32 [ Ω_{IQ} N^{QR} Ω_{RJ} (NΩ)^I (NΩ̄)^J + h.c. ] + 32 Ω_{IQ} N^{QR} Ω¯_R¯_J (NΩ)^I (NΩ̄)^J

+ 16i [ F_{IJK} N^{KP} Ω_{P Q} ( (NΩ)^I (NΩ)^J (NΩ̄)^Q + 2(NΩ)^Q(NΩ)^I (NΩ̄)^J ) − h.c. ]

+ 16i [ F_{IJK} N^{KP} Ω¯_P¯_Q (NΩ)^I (NΩ)^J (NΩ̄)^Q − h.c. ] + 8 (NΩ)^I (NΩ)^J F_{IJQ}N^{QR}F̄¯_R¯_K¯_L(NΩ̄)^K (NΩ̄)^L

+ 32 [ (NΩ)^I Ω_{IJ} N^{JK} Ω_K¯_L(NΩ)^L + h.c. ]

+ 32 [ (NΩ̄)^I Ω_{IJ} N^{JK} Ω_K¯_L(NΩ̄)^L + h.c. ]

+ 32 [ (NΩ)^I Ω_{IJ} N^{JK} Ω¯_{KL}(NΩ)^L + h.c. ]

+ 16i [ (NΩ)^I (NΩ)^J F_{IJK} N^{KL}Ω¯_{LP} (NΩ)^P − h.c. ]

+ 32 [ (NΩ)^I Ω_I¯_J N^{JK} Ω¯_{KL} (NΩ̄)^L + h.c. ]

+ 32 [ (NΩ)^I Ω_I¯_J N^{JK} Ω_K¯_L (NΩ̄)^L ] , (D.1)

H^{(3)}_1 = −^8_3 iF_{IJK} (NΩ̄)^I (NΩ̄)^J (NΩ̄)^K

+ 8i F_{IJK} (NΩ̄)^J (NΩ̄)^K N^{IP} [ 2Ω¯_P¯_Q(NΩ̄)^Q + 2Ω¯_{P Q}(NΩ)^Q − iF̄¯_P¯_Q¯_R(NΩ̄)^Q(NΩ̄)^R ] , (D.2)

H^{(3)}_2 = 8 ( Ω_{IJ} + iF_{IJK} (NΩ)^K ) (NΩ̄)^I (NΩ̄)^J

−^4_3 i ( F_{IJKL} + 3iF_{R(IJ} N^{RS} F_{KL)S} ) ( 6(NΩ)^I (NΩ)^J (NΩ̄)^K (NΩ̄)^L

−4(NΩ̄)^I (NΩ̄)^J (NΩ̄)^K (NΩ)^L ) ] −^{16}_3 Ω_{IJK} ( 3 (NΩ̄)^I (NΩ̄)^J (NΩ)^K − (NΩ̄)^I (NΩ̄)^J (NΩ̄)^K ) − 16 Ω_{IJ}¯_K (NΩ̄)^I (NΩ̄)^J (NΩ̄)^K − 16i F_{IJK} N^{KP} Ω_{P Q} [ − (NΩ̄)^I (NΩ̄)^J (NΩ̄)^Q

+ (NΩ̄)^I (NΩ̄)^J (NΩ)^Q + 2(NΩ̄)^I (NΩ)^J (NΩ̄)^Q ] − 16 (NΩ̄)^P Ω_{P Q} N^{QR}Ω_{RK} (NΩ̄)^K

− 32 (NΩ)^I ( Ω_{IJ} + iF_{IJP} (NΩ)^P ) N^{JK} ( Ω¯_K¯_L − iF̄¯_K¯_L¯_M (NΩ̄)^M ) (NΩ)^L

+ 16i(NΩ)^I (NΩ)^J F_{IJP} N^{P K} ( Ω¯_K¯_L − iF̄¯_K¯_L¯_Q(NΩ̄)^{Q̄} ) (NΩ)^L

− 16 (NΩ)^P Ω¯_{P Q}N^{QR}Ω_R¯_K (NΩ)^K

− 32 (NΩ̄)^I ( Ω_{IJ} + iF_{IJK}(NΩ)^K ) N^{JL}Ω¯_{LM} (NΩ)^M

− 16i (NΩ̄)^I (NΩ̄)^J F_{IJK} N^{KP} Ω_P¯_Q(NΩ̄)^Q , (D.3)

H^{(3)}_3 = 16 Ω_I¯_J (NΩ̄)^I (NΩ)^J

− 16 [ 2(NΩ̄)^K (NΩ)^L ( Ω_{KM} N^{MN} Ω_N¯_L + Ω_K¯_{LQ}(NΩ)^Q ) + (NΩ̄)^K Ω_K¯_LN^{LP} ( iF_{P MN} (NΩ)^M (NΩ)^N + 2Ω_{P J} (NΩ)^J + 2Ω_P¯_J (NΩ̄)^J )

+ 2i(NΩ̄)^I (NΩ)^J F_{IJK} N^{KP} Ω_P¯_Q(NΩ)^Q + h.c. ] , (D.4) H^{(4)}_1 = 32 (NΩ̄)^I ( Ω_{IJ} + iF_{IJK}(NΩ)^K ) N^{JP} ( Ω¯_P¯_Q − iF̄¯_P¯_Q¯_R(NΩ̄)^R ) (NΩ)^Q , (D.5) H^{(4)}_2 = 32 (NΩ)^P Ω¯_{P Q} N^{QR} Ω¯_{RK} (NΩ̄)^K (D.6) H^{(4)}_3 = 8 F_{IJR}N^{RS}F̄¯_S¯_K¯_L (NΩ̄)^I (NΩ̄)^J (NΩ)^K (NΩ)^L , (D.7) H^{(4)}_4 = −^4_3 i ( F_{IJKL} + 3i F_{IJR}N^{RS} F_{SKL} ) (NΩ̄)^I (NΩ̄)^J (NΩ̄)^K (NΩ̄)^L , (D.8) H^{(4)}_5 = − 16i F_{IJK} N^{KL}Ω¯_{LQ} (NΩ̄)^Q(NΩ̄)^I (NΩ̄)^J , (D.9) H^{(4)}_6 = − 16i F_{IJK} N^{KP} ( Ω¯_P¯_Q − iF̄¯_P¯_Q¯_R(NΩ̄)^R ) (NΩ̄)^I (NΩ̄)^J (NΩ)^Q , (D.10) H^{(4)}_7 = 16 ( Ω_{IJ}¯_K + iF_{IJP} N^{P Q} Ω_Q¯_K ) (NΩ̄)^I (NΩ̄)^J (NΩ)^K , (D.11) H^{(4)}_8 = 32 (NΩ̄)^I ( Ω_{IJ} + iF_{IJK}(NΩ)^K ) N^{JP} Ω¯_{P Q} (NΩ̄)^Q , (D.12) H^{(4)}_9 = − 16i (NΩ̄)^I (NΩ̄)^J F_{IJK} N^{KL}Ω¯_{LP} (NΩ̄)^P . (D.13)

E Transformation laws by iteration

The Hesse potential in section 4 depends on Ω, whose behavior under symplectic transformations can be determined by iteration. Here we summarize the result for the transformation behavior of derivatives of Ω (expressed in terms of the covariant variables of section 3), up to a certain order. We use the conventions of section 4 and suppress the superscript of F^{(0)}.

Ω̃_I = [S^{−1}_0 ]^J_I [ Ω_J + iF_{JKL} (Z_0Ω)^K (Z_0Ω)^L − 2iΩ_{JK} (Z_0Ω)^K + 2iΩ_J¯_K(Z̄_0Ω̄)^{K̄} +^2_3 F_{JKLP} (Z_0Ω)^K (Z_0Ω)^L(Z_0Ω)^P + 2F_{KLP} (Z_0Ω)^K_J (Z_0Ω)^L(Z_0Ω)^P + 4F_{JKL}(Z_0Ω)^K (Z_0Ω)^L_P (Z_0Ω)^P − 4F_{JKL}(Z_0Ω)^K (Z_0Ω)^L¯_P (Z̄_0Ω̄)^{P̄} − 2F_{JKL}Z^{LP}_0 F_{P QS}(Z_0Ω)^K (Z_0Ω)^Q(Z_0Ω)^S + 2F̄¯_K¯_L¯_P (Z̄_0Ω̄)^{K̄}_J (Z̄_0Ω̄)^{L̄}(Z̄_0Ω̄)^{P̄} − 2Ω_{JKL}(Z_0Ω)^K (Z_0Ω)^L − 4Ω_{KL}(Z_0Ω)^K_J (Z_0Ω)^L − 2Ω_J¯_K¯_L(Z̄_0Ω̄)^{K̄} (Z̄_0Ω̄)^{L̄} − 4Ω¯_K¯_L(Z̄_0Ω̄)^{K̄}_J (Z̄_0Ω̄)^{L̄} + 4Ω_{JK}¯_L(Z_0Ω)^K (Z̄_0Ω̄)^{L̄} + 4Ω_K¯_L(Z_0Ω)^K_J (Z̄_0Ω̄)^{L̄} + 4Ω_K¯_L(Z_0Ω)^K (Z̄_0Ω̄)^{L̄}_J ] + O(Ω^4) , Ω̃_{IJ} = [S^{−1}_0 ]^K_I [S^{−1}_0 ]^L_J [ Ω_{KL} − F_{KLM} Z^{MN}_0 Ω_N − iF_{KLP} Z^{P M}_0 F_{MQR}(Z_0Ω)^Q(Z_0Ω)^R + 2iF_{KLP} (Z_0Ω)^P_Q(Z_0Ω)^Q − 2iF_{KLP} (Z_0Ω)^P¯_Q(Z̄_0Ω̄)^{Q̄} + iF_{KLMN} (Z_0Ω)^M (Z_0Ω)^N + iF_{KMN} (Z_0Ω)^M_L(Z_0Ω)^N + iF_{KMN} (Z_0Ω)^N_L(Z_0Ω)^M − 2iF_{KMN} Z^{MP}_0 F_{P QL}(Z_0Ω)^Q(Z_0Ω)^N − 2iΩ_{KLP} (Z_0Ω)^P − 2iΩ_{KP} (Z_0Ω)^P_L + 2iΩ_{KP} Z^{P Q}_0 F_{QLS} (Z_0Ω)^S + 2iΩ_{KL}¯_P (Z̄_0Ω̄)^{P̄} + 2iΩ_K¯_P (Z̄_0Ω̄)^{P̄}_L ] + O(Ω^3) , Ω̃_{IJ̄} = [S^{−1}_0 ]^K_I [S̄^{−1}_0 ]^{L̄}_{J̄} [ Ω_K¯_L + 2iF_{KMN} (Z_0Ω)^M¯_L(Z_0Ω)^N − 2iF̄¯_L¯_P¯_N (Z̄_0Ω̄)^{N̄}_K (Z̄_0Ω̄)^{P̄}

− 2iΩ_{KM}¯_L(Z_0Ω)^M − 2iΩ_{KM} (Z_0Ω)^M¯_L + 2iΩ_K¯_L¯_M (Z̄_0Ω̄)^{M̄} + 2iΩ_K¯_M (Z̄_0Ω̄)^{M̄}¯_L ] + O(Ω^3) , Ω̃_{IJL} = [S^{−1}_0 ]^M_I [S^{−1}_0 ]^N_J [S^{−1}_0 ]^K_L [Ω_{MNK} − F_{MNKP} (Z_0Ω)^P

−F_{MNP} (Z_0Ω)^P_K − F_{KMP} (Z_0Ω)^P_N − F_{NKP} (Z_0Ω)^P_M +F_{MNP} Z^{P Q}_0 F_{KQR}(Z_0Ω)^R + F_{KMP} Z^{P Q}_0 F_{QNR}(Z_0Ω)^R + F_{NKP} Z^{P Q}_0 F_{QMR}(Z_0Ω)^R ] + O(Ω^2) , Ω̃_{IJK̄} = [S^{−1}_0 ]^M_I [S^{−1}_0 ]^N_J [S̄^{−1}_0 ]^{L̄}_{K̄} [Ω_{MNL̄} − F_{MNQ}(Z_0Ω)^Q_{L̄}] + O(Ω^2) , (E.1)

where (Z_0Ω)^M = Z^{MN}_0 Ω_N , (Z̄_0Ω̄)^{M̄} = Z̄^{M̄N̄}_0 Ω¯_N , (Z_0Ω)^M¯_L = Z^{MN}_0 Ω_N¯_L , (Z̄_0Ω̄)^{P̄}_L = Z̄^{P̄ N̄}_0 Ω¯_{NL}, (Z_0Ω)^L¯_P = Z^{LK}_0 Ω_K¯_P , (Z̄_0Ω̄)^{P̄}¯_L = Z̄^{P̄ N̄}_0 Ω¯_N¯_L.

References

[1] B. de Wit and A. Van Proeyen, Potentials and Symmetries of General Gauged N=2 Supergravity: Yang-Mills Models, Nucl.Phys. B245 (1984) 89.

[2] E. Bergshoeff, M. de Roo and B. de Wit, Extended Conformal Supergravity, Nucl.Phys.

B182 (1981) 173.

[3] B. de Wit, S. Katmadas and M. van Zalk, New supersymmetric higher-derivative couplings: Full N=2 superspace does not count!, JHEP 1101 (2011) 007, [1010.2150].

[4] S. Cecotti, S. Ferrara and L. Girardello, Geometry of Type II Superstrings and the Moduli of Superconformal Field Theories, Int.J.Mod.Phys. A4 (1989) 2475.

[5] B. de Wit, N=2 electric - magnetic duality in a chiral background,

Nucl.Phys.Proc.Suppl. 49 (1996) 191–200, [hep-th/9602060]. [6] A. Strominger, Special Geometry, Commun.Math.Phys. 133 (1990) 163–180. [7] D. S. Freed, Special Kahler manifolds, Commun.Math.Phys. 203 (1999) 31–52, [hep-th/9712042].

[8] G. L. Cardoso, B. de Wit, J. Käppeli and T. Mohaupt, Black hole partition functions and duality, JHEP 0603 (2006) 074, [hep-th/0601108].

[9] S. Ferrara and O. Maciá, Real symplectic formulation of local special geometry, Phys.Lett. B637 (2006) 102–106, [hep-th/0603111].

[10] G. L. Cardoso, B. de Wit and S. Mahapatra, BPS black holes, the Hesse potential, and the topological string, JHEP 1006 (2010) 052, [1003.1970].

[11] D. Van den Bleeken, BPS Dyons and Hesse Flow, JHEP 1202 (2012) 067, [1111.6979].

[12] T. Mohaupt and O. Vaughan, The Hesse potential, the c-map and black hole solutions,

1112.2876.

[13] T. Mohaupt and O. Vaughan, Developments in special geometry, J.Phys.Conf.Ser. 343 (2012) 012078, [1112.2873].

[14] N. J. Hitchin, The moduli space of complex Lagrangian submanifolds, Asian J. Math 3 (1999) 77, [math.DG/9901069].

[15] D. V. Alekseevsky, V. Cortés and C. Devchand, Special complex manifolds, J. Geom.

Phys. 42 (2002) 85, [math.DG/9910091].

[16] V. Cortés, A holomorphic representation formula for parabolic hyperspheres,

math.DG/0107037.

[17] L. J. Dixon, V. Kaplunovsky and J. Louis, Moduli dependence of string loop corrections to gauge coupling constants, Nucl.Phys. B355 (1991) 649–688.

[18] G. L. Cardoso, B. de Wit and T. Mohaupt, Macroscopic entropy formulae and nonholomorphic corrections for supersymmetric black holes, Nucl.Phys. B567 (2000) 87–110, [hep-th/9906094].

[19] G. L. Cardoso, B. de Wit, J. Käppeli and T. Mohaupt, Asymptotic degeneracy of dyonic N = 4 string states and black hole entropy, JHEP 0412 (2004) 075, [hep-th/0412287].

[20] D. P. Jatkar and A. Sen, Dyon spectrum in CHL models, JHEP 0604 (2006) 018, [hep-th/0510147].

[21] G. L. Cardoso, B. de Wit and S. Mahapatra, Subleading and non-holomorphic corrections to N=2 BPS black hole entropy, JHEP 02 (2009) 006, [0808.2627].

[22] E. Witten, Quantum background independence in string theory, hep-th/9306122.

[23] R. Dijkgraaf, E. P. Verlinde and M. Vonk, On the partition sum of the NS five-brane,

hep-th/0205281.

[24] E. P. Verlinde, Attractors and the holomorphic anomaly, hep-th/0412139.

[25] M. Aganagic, V. Bouchard and A. Klemm, Topological Strings and (Almost) Modular Forms, Commun.Math.Phys. 277 (2008) 771–819, [hep-th/0607100].

[26] M. Günaydin, A. Neitzke and B. Pioline, Topological wave functions and heat equations, JHEP 0612 (2006) 070, [hep-th/0607200].

[27] B. Sahoo and A. Sen, Higher derivative corrections to non-supersymmetric extremal black holes in N=2 supergravity, JHEP 0609 (2006) 029, [hep-th/0603149].

[28] G. L. Cardoso, B. de Wit and S. Mahapatra, Black hole entropy functions and attractor equations, JHEP 0703 (2007) 085, [hep-th/0612225].

[29] E. Schrödinger, Contribution to Borns New Theory of the Electromagnetic Field , Proc.

Roy. Soc. (London) A150 (1935) 465–477.

[30] G. W. Gibbons and D. A. Rasheed, Sl(2,R) invariance of nonlinear electrodynamics coupled to an axion and a dilaton, Phys.Lett. B365 (1996) 46–50, [hep-th/9509141].

[31] M. Born and L. Infeld, Foundations of the New Field Theory, Proc. Roy. Soc. (London) A144 (1934) 425–451.

[32] A. Sen, Black hole entropy function and the attractor mechanism in higher derivative gravity, JHEP 0509 (2005) 038, [hep-th/0506177].

[33] B. de Wit, N=2 symplectic reparametrizations in a chiral background, Fortsch.Phys. 44 (1996) 529–538, [hep-th/9603191].

[34] G. L. Cardoso, B. de Wit and T. Mohaupt, Corrections to macroscopic supersymmetric black hole entropy, Phys.Lett. B451 (1999) 309–316, [hep-th/9812082].

[35] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Holomorphic anomalies in topological field theories, Nucl.Phys. B405 (1993) 279–304, [hep-th/9302103].

[36] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Kodaira-Spencer theory of gravity and exact results for quantum string amplitudes, Commun.Math.Phys. 165 (1994) 311–428, [hep-th/9309140].

[37] G. L. Cardoso, B. de Wit, J. Käppeli and T. Mohaupt, Stationary BPS solutions in N=2 supergravity with R^2 interactions, JHEP 0012 (2000) 019, [hep-th/0009234].

[38] T. W. Grimm, A. Klemm, M. Mariño and M. Weiss, Direct Integration of the Topological String, JHEP 0708 (2007) 058, [hep-th/0702187].