arXiv:1206.0850v2 [hep-th] 13 Jun 2012

Novel Parity Violating Transport Coefficients in 2 + 1 Dimensions from Holography

Jiunn-Wei Chen^{a b 1}, Shou-Huang Dai^{c 2}, Nien-En Lee^{a 3}, Debaprasad Maity^{a b 4}

aDepartment of Physics and Center for Theoretical Sciences, National Taiwan University, Taipei 10617, TAIWAN bLeung Center for Cosmology and Particle Astrophysics, National Taiwan University, Taipei 10617, TAIWAN cDepartment of Physics, National Taiwan Normal University, 88, Sec.4, Ting-Chou Road, Taipei 11677, TAIWAN

Abstract

We construct a 3+1 dimensional holographic model dual to a parity violating hydrodynamic system in 2+1 dimensions. Our model contains gravitational and electrodynamic Chern-Simons terms coupled to a neutral pseudo scalar θ, and a potential composed of quadratic and quartic terms in θ. The background is a charged black brane. We study the hydrodynamics to first order in spacetime derivatives near the probe limit of the pseudo scalar, by extracting the transport coefficients from the scalar, vector, and tensor modes of bulk perturbations. We study two mechanisms for breaking the parity of the boundary fluid: the parity is either spontaneously broken by the nonzero vev of the dual pseudo scalar operator, or by the pseudo scalar source on the boundary. The resulting transport coefficients have unusual behaviors compared to those in ordinary materials.

1jwc@phys.ntu.edu.tw
2shdai.hep@gmail.com
3r99222006@ntu.edu.tw
4debu.imsc@gmail.com

1 Introduction

In the last decade, AdS/CFT correspondence has been demonstrated to be a useful tool to study the strongly coupled gauge theories. One of the particular applications recently attracting significant attentions is holographic hydrodynamics [1, 2]. The hydrodynamics that is particularly well described by this approach so far is relativistic in nature. By applying this technique, various hydrodynamics transport coefficients of certain classes of strongly coupled conformal field theories have been computed subject to the underlying symmetry. According to this holography, the near horizon physics of the regular black hole in an asymptotically AdS spacetime is able to describe the long wavelength dynamics of a strongly coupled finite temperature field theory on the boundary.

It is well known that the conventional hydrodynamics can be constructed from the underlying symmetry of the system without knowing much details about the microscopic degrees of freedom. In the hydrodynamic regime, a system can be completely described by a set of conservation equations, the relativistic generalization of the well-known Navier- Stokes equations. If the system has some dissipative parts in the conservation equations, their form are subject to the second law of thermodynamics. One interesting feature of the aforementioned holographic method [2] is that it turns out to incorporate the constraint of positivity of entropy production, and successfully reproduces the relativistic hydrodynamic equations without referring to this constraint. It has been conjectured by an explicit example that the solutions of the relativistic hydrodynamic equations are in fact in one to one correspondence with the regular long wavelength solutions of the bulk Einstein equations in AdS spacetime. Afterwards, the holographic technique had been applied to a wide range of strongly coupled systems dual to various kinds of asymptotic AdS black hole backgrounds [3, 4, 5, 6], and further generalized to describe the superfluid phase [7].

Besides being an elegant complimentary approach towards deriving the hydrodynamic equations, the holographic approach provides us new transport coefficients which do not appear in the conventional phenomenological construction. This essentially inspires us to reconsider the whole approach of constructing the hydrodynamics from more general perspective. Positivity of the local entropy production is an important guiding principle for specifying the constitutive relations among the thermodynamic variables. It is first pointed out in [8] that, in order to accommodate those new terms in the stress-energy tensor and the global current, the entropy current has to be modified. Based on this, attempts have been made to construct the most general relativistic hydrodynamics order by order in derivative expansions, to incorporate various field theory anomaly- induced transport coefficients [9, 10]. See also [11] for the recent proposals of constructing hydrodynamics from the field theoretic perspective without referring to the entropy current.

The holographic approach can be applied to the systems with parity violation [12, 13,

14, 15]. Recently, parity violating transport in high energy theory has gained significant interests, due to the charge asymmetry observed in the heavy-ion collision experiments such as STAR [16], PHENIX [17] and ALICE [18]. The parity violating chiral magnetic effect (CME) was proposed to explain the aforementioned observation and subsequently under intensive study during the past few years [19]. On the other hand, the low energy transport properties of parity violating systems had long been the subject of interest in the condensed matter research. Anomalous Hall conductivity is one of such effects which had been measured experimentally, see [20] for recent review. The thermal Hall conductivity in the presence of background magnetic fields is demonstrated to be a useful probe for the quasiparticle transport in the high temperature superconductors [21]. There are also discussions on the anomaly-induced thermal Hall effect in topological insulators [22]. A unified field theoretic model had been proposed for the anomalous electric, thermoelectric, and thermal Hall effects in the ferromagnetic materials [23]. In hydrodynamics, the Hall viscosity, which is the parity violating analog of shear viscosity, is already studied in the field theoretic approach [24, 25].

When the parity of the underlying theory of a system is broken, extra transport coefficients arise in the long wavelength limit. For the strongly interacting fluids, these new coefficients are difficult to evaluate from field theory perspective. One well-studied example is the Hall conductivity. From the field theory point of view, the Hall conductivity may originate from a bare Chern-Simons term in the fundamental theory, or the Chern- Simons term induced by radiative corrections. Even in the lattice computation which is very useful when the coupling is strong, there is a sign problem occurring to the Chern- Simons term after performing the Wick rotation. However, the AdS/CFT correspondence offers a powerful non-perturbative tool to calculate these new transport coefficients. In this paper, we use this method to compute all possible transport coefficients in first order derivative expansion of a holographic, strongly coupled, charged fluid in 2 + 1 dimensions with parity violation in the hydrodynamic limit.

This paper generalizes our previous construction in [13] by considering Chern-Simons terms coming from the electromagnetic sector, F F̃ , and the gravitational sector, RR̃, both coupled to a neutral pseudo scalar field. Our four dimensional gravitational background is a charged black brane in the probe limit of the pseudo scalar. The parity of the boundary fluid is broken by the operator dual to the bulk pseudo scalar field. Unlike [14] which studies the holographic parity-violating hydrodynamics by means of the linear response functions, we follow the standard fluid-gravity correspondence technique [2] to compute the hydrodynamic transport coefficients, including those parity-odd ones, and found some exotic properties of the latter which are yet to be understood from field theory perspective.

We employ two different parity breaking mechanisms in our system, corresponding to two different boundary conditions for the bulk pseudo scalar field. In one scenario, the pseudo scalar is sourceless on the boundary, and the parity is broken spontaneously by the nontrivial vacuum expectation value of the dual scalar operator developed below certain critical temperature T_c. As a result, all parity violating coefficients are related to the order parameters for the second order phase transition of our system, and becomes non-zero below T_c. In this case, the boundary theory is still conformally invariant, leaving the bulk viscosity zero. Our result shows that, some of the parity-odd coefficients, such as the anomalous electrical Hall conductivity σ̃ and Hall viscosity ~η_A, go to zero with the mean field critical exponent (T_c − T )^{1/2}, while others, including the anomalous thermal Hall conductivity ~κ and the anomalous heat Hall conductivity ~ξ, diverge with the critical exponent (T_c − T )^{−3/2} at T_c. These properties are novel, and it would be interesting if they can be realized by field theory models.

In another scenario, the pseudo scalar is sourced on the boundary, and the parity of the hydrodynamic system is broken by the externally applied source of the dual boundary pseudo scalar operator. Moreover, the source also breaks the conformal symmetry. Therefore, in the hydrodynamic limit, in addition to the parity violating coefficients in the first scenario, new coefficients such as the bulk viscosity ζ, curl viscosity ~ζ_A and magnetic viscosity ~ξ_B also arise. We explore the holographic realization of parity breaking with both scenarios in detail, and study the finite temperature behaviors of various hydrodynamic transport coefficients of a strongly coupled system.

The structure of this paper is organized as follows: in section 2 we briefly review the 2 + 1 dimensional parity violating hydrodynamics, mostly following Ref. [14]. The notations subsequently used in our paper are also introduced here. In section 3 we present our holographic model and the ansatz for the derivative expansions of perturbations. The background solution, including two different boundary conditions for the pseudo scalar corresponding to two distinct mechanisms of breaking the boundary parity, is given in Section 4. We further reproduce and analyze the transport coefficients of parity violating hydrodynamics from the bulk gravitational theory, under the probe limit of the pseudo scalar field. Our research is concluded in Section 5. The first order perturbation equations of motion of the bulk theory before taking the probe limit are listed in the Appendices.

2 Hydrodynamics with broken parity in 2 + 1 dimensions

In the hydrodynamic limit which assumes local thermodynamical equilibrium, a system with global U(1) symmetry under a non-dynamical external gauge field strength F^{ext}_{μν} satisfies the following local conservation equations:

∇_μT^{μν} = F^{νμ}_{ext}J_μ, ∇_μJ^μ = 0, (1)

without referring to the microscopic degrees of freedom, where T^{μν} and J^μ are the energymomentum tensor and the conserved U(1) current respectively. In a 2+1 dimensional parity violating hydrodynamic system described by the velocity u^μ, temperature T , and chemical potential μ, the most general constitute equations of T^{μν} and J^μ in principle can be written down in terms of all possible combinations of these local macroscopic variables which respect the underlying symmetry and the constraint of positive entropy production [14]:

T^{μν} = ϵ_0u^μu^ν + P_0Δ^{μν} − (ζ∇_λu^λ + ~ζ_AΩ + ~ζ_B B)Δ^{μν} − ησ^{μν} − ~η_A~σ^{μν} , (2) J^μ = ρu^μ + σE^μ − κΔ^{μν} ∇_ν μ T + ~σϵ^{μνρ}u_ν E_ρ + ~κϵ^{μνρ}u_ν ∇_ρ μ T + ~ξϵ^{μνρ}u_ν ∇_ρT. (3) where the combinations of the local variables are

Ω = −ϵ^{μνρ}u_μ∇_ν u_ρ (vorticity) B = − 1 2 ϵ^{μνρ}u_μF^{ext}_{νρ} (external magnetic field) E^μ = u_λF^{μλ}_{ext} (external electric field) (4) Δ^{μν} = η^{μν} + u^μu^ν (projector to the direction transverse to u^μ) σ^{μν} = Δ^{μα}Δ^{νβ}(∇_αu_β + ∇_βu_α − η_{αβ}∇_ρu^ρ) ~σ^{μν} = 1 2 (ϵ^{μαρ}u_ασ_ρ^ν + ϵ^{ναρ}u_ασ_ρ^μ). Note that there is an ambiguity in interpreting the transport coefficients in the constitution equations unless a particular choice of out-of-equilibrium definition of energy density, charge density, and local velocity is given, i.e. a frame is chosen. In our paper we choose the Landau frame^1, such that u^i is identified to be the energy transport velocity T^{vi}, i.e. T^{μν} u_ν = −ϵ_0u^μ and J^μu_μ = −ρ. Then ϵ_0, ρ, P_0 are interpreted as the energy density, charge density, and pressure respectively in the equilibrium configuration where B = 0, Ω = 0. The local velocity is normalized as u^μu_μ = −1.

The coefficients in the constitutive equations are interpreted as follows. ζ and η are the bulk and shear viscosities. σ is the electric conductivity; κ = σT is the thermal conductivity. All these above are the dissipative transport coefficients appeared in the usual parity-even system, and they must be positive. The remaining coefficients (with tilde) arise from the parity violating effect. They are dissipationless and there is no constraint on the signs of their values. Among them, ~ζ_A and ~η_A are the curl and Hall viscosities respectively. A cartoon depicting the physical pictures of ~ζ_A and ~η_A is given in Fig. 1 of [13]. In this paper we call ~ζ_B the magnetic viscosity. ~σ is the anomalous Hall conductivity^2, which describes the Hall effect without the presence of external magnetic field. We name ~κ and ~ξ the anomalous thermal Hall conductivity and anomalous heat

1Here the indices {μ, ν} run through all indices of the 2+1 dimensional spacetime, while {i, j} only label the spatial dimensions.

2We use different but equivalent parametrization in (3) compared to that in [14]. Our ~σ is in fact ~σ + ~χ_E in [14]. Their ~χ_E is equal to our ~σ −^{~κ}_T .

Hall conductivity respectively^3, which describe the transverse current due to gradients of μ T and T without external magnetic field.

[14] refers to ζ, η, σ, ~η_A and ~σ as transport coefficients, and to ~ζ_A, ~ζ_B , ~κ and ~ξ as thermodynamic response parameters. The difference is, in the Kubo’s formula formulation, those thermodynamic response parameters are computed by setting zero-frequency before taking zero-momentum limit, while for those transport coefficients the order is reversed. With these details in mind, for convenience we just call all of them transport coefficients in the rest of our paper as the convention does.

3 The holographic set-up and the derivative expansion

Our bulk model dual to the 2+1 dimensional parity-odd hydrodynamics is described by a 3+1 dimensional Einstein-Maxwell-pseudo scalar Lagrangian with a negative cosmological constant. The U(1) gauge field is sourced by the gravitational background, and the neutral pseudo scalar couples to the gravitational and electrodynamical Chern-Simons terms^4: L = 1 16πG_N ( R + 6 L^2 ) − 1 4 F^2 + λ 4 θ F̃ F − 1 2 (∂θ)^2 − V (θ) − λ^′ 4 θ R̃R. (5) where

R̃R = R̃^M_N^{P Q} R^N_{MP Q} , R̃^M_N^{P Q} := 1 2 ϵ^{P QRS} R^M_{NRS} , F̃ F = F̃^{MN} F_{MN} , F̃^{MN} := 1 2 ϵ^{MNP Q}F_{P Q} , with ϵ^{MNP Q} being the usual 4-dimensional Levi-Civita tensor. We assume that the gravitational and the electrodynamical Chern-Simons coupling constants are of the same order, in order for the parity breaking effects arising from both terms to appear at the same order of the probe limit we take later. For simplicity, we take λ = λ^′ in (5).

An appropriate boundary action S_{bdy} can be added to the bulk action to make the variational principle consistent on the boundary: S_{bdy} = 2 ∫ d^3x √ h ( K 16πG_N − λ 2 θ n_Aϵ^{ABCD}K^E_B ∇_C K_{DE} ) . (6)

We define n_A as the outward pointing normal vector to the asymptotic boundary of AdS with unit magnitude. K_{AB} = h_A^C h_B^D∇_C n_D is the extrinsic curvature tensor of the boundary slice, with the induced metric h_{AB} = g_{AB} − n_An_B, and K = h^{AB} K_{AB} is

3In this paper, the term “anomalous” means that the response is transverse to the input without the presence of background magnetic field, e.g. anomalous Hall effect. On the other hand, we use “anomaly-induced” to denote the parity-odd effect due to the gauge anomaly, as in Section 1 and 5.

4the bulk electromagnetic coupling e^2 is set to one.

the trace of K_{AB}. According to the prescription of the AdS/CFT correspondence, the on-shell variation of the boundary action with respect to the induced metric gives rise to the energy-momentum tensor of the dual field theory. Additional boundary terms involving θ originated from θR̃R in the bulk action in principle modifies the boundary energy-momentum tensor [12, 26]. But as long as θ is a relevant perturbation, i.e. m^2 < 0 such that θ is asymptotically normalizable, these additional boundary terms vanish and have no contribution to the hydrodynamic transport coefficient arising from the energymomentum tensor. See the Appendix of [12] for detail. In this paper we focus on m^2 < 0, and set 1/16πG_N = 1 in the bulk action.

The 3+1 dimensional bulk coordinates are denoted by x^M = (r, x^μ), where x^μ = (v, x, y) are the coordinates labeling the boundary slice.

The parity in the bulk Lagrangian (5) is conserved. Parity violation in the boundary theory can arise either spontaneously from the θ condensate corresponding to the bulk solutions which satisfy the sourceless boundary condition, or “explicitly” from the bulk pseudo scalar with a source on the boundary. The potential V (θ) in our model takes the form^{56} V (θ) = 1 2 m^2θ^2 + 1 4 c θ^4. (7)

The equations of motion arising from (5) and (7) are R_{MN} − 1 2 g_{MN} R + Λg_{MN} − λC_{MN} = T_{MN} (θ) + T_{MN} (A), ∇_M F^{MN} = λ ∂_M θ F̃^{MN} , (8)

∇^2θ = dV dθ + λ 4 R̃R − λ 4 F̃ F, where

T_{MN} (θ) = 1 2 ∂_M θ ∂_N θ − 1 4 g_{MN} (∂θ)^2 − 1 2 g_{MN} V (θ), T_{MN} (A) = 1 2 F_M^AF_{NA} − 1 8 g_{MN} F_{AB}F^{AB}, C^{MN} = (∇_P θ) ϵ^{P QS(M} ∇_S R^{N)}_Q + (∇_P ∇_Qθ) R̃^{Q(MN)P} .

C_{MN} is a symmetric traceless tensor analogous to the Cotton tensor in three dimensions, and the symmetrization is defined as R̃^{Q(MN)P} :=^1_2 (R̃^{QMNP} + R̃^{QNMP} ).

5It is known that with the potential (7), a neutral hairy scalar can only satisfy the sourceless boundary condition in a chargeless AdS-Schwarzschild background for certain range of c in which the positive energy theorem is violated [30]. Introduction of the gauge fields sourced by the gravitational background eliminates this problem.

6In this paper, for the case where θ is asymptotically sourceless, we focus on the regime −^9_4 < m^2 < −^3_2 , as in order for θ to have a non-vanishing vev on the boundary, it has to violate the Breitenlohner-Freedman bound in the near horizon region, which is m^2 = −^3_2 for our black brane background whose near horizon geometry at T = 0 is AdS_2. For the case where θ is sourced on the boundary, we take the m^2 range such that θ is dual to the relevant deformation in the boundary theory, i.e. −^9_4 < m^2 < 0.

The background solution to the bulk e.o.m.(8), which describes a uniform ideal fluid on the boundary with velocity u^μ, temperature T and chemical potential μ, is given by the following boosted charged brane ansatz ds^2 = −2 H(r, M, Q) u_μdx^μdr − r^2f(r, M, Q) u_μu_ν dx^μdx^ν + r^2Δ_{μν} dx^μdx^ν := ds^{2 (0)}, θ = θ(r, M, Q) := θ^{(0)}, (9) A = [ A(r, M, Q) u_μ + A^{ext}_μ ] dx^μ := A^{(0)}, A^{ext}_μ = (A^{ext}_v , A^{ext}_x , A^{ext}_y ), where u^μ is the three-velocity on the boundary with u_μu^μ = −1, μ is given by the difference between the boundary and the horizon value of A_v, T is the black hole temperature, and Δ_{μν} = η_{μν} + u_μu_ν is the projector to the directions transverse to u^μ. Here we also turn on the constant external gauge fields A^{ext}_μ , besides the dynamical ones. Since A^{ext}_μ are constants in our setup, they have no contribution to the background bulk dynamics. However, the external electric and magnetic fields will arise from perturbing A^{ext}_μ , which will be clear shortly. The superscript^{(0)} denotes the background ansatz with respect to the perturbations and corrections introduced later. (See (13).) We also choose the Landau frame for our bulk background.

For 2+1 dimensional point of view, by promoting the uniform local variables u^μ, T and μ to slow-varying functions of spacetime without breaking local conservation laws, one can add dissipative and non-dissipative correction terms with various transport coefficients to the energy-momentum tensor and the current of the uniform ideal hydrodynamics. One can also turn on external electric and magnetic fields which also contribute to the corrections to T^{μν} and J^μ.

In terms of the dual gravity, this is equivalent to promoting the constant bulk quantities M, Q, u^μ and A^{ext} to slow-varying functions of the boundary coordinates x^μ, and then determining their effective dynamics. Due to this field promotion, the original bulk fields undergo derivative expansions, which together with the correction ansatz solve the e.o.m’s order by order. By solving all the equations of motion at each order, the boundary hydrodynamics in terms of these slow-varying fields are realized by the standard AdS/CFT correspondence, and the transport coefficients are extracted from the asymptotic behaviors of the bulk field solutions[2]. For the charged fluid case, the holographic description is summarized in [6]. We will apply this approach to our bulk theory (5) to study the dual parity violating hydrodynamics on the boundary.

In the co-moving frame, at the origin of the boundary coordinates x^μ = 0 we have u^μ = (1, 0, 0). The promoted slow varying fields u^μ(x^ν ), M(x^ν ), Q(x^ν ), A^{ext}_μ (x^ν ) are expressed in terms of the Taylor expansions with respect to the origin:

u^μ(x^ν ) = (1, x^ν ∂_ν β^i) = (1, δβ^i), M(x^ν ) = M + x^ν ∂_ν M, (10) Q(x^ν ) = Q + x^ν ∂_ν Q, A^{ext}_μ (x^ν ) = A^{ext}_μ + x^ν ∂_ν A^{ext}_μ . As a result, the bulk metric components f(r, M, Q), H(r, M, Q), dynamical gauge fields A(r, M, Q), and pseudo scalar θ(r, M, Q) also receive derivative expansions, δF (r, M, Q) = ∂F ∂M x^μ∂_μM + ∂F ∂Q x^μ∂_μQ, (11)

where F = {f, H, A, θ}. Since such perturbed ansatz is no longer a solution to the original equations of motion, the following corrections to the bulk fields must be introduced to compensate the deviation from the original solution due to derivative expansions (10) and (11) :

ds^{2 (1)} = r^2k(r) dv^2 + 2Hh(r) dvdr + 2r^2j_i(r) dvdx^i − r^2h(r) dx^idx^i + r^2α_{ij}(r) dx^idx^j , A^{(1)} = a_v(r) dv + a_i(r) dx^i , (12) θ^{(1)} = φ(r) ,

where α_{ij} is symmetric traceless.

Combining (9)∼(12), the overall charged black brane ansatz up to first order perturbation reads

ds^2 = ds^{2 (0)} + ϵ [ −r^2δf dv^2 + 2 δH dvdr − 2 r^2(1 − f(r)) δβ^i dvdx^i − 2 H(r) δβ^i drdx^i ] + ϵ ds^{2 (1)}, (13) A = A^{(0)} + ϵ (−δA dv + A(r) δβ^i dx^i + A^{(1)}), θ = θ^{(0)} + ϵ (δθ + θ^{(1)}).

The parameter ϵ is introduced to keep track of the orders of derivatives and corrections. The superscripts^{(0)} and^{(1)} in (9) and (12) label the O(ϵ^0) and O(ϵ^1) ansatz respectively, and the whole ansatz (13) solve the bulk e.o.m.’s up to O(ϵ^1). One can study the higher order hydrodynamics by performing such procedures order by order, to solve the O(ϵ^{n+1}) equations of motion with O(ϵ^{n+1}) ansatz provided the O(ϵ^n) equations are solved by the O(ϵ^n) ansatz.

In the next section, we will present the solutions at the probe limit of the pseudo scalar field, and extract the corresponding transport coefficients for the boundary fluid.

4 Transport coefficients of parity violating fluids in 2 + 1 dimensions from gravity

In this section, we will solve the bulk equations of motion up to O(ϵ) perturbations, and extract the first order transport coefficients of the dual hydrodynamics.

It is clear from (8) that the gravitational background receives backreaction from nontrivial pseudo scalar profile. Despite that the full analytic solution with backreaction is not yet known, we can still explore the dual hydrodynamics in the probe limit of the pseudo scalar field θ → λθ , V (θ) → λV (θ) , λ → 0 . (14) We will see that, in vector and tensor modes, by taking the probe limit as in (14), we are able to separate parity-even transport coefficients which can be see at O(λ^0), from the parity-odd transport ones which only appear at higher order in λ.

We first present the background solution in the probe limit. In the Einstein and Maxwell equations, since the leading order term are of O(λ^0) while the θ terms contribute at O(λ^2), the pseudo scalar decouples at the leading order of the λ expansion. The background is therefore a charged black brane in AdS_4,

ds^{2 (0,~0)} = 2 dvdr − r^2f(r)dv^2 + r^2(dx^2 + dy^2),

f(r) = 1 − M r^3 + Q^2 r^4

, H(r) = 1, (15)

A^{(0,~0)} = − 2Q r dv, where another superscript^{(ñ)} is employed to label the order of λ, while the untilded one (n) denote the order of ϵ. The horizon is at r = r_H , and^7 M, Q are the black brane mass and electric charge respectively. The metric is asymptotically AdS_4 with the AdS radius taken to be 1. The temperature and the chemical potential are T = 3r_H 4π ( 1 − Q^2 3r^4_H ) , μ = 2Q r_H . (16)

The probe limit (14) implies that the scalar field is in fact θ = θ^{(0,~1)}. Since (15) gives

7 The action and equations of motion have the following scaling symmetry: r → b r, (v, x, y) → 1 b (v, x, y), Q → b^2Q, M → b^3M, θ → θ, A → A, f → f. One can make use of this invariance to rescale the horizon to r_H = 1 by setting b = 1/r_H , M = 1 + 3κ and Q^2 = 3κ, but the independence between temperature T and the chemical potential μ (or the charge Q) in the boundary theory will be lost.

rise to vanishing R̃R and F̃ F terms, the Klein-Gordon equation in (8) reduces to

θ^{′′} + ( f^′ f + 4 r ) θ^′ − dV/dθ r^2f

= 0. (17)

Since f(r = r_H ) = 0, it follows straightforwardly from the above equation that on the horizon θ is subject to the condition

θ^′(r = r_H ) = dV/dθ r^2f^′ | | |_{r=rH} . (18)

On the other hand, the pseudo scalar behaves asymptotically as θ = J^{(0)} r^{Δ−} + ⟨O⟩^{(0)} r^{Δ+}

+ · · · , Δ_± = 3 2 ± √ 9 4 + m^2. (19)

For −^5_4 < m^2 < 0, J^{(0)} is identified as the boundary source of θ, while ⟨O⟩^{(0)} is the response (or, condensate) on the boundary dual to the source J^{(0)}. For −9/4 < m^2 < −5/4, one is free to choose either J^{(0)} or ⟨O⟩^{(0)} as the source and the other as condensate [31]. In this paper we choose J^{(0)} as the source and ⟨O⟩^{(0)} as the condensate.

In our model, we consider two types of asymptotic boundary conditions for θ, corresponding to two mechanisms to break the parity in the boundary theory: (i) Boundary condition with a source:

One can turn on the boundary source J^{(0)} for θ, such that the condensate ⟨O⟩^{(0)} is determined by the regularity condition on the horizon. In the analysis throughout this paper, We set J^{(0)} = 1 for convenience. In this case, the boundary parity and conformal symmetry are broken by the source J^{(0)}. (ii) Sourceless boundary condition:

The other scenario is, the source J^{(0)} can be switched off consistently, such that the parity and conformal symmetry in the boundary theory are broken spontaneously by the nontrivial vev of ⟨O⟩^{(0)} developed below certain critical temperature depending on m^2. In this case, from the Klein-Gordon equation (17), one can derive the mean field description of ⟨O⟩^{(0)} ∼ (T c − T )^{0.5} near T_c. This is confirmed by the numerical results^8 in Fig. 1.

Having the unperturbed background solution in hand, in the following we solve the O(ϵ) equations of motion, in terms of the scalar, vector, tensor modes with respect to the boundary spatial SO(2) symmetry in the probe limit. The full O(ϵ) equations with backreaction are presented in the Appendices for interested readers. We will denote the O(ϵ) Einstein, Maxwell and Klein-Gordon equations by E^{(1)}_{MN} , M^{(1)}_N , and KG^{(1)} respectively.

4.1 Scalar mode

In the probe limit (14) and φ → λφ, there are four dynamical equations for the scalar modes arising from E^{(1)}rr , H(r)M^{v(1)},^{r2f}_H E^{(1)}rr + E^{(1)}vr and KG^{(1)}. The first three equations

8We take c = 0.5 in the potential V (θ) throughout the numerical analysis in this paper.

Figure 1:^{(⟨O⟩(0))1/Δ+}_{ρ/μ} as a function of T/μ with linear scale (on the left) and log scale (on the right) for various m^2. In these figures θ is asymptotically sourceless, i.e. J^{(0)} = 0 in (19).^{(⟨O⟩(0))1/Δ+}_{ρ/μ} vanishes at and above the critical temperature, with a critical exponent equal to 0.5, as being indicated by the right plot.

are 1 r^4

(r^4h^′)^′ = O(λ^2), 1 r^2

(r^2a_v^′)^′ + 2A^′h^′ = O(λ^2), (20) 1 r^2

(r^3k)^′ + 1 2r^2 ( (r^4f)^′h )_′ − 1 2 A^′a_v^′ = 2 r ∂_iβ_i + O(λ^2).

Substituting f(r) and A(r) from O(ϵ^0) solution (15) into the equations above, one obtains

h(r) = c_1 − c_2 3r^3

+ O(λ^2),

a_v(r) = c_3 − c_4 r − c_2Q 3r^4

+ O(λ^2), (21)

k(r) = −2c_1 + c_5 r^3 + c_4Q r^4 − c_2M 6r^6 + c_2Q^2 3r^7 + 1 r ∂_iβ_i + O(λ^2),

where c_1, . . . , c_5 are arbitrary constants.

In our model, the integration constants c_1, c_3 are set to zero by choosing the normalizable boundary conditions for h(r) and a_v(r). c_4, c_5 takes zero value due to the fact we choose the Landau frame such that π^{μλ}u_λ = 0 and ν^μu_μ = 0, where π^{μλ}, ν^μ are O(ϵ) corrections to the energy momentum tensor T^{μλ} and the current j^μ respectively[14]. c_2 can be absorbed by redefinition of the coordinate r and set to zero [2, 6]. Hence,

h(r) = 0, a_v(r) = 0, k(r) = 1 r ∂_iβ_i. (22)

With (22), the constraint equations (79) and (80) arising from g^{rr}E^{(1)}vr +g^{vr}E^{(1)}vv and M^{r(1)} reduce to

∂_vQ = −Q ∂_iβ_i + O(λ^2), (23) ∂_vM = − 3M 2 ∂_iβ_i + O(λ^2).

By substituting in (22) and (23), the fourth dynamical equation, i.e. KG^{(1)} of O(λ), reads 1 r^2 ( r^4fφ^′ )_′ − d^2V dθ^2 φ = [ 1 r (r^2θ^′)^′ + 3M r ( r ∂θ ∂M )_′ + 2Q r ( r ∂θ ∂Q )_′] ∂_iβ_i + [ 1 4r^2 ( r^4f^{′2} )_′ − 2AA^′ r^2 ] (∂_xβ_y − ∂_yβ_x) − 2A^′ r^2

B, (24)

where B = F^{ext}_{xy} = ∂_xA^{ext}_y − ∂_yA^{ext}_x . Note that unlike (21), the KG^{(1)} equation (24) describes parity violating effects.

To solve KG^{(1)}, we decompose φ into the “bulk”, “curl”, and ‘magnetic” parts which are proportional to ∂_iβ_i, ϵ_{ij} ∂_iβ_j, B respectively, as they are independent from each other:

φ(r) = φ_b(r) ∂_iβ_i + φ_c(r) (∂_xβ_y − ∂_yβ_x) + φ_B(r) B. (25)

such that 1 r^2 ( r^4fφ^′_b )_′ − d^2V dθ^2 φ_b = 1 r (r^2θ^′)^′ + 3M r ( r ∂θ ∂M )_′ + 2Q r ( r ∂θ ∂Q )_′ , 1 r^2 ( r^4fφ^′_c )_′ − d^2V dθ^2 φ_c = 1 4r^2 ( r^4f^{′2} )_′ − 2AA^′ r^2

, (26) 1 r^2 ( r^4fφ^′_B )_′ − d^2V dθ^2 φ_B = − 2A^′ r^2 . φ_b, φ_c and φ_B are subject to the regularity condition on the horizon,

φ_b^′(r_H ) = 1 r^2f^′ [ 1 r d dr (r^2θ^′) + 3M r d dr ( r ∂θ ∂M ) + 2Q r d dr ( r ∂θ ∂Q ) + d^2V dθ^2 φ_b ] r=r_H ,

φ_c^′(r_H ) = 1 r^2f^′ [ 1 4r^2 d dr ( rf^{′2} ) − 2AA^′ r^2 + d^2V dθ^2 φ_c ] r=r_H , (27)

φ_B^′(r_H ) = 1 r^2f^′ [ − 2A^′ r^2 + d^2V dθ^2 φ_B ] r=r_H , and asymptotically it behaves as

θ = θ^{(0,~1)} + ϵ θ^{(1,~1)} = J r^{Δ−} + ⟨O⟩ r^{Δ+} = J^{(0)} + ϵ(J^{(1)}_b ∂_iβ_i + J^{(1)}c ϵ_{ij} ∂_iβ_j + J^{(1)}_B B) r^{Δ−} + ⟨O⟩^{(0)} + ϵ(⟨O⟩^{(1)}_b ∂_iβ_1 + ⟨O⟩^{(1)}_c ϵ_{ij} ∂_iβ_j + ⟨O⟩^{(1)}_B B) r^{Δ+} = 1 r^{Δ−} + ⟨O⟩^{(0)} + ϵ(⟨O⟩^{(1)}_b ∂_iβ_1 + ⟨O⟩^{(1)}_c ϵ_{ij} , ∂_iβ_j + ⟨O⟩^{(1)}_B B) r^{Δ+}

, (28)

where θ^{(1,~1)} = φ, and we have chosen the boundary condition {J^{(0)} = 1, J^{(1)} = 0} such that {⟨O⟩^{(0)} , ⟨O⟩^{(1)}} are determined by the regularity condition of θ and φ on the horizon respectively. The boundary conformal symmetry and the parity are broken by the source J^{(0)}. We choose J^{(1)} = 0, because the source on the the boundary is specified by O(ϵ^0) background and we don’t want to be modified by the bulk perturbation^9. Then, the bulk viscosity ζ, curl viscosity ~ζ_A, and magnetic viscosity ~ζ_B can be extracted from the following expression of the trace of the boundary energy-momentum tensor [32, 33]:

⟨T^μ_μ⟩^{(1)} = Δ_− ( J^{(0)} ⟨O⟩^{(1)} + J^{(1)} ⟨O⟩^{(0)} ) = Δ_−J^{(0)} ( ⟨O⟩^{(1)}_b ∂_iβ_i + ⟨O⟩^{(1)}_c ϵ_{ij} ∂_iβ_j + ⟨O⟩^{(1)}_B B ) (29)

= 2 ζ ∂_iβ_i + 2 ~ζ_A ϵ_{ij} ∂_iβ_i + 2 ~ζ_BB,

where ζ = Δ_− 2 ⟨O⟩^{(1)}_b , (bulk viscosity)

~ζ_A = Δ^− 2 ⟨O⟩^{(1)}_c , (curl viscosity) (30)

~ζ_B = Δ^− 2 ⟨O⟩^{(1)}_B . (magnetic viscosity)

The numerical results for the dimensionless combination^ζ_s ,^{~ζA}_s and^{~ζB}_{ρ/μ} are in Fig. 2∼4. Our numerical analysis shows that ζ/s is positive, diverges at T/μ = 0 and tends to a certain finite number at large T/μ. ~ζ_A/s is negative and asymptotes to a certain finite value at large T/μ. It becomes more negative toward smaller T/μ before it starts to increase and eventually flips sign at very small T/μ. The T/μ point at which ~ζ_A/s vanishes in Fig. 3 turns out to be the same for different m^2. This property is novel and the underlying physics is unclear. However, since the curl viscosity is dissipativeless, the change of sign is allowed, as there is no constraint on the sign of ~ζ_A. ~ζ_A/s approaches certain finite value when T/μ = 0. On the other hand,^{~ζB}_{ρ/μ} is negative and decreases monotonically as T/μ reduces, until it hits certain finite value at T/μ = 0.

4.2 Vector mode

4.2.1 Parity-even part

For the O(ϵ) vector mode perturbations, there are two dynamical equations from E^{ri(1)} and r^2M^{i(1)}. In the probe limit they reduce to 1 2r^2 d dr ( r^4j^′_i ) − 1 2 A^′a^′_i = − ∂_vβ_i r + O(λ^2), (31) d dr ( r^2fa^′_i ) − r^2A^′j^′_i = − ∂A^′ ∂Q ∂_iQ − A^′∂_v β_i + O(λ^2), (32)

9On the other hand, if one chooses both J^{(0)} = 0 and J^{(1)} = 0, the viscosities arising from the scalar mode are just trivially zero in (29).

Figure 2: ζ/s versus T/μ for various m^2. The right figure is for the very small T/μ. The boundary conditions of θ and φ underlying these numerical results are summarized below equation (28).

Figure 3: ~ζ_A/s versus T/μ for various m^2. The right figure is for the T/μ range close to zero. The boundary conditions of θ and φ underlying these numerical results are summarized below equation (28).

Figure 4:^{~ζB}_{ρ/μ} versus T/μ for various m^2. The right figure is for very small T/μ. The boundary conditions of θ and φ underlying these numerical results are summarized below equation (28).

where r^2j_i = g^{(1)}_{vi} . The dynamical equations (31) and (32) describe a parity-even system. In the probe limit, the constraint equation from^{r2f}_H E^{(1)}_{ri} + E^{(1)}_{vi} reads

∂_iM = −3 M ∂_vβ_i + 2 Q E_i + O(λ^2), (33)

where E^i = F^{ext}_{vi} is the external electric field.

a_i and j_i can be solved analytically from (31) and (32). After integrating both equations once, one can write down the decoupled differential equation for j_i:

(r^6f)j^{′′}_i + (4r^5f)j^′_i − 4Q^2j_i = (−2r^3f +

4Q^2 r )∂_v β_i + 4Q r ∂_iQ + 2Qb, (34)

where b is an undetermined integral constant. Observing that the left hand side can be written into a total derivative r^2(r^4f^2(j_i/f)^′)^′, one obtains the solution for j_i, j_i = −f ∫_r ∞ ds { 1 s^4f^2 [( Q^2 s^2 + 2M s + s^2 ) ∂_v β_i + 2Q s^2 ∂_iQ ] + 2Qb s^5f^2 } , (35)

where we have integrated from ∞ to r to derive the solution j_i from (34) [35]. At the asymptotic infinity where f → 1, the closed form for j_i expression can be written down (where the i index on the right hand side is supressed): j_i^{r→∞}→ ∂_vβ_i r + b_4 r^4 + O ( 1 r^5 ) , (36)

where b_4 =^M_2 ∂_vβ_i +^{bQ}_2 . This is consistent with the normalizable boundary condition which demands vanishing r^0 coefficient, and the requirement of the Landau frame choice that r^{−3} coefficient (i.e. the boundary expectation value corresponding to j_i) has to vanish. Finally, b is fixed by the regularity condition on the horizon, b = − 1 r_H ( 1 − 2Q^2 3M 1 r_H ) (4Q∂_vβ_i + 2∂_iQ), (37)

and j_i(r = r_H ) is j_i(r_H ) = 1 r_H ( 1 − 4Q^2 3M 1 r_H ) ∂_v β_i − 2Q 3M 1 r^2_H

∂_iQ (38)

Next, a_i(r → ∞) is obtained from integrating equation (31) from infinity to r: a_i(r → ∞) = 1 2Q ∫_r ∞ ds { (s^4j^′_i)^′ + 2s∂_vβ_i } = 1 2Q [s^4j^′_i + s^2∂_v β_i]^r_∞ = 1 2Q { r^4 ( − ∂_vβ_i r^2 − 4b_4 r^5 ) + r^2∂_v β_i }

= − 1 r 2 Q b_4. (39)

With the standard AdS/CFT correspondence, one can derive the boundary current from the bulk solution by ⟨ J^i ⟩ = lim_{r→∞} δS δA_i | | |_{λ0} = lim_{r→∞} √ −g F^{ri} = E_i + 2 Q b_4 = ( 1 − 4Q^2 3M 1 r_H )_2 E_i + 2 r_H ( 1 − 2Q^2 3M 1 r_H ) ( 2Q 3M ∂_iM − ∂_iQ ) . (40)

Figure 5: σ (the top figures) and^κ_{ρ/μ} (the bottom ones) versus^T_μ , for the ranges of high T μ (on the left) and low^T_μ (on the right). κ and σ are related by κ = σT . The value of σ and^κ_{ρ/μ} depend only on the charged black brane background but not on θ.

This equation exactly corresponds to the current of the fluid

J^i = σ ( E_i − T ∂_i μ T ) , (41)

if we identify the temperature T , chemical potential μ as in (16), and the electric conductivity σ, thermal conductivity κ as σ = ( 1 − 4Q^2 3M 1 r_H )_2 = ( 4πr^2_H T 3M )_2 , κ = σT = 1 4π ( 1 − 4Q^2 3M 1 r_H )_2 ( 3M r^2_H − 4Q^2 r^3_H ) . (42)

The thermodynamic relation of the current for the fluid in (41) is reproduced from gravity. Note that in σ, T is also a function of r_H and M, and it is straight forward to conclude from the above expression that σ → 1 as T → ∞ and σ → 0 as T → 0. The temperature and r_H dependence in σ is exactly the same as that derived in [34] by Kubo’s formula.

The numerical behaviors of dimensionless σ and^κ_{ρ/μ} as functions of T/μ are displayed in Fig. 5. This figure shows that under fixed chemical potential, the electric conductivity decreases as the temperature is reduced which is different from the usual metal property. Eventually, σ drops to zero at T = 0. This agrees with the result in Fig. 1 of [35] in

3+1 dimensions. It turns out that our model predicts an “insulator” at zero temperature. However, this is not a conventional insulator. In general, the insulator is gapped, i.e. the conductivity is effectively zero when the temperature scale is below the energy gap. However, the smooth behavior of the conductivity reducing to zero as T/μ → 0 in the top right plot of Fig. 5 indicates that our model describes an exotic ungapped insulator at zero temperature. Since in our model, σ depend only on the charged black brane background but not on θ, the zero temperature behavior has nothing to do with the break down of the pseudo scalar probe limit. [27] demonstrates that the scalar sector undergoes a smooth phase transition at T = 0, and according to our Fig. 5, it turns out such phase transition related to the black brane background is also smooth and continuous. Fig. 5 also displays different low temperature behavior of σ compared to that in [28], in which σ is temperature independent in 2+1 dimensions. This is because our g_{vv} has a second order zero at zero temperature, while the analysis in [28] only applies to g_{vv} with a first order zero.

On the other hand, with ρ = 2Q, at high temperature σ → 1 and^κ_{ρ/μ} →^3_{4π} . This is different from the results obtained via linear response formalism in [29] where the electric conductivity in 2+1 dimensions is temperature independent, because the gauge fields in their analysis are in the probe limit, while our background is charged and already includes the backreaction. Our result match theirs at Q → 0.

4.2.2 Parity-odd part

The equations (31) and (32) implies that j_i(r) and a_i(r) take the form

j_i = j^{(~0)}_i + λ^2j^{(~2)}_i + O(λ^3), (43) a_i = a^{(~0)}_i + λ^2a^{(~2)}_i + O(λ^3),

The full vector mode equations (81) and (82) in the Appendix show that, in the probe limit, the leading order O(λ^0) equations satisfied by j^{(~0)}_i , a^{(~0)}_i as in (31), (32) describe only parity-even dynamics,. The subleading O(λ^2) equations satisfied by j^{(~2)}_i and a^{(~2)}_i are composed of the parity-even and parity-odd parts. The former is regarded as the higher order correction to the leading order parity-even physics. The latter, however, gives rise to the leading order parity-odd effect in the vector mode.

As a result, j^{(~2)}_i , a^{(~2)}_i can further be decomposed into j^{(~2)}_i = j^{(~2)}_{i(even)} + j^{(~2)}_{i(odd)} and a^{(~2)}_i = a^{(~2)}_{i(even)} + a^{(~2)}_{i(odd)}, where the subscripts_{(even)} and_{(odd)} label the parity. In order to study the parity violating hydrodynamics on the boundary, we have to solve the O(λ^2)_{(odd)} bulk equations. We will denote j^{(~2)}_{i(odd)}, a^{(~2)}_{i(odd)} by j̄_i^{(~2)}, ā_i^{(~2)} in the following.

The two O(λ^2)_{(odd)} equations of motion arising from E^{(1,~2)}_{ri} and r^2M^{i(1,~2)}, after the constraint (33) is applied, are 1 2r^2 d dr ( r^4j̄_i^{(~2)′} ) − 1 2 A^′ā_i^{(~2)′} = −ϵ_{ij} ∂_j Q S_Q + ϵ_{ij} ∂_j M [ 1 3M 1 4r^2 d dr (r^4f^′θ^′) − S_M ]

−ϵ_{ij} E_j ( 2Q 3M ) 1 4r^2 d dr (r^4f^′θ^′) :=

S_1 2r^2

, (44) d dr ( r^2fā_i^{(~2)′} ) − r^2A^′j̄_i^{(~2)′} = −4 g^′_Qϵ_{ij} ∂_j Q − 4Q 3M g^′_M ϵ_{ij} ∂_j M + 2 g^′_Eϵ_{ij} E_j := S_2 , (45)

where^{S1}_{2r2} and S_2 denote the sources of these differential equations, and

S_M = 1 2r^6f^′ ( r^7f^{′2} )_′ ∂θ ∂M − 1 4 ( r^2f^′ )_′ ∂θ^′ ∂M + 1 4r^2 ( r^4θ^′ ∂f^′ ∂M )_′ , S_Q = 1 2r^6f^′ ( r^7f^{′2} )_′ ∂θ ∂Q − 1 4 ( r^2f^′ )_′ ∂θ^′ ∂Q + 1 4r^2 ( r^4θ^′ ∂f^′ ∂Q )_′ , g^′_Q(r) = θ^′ r + Q r^2 ∂θ ∂Q , (46)

g^′_M (r) = − θ^′ r + 3M r^2 ∂θ ∂M , g^′_E(r) = ( 1 − 4Q^2 3M 1 r ) θ^′ . It is clear from above that the functions g_Q, g_M , g_E are no more dominant than O(^1_{rΔ−} ) as r → ∞. Integrating (45) from r_H to r on both sides and then substituting ā^{(~2)}_i into (44), one arrives at the differential equation for j̄_i^{(~2)}: d dr { r^4f^2 d dr (j̄_i(^~2)(r) f )} = − 4Q^2 r^2 j̄_i^{(~2)}(r_H ) + f S_1 + 2Q r^2 ∫_r r_H S_2 (47)

The solution is obtained by integrating the above equation from ∞ to r on both sides twice, j̄_i^{(~2)}(r) = f ∫_r ∞ 1 s^4f^2 { 4Q^2 s j̄_i^{(~2)}(r_H ) + ∫_s ∞ [ f S_1 + 2Q u^2 ∫_u r_H S_2 ]} . (48)

Then we can write down the expression of j̄_i^{(~2)} on the horizon:

j̄_i^{(~2)}(r_H ) = − 1 3M ∫_{rH} ∞ { f S_1 + 2Q r ∫_r r_H S_2 } . (49)

This expression is consistent with the regularity condition. On the other hand, careful analysis shows that j̄_i^{(~2)} behaves asymptotically as

j̄_i^{(~2)}(r → ∞) ∼ b̄_4 r^4

+ O( 1 r^{Δ−+4}

) + · · · , (50)

where · · · are terms of higher order than O(^1_{rΔ−+4} ), and

b̄_4 = −Q^2j̄_i^{(~2)}(r_H ) . (51)

Since we limit ourself to 0 < Δ_− <^3_2 , the leading order in (50) is r^{−4}. Moreover, (50) is consistent with the boundary conditions stated below (36).

Then, we can evaluate the large r behavior of ā^{(~2)}_i by integrating (44) on both side from ∞ to some large r as in (39),

ā^{(~2)}_i (r → ∞) ∼ − 1 r 2 Q b̄_4 + . . . . (52)

The coefficients of 1/r in ā^{(~2)}_i (r → ∞) is interpreted as the expectation value corresponding to ā^{(~2)}_i on the boundary. Indeed, this is given by ⟨¯ J^i ⟩ = lim_{r→∞} δS^{(1,~2)} δA_i | | | | |_{(odd)} = lim_{r→∞} √ −gF̄^{ri(~2)} = 2 Q b̄_4

= K̄_E ϵ_{ij} E_j + K̄_Q ϵ_{ij} ∂_j Q + K̄_M ϵ_{ij} ∂_j M . (53)

After some algebra, one obtains

K̄_E = −2 { r^4_H f^′|_{rH} 3M g_E |_{rH} − 4Q^2 3M ∫_{rH} ∞ g_E r^2 − Q^2 9M^2 ∫_{rH} ∞ ( r^2f^′

)_2 θ^′ } , K̄_Q = 4 { r^4_H f^′|_{rH} 3M g_Q|_{rH} − 4Q^2 3M ∫_{rH} ∞ g_Q r^2 − Q 3M ∫_{rH} ∞ r^2fS_Q } , (54)

K̄_M = 4Q 3M { r^4_H f^′|_{rH} 3M g_M |_{rH} − 4Q^2 3M ∫_{rH} ∞ g_M r^2 − ∫_{rH} ∞ r^2fS_M − 1 12M ∫_{rH} ∞ ( r^2f^′

)_2 θ^′ } , in which we have carried out integration by part for the term ∫_{rH} ∞ f(r^4f^′θ^′)^′.

Let’s compare the expression (53) with the parity violating part of the constitute equation of the boundary current J^i in (3): J^i = ~σϵ_{ij} E_j + ~κ ϵ_{ij} ∇_j μ T + ~ξ ϵ^{ij} ∇_j T . (55)

Substituting in T , μ from the bulk theory in (16), one can identify the anomalous Hall conductivity ~σ, anomalous thermal Hall conductivity ~κ, and anomalous heat Hall conductivity ~ξ in terms of K̄_E , K̄_Q and K̄_M : ~σ = K̄_E , ~κ = − 1 4πr^2_H 3Mr_H − 4Q^2 6Mr_H − 4Q^2 ( 2QK̄_M + 3Mr_HK̄_Q ) , (56) ~ξ = 4πr^{3H} 3Mr_H − 4Q^2 ( 3MK̄_M + 2QK̄_Q ) . Since K̄_M , K̄_Q and K̄_M contain integrals of functions of θ and θ^′, their values are subject to the choice of the boundary condition for θ. In the following we present the numerical result of ~σ, ~κ, and ~ξ according to the two different types of boundary conditions we choose:

(i) Asymptotically sourced θ:

As the source of θ on the asymptotic boundary is turned on, the numerical results summarized in Fig. 6 ∼ 8 shows that: ~σ is positive and finite throughout who range of T/μ;^{~κ}_{ρ/μ} is also positive and increases as T/μ reduces from large value before it starts to decrease below some small T/μ. It eventually vanishes at T = 0 as predicted by (56); ~ξ is positive, increases monotonically as T/μ reduces, and diverges at T/μ = 0. (ii) Asymptotically sourceless θ:

For the case where θ is asymptotically sourceless and the boundary is parity spontaneously broken by the nonzero vev of the dual pseudo scalar operator, Fig. 9∼11 display the numerical results of the three parity violating coefficients from the vector mode: ~σ is nonvanishing and positive below the critical temperature T_c, with a critical exponent 0.5 near T_c.^{~κ}_{ρ/μ} and ~ξ both diverge at T = T_c and T = 0, both with critical exponents -1.5 close to T = T_c. These critical exponents, however, cannot be derived from (56), as we don’t have an analytical expression of θ.

4.3 Tensor mode

For the tensor mode, there is one dynamical equation due to HE^{(1)}xy . In the backreacted case it reads d dr [ − 1 2 r^4f H d dr α_{xy} ] − r(∂_xβ_y + ∂_yβ_x) − λ 4 d dr ( r^4f^′θ^′ H^2

)(∂_xβ_x − ∂_yβ_y) = 0. (57)

4.3.1 Parity-even part

After taking the probe limit θ → λθ and φ → λφ, the O(λ^0) part of the above equation becomes d dr [ − 1 2 r^4f d dr α^{(~0)}_{xy} ] = r(∂_xβ_y + ∂_yβ_x), (58)

in which the source only contains the shear mode. This equation can be analytically solved by integrating on both sides twice, with first integration being indefinite and the second one from ∞ to r:

α^{(~0)}_{xy} = − ∫_r ∞ ∂_xβ_y + ∂_yβ_x r^2f − ∫_r ∞ 2α_3 r^4f

. (59)

The asymptotic behavior of α^{(~0)}xy is α^{(~0)}_{xy} (r → ∞) ∼ ∂_xβ_y + ∂_yβ_x r + 2α_3 3r^3

+ O( 1 r^4

), (60)

which is consistent with the sourceless boundary condition that the O(r^0) coefficient vanishes. The O(r^{−3}) coefficient gives rise to the expectation value, ⟨ T^{(~0)}_{xy} ⟩ = 3 16πG_N 2 3 α_3, (61)

Figure 6: ~σ versus T/μ for various θ mass m^2, under the sourced boundary condition for θ. The right figure is for small T/μ while the left one is for a wider range of T/μ.

Figure 7:^{~κ}_{ρ/μ} versus T/μ for various m^2, under the sourced boundary condition for θ. The right figure is for small T/μ while the left one is for a wider range of T/μ.

Figure 8: ~ξ versus T/μ for various m^2, under the sourced boundary condition for θ. The right figure is for small T/μwhile the left one is for a wider range of T/μ .

Figure 9: ~σ versus T/μ with linear scale (on the left) and log scale (on the right) as θ is asymptotically sourceless. The left figure shows ~σ vanishes at and above the critical temperature which depends on m^2, and the right one indicates the critical exponent is 0.5.

Figure 10:^{~κ}_{ρ/μ} versus T/μ with linear scale (on the left) and log scale (on the right) as θ is asymptotically sourceless. The left figure shows that^{~κ}_{ρ/μ} diverges at the critical temperature, with a critical exponent −1.5 as being indicated by the right one.

Figure 11: ~ξ versus T/μ with linear scale (on the left) and log scale (on the right) as θ is asymptotically sourceless. The left figure shows that ~ξ diverges at the critical temperature, with a critical exponent −1.5 as being indicated by the right one.

from which the shear viscosity η can be extracted. The constant α_3 is determined by the regularity condition on the horizon for α^{(~0)}xy d dr α^{(~0)}_{xy} (r_H ) = −

2(∂_xβ_y + ∂_yβ_x) r^3_H f^′(r_H )

(62)

and (59): α_3 = ( r_H f(r_H ) f^′(r_H ) − r^2_H 2 ) (∂_xβ_y + ∂_yβ_x). (63)

Then one immediately obtains the shear viscosity, η = r^2_H 16πG_N . (64)

With the entropy density s =^{r2H}_{4GN} , the η/s ratio match the universal bound, η s = 1 4π . (65)

4.3.2 Parity-odd part

Next, we proceed to O(λ^2) order of the tensor mode equation (57). For this purpose we consider the α_{xy} ansatz up to O(λ^2),

α_{xy} = α^{(~0)}_{xy} + λ^2α^{(~2)}_{xy} , (66)

and substitute to (57). Then it is easy to see that the O(λ^2) equation is composed of parity even and parity odd part, which implies that α^{(~2)}xy can further be decomposed into two independent modes

α^{(~2)}_{xy} = α^{(~2)}_{xy} (r)(∂_xβ_y + ∂_yβ_x) + ᾱ^{(~2)}_{xy} (r)(∂_xβ_x − ∂_yβ_y), (67)

where the shear mode is parity even and regarded as the O(λ^2) correction of the shear viscosity, while the Hall mode (proportional to ∂_xβ_x −∂_y β_y) is the leading order parity odd effect. In the following we focus on the parity violating mode, α^{(~2)}xy_{(odd)} = ᾱ^{(~2)}xy (r)(∂_xβ_x − ∂_yβ_y) and extract the Hall viscosity from bulk gravity.

The O(λ^2) parity odd equation is d dr [ − 1 2 r^4f d dr ᾱ^{(~2)}_{xy} ] = − 1 4 d dr (r^4f^′θ^′) (68)

Integrating both sides twice, with first integration being indefinite and the second one from ∞ to r, one can write down the analytic solution for ᾱ^{(~2)}xy ,

ᾱ^{(~2)}_{xy} (r) = ∫_r ∞ f^′θ^′ 2f − ∫_r ∞ 2ᾱ_3 r^4f

. (69)

Figure 12: ~η_A/s versus T/μ for asymptotically sourced θ. The right figure is for small T/μ, while the left one for a wider range of T/μ.

The asymptotic behavior is ᾱ^{(~2)}_{xy} (r → ∞) ∼ 2ᾱ_3 3r^3

+ O( 1 r^{Δ−+4}

). (70)

This is consistent with the normalizable boundary condition. According to (61), the Hall viscosity ~η_A is encoded in ᾱ_3 which is determined by demanding (69) satisfy the regularity condition on the horizon, d dr ᾱ^{(~2)}_{xy} (r_H ) = − 1 2 1 r^4f^′ d dr (r^4f^′θ^′) | | | |_{r=rH} . (71)

Then ᾱ_3 is fixed to

ᾱ_3 = f 4f^′ ( r^4f^′θ^′ )_′ | | | |_{rH} + ( 3M 4 − Q^2 r_H ) θ^′(r_H ). (72)

Such that ~η_A = − r^4_H f^′(r_H )θ^′(r_H ) 32πG_N = − r^2_H 32πG_N dV dθ | | | |_{rH} = − r^2_H 32πG_N ( m^2θ + cθ^3 ) | | | |_{rH} , (73) ~η_A s = − 1 8π dV dθ | | | r_H = − 1 8π ( m^2θ + cθ^3 ) | | | r_H . In the above expressions we have applied the regularity condition on the horizon for θ in (18). It is clear from (73) that the Hall viscosity is controlled by the value of θ on the horizon as the mass square of the pseudo scalar. Since θ(r_H ) is affected by the choice of the asymptotic boundary condition, so is Hall viscosity: (i) Asymptotically sourced θ:

Fig. 12 displays ~η_A/s as a function of T/μ, as θ is subject to the condition that the asymptotic source on the boundary is turned on. The numerical analysis shows that, as the temperature reduces, ~η_A/s increases monotonically until the temperature is below

Figure 13: ~η_A/s versus T/μ with linear scale (on the left) and log scale (on the right) for various θ mass m^2, as θ is asymptotically sourceless. The left figure shows the Hall viscosity vanishes at and above some critical temperature, and the right figure indicates the critical exponent equal to 0.5.

some small value, and then ~η_A/s decreases along with the temperature and eventually reaches some finite value at T = 0. (ii) Asymptotically sourceless θ:

Fig. 13 shows the numerical results of ~η_A/s versus T/μ when θ is sourceless on the boundary. In this case, the Hall viscosity acquires non-vanishing value only below the critical temperature T_c depending on m^2. The critical exponent near T_c is 0.5, as expected from the analysis of θ.

We close this subsection by recalling the analytic solution of α_{xy} for the general case with backreaction studied in [13]: α_{xy}(r) = ∫_∞ r 2H(t)dt t^4f(t) ∫_t r_H dz [ z(∂_xβ_y + ∂_yβ_x) + λ 4 d dz ( r^4f^′θ^′ H^2

)(∂_xβ_x − ∂_yβ_y) ] . (74)

The above results of the shear and Hall viscosities are consistent with those derived from (74) in [13].

5 Discussion and conclusion

We have constructed a 3+1 dimensional holographic model with a charged black brane and neutral pseudo scalar field θ, dual to the parity violating hydrodynamic system in 2+1 dimensions. We have extracted all the transport coefficients from the scalar, vector, and tensor modes of bulk perturbations, and reconstructed the hydrodynamics to first order in derivatives in the probe limit of θ. In our model, the parity violating effect is contributed from the neutral pseudo scalar θ, coupled to the gravitational and electrodynamical Chern- Simons terms.

The potential term in (7) allows the parity of the system to be broken spontaneously by the non-trivial vev of the boundary operator dual to θ developed below T_c, such that all parity transport coefficients are the order parameter for the second order phase transition and are switched on below T_c. They exhibit certain critical exponent behavior very close to T_c. Alternatively, one can choose the sourced boundary condition at asymptotic infinity, such that the parity and the conformal symmetry of the system is broken by this external source. The finite temperature behavior of all the transport coefficients arising in these two mechanisms are studied and presented. This paper generalize our previous work in [13].

One comment we would like to remind the readers is, in the case where the parity is spontaneously broken by θ, our result doesn’t violate the Coleman-Mermin-Wagner theorem which states that in 2+1 dimensions the global continuous symmetry cannot be spontaneous broken, otherwise the correlation of the massless Goldstone boson would have infrared divergence. Since the spontaneous broken parity in our model is a discrete symmetry, no Goldstone boson is created. Moreover, our result shows that ~σ and ~η_A/s go to zero at T_c with the same mean field exponent as the order parameter, (T_c − T )^{0.5}. However,^{~κ}_{ρ/μ} and ~ξ exhibit (T_c −T )^{−1.5} behavior near T_c, which is novel and quite different from the usual systems. It would be interesting if these properties can be realized in the simple field theory models.

Our bulk model has a U(1) gauge symmetry. It is interesting to generalize our analysis to the non-Abelian case, and construct dual hydrodynamics with non-Abelian gauge symmetry. In 2+1 dimensions, the Hall conductivity can arise from a bare Chern-Simons term in the underlying theory, or from the induced one due to the quantum loop correction. It is known that the coupling constant of the non-Abelian CS term at T = 0 has to be quantized in order to maintain the gauge symmetry. But in the finite temperature case, the coupling of the non-Abelian induced CS term is temperature dependent, and the gauge symmetry cannot be preserved for arbitrary temperature, unless all orders of quantum corrections are taken into account [36]. Therefore, non-perturbative methods are important in computing the Hall conductivity. Since we have used the gravity-hydrodynamics correspondence as an non-perturbative approach to derive the Hall conductivity, our analysis may shed new lights on the non-perturbative calculation of the Hall conductivity for non-Abelian gauge theory.

Very recently, [37] constructs a holographic model for 2+1 dimensional fluids with background vorticity Ω and magnetic field B. They obtain the classical Hall conductivity inversely proportional to B, as expected. They also obtained the Hall viscosity inversely proportional to Ω. This is different from our result, because in our model, we don’t have non-vanishing external magnetic field and vorticity at the background level, i.e. in equilibrium; instead they appear as the first order perturbations. Therefore our Hall conductivity is “anomalous”, and our Hall viscosity does not depend on vorticity. Their result are derived by the Kubo’s formula, and it is interesting to realize their result via gravity-hydrodynamics correspondence.

Finally, We would like to point out that, in 2+1 dimensional (or more generally, in odd dimensional) quantum field theory, there exists the parity anomaly [38] analogous to the even dimensional axial anomaly. As the case that the gauge anomaly induces new transport coefficients in the hydrodynamics [8], we expect to see the effect of this odd dimensional parity anomaly in the hydrodynamic transport too. We are studying the holographic realization of this effect in detail, and will present our result in the near future.

Acknowledgments

SHD wishes to thank CQUeST of Sogang University for warm hospitality during the preparation of this paper, and to thank René Meyer for helpful discussions. The authors are grateful to Shi Pu for useful discussions. SHD’s work are supported by the NSC grant NSC 100-2811-M-003-010. This project is supported in part by the NSC, NCTS of ROC, and the CASTS of NTU.

A Calculation of the first order scalar mode

The equations of motion of the our bulk theory are given in (8). The general ansatz of black brane background with backreaction from the pseudo scalar field is (9). The standard gravity-hydrodynamics approach requires to perturb the bulk system by promoting u^μ, M, Q, A^{ext}_μ to the slow-varying functions of the boundary coordinates x^μ. Under the derivative expansions of the ansatz as in (13) without taking any probe limit, the O(ϵ^0) ansatz satisfies the O(ϵ^0) equations (8). The O(ϵ) part of the ansatz satisfies the O(ϵ) equations of motion which are given in this and the next section.

For the scalar modes, there four dynamical equations at O(ϵ), arising from E^{(1)}rr , H(r)M^{v(1)},^{r2f}_H E^{(1)}rr + E^{(1)}vr and KG^{(1)}. By applying the zeroth order equations of motion which also imply their derivatives by Q and M vanish, these four first order equations take the form H r^4 d dr ( r^4h^′ H ) − θ^′ φ^′ = λH 2r^4 d dr ( r^4f^′θ^′ H^2 ) (∂_xβ_y − ∂_yβ_x) , (75) 1 r^2 d dr ( r^2a^′_v H ) + 2A^′h^′ H = λ 2Aθ^′ r^2

(∂_xβ_y − ∂_yβ_x) + 2λ θ^′ r^2

B^{(ext)} , (76) 1 r^2 1 dr ( r^3k H ) + 1 2r^2 1 dr [ 1 dr ( r^4f ) h H ] + A^′ 2H a^′_v − 1 2r^2 1 dr ( r^4fθ^′ H φ ) + r^2fθ^′ H φ^′ = 2 r ∂_iβ_i + λ 4H^2 r^2f^{′2}θ^′ (∂_xβ_y − ∂_yβ_x) , (77)

− 1 r^2H d dr ( r^4θ^′k H ) + 1 r^2H d dr ( r^4fφ^′ H ) − d^2V dθ^2 φ − 2 r^2H d dr ( r^4fθ^′ H h )

= − θ^′ H ∂_iβ_i + λ [ 1 4r^2H d dr ( r^4f^{′2} H^2 ) − 2AA^′ r^2H ] (∂_xβ_y − ∂_yβ_x) − 2 rH [ d dr ( r ∂θ ∂_M ∂_v M ) + d dr ( r ∂θ ∂_Q ∂_vQ )] − 2λA^′ r^2H

B^{(ext)}, (78)

where^′ denotes the derivative by r. There are also two constraint equations due to g^{rr}E^{(1)}vr + g^{vr}E^{(1)}vv and M^{r(1)} which describe the relations between ∂_v M, ∂_v Q and ∂_iβ_i: ( r H^2 ∂f ∂M − 2 rf H^3 ∂H ∂M + r^2f 2H^2 ∂θ ∂M θ^′ ) ∂_vM + ( M → Q ) ∂_v Q = r^2f^′ 2H^2

∂_iβ_i , (79) ( 1 H^3 ∂H ∂M A^′ − 1 H^2 ∂A^′ ∂M ) ∂_vM + ( M → Q ) ∂_v Q = A^′ H^2

∂_iβ_i . (80)

To proceed, we go into the probe limit θ → λθ, φ → λφ, λ → 0 . Then it follows the solutions in Section 4.1.

B Calculation of the first order vector mode

For the O(ϵ) vector mode perturbations, there are two dynamical equations arising from E^{ri(1)} and r^2M^{i(1)}: − 1 2r^2 d dr ( r^4j_i^′ H ) + A^′ 2H a^′_i = ∂_vβ_i r − [r2 2 d dr ( 1 r^2H ∂H ∂M ) + 1 2 θ^′ ∂θ ∂M ] ∂_iM − [ M → Q ] ∂_iQ +λ { H 2r^6f^′ d dr ( r^7f^{′2} H^3 ) ∂θ ∂M − 1 4H d dr ( r^2f^′ H ) ∂θ^′ ∂M − 1 4r^2 d dr ( r^4f^′θ^′ H^3 ∂H ∂M ) + 1 4r^2 d dr ( r^4θ^′ H^2 ∂f^′ ∂M ) } ϵ_{ij} ∂_j M +λ { M → Q } ϵ_{ij} ∂_j Q + λ [ 1 4r^2 d dr ( r^4f^′θ^′ H^2 )] ϵ_{ij} ∂_vβ_j , (81) − 1 H d dr ( r^2fa_i^′ H ) + r^2A^′ H^2 j_i^′ = A^′ H ∂_v β_i + 1 H ∂A^′ ∂M ∂_iM + 1 H ∂A^′ ∂Q ∂_iQ +λ { 2 H ( ∂θ ∂M A^′ − ∂A ∂M θ^′ ) } ϵ_{ij} ∂_j M + λ { M → Q } ϵ_{ij} ∂_j Q −λ 2Aθ^′ H ϵ_{ij} ∂_vβ_j − λ 2θ^′ H ϵ_{ij} F^{ext}_{vi} (82)

For both equations, the first line on the right hand side is parity-even, and the rest is parity-odd. After taking the probe limit, the leading order (O(λ^0)) terms contain only parity-even part, while the subleading (O(λ^2)) terms contain both parity-even and parityodd contribution.

There is one constraint equation from^{r2f}_H E^{(1)}_{ri} + E^{(1)}_{vi} : { − 1 2H d dr ( r^2 ∂f ∂M ) + 1 2H^2 d dr ( r^2f ) ∂H ∂M + A^′ 2H ∂A ∂M − r^2fθ^′ 2H ∂θ ∂M } ∂_iM

+ { M → Q } ∂_iQ = 1 2H (r^2f^′ − AA^′) ∂_vβ_i − A^′ 2H F^{ext}_{vi} . (83) By taking the probe limit and making use of f, H, A solutions, one can continue to the analysis in Section 4.2. The leading order gives rise to the parity-even transport coefficients σ. The parity-even part of O(λ^2) equations are higher order corrections to the leading order hydrodynamics. The parity-even part of O(λ^2) gives rise to the parity violating coefficients.

References

[1] G. Policastro, D. T. Son and A. O. Starinets, “The Shear viscosity of strongly coupled N=4 supersymmetric Yang-Mills plasma,” Phys. Rev. Lett. 87, 081601 (2001) [hep-th/0104066];

P. Kovtun, D. T. Son and A. O. Starinets, “Holography and hydrodynamics: Diffusion on stretched horizons,” JHEP 0310, 064 (2003) [hep-th/0309213].

[2] S. Bhattacharyya, V. EHubeny, S. Minwalla and M. Rangamani, “Nonlinear Fluid Dynamics from Gravity,” JHEP 0802, 045 (2008) [arXiv:0712.2456 [hep-th]]

[3] M. Van Raamsdonk, “Black Hole Dynamics From Atmospheric Science,” JHEP 0805, 106 (2008) [arXiv:0802.3224 [hep-th]].

[4] S. Bhattacharyya, R. Loganayagam, S. Minwalla, S. Nampuri, S. P. Trivedi and S. R. Wadia, “Forced Fluid Dynamics from Gravity,” JHEP 0902, 018 (2009) [arXiv:0806.0006 [hep-th]];

S. Bhattacharyya, R. Loganayagam, I. Mandal, S. Minwalla and A. Sharma, “Conformal Nonlinear Fluid Dynamics from Gravity in Arbitrary Dimensions,” JHEP 0812, 116 (2008) [arXiv:0809.4272 [hep-th]].

[5] M. Haack and A. Yarom, ”Nonlinear viscous hydrodynamics in various dimensions using AdS/CFT,” JHEP,0810, 063 (2008) [arXiv:0806.4602 [hep-th]].

[6] N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Dutta, R. Loganayagam and P. Surowka, “Hydrodynamics from charged black branes,” JHEP 1101 (2011) 094 [arXiv:0809.2596 [hep-th]].

J. Erdmenger, M. Haack, M. Kaminski and A. Yarom, “Fluid dynamics of R-charged black holes,” JHEP 0901, 055 (2009) [arXiv:0809.2488 [hep-th]].

[7] J. Bhattacharya, S. Bhattacharyya and S. Minwalla, “Dissipative Superfluid dynamics from gravity,” JHEP 1104, 125 (2011) [arXiv:1101.3332 [hep-th]]; J. Bhattacharya, S. Bhattacharyya, S. Minwalla and A. Yarom, “A Theory of first order dissipative superfluid dynamics,” arXiv:1105.3733 [hep-th]; C. P. Herzog, N. Lisker, P. Surowka and A. Yarom, “Transport in holographic superfluids,” JHEP 1108, 052 (2011) [arXiv:1101.3330 [hep-th]].

[8] D. T. Son and P. Surowka, “Hydrodynamics with Triangle Anomalies,” Phys. Rev.

Lett. 103, 191601 (2009) [arXiv:0906.5044 [hep-th]].

[9] R. Loganayagam and P. Surowka, “Anomaly/Transport in an Ideal Weyl gas,” JHEP 1204, 097 (2012) [arXiv:1201.2812 [hep-th]].

[10] K. Jensen, “Triangle Anomalies, Thermodynamics, and Hydrodynamics,” arXiv:1203.3599 [hep-th].

[11] N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Jain, S. Minwalla and T. Sharma, “Constraints on Fluid Dynamics from Equilibrium Partition Functions,” arXiv:1203.3544 [hep-th];

K. Jensen, M. Kaminski, P. Kovtun, R. Meyer, A. Ritz and A. Yarom, “Towards hydrodynamics without an entropy current,” arXiv:1203.3556 [hep-th].

[12] O. Saremi and D. T. Son, “Hall viscosity from gauge/gravity duality,” JHEP 1204, 091 (2012) [arXiv:1103.4851 [hep-th]].

[13] J. -W. Chen, N. -E. Lee, D. Maity and W. -Y. Wen, “A Holographic Model For Hall Viscosity,” Physics Letters B 713, pp. 47 (2012) [arXiv:1110.0793 [hep-th]].

[14] K. Jensen, M. Kaminski, P. Kovtun, R. Meyer, A. Ritz and A. Yarom, “Parity-Violating Hydrodynamics in 2+1 Dimensions,” JHEP 1205, 102 (2012) [arXiv:1112.4498 [hep-th]].

[15] T. Kimura and T. Nishioka, “The Chiral Heat Effect,” arXiv:1109.6331 [hep-th];

T. Delsate, V. Cardoso and P. Pani, “Anti de Sitter black holes and branes in dynamical Chern-Simons gravity: perturbations, stability and the hydrodynamic modes,” JHEP 1106, 055 (2011) [arXiv:1103.5756 [hep-th]].

[16] B. I. Abelev et al. [STAR Collaboration], “Azimuthal Charged-Particle Correlations and Possible Local Strong Parity Violation,” Phys. Rev. Lett. 103, 251601 (2009) [arXiv:0909.1739 [nucl-ex]]; “Observation of charge-dependent azimuthal correlations and possible local strong parity violation in heavy ion collisions,” Phys. Rev. C 81, 054908 (2010) [arXiv:0909.1717 [nucl-ex]];

[17] N. N. Ajitanand, S. Esumi, R. A. Lacey [PHENIX Collaboration], in: Proc. of the RBRC Workshops, vol. 96, 2010, http://quark.phy.bnl.gov/∼kharzeev/cpodd/

[18] P. Christakoglou, “Charge dependent azimuthal correlations in Pb–Pb collisions at √ s_{NN} = 2.76 TeV,” J. Phys. G G38, 124165 (2011) [arXiv:1106.2826 [nucl-ex]].

[19] D. E. Kharzeev, L. D. McLerran and H. J. Warringa, “The Effects of topological charge change in heavy ion collisions: ’Event by event P and CP violation’,” Nucl. Phys. A 803, 227 (2008) [arXiv:0711.0950 [hep-ph]];

K. Fukushima, D. E. Kharzeev and H. J. Warringa, “The Chiral Magnetic Effect,” Phys. Rev. D 78, 074033 (2008) [arXiv:0808.3382 [hep-ph]];

N. N. Ajitanand, R. A. Lacey, A. Taranenko and J. M. Alexander, “A New method for the experimental study of topological effects in the quark-gluon plasma,” Phys. Rev. C 83, 011901 (2011) [arXiv:1009.5624 [nucl-ex]];

V. D. Orlovsky and V. I. Shevchenko, “Towards a quantum theory of chiral magnetic effect,” Phys. Rev. D 82, 094032 (2010) [arXiv:1008.4977 [hep-ph]]; D. E. Kharzeev and D. T. Son, “Testing the chiral magnetic and chiral vortical effects in heavy ion collisions,” Phys. Rev. Lett. 106, 062301 (2011) [arXiv:1010.0038 [hepph]];

D. E. Kharzeev and H. J. Warringa, “Chiral Magnetic conductivity,” Phys. Rev. D 80, 034028 (2009) [arXiv:0907.5007 [hep-ph]];

S. Ozonder, “Maxwell-Chern-Simons Hydrodynamics for the Chiral Magnetic Effect,” Phys. Rev. C 81, 062201 (2010) [Erratum-ibid. C 84, 019903 (2011)] [arXiv:1004.3883 [hep-ph]];

B. Keren-Zur and Y. Oz, “Hydrodynamics and the Detection of the QCD Axial Anomaly in Heavy Ion Collisions,” JHEP 1006, 006 (2010) [arXiv:1002.0804 [hepph]];

D. E. Kharzeev and H. -U. Yee, “Anomalies and time reversal invariance in relativistic hydrodynamics: the second order and higher dimensional formulations,” Phys. Rev. D 84, 045025 (2011) [arXiv:1105.6360 [hep-th]];

T. Kalaydzhyan and I. Kirsch, “Fluid/gravity model for the chiral magnetic effect,” Phys. Rev. Lett. 106, 211601 (2011) [arXiv:1102.4334 [hep-th]]; J. -H. Gao, Z. -T. Liang, S. Pu, Q. Wang and X. -N. Wang, “Chiral anomaly and local polarization effect from quantum kinetic approach,” arXiv:1203.0725 [hep-ph].

[20] N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald and N. P. Ong, “Anomalous Hall effect,” Rev. Mod. Phys. 82, 1539 (20010) [arXiv:0904.4154 [cond-mat.mes-hall]].

[21] Y. Zhang, N. P. Ong, and P. W. Anderson, “Giant enhancement of the thermal Hall conductivity κ_{xy} in the superconductor Y Ba_2Cu_3O_7,” Phys. Rev. Lett. 86, 890 (2001) [cond-mat/0008140];

B. Zeini, A. Freimuth, B. Buchner, R. Gross, A. P. Kampf, M. Klaser, and G. Muller- Vogt, “Separation of Quasiparticle and Phononic Heat Currents in Y Ba_2Cu_3O_{7−δ},” Phys. Rev. Lett. 82, 2175 (1999);

S. H. Simon and P. A. Lee, “Scaling of the Quasiparticle Spectrum for d-wave Superconductors,” Phys. Rev. Lett. 78, 1548 (1997);

Y. Zhang, N. P. Ong, Z. A. Xu, K. Krishana, R. Gagnon, and L. Taillefer, “Determining the Wiedemann-Franz Ratio from the Thermal Hall Conductivity: Application to Cu and Y Ba_2Cu_3O_{6.95},” Phys. Rev. Lett. 84, 2219 (2000);

O. Vafek, A. Melikyan, and Z. Tesanovic, “Quasiparticle Hall transport of d-wave superconductors in the vortex state,” Phys. Rev. B 64, 224508 (2001); A. C. Durst and P. A. Lee, “Impurity-induced quasiparticle transport and universallimit Wiedemann-Franz violation in d-wave superconductors,” Phys. Rev. B 62, 1270 (2000).

[22] S. Ryu, J. E. Moore and A. W. W. Ludwig, “Electromagnetic and gravitational responses and anomalies in topological insulators and superconductors,” Phys. Rev. B 85, 045104 (2012) [arXiv:1010.0936 [cond-mat.str-el]].

[23] S. Onoda, N. Sugimoto and N. Nagaosa, “Quantum transport theory of anomalous electric, thermoelectric, and thermal Hall effects in ferromagnets,” Phys. Rev. B 77, 165103 (2008) [arXiv:0712.0210 [cond-mat.mes-hall]].

[24] J. E. Avron, R. Seiler and P. G. Zograf, “Viscosity of quantum Hall fluids,” Phys.

Rev. Lett. 75, 697 (1995);

J. E. Avron, “Odd Viscosity,” J. Stat. Phys. 92, 543-557, (1998) [physics/9712050]; N. Read and E. H. Rezayi, “Hall viscosity, orbital spin, and geometry: paired superfluids and quantum Hall systems,” Phy. Rev. B 84, 8085316 (2011) [arXiv:1008.0210 [cond-mat.mes-hall]];

T. L. Hughes, R. G. Leigh and E. Fradkin, “Torsional Response and Dissipationless Viscosity in Topological Insulators,” Phys. Rev. Lett. 107, 075502 (2011) [arXiv:1101.3541 [cond-mat.mes-hall]];

N. Read, “Non-Abelian adiabatic statistics and Hall viscosity in quantum Hall states and p_x + ip_y paired superfluids,” Phys. Rev. B 79, 045308(2009) [arXiv:0805.2507 [cond-mat.mes-hall]].

[25] C. Hoyos and D. T. Son, “Hall Viscosity and Electromagnetic Response,” Phys. Rev.

Lett. 108, 066805 (2012) [arXiv:1109.2651 [cond-mat.mes-hall]].

[26] D. Grumiller, R. B. Mann and R. McNees, ”Dirichlet boundary value problem for Chern-Simons modified gravity,” Phys. Rev. D78, 081502 (2008) [arXiv:0803.1485 [gr-qc]]

[27] N. Iqbal, H. Liu, M. Mezei and Q. Si, “Quantum phase transitions in holographic models of magnetism and superconductors,” Phys. Rev. D 82, 045002 (2010) [arXiv:1003.0010 [hep-th]].

[28] N. Iqbal and H. Liu, “Universality of the hydrodynamic limit in AdS/CFT and the membrane paradigm,” Phys. Rev. D 79, 025023 (2009) [arXiv:0809.3808 [hep-th]].

[29] P. Kovtun and A. Ritz, “Universal conductivity and central charges,” Phys. Rev. D 78, 066009 (2008) [arXiv:0806.0110 [hep-th]].

[30] T. Hertog, “Towards a Novel no-hair Theorem for Black Holes,” Phys. Rev. D 74, 084008 (2006) [gr-qc/0608075].

[31] I. R. Klebanov and E. Witten, “AdS / CFT correspondence and symmetry breaking,” Nucl. Phys. B 556, 89 (1999) [hep-th/9905104].

[32] M. Bianchi, D. Z. Freedman and K. Skenderis, “Holographic renormalization,” Nucl.

Phys. B 631, 159 (2002) [hep-th/0112119].

[33] A. Yarom, “Notes on the bulk viscosity of holographic gauge theory plasmas,” JHEP 1004, 024 (2010) [arXiv:0912.2100 [hep-th]]

[34] S. Jain, “Universal thermal and electrical conductivity from holography,” JHEP 1011, 092 (2010) [arXiv:1008.2944 [hep-th]].

[35] J. Hur, K. K. Kim and S. -J. Sin, “Hydrodynamics with conserved current from the gravity dual,” JHEP 0903, 036 (2009) [arXiv:0809.4541 [hep-th]].

[36] G. V. Dunne, “Aspects of Chern-Simons theory,” hep-th/9902115.

[37] R. G. Leigh, A. C. Petkou and P. M. Petropoulos, “Holographic Fluids with Vorticity and Analogue Gravity,” arXiv:1205.6140 [hep-th].

[38] A. J. Niemi and G. W. Semenoff, “Axial Anomaly Induced Fermion Fractionization and Effective Gauge Theory Actions in Odd Dimensional Space-Times,” Phys. Rev. Lett. 51, 2077 (1983);

A. N. Redlich, “Gauge Noninvariance and Parity Violation of Three-Dimensional

Fermions,” Phys. Rev. Lett. 52, 18 (1984); “Parity Violation and Gauge Noninvariance of the Effective Gauge Field Action in Three-Dimensions,” Phys. Rev. D 29, 2366 (1984).