arXiv:1206.1053v1 [hep-th] 5 Jun 2012

Time dependent action in ϕ^6 potential

Hatem Widyan^∗ Department of Physics Al al-Bayt University, Mafraq 25113, Jordan and Mashhoor Al-Wardat Physics Department Yarmouk University P.O.B. 566 Irbid, 21163 Jordan

Abstract: The false vacuum decay in field theory from a coherently oscillating initial state is studied for ϕ^6 potential. An oscillating bubble solution is obtained. The instantaneous bubble nucleation rate is calculated.

keywords: phase transition, tunneling, scalar field theory. PACS numbers: 03.65.Sq, 04.62.1v

1 Introduction

Problems involving quantum mechanical tunneling in a time dependent setting may arise in a wide variety of contexts, such as Schwinger vacuum pair production for time-dependent laser pulses [1], pair creation of charged particles in time dependent background electromagnetic fields [2, 3, 4], quantum interference in vacuum pair production [5], Hawking radiation from black holes [6], spontaneous nucleation of topological defects in expanding universes [7] and false vacuum decay with time dependent initial states or time dependent potentials [8, 9].

Barrier penetration and tunneling for a particle moving in a one-dimensional potential are treated in all textbooks on quantum mechanics. The procedure is by making a WKB approximation and expanding the logarithm of the wave function in powers of h̄. An alternative way to tunneling makes use of the Euclidean-path-integral (EPI) formulation of the theory [10]. According to Feynman [11], the amplitude for going from one state to another is given by the sum over all paths connecting the states weighted by e^{iS/h̄}, where S is the action evaluated along the path. For classically allowed motion, the dominant contribution to the path corresponding to the solution of the real-time equation of motion. A convenient way to calculate the action is to switch to Euclidean time. In this case, the probability amplitude is e^{−SE /h̄}, where S_E is the difference of Euclidean actions between the instanton solution (instanton solution: the classical solution of the Euclidean equation of motion with appropriate boundary conditions) and false vacuum solution.

∗E–mail : widyan@aabu.edu.jo

Most decay of the false-vacuum calculations in single scalar field theory make use of the EPI formalism. The Lagrangian of the theory is L = 1 2 ∂_μϕ∂_μϕ − V (ϕ), where V (ϕ) is a potential which has two nondegenerate minima: ϕ_+ (ϕ_−) is the false (true) vacuum. One begins by writing the Euclidean action and the equation of motion. The equations are solved to obtain the instanton solution with boundary conditions ϕ → ϕ_+ for η → ∞ and ϕ ≃ ϕ_− for η → 0, where η = √ τ^2 + r^2 and τ is the Euclidean time. The instanton solution corresponds to a bubble being nucleated at r = 0.

The bubble nucleation rate per unit time per unit volume is given by Γ = A e^{−SE /h̄}, where S_E is the difference of Euclidean action and A is a constant. The relevant solution is the one which gives the least action. In flat space and at zero temperature, the dominant contribution comes from the unique O(4)-symmetric solution [12].

As pointed out in [8], EPI has several limitations. We are lost at the outset if ϕ couples to some external current or field which is time dependent. As an example of this case is a scalar field in a Friedmann-Robertson-Walker (FRW) cosmology, since the FRW space is a time dependent and cannot be written in static coordinates. Another example arises with the theories of two or more coupled field. Also, there is a limitation of EPI formalism in the theory of a single scalar field in flat space if the initial field configuration is more complicated than simply ϕ(⃗x) = ϕ_+ or time-dependent potential. In this work we can consider the case where ϕ is homogenous and undergoing coherent oscillations about the false vacuum.

One approach to overcome these limitations is presented in [8]. The author studied the false-vacuum decay of a scalar field by making use of the functional Schrodinger equation. He studied the vacuum decay of a scalar field coupled to a time-dependent external field and derived the traversal time for bubble nucleation.

An alternative approach is presented in [9]. The authors presented a method based on WKB approximation combined with complex time path methods, which can be used to calculate the relevant tunneling probabilities. They applied their algorithm to production of charged particle-antiparticle pairs in a time-dependent electric field and false vacuum decay in field theory from a coherently oscillating initial state. For the field theory example, they considered the potential discussed in Coleman [10],

V (ϕ) = λ 2 (ϕ^2 − a^2)^2 + ϵ 2a (ϕ − a). The influence of nontrivial background and decoherence on vacuum tunneling is presented in [13]. In this work we follow the algorithm presented in [9], and we discuss the effect of coherent oscillating false vacuum state on vacuum decay in the thin-wall approximation (TWA), but we choose the ϕ^6 potential which was investigated by many authors in the context of condensed matter as well as particle physics (see for example [14, 15, 16, 17, 18, 19, 20, 21, 22, 23]). We have noticed that there is a large correction to the nucleation rate and the small oscillations about the false vacuum rendered the state more unstable.

The plan of this paper is as follows. In section 2, the vacuum decay without oscillation about the false in TWA is discussed using Coleman’s approach. In section 3, decay with oscillation about the false vacuum in the TWA is presented based on complex time method. In section 4 the structure of the oscillating bubble is obtained, while in section 5 bubble nucleation decay rate is calculated. Finally, the results are discussed.

Figure 1: The scalar field potential V (ϕ) with parameters: g = 0.07, λ = 2.39, and δ = 0.2.

2 Decay without oscillation about the false vacuum:

Coleman’s approach

Let us consider a scalar field theory with a Lagrangian density L(ϕ) = 1 2 (∂_μϕ)^2 − V (ϕ), where the potential V (ϕ) is the effective potential at zero temperature and is given by V (ϕ) = gϕ^6 − 2gλ^2ϕ^4 + (gλ^4 − δ)ϕ^2, (1) we choose g = 0.07 and λ = 2.39. The potential is shown in Figure 1, it has two nondegenrate minima ϕ_+(false vacuum) and ϕ_− (true vacuum) which are all independent of time.

Let us expand the true vacuum in powers of δ ϕ_− = λ + e_1δ + e_2δ^2 + ...

To first order in δ, ϕ_− = λ + 1 4gλ^3 δ + O(δ^2),

V (ϕ_−) = −δλ^2 + O(δ^2)4 Similarly for the false vacuum

ϕ_+ = 0 + e_1δ + e_2δ^2 + ..., and ϕ_+ = 0 for all orders of δ, V (ϕ_+) = 0 for all orders of δ To calculate the probability of decay of the false vacuum in quantum field theory at zero temperature, one should first solve the Euclidean equation of motion of the instanton: ∂_μ∂_μϕ = dV (ϕ) dϕ , (2) with the boundary condition ϕ → ϕ_+ as ⃗x^2 + τ^2 → ∞ , where τ is the imaginary time. The probability of tunnelling per unit time per unit volume is given by

Γ = A e^{−SE [ϕ]}, (3)

where S_E [ϕ] is the Euclidean action corresponding to the solution of Eq. (2) and given by the following expression :

S_E [ϕ] = ∫ d^4x [ 1 2 (∂ϕ ∂τ )_2 + 1 2 ( ∇ϕ )_2

+ V (ϕ) ] . (4)

Since we are interested in the lowest-action instanton, we can reduce the problem to one of one degree of freedom. If we assume O(4) rotational symmetry in Euclidean space, then an O(4) invariant solution of Eq. (2) exists and its action S_E [ϕ] will be lower than that of any O(4) noninvariant solution [12]. In this case Eq. (2) takes the simpler form

d^2ϕ dη^2 + 3 η dϕ dη = dV (ϕ) dϕ , (5)

where η = √ ⃗x^2 + τ^2, with boundary conditions ϕ → ϕ_+ as η → ∞ , dϕ dη = 0 at η = 0.

We denote the action of this solution by S_0. There is an interesting case (in the sense that the action can be calculated analytically) when

V (ϕ_+) − V (ϕ_−) = λ^2δ + O(δ^2) ≡ ρ_0 (6)

is much smaller than the height of the barrier. This is known as the thin-wall approximation (TWA) and the equation of motion (Eq. 5) becomes

d^2ϕ dη^2 = dV (ϕ) dϕ , (7)

which can be solved analytically for some potentials. For the ϕ^6 potential, the solution has the form [16, 17] ϕ^2_{wall}(η) = λ^2 1 + e^{μη}

, (8)

where μ = √ 8gλ^2, and μ^2 is the second derivative of the potential in the TWA limit evaluated at ϕ_−.

The action S_0 of the O(4)-symmetric bubble is equal to

S_0 = 2π^2 ∫_∞ 0 dη η^3 [ 1 2 (dϕ dη )_2

+ V (ϕ) ]

= − 1 2 π^2ρ_0R^4_0 + 2π^2σ_0R^3_0. (9)

Here R_0 is the radius of the bubble and σ_0 is the bubble wall surface energy (surface tension), which is given by

σ_0 = ∫_∞ 0 dη [ (dϕ dη )_2

+ g ϕ^2(ϕ^2 − λ^2)^2 ]

= − ∫_λ 0 dϕ √ 2g ϕ^2(ϕ^2 − λ^2)^2 = √ gλ^4 2 √ 2 , (10)

and the integral should be calculated in the limit ρ_0 → 0.

The bubble radius R_0, is calculated by minimizing S_0, this gives us

R_0 =

3σ_0 ρ_0 , whence it follows that S_0 =

27π^2σ^4_0 2ρ^3_0

. (11)

The nucleation rate is then Γ = Ae^{−S0} = Ae^{− π26 ρ0R40} . (12) Another parameter which is defined to test the applicability of the TWA is the bubble wall thickness L which must be much less than R_0 and is given by L = 1 μ = ( d^2V (ϕ_−) dϕ^2 )_{−1/2} , (13)

The same results can be obtained using the algorithm proposed in [9].

To summarize, in the TWA the instanton takes the following shape:

ϕ(η) = ϕ_+ = λ + O(δ), η << R (True vacuum) ϕ_{wall}(η) =^{λ2}_{1+eμη} , η ∼ R ϕ_− = 0, η >> R (False vacuum).

(14)

3 Decay with oscillation about the false vacuum: Complex time method

In this section we review the results obtained in [9]. We assume that the field is initially oscillating around the false vacuum ϕ_f and takes the form

ϕ_f (t) = ϕ_+ + α_0 sin ωt. (15)

Since the energy is conserved, then E(inside) + E(wall) of the bubble must equal the energy present in the region before nucleation of the bubble: E_{initial}. Thus

E_{bubble}(inside) = 4π 3 V (ϕ_t)R^3, where ϕ_t is the true vacuum and the bubble wall has the energy

E_{bubble}(wall) =

4πσ^{bubble}_E R^2 √ 1 − Ṙ^2 , where σ^{bubble} E = ∫ wall dr [ 1 2 (ϕ̇_{bubble})^2 + 1 2 (ϕ^′_{bubble})^2 + V (ϕ_{bubble}) ] . The initial energy from the false vacuum ϕ_f (t) has two contributions, namely

E_{initial} (inside) = 4π 3 R^3 [ 1 2 (ϕ̇_f (t))^2 + 1 2 (ϕ^′_f (t))^2 + V (ϕ_f (t)) ] = 4π 3 ρ^{FV}_E R^3, and E_{initial}(wall) =

4πσ^{FV}_E R^2 √ 1 − Ṙ^2 , where σ^{FV}_E = ∫ wall dr [ 1 2 (ϕ̇_f (t))^2 + V (ϕ_f (t)) ] . From conservation of energy

E_{bubble}(inside) + E_{bubble}(wall) = E_{initial} (inside) + E_{initial} (wall) which can be written as 4πσ_E R^2 √ 1 − Ṙ^2 − 4π 3 ρ_E R^3 = 0,

with σ_E = σ^{bubble}_E − σ^{FV}_E , (16) and ρ_E = ρ^{FV}_E − V (ϕ_t). (17) From the above two equations, we can define the radius of the bubble at some time t_0 as

R_0 = 3σ_E ρ_E , (18)

and the radius at any later time t (the trajectory) is R(t) = √ R_0^2 + (t − t_0)^2. (19)

The action (S = S_{bubble} − S_{FV}) is integrated over an imaginary time contour running from some initial time t_0 to t_0 + iR_0, where the bubble shrinks to zero size. The bubble action is given by

S_{bubble} = − ∫ dt [ 4πσ^{bubble}_L (t)R^2(t) √ 1 − Ṙ^2 + 4π 3 V (ϕ_t)R^3 ] , (20) where

σ^{bubble} L = − ∫ wall dr [ 1 2 ( ϕ̇_{bubble}

)_2 − 1 2 ( ϕ^′_{bubble}

)_2

− V (ϕ_{bubble}) ]

= σ^{bubble}_E − ∫ wall

dr ϕ̇^2_{bubble}

while the false vacuum action is

S_{FV} = − ∫ dt [ 4πσ^{FV}_L (t)R^2(t) √ 1 − Ṙ^2 + 4π 3 ρ^{FV}_L R^3 ] , (21)

where σ^{FV}_L = σ^{FV}_E − ∫ wall dr ϕ̇^2_f and ρ^{FV}_L = ρ^{FV}_E − ϕ̇^2_f From Eqs. (20) and (21) the action is S = − ∫ dt [ 4πσ_L(t)R^2(t) √ 1 − Ṙ^2 − 4π 3 ρ_L(t)R^3 ] , (22)

where σ_L(t) = σ_E − ∫ wall

dr [ϕ̇^2_{bubble} − ϕ̇^2_f ],

ρ_L(t) = ρ_E − ϕ̇^2_f .

4 Structure of the Oscillating Bubble

We calculate the oscillating bubble ϕ_{bubble}(r, t) for the ϕ^6 potential which interpolates between the true vacuum ϕ_t and the false vacuum ϕ_f . Since the initial state oscillates coherently then it breaks the symmetry of the theory from SO(3, 1) to SO(3). Therefore, Eq. (2) becomes ϕ̈ − 1 r^2

(r^2ϕ^′)^′ = − dV dϕ . (23)

with the potential V (ϕ) = gϕ^6 − 2gλ^2ϕ^4 + (gλ^4 − δ)ϕ^2.

Following [9], we will find a time-dependent solution ϕ_{bubble}(r, t), which will be reduced to coherently oscillating field ϕ_f (t) = ϕ_+ + α_0 sin ωt (24) about the false vacuum as r → ∞. The frequency of the oscillations (ω) about the false vacuum is ω^2 = d^2V dϕ^2 (ϕ_+) = 2(gλ^4 − δ),

and its range is 0 < ω^2 < 4.57.

We assumed the ϕ_{bubble}(r, t) is a function of both space and time and takes the form

ϕ_{bubble}(r, t) = ϕ_0(r) + α(r) sin ωt. (25)

After substituting Eq.(25) in Eq.(23) we get α^{′′}(r) + 2 r α^′(r) + [ ω^2 − d^2V dϕ^2 (ϕ_0) ] α(r) = 0. (26)

Now we will solve the above equation of motion in three different regions.

Firstly, the region outside the bubble (r > R). In this case, ϕ_0 = ϕ_+ (false vacuum),

d^2V dϕ^2 (ϕ0) → d^2V dϕ^2 (ϕ+) = ω

2, and Eq. (26) becomes α^{′′}(r) + 2 r α^′(r) = 0,

which has a general solution α(r) = C r + D. As r → ∞, α(r) = 0, hence D = 0. At r = R, α(R) = C/R = constant which we set it equals to α_0. So, in this region Eq. (25) becomes

ϕ_{bubble}(r, t) = ϕ_+ + α_0 sin ωt,

which is the same equation (24).

Secondly, the region inside the bubble (r < R). Again, in this case, ϕ_0 = ϕ_− (true vacuum),^{d2V}_{dϕ2} (ϕ_0) →^{d2V}_{dϕ2} (ϕ_−) = ω^2 + k^2, where k^2 = 6gλ^4 + 18δ and Eq. (26) becomes α^{′′}(r) + 2 r α^′(r) − k^2α(r) = 0,

which has a general solution α(r) = A sinhkr kr . At r = R, α(r) = α_0 and A = α_0^{kR}_{sinhkR} . Hence

α(r) = α_0 R r sinhkr sinhkR . Note that when α(r) = 0, the oscillation decays to zero inside the bubble. Therefore, the thickness of this region (Δ) is given by Δ = 1 √ 6gλ^4 + 18δ ≃ 1 √ 18δ for small values of δ. Since kR ∼ 12σ_0 λ^2 √ δ >> 1, then the solution for α(r) can be approximated to

α(r) = α_0 R r e^{kr} − e^{−kr} e^{kR} − e^{−kR} ≃ α_0 R r e^{(r−R)/Δ} (27)

As pointed out in [9], there are three scales which characterizes the structure of the oscillating bubbles: the radius of the bubble R ≃ 3σ_0/(λ^2δ), the thickness of the bubble wall L ≃ 1/μ ≃ 1/ √_{d2V} dϕ^2 (ϕ−) ≃ 1/( √ 8gλ^2) and the thickness of the region inside the bubble where the oscillations decay Δ ≃ 1/( √ 18δ) and they are related as L << Δ << R.

Finally, the region near the wall (r ∼ R). In this case ϕ_0(r) = ϕ_{wall}(r) and it is computed when the potential is degenerate, i.e., when δ → 0 and is satisfying the differential equation

d^2ϕ_{wall}(r) dr^2 = dV dϕ (ϕ_{wall}),

which has a solution ϕ_{wall}(r) = λ^2 1 + e^{μr} , where μ = V^{′′}(ϕ_−) = √ 8gλ^2 up to a correction of first order in δ and it is the mass of excitations around the true vacuum. Since we are working within the frame of the TWA, we can neglect the term^2_r α^′(r) in Eq. (26) and we approximate ω^2 to ω^2 ≃ 2gλ^4. Then Eq. (26) becomes α^{′′}(r) + [ ω^2 − d^2V dϕ^2 (ϕ_{wall} ] α(r) = 0

which can be simplified to

α^{′′}(r) + 6gλ^4 [ 4 1 + e^{μ(r−R)} − 5 (1 + e^{μ(r−R)})^2 ] α(r) = 0

By assuming x = μ(r − R), then the above equation becomes α^{′′}(x) + 3 4 [ 4 1 + e^x − 5 (1 + e^x)^2 ] α(x) = 0. (28)

We have solved the above equation numerically which is shown in Figure 2. One can interpolate the solution to an approximate function given by α(r) ≃ B 4 [ 0.013(μ(r − R))^2 + 5.0 tanh^20.15(μ(r − R)) − 1.0 ] (29)

Since α(r) → B in regions r ≤ R, where we know that α(r) = α_0, we set B = α_0.

To summarize, we have found a solution for the oscillating bubble in the thin-wall approximation ϕ_{bubble}(r, t) = ϕ_0(r) + α(r) sin ωt, (30) where ϕ_0(r) is the static solution given by Eq. (14), and α(r) is given by

α(r) = α_0, r ≥ R +^L_2

α_0 4 [ 0.013(μ(r − R))^2 + 5.0 tanh^20.15μ(r − R) − 1 ] , R −^L_2 ≤ r ≤ R +^L_2

α_0^R_r e^{(r−R)/Δ}, r ≤ R +^L_2

(31)

Figure 2: The dots represents the numerical solution of Eq. (28) while the solid line as an approximate fit (Eq. (29)).

5 Bubble Nucleation Decay Rate

The bubble nucleation rate per unit time per unit volume is given by Γ = A e^{−2Im[S(t0)]}. (32) We need a time path which shrinks the bubble to zero size. As an example of a path is R^2 = R^2_0 + (t − t_0)^2 which yields to t = t_0 + i √ R^2_0 − R^2, for R < R_0.

We divide the action in Eq. (22) into two parts:

S_1 = − ∫_{t0} t_0+iR_0 dt [ 4πσ_E R^2 √ 1 − Ṙ^2 − 4π 3 ρ_E R^3 ] (33) and S_2 = − ∫_{t0} t_0+iR_0 dt [ 4πR^2 √ 1 − Ṙ^2

∫_{R+} L_2 R−^L_2 dr(ϕ̇^2_{bubble} − ϕ̇^2_f ) − 4π 3 R^3ϕ̇^2_t ] (34) For the first part S_1, the calculations proceed as in the static case as shown in section 2.

The result is:

ImS_1 = π^2 12 ρ_E R^4_0 (35) where ρ_E is the energy density and is given by:

ρ_E = ρ^{FV}_E − V (ϕ_t) = 1 2 [ϕ̇_f (t)]^2 + V (ϕ_f ) − V (ϕ_t) = ρ_0 + 1 2 α^2_0ω^2, which is time independent. Note that the oscillation about the false vacuum increases the energy density and in the limit α_0 → 0, ρ_E = ρ_0 as expected.

The surface tension σ_E is given by

σ_E = σ^{bubble}_E − σ^{FV}_E ,

where σ^{bubble}_E is given by

σ^{bubble} E = ∫ wall dr [1 2 ( ϕ̇_{bubble}(r, t)

)_2 + 1 2 (ϕ^′_{bubble}(r, t))^2 + V (ϕ_{bubble}). ]

Using ϕ_{bubble}(r, t) = ϕ_0(r) + α(r) sin ωt = ϕ_0(r) + β(r, t) and V (ϕ_{bubble}) = V (ϕ_0) + β(r, t) dV dϕ (ϕ_0) + 1 2 β^2(r, t) d^2V dϕ^2 (ϕ_0)

then

σ^{bubble} E = ∫ wall dr [ 1 2 ω^2α^2(r)cos^2 ωt + 1 2 ϕ^{′2}_0 (r) + 1 2 β^{′2}(r, t) + ϕ^′_0(r)β^′(r, t) + V (ϕ_0) + β(r, t) dV dϕ (ϕ_0) + 1 2 β^2(r, t) d^2V dϕ^2 (ϕ_0) ]

= σ_0 + σ_1 + σ_2,

where σ_0 = ∫ wall dr [1 2 ϕ^{′2}_0 (r) + V (ϕ_0) ] , and σ_1 = ∫ wall dr [ ϕ^′_0(r)β^′(r, t) + β(r, t) dV dϕ (ϕ_0) ] , which can be shown equals to zero. While

σ_2 = ∫ wall dr [ − 1 2 ω^2α^2(r)sin^2 ωt + 1 2 α^{′2}(r)sin^2 ωt + 1 2 β^2(r, t) d^2V dϕ^2 (ϕ_0) + 1 2 ω^2α^2 ]

= ∫ wall dr 1 2 [( α^2(r) (d^2V dϕ^2 (ϕ_0) − ω^2 ) + α^{′2}(r) ) sin^2ωt + ω^2α^2(r) ]

= ∫ wall dr 1 2 [( α(r)α^{′′}(r) + (α^′(r))^2 ) sin^2ωt + ω^2α^2(r) ]

= 1 2 ω^2 ∫ wall

drα^2(r) = 0.06 ω^2 2 Lα^2_0

Therefore, σ^{bubble}

E = σ_0 + 0.06 ω^2 2 α^2_0L

while the value surface density due to the false vacuum is

σ^{FV}_E = ∫ wall dr [1 2 ϕ̇^2_f (r, t) + V (ϕ_f ) ] = 1 2 α^2_0ω^2

∫_{R+} L_2 R−^L_2 dr = 1 2 α^2_0ω^2L

Figure 3: The ratio of the relative difference of the radius of the bubble with oscillation about the false vacuum and radius without oscillation versus α_0.

Hence, σ_E = σ_0 − 0.47ω^2α^2_0L (36) which is again independent of time, but the oscillation decreases its value and in the limit α_0 → 0, σ_E = σ_0 as expected. Moreover, notice that σ_E equals to zero when α^2_0 = σ_0/(0.47ω^2L). We would like to see the effect of α on the radius of the bubble. Figure 3 shows the ratio of the relative difference of the radius of the bubble with oscillation about the false vacuum (R) and radius without oscillation (R_0) versus α_0. We notice from the figure that at α_0 = 0 the value of R equals to R_0 and at α_0 = 2.57 its value is zero for δ = 0.2. So, the allowed value of α_0 is 0 < α_0 < 2.57.

The second part of the action S_2 is given by

S_2 = − ∫_{t0} t_0+iR_0 dt [ 4πR^2(t) √ 1 − Ṙ^2(t) ∫ wall dr ( ϕ̇^2_{bubble}(r, t) − ϕ̇^2_f (r, t) ) − 4π 3 R^3(t)ϕ̇^2_f (r, t) ]

= −4πω^2α^2_0 ∫_{t0} t_0+iR_0 dt [ LDR^2(t) √ 1 − Ṙ(t)^2 − 1 3 R^3(t) ] cos^2ωt

where D = −0.94. Using R(t) = √ R^2_0 + (t − t_0)^2 and t − t_0 = R_0zi, then

S_2 = −4πω^2α^2_0 [ i 2 R_0

∫_0 1 dz ( LDR^2_0 √ 1 − z^2 − 1 3 R^3_0(1 − z^2)^{32} )

+ iR_0

∫_0 1 dzLDR^2_0 √ 1 − z^2 1 4 ( e^{2iωt0} e^{−2ωR0z} + e^{−2iωt0} e^{2ωR0 z} )

+ iR_0

∫_0 1 dz ( − 1 3 R^3_0(1 − z^2)^{32} )1 4 ( e^{2iωt0} e^{−2ωR0z} + e^{−2iωt0} e^{2ωR0 z} ) ]

= −4πω^2α^2_0(I_1 + I_2 + I_3)

It can be easily shown that

ImI_1 = 1 2 R_0

∫_0 1 dz [ LDR^2_0 √ 1 − z^2 − 1 3 R^3_0(1 − z^2)^{32} ]

= π 16ω (0.94)R^3_0 + π 32 R^4_0. and ImI_2 = R^3_0DL

∫_0 1 dz √ 1 − z^2 1 4 ( cos 2ωt_0 )( e^{−2ωR0 z} + e^{2ωR0z} )

= −R^3_0DL 1 4 ( cos 2ωt_0 ) ∫ 1 −1 dz √ 1 − z^2e^{2ωR0 z} = − D 2ω R^3_0 4 π 2ωR_0 ( cos 2ωt_0 ) I_1(2ωR_0)

by using Modified Bessel Functions

I_ν (z) = (z/2)^ν √ πΓ(ν + 1/2)

∫_1 −1 (1 − t^2)^{ν−1/2}e^{±zt}dt

and L ≃ 1/ √ 8gλ^2 ≃ 1/(2ω). Similarly for I_3,

ImI_3 =

R^4_0 3 1 4 ( cos 2ωt_0 ) ∫ 1 −1 dz(1 − z^2)^{3/2}e^{2ωR0 z} = 1 16 πR^2_0 1 ω^2 ( cos 2ωt_0 ) I_2(2ωR_0).

Therefore,

ImS_2 = π^2R^2_0α^2_0 ( (0.94 8 ) (2ωR_0) +

(2ωR_0)^2 32 + ( ( 0.94 4 )I_1(2ωR_0) + 1 4 I_2(2ωR_0) ) cos 2ωt_0 ) (37)

The total instantaneous bubble nucleation rate is then

Γ(t_0) = Exp [ − π^2 6 ρ_E R^4_0 − π^2R^2_0α^2_0 ( (3.76 32 ) (2ωR_0) + ( 1 32 ) (2ωR_0)^2 + ( ( 0.94 4 )I_1(2ωR_0) + 1 4 I_2(2ωR_0) ) cos 2ωt_0 )] . (38)

By fixing the value of δ to 0.2, we have shown that total action of the instanton (ImS) varies with α_0. It has a maximum value (S_{max.}) at α_0 ≈ 0.12, if we assume cos 2ωt_0 = 1. Figure 4 shows a plot of ((S − S_0)/S_{max}) versus α_0 where S_0 is the action give by Eq. (11). At α_0 = 0, we have S = S_0 while at α_0 ≈ 0.12, most contribution of the action comes from the oscillatory part ωR_0 when it has its maximum value. For α_0 > 0.12, the contribution from the oscillatory part starts decreasing and the total action converges to S_0 for higher values of α_0. So, we conclude that the effect of oscillation about the false vacuum has a significant contribution to the tunneling for small specific value of α_0.

6 Conclusion

In this paper we have discussed the problem of false vacuum decay in field theory, where the initial state consists of coherent field oscillations about the false vacuum for ϕ^6 potential. We

Figure 4: The plot of ((S − S_0)/S_{max}) versus α_0.

have shown that there is an upper limit for the amplitude of the oscillation of the field about the false vacuum. Moreover, The effect of oscillation about the false vacuum has a significant contribution to the tunneling for small specific values of the amplitude. The method we have used is based on the WKB approximation and the solutions of classical equation of motion of the instanton along complex time contour. We obtained a time-dependent decay rate in the case of small oscillations.

The importance of our work is for cosmological models which are based on quantum tunneling, for example: eternal inflation [24], the Hartle-Hakwing-instanton [25], the Hawking- Moss instanton [26], the quantum creation of topological defects, e.g. strings and branes in a fixed space-time [27]. Moreover, several authors have suggested that string theory in four dimensions might have many different vacua [28], which are all represent local minima and the tunneling between different local minima is of great importance. Finally, we would like to mention here that an important problem which can be investigated is the quantum nucleation of cosmic strings and domain walls in an expanding universe.

References

[1] Cesim K. Dumlu, Gerald V. Dunne, Phys.Rev. D83 (2011) 065028.

Cesim K. Dumlu, Gerald V. Dunne, Phys.Rev.Lett. 104 (2010) 250402.

[2] E. Brezin and C. Itzykson, Phys. Rev. D 2 (1970) 1191.

[3] M. S. Marinov and V. S. Popov, Fortschr. Phys. 25 (1977) 373.

[4] J. Audretsch, J. Phys. A 12 (1979) 1189.

[5] Cesim K. Dumlu, Gerald V. Dunne, Phys.Rev. D 84 (2011) 125023.

[6] Qing-Quan Jiang, Xu Cai, JHEP 1011 (2010) 066.

[7] Vijay Balasubramanian, Bartlomiej Czech, Klaus Larjo, Thomas S. Levi, Phys.Rev. D 84 (2011) 025019.

[8] Lawrence M. Widrow, Phys. Rev. D 44 (1991) 2306. [9] Esko Keski-Vakkuri and Per Kraus, Phys. Rev. D 54 (1996) 7407. [10] S. Coleman, Phys. Rev. D 15 (1977) 2929.

C. Callan and S. Coleman, Phys. Rev. D 16 (1977) 1762.

[11] R. Feynman and A. Hibbs, Quantum Mechanics and Path Integrals (Mcgraw-Hill, New York, 1965).

[12] S. Coleman, V. Glaser and A. Martin, Comm. Math. Phys. 58 (1978) 211. [13] Friedemann Queisser, e-Print: arXiv:1004.2921 [gr-qc] ;C. Kiefer, F. Queisser, and A.

A. Starobinsky, Class.Quant.Grav. 28 (2011) 125022.

[14] Yoav Bergner and Luis M. Bettencourt, Phys. Rev. D 68 (2003) 025014. [15] M.G. do Amaral, Phys. G 24 (1998) 1061.

[16] G.H. Flores, R.O. Ramos and N.F. Svaiter, Int. J. Mod. Phys. A 14 (1999) 3715. [17] M. Joy and V.C. Kuriakose, Mod. Phys. Lett. A 18 (2003) 937. [18] P. Arnold and D. Wright, Phys. Rev. D 55 (1997) 6274. [19] A.B. Zamolodchikov, Sov. J. Nucl. Phys. 44 (1986) 529. [20] W. Fa Lu, J.G. Ni and Z.G. Wang, J. Phys. G 24 (1998) 673. [21] Yoonbai Kim, Kei-ichi Maeda and Nobuyuki Sakai, Nucl.Phys. B 481 (1996) 453. [22] Hatem Widyan, Can. J. Phys. 85 (2007) 1055. [23] Hatem Widyan, Can. J. Phys. 86 (2008) 1313.

[24] A. Vilenkin, Phys. Rev. D 27 (1983) 2848; A. D. Linde, Phys. Lett. B 108 (1982) 389. [25] J. B Hartle and S. W. Hawking, Phys. Rev. D 28 (1983) 2960; A. Vilenkin, Phys. Lett.

B 117 (1982) 25.

[26] S. W. Hakwing and I. G. Moss, Phys. Lett. B 110 (1982) 35.

[27] R. Basu, A. H. Guth and A. Vilenkin, Phys. Rev. D 44 (1991) 340; J. Garriga, Phys.

Rev. D 49 (1994) 6327.

[28] M. R. Douglas and S. Kachru, Rev. Mod. Phys. 79 (2007) 733.