arXiv:1206.1642v1 [gr-qc] 7 Jun 2012

f(R) cosmology revisited

Luisa G. Jaime^{1,2},^∗ Leonardo Patiño^2,^† and Marcelo Salgado^{1‡} 1Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, A.P. 70-543, México D.F. 04510, México 2 Facultad de Ciencias, Universidad Nacional Autónoma de México, A.P. 50-542, México D.F. 04510, México (Dated: June 11, 2012)

We consider a class of metric f(R) modified gravity theories, analyze them in the context of a Friedmann–Robertson–Walker cosmology and confront the results with some of the known constraints imposed by observations. In particular, we focus in correctly reproducing the matter and effective cosmological constant eras, the age of the Universe, and supernovae data. Our analysis differs in many respects from previous studies. First, we avoid any transformation to a scalar-tensor theory in order to be exempted of any potential pathologies (e.g. multivalued scalar potentials) and also to evade any unnecessary discussion regarding frames (i.e. Einstein .vs. Jordan). Second, based on a robust approach, we recast the cosmology equations as an initial value problem subject to a modified Hamiltonian constraint. Third, we solve the equations numerically where the Ricci scalar itself is one of the variables, and use the constraint equation to monitor the accuracy of the solutions. We compute the “equation of state” (EOS) associated with the modifications of gravity using several inequivalent definitions that have been proposed in the past and analyze it in detail. We argue that one of these definitions has the best features. In particular, we present the EOS around the so called “phantom divide” boundary and compare it with previous findings.

Keywords: modified gravity, equation of state, cosmological parameters

∗ luisa@nucleares.unam.mx † leopj@ciencias.unam.mx ‡ marcelo@nucleares.unam.mx

I. INTRODUCTION

Astronomical observations based on type Ia supernovae (SNIa) together with the assumption that the Universe is homogeneous and isotropic at large scales led to the conclusion that the Universe is currently expanding in an accelerated way [1–3]. This phenomenon can be most easily explained by appealing to the existence of a cosmological constant Λ (sometimes termed dark energy). This constant along with the introduction of dark matter (DM) apparently needed in many regions of the Universe (galaxies and clusters) have originated what is called today the ΛCDM paradigm. This paradigm has also successfully explained most of the current details of the Cosmic Background Radiation (CBR or CMB) in the framework of general relativity [4], as well as other important features of the Universe at large scales [5] (for a thorough review see Ref. [6]).

However, despite of the simplicity and success of this paradigm, several theoretical as well as epistemological arguments have been put forward as objections against such a simple model of the Universe. For instance, as concerns the DM hypothesis, one of the the main criticisms is that its nature (i.e. its quantum and classical properties) is not well understood (if at all) yet. That is, apart from the gravitational evidence, there is no further strong reason supporting its existence. Since several experiments have failed so far to detect the proposed DM particles, skepticism keeps growing in this direction. On the other hand, the cosmological constant has been historically regarded as “suspicious” by several detractors (including Einstein himself; see Refs. [7] for a review), although some of its apparent drawbacks are based more on prejudices than on strong and well grounded physical arguments [8]. In any case, the discomfort that Λ has produced in the spirit of some people has led to consider more complicated alternatives, of which, is fair to say, none is regarded today as a more serious candidate for dark energy (DE) than Λ (the BigBOSS experiment [9] has been designed to shed light in this direction). Among these alternatives are the so called modified theories of gravity (MTG) as opposed to general relativity (GR). Some of these theories have been also proposed to substitute DM and even as models for inflation. Perhaps the most popular MTG over the past ten years and the one we focus in this article are f(R) metric theories, where an a priori arbitrary function of the Ricci scalar R replaces R itself in the gravitational Lagrangian.

This kind of MTG were conceived originally in order to create a late accelerated effect without a cosmological constant or as inflationary model without an extra scalar field (see Refs. [10–13] for a detailed review). Notwithstanding, despite of the promising f(R) models first proposed to replace Λ [14], a cumulative evidence, both theoretical and observational, has been found against most of them. However, new models have been proposed to overcome the initial difficulties, some better motivated that others but none introducing a new fundamental principle that can be used as a guiding line; indeed they have rather been constructed by trial and error. The simplest (non-trivial) choice f(R) = R was historically favored by Einstein since mathematically led to second order partial differential equations (PDE’s) which could easily reduce to the Newtonian theory in the week field limit.

General mathematical and physical conditions are usually demanded in order to avoid pathologies in the models. For instance, the conditions f_{RR} > 0 and f_R > 0 (where the subindex indicate derivative with respect to R) seem to be required for stability considerations and to ensure a positive definite effective gravitational constant, respectively. It is however not clear if those conditions are really necessary, and in many studies they are not imposed. Therefore, in most cases, “handcraft” has been used to design a particular f(R) model based on heuristic arguments that might account for the actual phenomenology when the full fledge model is submitted to a detailed scrutiny. The general trend so far is that no single model is able to explain most of the current observations, but only some aspects of them. That is, most of the f(R) models fail miserably when they are preempted as models for all the dark substance (both DE and DM) and when taking into account the Solar System tests as well. Even when considered only as DE models, most of them fail, with the exception of some notable cases. Of course it could well happen (but perhaps not very desirable) that dark matter, dark energy and modifications of the laws of gravity in some combination are required by nature in order to fully understand our Universe. In fact, this is the approach we pursue here at the cosmological level except that we do not include explicitly a cosmological constant, but rather, the models themselves give rise to an effective Λ which vary slightly around the required value at late (i.e. present) epochs of the Universe. We then consider f(R) theories simply as a model for explaining the accelerated expansion of the Universe and introduce a dark matter component in the same way as in the ΛCDM paradigm. Nevertheless, things turn out to be not so simple, given that the proposed models can disturb the successes of GR. Any proposed specific f(R) model has not only to satisfy the cosmological observations, but all the gravitational observations at all scales. These include the Solar System experiments, the existence of physically acceptable compact objects, the binary pulsar, etc. As today, there is no single MTG model that replaces successfully GR and explains as should be, all the observations for which it was designed originally.

After the first f(R) models were proposed to explain the accelerated expansion of the Universe, among them the “historic” f(R) = R − μ^4/R, a sequence of papers appeared where the constraints imposed by the Solar System were taken into account [15]. Without reaching a clear consensus on the issue, it seemed that such models were not viable. One of the arguments put forward to establish that conclusion was based on the fact that such theories can be shown to be dynamically equivalent to a Brans-Dicke (BD) theory with ω = 0. Since such a value for ω in these theories gives rise to a post-Newtonian parameter γ = 1/2, which conflict with γ ∼ 1 favored by the Solar System tests, then at first sight the analysis suggested that all f(R) theories were excluded blatantly as viable theories. Much later, it was recognized that such an argument should be used with care in view that f(R) theories are not equivalent to the standard BD theory with ω = 0, but to a BD theory with a potential. Therefore, depending on the mass of the effective scalar, the theory at hand could pass or fail the Solar System tests [16]. Although it is now recognized that many of the f(R) models give rise to γ ∼ 1/2, and are therefore ruled out, some others, due to the effective mass of the scalar, might produce a successful phenomenology. This success depends on whether or not the scalar field which is associated with the model at hand can act as a chameleon [17, 18], a mechanism that appears in some scalar-tensor theories of gravity which allows them to satisfy the local tests and the possibility of producing the required cosmological effects [19].

Now, as concerns the cosmological restrictions on these theories, Amendola et al. [20, 21] have devised criteria of quite general applicability that allows to discard many of the proposed f(R) models. In short, their analysis shows for a large class of models that they either produce an accelerated expansion at recent times but fail to generate a correct matter-dominated era (the scale factor behaves as radiation in GR) or the opposite. In fact, when viewed from the past to the present, many of such models cross from the radiation-dominated era (deceleration epoch) to an effective dark-energy era (acceleration epoch) with a very short or not even existent matter-domination era. Such models are therefore incompatible with the CBR observations, the age of the Universe and the structure formation at large scales [20, 21]. This issue was, however, not free of debate either [22, 23].

To make things even more confusing in this matter, additional skepticism was raised about the viability of such kind of theories when a further test was performed on several cosmologically successful f(R) models. This time, the test consisted in analyzing the possibility that such models allowed the construction of solutions representing realistic (or at least idealized) neutron stars. In a first attempt to do so, Kobayashi & Maeda [24] showed that idealized neutron stars (specifically, incompressible compact objects) were not allowed by the Starobinsky model [25] since a singularity in the Ricci scalar developed within the object. Later, Babichev & Langlois [26] criticized such conclusion and argued that the singularity was only due to the use of an incompressible fluid and when a similar situation was analyzed with a compressible gas (e.g. a polytrope) no singularity was found. Finally, Upadhye & Hu [27] argued that a chameleon effect was the responsible of avoiding the formation of singularities in compact objects and not the use of more realistic equation of state.

In a more recent work by us [28], while we arrived to the same primary conclusion of Refs. [26, 27] on that no singularities were necessarily formed, we criticized some very basic aspects of the analysis common to all of the three above investigations concerning the existence of neutron stars [24, 26, 27]. To be specific here let us mention that their analysis relied fundamentally on the fact that a potential associated with a scalar-tensor counterpart of the Starobinsky model could drive the scalar field to a point where the corresponding Ricci scalar diverged. The main point of our criticism, noticed earlier in [29, 30], is that such a potential has unpleasant features as it is multivalued and therefore, the transformation to the STT is not well defined. Since the conclusions reached on those papers depend crucially on the use of such a pathological potential we consider them not very trustworthy, even if the dynamics is supposed to take place in a region where the potential is single valued. Moreover, due to the fact that many of the controversies regarding this subject have been the result of using the STT in the Einstein or Jordan frames (see also Ref. [31] for a similar criticism), we strongly suggested to abandon such an approach and treat f(R) models in all applications without performing the transformation to any frame of STT. In the particular case of static and spherically symmetric spacetimes, we devised a very transparent and simple approach that allowed us to deal with compact objects. Using a particular case of the Starobinsky model we concluded that no singularities were found. We also studied the Miranda et al. model [30] (which was previously shown to be free of singularities following the STT approach but with a single-valued potential), and arrived to the same conclusion. We emphasized the advantages of using that robust approach over the STT technique, and we argued that even in the cases where the STT transformation is well defined it is not particularly useful and that the original variables are required anyway in order to interpret the solutions correctly. Furthermore, and as we mentioned above, dealing with the STT approach opens the way to the long-standing controversy about which frame (Einstein or Jordan) is the physical one [32]. This discussion is in some cases semantic and in many others completely ill founded and corrupted. In our treatment we don’t even need to deal with it at all since we consider the theory directly as it emerges from the original action without performing any formal or “rigorous” identification or transformation with any other theory, frame or variables.

In the present article we review, in light of our robust approach, the cosmological analysis of some of the apparently least problematic f(R) models, in the sense that they seem to pass the cosmological and Solar System tests (although the model of Ref. [30] is still on debate). As we will show, our treatment allows to handle the equations most as in the case of GR, which in turn, makes possible the use of simple techniques of numerical relativity to monitor the accuracy of the solutions.

The paper is organized as follows, Section II introduces the f(R) theory, the general equations and the approach under which we will treat them. In Section III we present four inequivalent definitions of the “energy-momentum” tensor of geometric dark energy that we have identified in the literature and which give rise to three inequivalent equations of state (EOS) used in cosmology. Section IV displays in detail the three specific f(R) models that we submit to a cosmological analysis. In Sections V and VI we focus on the Friedmann-Robertson-Walker (FRW) cosmology and analyze the EOS that arises in the particular f(R) models we treat, as well as the relative abundances of the different matter-energy components in order to explicitly show the matter and modified-gravity (geometric dark energy) domination epochs. In order to have some insight about the viability of the solutions, we compare the results with the successful GR-ΛCDM scenario. We also compute the luminosity distance and confront the results with the historic SNIa data [2] and the UNION 2 compilation [3]. The age of the Universe that arises from these models is also estimated. Finally, Section VII concludes with a summary and a discussion. An Appendix displays the dimensionless form of the cosmological equations used for numerical integration and the numerical test used to check the accuracy of our solutions.

II. f(R) THEORIES, A ROBUST APPROACH

The MTG that we consider is given by the following action

S[g_{ab}, ψ] = ∫ f(R) 2κ √ −g d^4x + S_{matt}[g_{ab}, ψ] , (1)

where κ ≡ 8πG_0 (we use units where c = 1), and f(R) is an apriori arbitrary function of the Ricci scalar R^1. The first term corresponds to the modified gravity action, while the second is the usual action for the matter, where ψ represents schematically the matter fields (including both the visible and possibly the dark matter).

The field equation arising from Eq. (1) in the metric approach is f_RR_{ab} − 1 2 fg_{ab} − (∇_a∇_b − g_{ab}□) f_R = κT_{ab} , (2) where f_R indicates ∂_Rf, □ = g^{ab}∇_a∇_b is the covariant D’Alambertian and T_{ab} is the energy-momentum tensor of matter which arises from the variation of the matter action in Eq. (1). It is straightforward to write the above equation in the following way

f_RG_{ab} − f_{RR}∇_a∇_bR − f_{RRR}(∇_aR)(∇_bR) + g_{ab} [ 1 2 (Rf_R − f) + f_{RR}□R + f_{RRR}(∇R)^2 ] = κT_{ab} , (3)

where (∇R)^2 := g^{ab}(∇_aR)(∇_bR). Taking the trace of this equation yields □R = 1 3f_{RR} [ κT − 3f_{RRR}(∇R)^2 + 2f − Rf_R ] , (4)

where T := T^a_a. Finally, using Eq. (4) in Eq. (3) we find G_{ab} = 1 f_R [ f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} 6 ( Rf_R + f + 2κT ) + κT_{ab} ] . (5)

Equations (4) and (5) are the basic equations for f(R) theories of gravity that we propose, as previously stated in [28], to treat in every application, instead of transforming them to STT. Notice that GR with Λ is recovered for f(R) = R − 2Λ. It is important to stress that even in the treatments where the STT approach is not pursued, in most of the cases the term □R is not rewritten in the way we do it here, and therefore the resulting equations for

1 It is important not to confuse this parametrization in the action with the alternative writing f(R) = R + f̃(R) which is used by several authors (c.f. [18]), and where the tilde is then dropped.

specific spacetimes turn out to be much more involved. The idea is also to rewrite, when possible, all the second order derivatives of R coming from ∇_a∇_bR in Eq. (5) in terms of lower order derivatives using Eq. (4). We shall do that for the cosmological applications that we analyze in Sec. V. The systematic approach to perform the full first order reduction is through the 3+1 formalism [33]. The method proposed here follows the same philosophy of our previous article [28]. We also point out that a similar reduction was considered by Seifert [34], when analyzing the stability of several systems under the framework of f(R) theories.

An important property of these theories is the well known fact that not only the total “energy-momentum” tensor (i.e. the right-hand-side –r.h.s– term of Eq. [5]) is conserved, but also the energy-momentum tensor of matter alone T^{ab}. That is, the field equations imply ∇_aT^{ab} = 0. This reflects no other but the fact that this kind of theories are metric theories, and so, the geodesic equation for test particles holds. The matter equations will take then the same form as in GR, and the departure from the latter will occur in the evolution equations that the metric will follow.

Clearly, we have not modified the fourth-order character of the theory with respect to the metric, since R depends on second derivatives of the g_{ab} components and, as we appreciate from the r.h.s of Eq. (5), there are in addition second derivatives acting on R. Nevertheless, the important point here is to promote R as an independent variable, and solve the system (4) and (5) as a set of coupled second-order PDE’s for R and g_{ab} respectively. Of course, the same spirit is used when the theory is transformed to an STT counterpart, where instead of R a scalar-field χ = f_R is defined. However, as we emphasized before, we will avoid such a treatment in view of the potential drawbacks that can appear, while in our case everything is as well defined as the function f(R) itself. In particular, since we shall deal with the Starobinsky [25] and Hu–Sawicky [18] (hereafter HS1) models where f_{RR} is not positive definite and for which the scalar-field potential that arises in the STT transformation is multivalued, it is then advisable not to pursue that approach.

It is important to stress that following this treatment (i.e. the second-order approach as opposed to the fourth order one for the metric alone), the initial data on R and its time derivative are not arbitrary, but subject also to a modified Hamiltonian and momentum constraints [33]. These important mathematical issues become apparent when formulating the theory as an initial value problem [33]. In the particular case of a FRW spacetime, this issue will be reflected in that the initial values for R and Ṙ must satisfy the equivalent of the Friedman equation for GR, which amounts to the modified Hamiltonian constraint; the momentum constraint being trivially satisfied in this case. Under this approach, there exists another identity which links the Ricci scalar with first and second order derivatives of the metric. This identity can provide a consistency test for the numerical integration since, like the initial data constraints, it must be satisfied everywhere in the space-time. In particular, in static situations where there is no evolution or the evolution is trivial, this identity can be used to check the self-consistency during the numerical integration over the space [28]. A similar situation happens for the FRW case, except that in this case R provides another evolution equation for the Hubble expansion. Nevertheless, this equation is consistent with the rest, and so, it provides in practice, a redundant equation, since a priori no extra information can be extracted from it, although it can be used also to fix the initial data (by means of the deceleration parameter and the jerk – see Sec. V B). As in the static and spherically symmetric case, this redundancy can be exploited numerically to check the consistency and accuracy of the computer codes that we created to solve the equations numerically.

Finally, we mention what maybe the most important property of f(R) theories as models intending to mimic a cosmological constant at present time. First, from Eq. (4) a “potential” V (R) = −Rf(R)/3 + ∫_R f(x)dx can be defined, so that V_R(R) = dV (R)/dR = (2f − f_RR) /3. Then notice that if the matter terms are absent (e.g. outside a compact object), almost negligible or small (e.g. at late times of the Universe), then Eq. (4) admits as solution R = R_1 = const., provided V_R(R_1) = 0 (c.f. Sec. IV for specific examples). When this solution is used in (5) under the approximation T_{ab} ≈ 0, this reads G_{ab} = −Λ_{eff} g_{ab}, where Λ_{eff} := R_1/4. Of course taking the trace of (5) is consistent with R = R_1. Then the solution for the metric must be such that the Ricci scalar is constant. But this is no other than the de Sitter type of solutions. In particular, this holds for static and spherically symmetric spacetimes [10, 28] and for the FRW cosmology, as we shall see below. So, in summary, f(R) are able to mimic Λ provided that one finds solutions where the matter contribution can be neglected, e.g. asymptotically in space or in time, and where the Ricci scalar R approaches a critical point (a maximum or minimum) of the “potential” V (R). All this relies on f_{RR}(R_1) ≠ 0, as otherwise the conclusions might change. Given that we solve the full equations (4) and (5) regardless of any ad hoc definition of a potential, in our case V (R) is merely used as a guiding tool for identifying the critical point associated with the possible asymptotic solution for R. Then, only for such guiding purposes and for models where f_{RR} is positive definite in general or that 0 < f_{RR} < ∞ in the regions where the solutions take place, it is irrelevant to include the term f_{RR} in V (R), since we will find the same critical points. Nevertheless, when those conditions are not fulfilled (i.e. when f_{RR}(R_1) = 0 or when f_{RR}(R_1) → ∞), it is then advisable to include the term f_{RR} in the potential, otherwise one could “miss” a critical point (see Sec. IV for a further discussion). For the f(R) models that we analyze below, some of which have a non positive definite f_{RR} (see Sec. IV) it turns however, that the cosmological solutions presented in Sec. VI, never reach the point(s) where f_{RR} ≤ 0 nor where f_{RR} diverges. Therefore, there exists viable cosmological models that are free of any “pathologies” of this sort.

III. THE “ENERGY-MOMENTUM TENSOR” OF f(R)

Very often it turns to be convenient and helpful to write the field equations of alternative (metric) theories of gravity as the Einstein field equations with an effective (total) energy-momentum tensor (EMT) that contains all the modifications which are associated with the new theory and the EMT of matter itself. In cosmology this rearrangement of the equations can be useful as one tries to identify the contributions of the modifications of gravity within the total EMT as though they represented some kind of geometric dark energy, and so it will be dubbed. This can be specially advantageous since one can define then an EOS associated with such dark energy and compare it with the ΛCDM model. The only problem with this construction is that, given such total EMT, there is no canonical way to perform the separation between the matter and the geometric dark energy contribution, and thus, very often different authors introduce different definitions for the EMT of geometric dark energy. The reason is that even the matter energymomentum tensor in Eq. (5) appears to be multiplied by a factor f^{−1}_R , and so, it would seem a priori difficult to unambiguously define which part of the field equations belongs purely to the matter terms and which corresponds to the geometry (c.f. the remarks at the end of Sec. IIA of Ref. [12]).

In the following we provide four inequivalent definitions of the EMT of geometric dark energy, that when applied to cosmology, lead to three inequivalent ways of defining its corresponding EOS. In our opinion, the fact that these various definitions have been considered in the literature without even identifying them as inequivalent, has added a great amount of confusion to the subject. We hope that by clearly exposing these definitions we help to clarify this matter.

Recipe I: First, define κ T^{tot}_{ab} as the r.h.s. of Eq. (5). Then, define the EMT of the geometric dark energy as T^X_{ab} := T^{tot}_{ab} − T_{ab}^2. By construction, T^X_{ab} is conserved, for T^{tot}_{ab} is conserved by the Bianchi identities, and as mentioned in Sec. II, the energy-momentum tensor T_{ab} of matter alone turns to be also conserved (c.f. Appendix A of Ref. [35] for similar considerations and also Ref. [25] for further reflexions). Moreover, in the GR case f(R) = R, T^{tot}_{ab} ≡ T_{ab}, which in turn leads to T^X_{ab} ≡ 0, even in the presence of matter, as one can verify from Eq. (6) below. We conclude that T^X_{ab} includes a non trivial contribution only when GR is modified, and thus captures the idea about the energy-momentum content of the geometric dark energy. The explicit form of T^X_{ab} is as follows:

T^X_{ab} := 1 κf_R [ f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} 6 ( Rf_R + f + 2κT ) + κT_{ab} (1 − f_R) ] . (6)

As we mentioned above, clearly for f(R) = R, T^X_{ab} ≡ 0, and for f(R) = R − 2Λ, T^X_{ab} = −Λg_{ab}/κ, where we have used R = −κ T^{tot}.

It may perhaps seem awkward to see the EMT of matter T_{ab} appearing in the definition of the EMT of geometric dark energy Eq. (6). Nonetheless there is a simple way to rewrite T^X_{ab} in terms of purely geometric quantities. Adding G_{ab} to both sides of Eq. (3) and defining T^X_{ab} such that G_{ab} = κ T^X_{ab} + κ T_{ab}, we obtain κ T^X_{ab} = G_{ab}(1 − f_R) + f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} [ 1 2 (Rf_R − f) + f_{RR}□R + f_{RRR}(∇R)^2 ] . (7)

Alternatively we can replace □R using Eq. (4), and get κ T^X_{ab} = G_{ab}(1 − f_R) + f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} 6 ( Rf_R + f + 2κT ) , (8)

which of course can be recovered by using κT_{ab} = G_{ab} − κT^X_{ab} in Eq. (6) and then solving for T^X_{ab} . Like in Eq. (6) the matter contribution appears also in Eq. (8) via the trace T = T^a_a of the EMT of matter.

We have then arrived to three equivalent ways of writing T^X_{ab} which are given by Eqs. (6)−(8), except that now in Eq. (7) the matter contribution does not appear explicitly. Expression (7) corresponds exactly to the EMT of geometric dark energy considered in Refs. [25, 36–38]^3. Following the line of thought that we have proposed in Sec. II,

2 In several articles T^X_{ab} is denoted by T^{eff}_{ab} instead. Nevertheless, sometimes it goes beyond purely notation and different meanings are to be understood in both symbols (c.f. Recipe III).

3 In Ref. [25] the signature (+, −, −, −) is used along with a different sign convention for its T^{DE}_{ab} .

and for the cosmological applications, it will be better for us to work with Eq. (6) rather than with the other two equivalent expressions.

Recipe II: In order to obtain the second proposal for the EMT we follow a prescription similar to Recipe I, but we write the EMT of the geometric dark energy as the following linear combination T^{II , X}_{ab} (A) := A T^{tot}_{ab} − T_{ab} = Aκ^{−1}G_{ab} − T_{ab} where A is a constant. This is a rather ad-hoc generalization of T^X_{ab} which in our opinion has no deep motivation. By the same arguments given above, this EMT will also be conserved. Explicitly it reads κ T^{II , X}_{ab} (A) := G_{ab}(A − f_R) + f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} [ 1 2 (Rf_R − f) + f_{RR}□R + f_{RRR}(∇R)^2 ] , (9)

so that Eq. (3) reads AG_{ab} = κ T^{II , X}_{ab} + κ T_{ab}. Thus, T^X_{ab} = T^{II , X}_{ab} (1) , that is, T^{II , X}_{ab} and T^X_{ab} coincide if and only if A = 1. Several authors [21, 39–41] considered this recipe in the cosmological context and set A = f^0_R (F_0 in their notation; the knot indicating today’s value). Therefore when f^0_R is not taken as unit, as may be often the case, the EOS obtained from Recipes I and II are not equivalent (see Secs. V A, and VI ). Actually, the EOS for this recipe has the unappealing feature that can be divergent in several cases [40] as we will show in Sec. VI (c.f. Fig. 21). This divergence is due to the fact that in a FRW cosmology the energy-density associated with this EMT becomes zero at some redshift (c.f. Figs. 22 and 23), a feature that had already been remarked by Starobinsky [25].

Using Eq. (5) one can also write T^{II , X} ab (A) = A κf_R [ f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} 6 ( Rf_R + f + 2κT ) + κT_{ab} ( 1 − f_R A ) ] . (10)

Recipe III: The EMT defined in this recipe arises from Eq. (3) or Eq. (5) by simply identifying κ T^{III , X} ab := f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} [ 1 2 (Rf_R − f) + f_{RR}□R + f_{RRR}(∇R)^2 ]

= f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} 6 ( Rf_R + f + 2κT ) . (11)

so that Eqs. (3) and (5) read G_{ab} =^κ_{fR} ( T^{III , X} ab + T_{ab} ) . This EMT was considered by Sotiriou & Faraoni [12]

(denoted T^{(ef f )}_{μν} by them). It has the unpleasant feature that is not conserved, not even in the absence of matter, by the fact that f^{−1}_R is not included as a factor in the r.h.s of Eq. (11).

Recipe IV: In this case the EMT is defined by T^{IV , X}_{ab} := f^{−1}_R T^{III , X}_{ab} so that Eqs. (3) and (5) read G_{ab} = κT^{IV , X} ab + κf^{−1}_R T_{ab}. Like T^{III , X}_{ab} , this EMT does not conserve either since in the presence of matter ∇^aT^{IV , X}_{ab} = −T_{ab}∇^a(f^{−1}_R ) ≠ 0, however, unlike T^{III , X}_{ab} , it is conserved in the absence of matter, as can be seen from the previous equation. As we shall discuss in Sec. V A, several authors have obtained an EOS from the fourth recipe when applied to cosmology. In such scenario the previous equation will imply that the conservation equation associated with the geometric dark energy will contain a source term given by −T_{tt}∇^t(f^{−1}_R ) = ρ d(f^{−1}_R )/dt (where t is the cosmic time) and thus such term will depend on the total matter density (i.e. radiation plus baryon plus dark matter densities). Incidentally, even if T^{IV , X}_{ab} ≠ T^{III , X}_{ab} the EOS associated with both EMT will coincide as the factor f^{−1}_R cancels when taking the ratio of pressure over energy-density for the X–component.

When using Eq. (5), T^{IV , X}_{ab} can be written as follows T^{IV , X} ab = 1 κf_R [ f_{RR}∇_a∇_bR + f_{RRR}(∇_aR)(∇_bR) − g_{ab} 6 ( Rf_R + f + 2κT )] . (12)

In our opinion Recipe I is the simplest, the best motivated EMT and the one that has the nicest features. In Sec. V A we shall derive the different EOS that arise from Recipes I–IV.

IV. f(R) MODELS

We have selected three f(R) models which have been analyzed carefully in recent years. First we shall present the models by reviewing some general features, and then test their cosmological viability using the approach that we will discuss in the next sections where we will compare our findings with previous results. In particular, we confront them in the light of the ΛCDM paradigm.

A. MJW model

This model was proposed by Miranda et al. [30]:

f(R)_{MJW} = R − βR_∗ln ( 1 + R R_∗ ) , (13)

where β and R_∗ are free positive parameters, and it is well defined provided R/R_∗ > −1. In this work we use β = 2 and R_∗ = σ_∗H^2_0 , where H^2_0 is the Hubble constant today, and σ_∗ is a dimensionless parameter that can be adjusted in order to best fit the model to the cosmological observations. In the numerical analysis presented in Sec. VI we take σ_∗ = 1, which is not necessarily the best fit. Figures 1 and 2 depict the behavior of this model. The f−curvature f_{RR} = βR^{−1}_∗ /(R/R_∗ + 1)^2 (where we have dropped the label MJW) is positive definite, provided β > 0 and R_∗ > 0, and becomes small for large R (see Fig. 4). In the domain where f(R) is defined, the derivative f_R can be negative or zero in the range −1 < R/R_∗ ≤ β − 1, i.e., −1 < R/R_∗ ≤ 1 for the specific value β = 2. However, as we shall see in Sec. VI, it turns that f_R > 0 for the cosmological model that we analyzed, as the inequality R/H^2_0 > 1 largely holds during the cosmic evolution (c.f. Figs. 3 and 8 ), avoiding in this way any possible drawback associated with the values f_R ≤ 0. Moreover, since R/H^2_0 > 1, the pole at R/R_∗ = −1, where f_{RR} → ∞ and where f(R) is no longer defined, is never reached (c.f. Fig. 4), therefore, in this case it is unimportant to include f_{RR} in the potential V (R) that we introduce below.

As we emphasized in the Introduction, the transformation from f(R) gravity to the corresponding STT can generate several pathologies because the potential U(χ) which is associated with the scalar field χ = f_R may be ill defined (notably when f_{RR} is not positive definite since then χ(R) cannot be inverted in the original domain of R). Notwithstanding, the model proposed by Miranda et al. [30] is free from those pathologies since in this case f_{RR} > 0, unlike the Starobinsky and Hu-Sawicky models discussed below. The potential V (R) introduced in Sec. II, and which is different from U(χ)^4, is given as follows for this model V (R) =^{R2∗}_6 { (1 + R̃)(R̃ + 6β − 1) − 2β(3 + 2R̃)ln(1 + R̃) } , where R̃ = R/R_∗. Figure 5 depicts this potential where the critical points (maxima or minima) at R_1 correspond to a possible trivial solution R = R_1 in vacuum (i.e. de Sitter point associated with R_1 > 0), and are also the points, notably the minimum, that should be reached asymptotically, (in time for cosmology and in space for compact objects) when a non trivial solution for R approaches its asymptotic value in spacetime regions where the matter becomes practically absent or very diluted. The global minimum at R_1 ≈ 6.14H^2_0 is the actual de Sitter point reached in the cosmic evolution (c.f. Fig. 8). Similar considerations regarding the critical points will also apply for the two models discussed below.

Miranda et al. [30] showed that such a model is consistent with a FRW cosmology and that singularities do not appear in idealized compact objects. Regarding these latter, we confirmed their findings using our approach [28]. As concerns the cosmological part, they specifically showed that their model is able to reproduce the matter-dominated epoch as well as the accelerated phase that are required to explain several observations. This is something that we confirm here (see Sec. VI). This model was previously criticized on the grounds that, at the perturbation level, it seems to be unable to reproduce the observed matter power spectrum and that it may also be inconsistent with the local gravity constraints imposed by the Solar System experiments [42]. Miranda et al. [43] replied that the arguments put forward in Ref. [42] to discard the model are not strong enough and that a careful reexamination is needed. Furthermore, Thongkool et al. [44] have also argued that this model is unable to satisfy the thin shell condition that is needed to produce a successful chameleon mechanism, being this presumably the only way to satisfy the Solar System constraints in f(R) theories.

B. Starobinsky model

The model is defined by the following function [25],

f(R)_S = R + λR_S [( 1 + R^2 R^2_S )_{−q} − 1 ] , (14)

4 The relationship between both potentials is given by dŪ(R(χ))/dχ = (2f − f_RR) /3 = dV (R)/dR, where U(χ) := Ū(R(χ)). Thus, dŪ(R)/dR = f_{RR}dV (R)/dR, where we used dχ/dR = f_{RR}. If we include the term f_{RR} in the definition of an alternative potential Ṽ (R) = (2f − f_RR) /(3f_{RR}), then the relationship between Ū(R(χ)) and Ṽ (R) dŪ(R(χ))/dR = (f_{RR})2dṼ (R)/dR.

FIG. 1. f(R) models considered here (see the main text for the analytical expressions). For reference the general relativity (GR) case f(R)GR = R is also depicted as well as a GRΛ model f(R)GRΛ = R − 2Λ with Λ = 2.08H^2_0 . Notice that for sufficiently large R/H^2_0 , the Starobinsky and the Hu–Sawicky models can be approximated by their respective f(R)approx := R − 2Λ^∞_{eff} . Such models behave as f(R)GRΛ (i.e. almost straight lines) with an effective positive cosmological constant Λ^∞_{eff} given by the value −f(0)approx/2.

FIG. 2. Same as Fig. 1 for smaller R/H^2_0 .

with q, λ positive parameters and R_S is another parameter playing the same roll as R_∗ in the previous model; we assume R_S = σ_S H^2_0 , and take σ_S ≈ 4.17, q = 2 and λ = 1 as in Ref. [37]. Both models, this and the previous one, have the property that, in vacuum, admit solutions with R ≡ 0, like GR in vacuum (which includes the asymptotically flat solutions), unlike some models which contain a term ∼ R^{−1} in the Lagrangian. It is by virtue of this property that Starobinsky entitled his model in terms of a “disappearing cosmological constant in f(R) gravity”. On the other hand, in the high curvature regime where |R| ≫ R_S , the model yields f(R) ≈ R − λR_S , and thus it acquires an effective cosmological constant Λ^∞_{eff} := λR_S /2 (see Figs. 1 and 2), which is non-negligible provided λ ≫ 1. In this model, f_{RR} = 0 at R = ±R_S/ √ 2q + 1, thus, f_{RR} is not positive definite (see Fig. 4). The fact that this quantity appears in the denominator in Eq. (4) indicates that a careful examination of the equations is required at those particular points, notably the positive one. Starobinsky himself [25], who dubbed such points weak singularities, has stressed the need of a close analysis of the solutions there. Nevertheless, we have not reached any of those weak singularities during the cosmological evolution as R ≥ R_S / √ 5 ≈ 1.86H^2_0 (c.f. Figs. 4 and 9). Figure 6 shows the potential

V (R) = 1 6 ( R^2 − λRR_S 4R^4 + 5R^2R^2_S + 3R^4_S

(R^2 + R^2_S )^2 ) + λR^2_S 2 arctan(R/R_S ) . (15)

FIG. 3. The derivative fR := df/dR for the f(R) models depicted in Fig. 1. This quantity turns to be positive during the cosmic evolution.

FIG. 4. The second derivative fRR := d^2f/dR^2 for the f(R) models depicted in Fig. 1. This quantity is positive definite in the MJW model and turns to be positive during the cosmic evolution for the Starobinsky and Hu–Sawicky models considered here.

For R ≥ 0, there is a global minimum at R = 0, a maximum at R ≈ 4.17H^2_0 and a local minimum at R_1 ≈ 6.82H^2_0 which corresponds to the actual de Sitter point where the cosmological solution settles in future cosmic time (c.f. Fig. 9). Like in the previous model, the cosmological solution in the range we explored is such that f_{RR} and f_R are always positive. It is somehow remarkable that Λ^∞_{eff} ≈ 2.09H^2_0 is close to the actual effective cosmological constant Λ_{eff} = R_1/4 ≈ 1.71H^2_0 , even though the minimum is reached only for R_1 ≈ 1.67R_S which one would think is not yet in the regime R ≫ R_S .

For the model with q = 1 and λ = 1.56, we found previously static and spherically symmetric solutions that represent idealized compact objects with an asymptotically de Sitter behavior that was reached at the local minimum of V (R) [28]. In this regard, it is important to mention that we did not hit any of those weak singularities, notably the positive value) as the solution interpolates monotonically between R ≈ 2.37R_S at the center of the object and R ≈ 1.98R_S asymptotically, which, as mentioned, corresponds to a de Sitter point [28]. However, it is fair to say that in that work we did not explore sufficiently the space of solutions and different values of the parameters. Moreover, we only used incompressible fluids. We plan to extend this analysis elsewhere.

Starobinsky’s model can satisfy the conditions imposed by several cosmological observations [40, 45]. For instance, it is able to produce an adequate matter epoch prior to the accelerated era, unlike several unsuccessful models (see Refs. [20, 21, 23] for a thorough analysis). Moreover, the Solar System tests can be successfully passed by this model (e.g. taking n ≥ 2) [25]. However it leads to ill defined potentials when transformed to a STT because f_{RR}

FIG. 5. The potential V (R) associated with the MJW model Eq.(13) with β = 2, R∗ = H^2_0 .

is not positive definite, and therefore the analyzes that rely on such an approach rise serious doubts about their soundness [24, 26, 27, 46–49], even if some of their conclusions turn to be true (c.f. Ref. [28]).

FIG. 6. Same as Fig. 5 for the Starobinsky model Eq. (14) with q = 2, λ = 1 and Rs ≈ 4.17H^2_0 .

C. Hu–Sawiky model

The f(R) for this model is given as follows [18]: f(R) = R − m^2 c_1(R/m^2)^n c_2(R/m^2)^n + 1

, (16)

with n > 0 and m^2, c_1 and c_2 are parameters of the model. Like the previous two models, m^2 plays the same roll as R_∗ and R_S . According to HS1, the constant m^2 is fixed from the length scales of the Universe (it has the same units as R, so 1/m has units of length),

m^2 ∼ κ^2ρ_0 3 , (17) where ρ_0 is the average density of the Universe today. The numerical value that we assume and which is similar to the value taken in HS1 is m^2 ≈ 0.24H^2_0 . The constants c_1 and c_2 are dimensionless parameters that can be fixed by demanding that this model mimics as close as possible the ΛCDM scenario. In particular their values are chosen for the model to match the current values^{ΛCDM} Ω^0_{bar+DM} ≈ 0.24 and Ω^0_Λ ≈ 0.76 (see Sections V and VI for definitions), where the upper-left index ΛCDM is used to distinguish from the corresponding matter content predicted by f(R) theories, which in general will not be exactly the same. The relative density Ω^0_Λ will be replaced by a suitably defined energy-density of the geometric dark energy. Following HS1 one fixes such constants from

c_1 c_2 = 6Ω^0_Λ ΛCDM Ω0 bar+DM

, (18) and f^0_R − 1 = −n c_1 c^2 ( 12 ΛCDM Ω0 bar+DM − 9 )_{−n−1} . (19)

In this paper we take n = 4 and^5 f^0_R = 0.99 so that the specific values for c_1 and c_2 are c_1 ≈ 1.25 × 10^{−3}, c_2 ≈ 6.56 × 10^{−5}. Figures 1 and 2 depict this model and show that in the regime R ≫ m^2, f(R) ≈ R − c_1m^2/c_2, where now Λ^∞_{eff} = c_1m^2/(2c_2) is not negligible provided c_1 ≫ c_2. Like in the Starobinsky case, the Hu–Sawicky model has the property that f_R and f_{RR} are positive during the cosmic evolution (c.f. Figs. 3, 4 and 10), even though they are not positive definite.

The potential V (R) is shown in Figure 7. The analytical expression for V (R) in this case is not very enlightening (it is given in terms of a hypergeometric function) and thus we do not write it explicitly here, but as one can appreciate, its structure is similar to the potential of the Starobinsky model, except that the global minimum at R_1 ≈ 8.9H^2_0 corresponds to the actual de Sitter point found in the cosmic evolution (c.f. Fig. 10). It is worth stressing that Λ^∞_{eff} ≈ 2.29H^2_0 while Λ_{eff} = R_1/4 ≈ 2.23H^2_0 . Those values are very close to each other since in this case R_1 ≈ 37.08m^2, which is already in the regime R ≫ m^2.

As shown explicitly in HS1, the authors constructed a spherically symmetric static solution that represents the spacetime outside the Sun which passes the Solar System tests via a chameleon mechanism, as it provides a post- Newtonian parameter γ ≈ 1. Furthermore, like the Starobinsky model, it is also consistent with the required matter dominated epoch prior to the accelerated expansion era as we shall see in Section VI. Notice that the Hu-Sawicky model with n = 2 is essentially the same as the Starobinsky model with q = 1 modulo a redefinition of their parameters.

The Hu–Sawicky and Starobinsky f(R) models are perhaps the most tested models so far, which includes confrontation with CBR, SNIa, baryon acoustic oscillations and gravitational lensing among others [50–52]^6.

FIG. 7. Same as Fig. 5 for the Hu–Sawicky model Eq. (16). Here n = 4, m^2 = 0.24H −0^2 , c1 ≈ 1.25×10^{−3} , and c2 ≈ 6.56×10^{−5} .

5 The reader is urged to remember our definition of f(R) which contains the Ricci scalar unlike the HS1 convention. Therefore f^0_R = 1 +^{HS}f^0_R. So our value f^0_R = 0.99 corresponds to^{HS}f^0_R = −0.01.

6 In several of theses references, generic f(R) models are tested using a parametrization that characterizes the deviations relative to GR.

V. COSMOLOGY IN f(R)

We focus now on homogeneous and isotropic space-times which are relevant for cosmology and which are described by the FRW metric,

ds^2 = −dt^2 + a^2(t) [ dr^2 1 − kr^2 + r^2 ( dθ^2 + sin^2 θdφ^2 )] , (20)

where k = ±1, 0.

From Eq. (4) we find R̈ = −3HṘ − 1 3f_{RR} [ 3f_{RRR}Ṙ^2 + 2f − f_RR + κT ] , (21)

where ˙ = d/dt. Like in GR, the diagonal spacetime components of Eq. (5) will provide the remaining field equations. However, note that the t − t component of Eq. (5) will contain a term like R̈. This term will be rewritten in terms of lower order derivatives using Eq. (21). The final expression for the equations which have the desired form of a Cauchy initial-value problem, subject to the initial data constraint is:

H^2 + k a^2 + 1 f_R [ f_{RR}HṘ − 1 6 (f_RR − f) ] = −κT^t_t 3f_R , (22)

Ḣ = −H^2 + 1 f_R ( f_{RR}HṘ + f 6 + κT^t_t 3 ) , (23)

where H = ȧ/a , (24) is the Hubble expansion.

Equation (22) is the modified Hamiltonian constraint which generalizes the usual Friedmann equation of GR. This equation constrains the possible values of a, H, R, Ṙ at some initial time. The explicit appearance of the scale factor a will come from the contribution of the energy-momentum tensor of the matter. We call these values the initial data, although this does not mean that it is the data at or near the big bang. Clearly, the above equations reduce to the standard equations of GR for f(R) = R. Moreover, taking f(R) = R − 2Λ one recovers the equations of GR endowed with a cosmological constant.

Now, the expression for the Ricci computed directly from the metric is given by

R = 6 ( Ḣ + 2H^2 + k

a^2 ) . (25)

Note that by using Eqs. (22) and (23) in Eq. (25) we obtain an identity R ≡ R, which shows the consistency of the equations. Thus, as emphasized before, this equation is redundant. However, one has the freedom of using the system of Eqs. (21), (22) and (25) instead of Eqs. (21)−(23) to solve for (H, R), and Eq. (24) to solve for a. In our case, we have in fact, used both sets of equations in order to check the consistency of our computer codes and also the accuracy of the numerical results at every “time” step (see below). We stress that Eq. (22) is only used to fix the initial data and then it is monitored to check that it is fulfilled at every integration step within the accuracy of the numerical algorithm (4th order Runge-Kutta scheme) when integrating the dynamical equations. At this regard, Motohashi et al. [36] had also used a similar technique to check the numerical accuracy.

As we mentioned before, the matter variables T_{ab} obey their own dynamics which is provided by ∇_aT^{ab} = 0. We shall assume that T_{ab} is a mixture of three kinds of perfect fluids, T_{ab} =

∑_3

i=1 T^i_{ab}, T^i_{ab} = (ρ_i + p_i)u_au_b + g_{ab} p_i, which correspond to baryons, radiation, and dark matter, respectively, in a epoch where they do not interact with each other except gravitationally. The energy-momentum tensor for each matter component is conserved separately, and the conservation equation ∇_aT^{ab}_i = 0 leads to the usual expression

ρ̇_i = −3H (ρ_i + p_i) , (26) where the total energy-density of matter is ρ =

∑_3

i=1 ρ_i. The above equation integrates straightforwardly (with p_{bar,DM} = 0 and p_{rad} = ρ_{rad}/3) as follows ρ = ρ^0_{bar} + ρ^0_{DM} (a/a_0)^3 + ρ^0_{rad} (a/a_0)^4

, (27)

where the knotted quantities indicate their values today. Thus in this case the matter variables that appear in the field equations are given explicitly by T^t_t = −ρ and T =

∑_3

i=1 T_i =

∑_3 i=1(3p_i − ρ_i) = −(ρ_{bar} + ρ_{DM}) (since T_{rad} ≡ 0, and p_{bar,DM} = 0), which in turn can be written in terms of the scale factor according to Eq. (27). In this way, the differential equations will depend explicitly on a(t).

In the majority of the cosmological studies performed so far the equation for Ḣ is usually written in terms of R̈ which is clearly not suitable for an initial value problem (e.g. see Ref. [53] for a system of equations of this sort used for reconstructing f(R) functions), unless one uses Eq. (21) to replace such a term in favor or lower derivatives or alternatively if one uses a combination of several variables (e.g. see Sec. 4.1 of Ref. [13], and [21]). Our approach is similar to that of Appleby & Batty [54] where they solve the set of Eqs. (21), (24) and (25), but it is different from theirs in that they do not use Eq. (22) to fix the initial data and monitor the consistency of the numerical solutions (see Sec. V B). In Sec. V B we shall rewrite the system of equations using another “time coordinate” which is more suitable for the numerical integration. This is another important difference with respect to Ref. [54] where the authors use t itself as independent variable and furthermore they integrate backwards in time, which as we argue in Sec. V B may have several inconveniences.

A. The Equation of State in f(R)

Let us now study the specific application of the EMT’s considered in Sec. III. In GR with matter and dark energy components, the parameter ä is directly related to the total EOS ω_{tot} = p_{tot}/ρ_{tot} [i.e. ä/a = −(κρ_{tot}/6)(1 + 3ω_{tot})], which in turn, determines if the universe is expanding in accelerating or decelerating way, provided ρ_{tot} > 0. Here ρ_{tot} = ρ + ρ_{DE}, and p_{tot} = p_{rad} + p_{DE}. One can then define ω_{DE} = p_{DE}/ρ_{DE}, as the EOS for the dark-energy, which will coincide with ω_{tot} when the matter contribution is negligible as compared to that of the dark-energy; this occurs in the ΛCDM paradigm at future time.

We can in a similar way define an EOS for the component associated with f(R) gravity. In order to achieve our goal we need then to define the energy-density ρ_X and pressure p_X , associated with the geometric dark energy fluid. We shall obtain three expressions corresponding to Recipes I–IV.

Recipe I: First, we define the energy-density ρ_X so that the modified Friedmann Eq. (22) reads (hereafter we asume k = 0)

H^2 = κ 3 ( ρ + ρ_X ) , (28)

where we remind the reader that ρ includes all the contributions of ordinary matter (baryons and radiation) and dark matter as well. Second, we define its pressure p_X so that Eq. (23) reads

Ḣ + H^2 = − κ 6 { ρ + ρ_X + 3 (p_{rad} + p_X ) } . (29)

In this way, Eqs. (22) and (23) together with the above two equations lead to the following expressions:

ρ_X = 1 κf_R { 1 2 (f_RR − f) − 3f_{RR}HṘ + κρ (1 − f_R) } , (30)

p_X = − 1 3κf_R { 1 2 (f_RR + f) + 3f_{RR}HṘ − κ (ρ − 3p_{rad}f_R) } . (31)

The EOS ω_X of the X−fluid reads then

ω_X = p_X ρ_X . (32)

The above equation can also be written in the following implicit form when using Eqs. (25), (28) and (29)

ω_X =

3H^2 − 3κ p_{rad} − R 3 (3H^2 − κρ)

. (33)

Clearly we have assumed here that f(R) ≠ R^7, as otherwise one is led to ω_X = 0/0. Numerical examples of this EOS will be provided in Sec. VI for the three f(R) models introduced in Sec. IV (c.f. Figs. 18–20).

One can recover Eqs. (30) and (31) directly from Eq. (6) using ρ_X := u^au^bT^X_{ab} , with u^a = (∂/∂t)^a), p_X := S^{X a}_a /3, where S^X_{ab} is the 3-energy-momentum tensor obtained from T^X_{ab} and which is defined on the orthogonal hypersurfaces to u^{a 8}, and by replacing R̈ (which will appear in ρ_X via the term ∇_t∇_tR) in favor of lower order derivatives using Eq. (21).

As we have emphasized, T^X_{ab} is conserved ∇^aT^X_{ab} = 0. Indeed, since the only energy-momentum tensor compatible with the hypothesis of homogeneity and isotropy is that of an effective perfect fluid, then a fortiori ρ_X and p_X must obey an equation similar to Eq. (26). This statement can be checked explicitly by using Eqs. (30) and (31) in Eq. (26), and then appealing to the field equations.

The other general considerations discussed in Recipe I shall apply to this particular case. For instance, although the matter terms appear in Eqs. (30) and (31), ρ_X = 0 = p_X for the GR case f(R) = R, and moreover, ρ_X = Λ/κ = −p_X , ω_X = −1, for f(R) = R − 2Λ. This shows that these quantities so defined are sensible because it is only when the theory differs from GR that they do not vanish in general, and when Λ is included, they reduce to the expected values. Of course, we do not intend to add a cosmological constant in the f(R) models, the only purpose of these remarks is to illustrate some of the properties of these definitions. Notice that these expressions do not correspond to the total energy-density and pressure of the effective “matter”, i.e. the sum of ordinary matter, dark matter and X–matter, but only to the X–fluid. The total equation of state is given by

ω_{tot} := p_{tot} ρ_{tot}

, (34)

where ρ_{tot} = ρ_X + ρ [c.f. Eq. (28)]^9 and p_{tot} = p_X + p_{rad} [c.f. Eq. (29)]. The total EOS is depicted in Fig. 24. These quantities can also be computed directly from T^{tot}_{ab} as ρ_{tot} = u^au^bT^{tot}_{ab} and p_{tot} := T^{tot i}_i /3.

As part of Recipe I, one can write ρ_X and p_X in terms of “purely geometric” quantities where the matter terms do not appear explicitly. This is in fact achieved by considering the equivalent definition Eq. (7). Let us see explicitly how can we arrive, for instance, to ρ_X directly from the field equation, which is easier than using Eq. (7). Consider Eq. (22), with k = 0 for simplicity, and again assume a perfect fluid. Then we have

0 = −3H^2f_R + 1 2 (f_RR − f) − 3f_{RR}HṘ + κρ . (35) Adding 3H^2 to both sides we then write

H^2 = 1 3 [ 3H^2(1 − f_R) + 1 2 (f_RR − f) − 3f_{RR}HṘ ] + κ 3 ρ . (36)

Therefore, this equation reads like Eq. (28) if one defines the term in brackets as follows

κρ_X = 3H^2(1 − f_R) + 1 2 (f_RR − f) − 3f_{RR}HṘ . (37) In this way, the matter term does not appear explicitly in ρ_X , but clearly (37) and (30) are one and the same thing. We can recover the previous equation if one uses κρ = 3H^2 − κρ_X in Eq. (30) and then solves for ρ_X . One can rewrite p_X in a similar fashion (c.f. Ref. [30]).

Miranda et al. [30], de Felice & Tsujikawa [13], Motohashi et al. [36–38], and Bamba et al. [55] have used a definition for the EOS which coincides with Recipe I. In the case of HS1 [18], their definition coincides exactly with our expression Eq. (33) when the radiation contribution is completely neglected^{10}, which is justified only in the matter dominated

7 Of course f(R) = C = const. is also excluded as otherwise one is lead to consider a vanilla gravity described by Cg_{ab}/2 = −κT_{ab}.

Moreover, this would lead to f_R ≡ 0 and ρ_X and p_X lead also to 0/0. 8 S^{X a}_a ≡ T^{X i}_i is the spatial trace of T^X_{ab} .

9 Under this definition Ω := κρ_{tot}/3H^2 = 1 for k = 0 [c.f. Eq. (57)]. 10 In HS1 the authors use completely different variables.

epoch. It is to be notice, that some authors have preferred to keep the terms like R̈ and ä in their definition, instead of writing them using lower order derivatives as we do.

Equations (30)–(32) or even Eq. (33), are rather simple and easier to calculate under our approach. They are evaluated easily at every integration step when solving numerically our system of equations (see Sec. V B).

Recipe II: In order to obtain ρ^{II}_X associated with Recipe II we can use Eq. (9) or (10). However, for our purposes Eq. (10) is more convenient. We obtain then ρ^{II}_X = A κf_R { 1 2 (f_RR − f) − 3f_{RR}HṘ + κρ ( 1 − f_R A )} , (38)

p^{II}_X = − A 3κf_R { 1 2 (f_RR + f) + 3f_{RR}HṘ − κ ( ρ − 3p_{rad} f_R A )} . (39)

Equation (38) can be recovered easily from Eq. (22), following almost the same steps as in Recipe I, except that now we define ρ^{II}_X from^{11}

AH^2 = κ 3 ( ρ + ρ^{II}_X ) . (41)

Therefore the EOS reads ω^{II}_X = p^{II}_X ρ^{II}_X . (42)

The quantities of Recipe I are recovered for A = 1. In Refs. [21, 39–41] Recipe II was used with A = f^0_R (F_0 in their notation; see Ref. [41] for a discussion concerning the introduction of this constant f^0_R).

In general f^0_R ≠ 1 although f^0_R ≈ 1 (c.f. Ref. [18])^{12}. As shown by Hu & Sawicky [18], one has to take (at least in their model) f^0_R ≈ 1 to avoid large deviations in the EOS relative to the cosmological constant value ω_Λ = −1. So if one takes f^0_R ≠ 1, ω^{II}_X and ω_X are not equivalent. As a matter of fact, ω^{II}_X can diverge at some redshift depending on the f(R) model. For instance, in the Starobinsky and MJW model this is exactly what happens (c.f. Figure 21), because ρ^{II}_X becomes zero (c.f. Figs. 22 and 23). In the Hu–Sawicky model we did not encounter that divergence in the range of redshifts we explored (c.f. Fig. 20). Due to this pathological behavior, this definition for the EOS makes it rather unsuitable for comparing with observations.

Recipe III: In this case ρ^{III}_X and p^{III}_X are obtained from Eq. (11). In particular, ρ^{III}_X can be read off directly from Eq. (22), by defining H^2 = κ(ρ^{III}_X + ρ)/(3f_R), and get ρ^{III}_X = 1 κ [ 1 2 (f_RR − f) − 3f_{RR}HṘ ] . (43)

The pressure and the EOS read respectively p^{III}_X = − 1 3κ [ 3f_{RR}HṘ + 1 2 (f_RR + f) + κT ] , (44) and ω^{III}_X = p^{III}_X ρ^{III}_X , (45)

11 Eq. (38) has the alternative expression

κρ^{II}_X = 3H^2(A − f_R) + 1 2 (f_RR − f) − 3f_{RR}HṘ . (40) The interested reader can consult Ref. [41] for the “purely geometric” expression for p^{II}_X .

12 Since this dimensionless quantity appears as G_{eff} = G_0/f_R and at present time G^0_{eff} ≈ G_0, thus one expects f^0_R ≈ 1.

where T = 3p_{rad} − ρ, as before. This EOS coincides with ω_X only in vacuum. But even in vacuum the density and pressure does not satisfy a conservation equation like (26), as it was stressed in Sec. III.

Recipe IV: In this case ρ^{IV}_X and p^{IV}_X arise from Eq. (12) or from the definition T^{IV , X}_{ab} := f^{−1}_R T^{III , X}_{ab} as given in Sec. III, which yields ρ^{IV}_X = ρ^{III}_X f_R , (46)

p^{IV}_X = p^{III}_X f_R . (47)

The EOS is thus ω^{IV}_X = p^{IV}_X ρ^{IV}_X ≡ ω^{III}_X . (48) Alternatively, ρ^{IV}_X can be read off directly from Eq. (22), by defining H^2 = κ ( ρ^{IV}_X + ρ/f_R ) /3. Notice that the Recipe IV quantities coincide with ρ_X , p_X and ω_X only in vacuum. Nonetheless, in the non vacuum case ρ^{IV}_X and p^{IV}_X have the unaesthetic feature of not satisfying a conservation equation like (26), but rather present an extra source term that depends on the total matter density^{13}. Quantities associated with Recipe IV have been considered by Sotiriou & Faraoni [12]^{14}, Capozziello et al. [11, 56]^{15}, and Bamba et al. [57], although their expression for the pressure is written in a different way (a term R̈ appears explicitly there).

Despite the unpleasant features associated with ω^{III}_X = ω^{IV}_X , they can behave similarly to ω_X for actual cosmological scenarios (c.f. Figs. 18–19).

In summary, there exist at least three inequivalent definitions ω_X , ω^{II}_X , ω^{III}_X that we have identified in the literature as arising from different sorts of EMT representing the geometric dark energy component. We consider that ω_X has the most appealing properties, while EOS ω^{II}_X may have serious deficiencies as it can diverge at some redshifts. On the other hand, ω^{III}_X = ω^{IV}_X have the unaesthetic feature of being related to a non conserved EMT. But even if we dismiss this feature, there are quantitative differences between ω_X and ω^{III}_X (or ω^{IV}_X ) and although the numerical discrepancies between them maybe considered unimportant at present time for the viable cosmological models, they may, however, become important if the EOS is measured with high precision in the future. In this latter instance, one should bare in mind which definition is being used to make comparisons with the values that are inferred from observations. We cannot emphasize more this last comment.

In the following sections we describe the numerical strategy we use to integrate the system of equations (independently of the specific f(R) model considered) and then analyze the cosmological results for the three specific models described in Sec. IV.

B. Numerical integration

The system of Eqs. (21), (23) and (24) as well as the alternative system (21), (24) and (25) have the form dy^i/dt = F^i(y^i) where y^i = (a, H, R, Π) and Π := Ṙ. Therefore they can be solved easily with a fourth order Runge-Kutta algorithm. Now, it is well known in cosmology that t is not the best independent variable to perform the cosmic evolution because usually several scalars blow up very fast as a → 0. It turns better to use the following parameter to integrate the differential equations^{16}

α = ln(a/a_0) , (49)

13 The explicit form of the source term can be appreciated in Eq. (108) of Ref. [11], Eq. (8) of Ref. [56] and Eq. (11.3) of Ref. [57]. 14 In Sotiriou & Faraoni [12] it was defined an EMT denoted as T^{(ef f )}_{μν} which corresponds to our T^{III , X}_{ab} . Incidentally, those authors define also ρ_{ef f} and p_{ef f} which correspond to our ρ^{IV}_X and p^{IV}_X , rather to ρ^{III}_X and p^{III}_X . This can be appreciated in Ref. [12] as the quantities ρ_{ef f} and p_{ef f} do contain the the alluded factor f^{−1}_R , which is missing in their T^{(ef f )}_{μν} . It seems that those authors defined ρ_{ef f} and p_{ef f} using the cosmological field equations instead of using T^{(ef f )}_{μν} directly. In any case, this apparently lack of consistency in their notation has no effect on the EOS as Recipes III and IV give rise to the same EOS. However, the reader is urged to have in mind such nuances in order to avoid any confusion between the current paper and theirs. Still, none of the X–fluid quantities associated with T^{III , X} ab or T^{IV , X}_{ab} will satisfy a conservation equation like Eq. (26).

15 A typographical error (which seems to be systematic) is found in Capozziello et al. Refs. [11, 56] where a sign ‘−’ seems to be missing in front of the term^1_2 (f − f_RR) when they define ρ_{curv} =^1_{κfR}

{_1 2 (f − f_RR) − 3f_{RR}HṘ } [c.f. Eq. (43) and Eq. (22) in vacuum ρ = 0 = −T^t_t ]. This is not a global sign, so their definition for ρ_{curv} seems to be inconsistent with their modified Friedmann equation which (modulo notation) should be identical to ours. Furthermore, taking f(R) = R − 2Λ yields ρ_{curv} = −Λ/κ which has the opposite sign that one should usually consider for Λ > 0. The expression for ρ_{curv} is of course invariant under f → −f, thus the difference cannot be explained by a sign convention in the gravitational Lagrangian.

16 Clearly, α is a good “time coordinate” provided a(t) is a monotonic function, otherwise the relationship between t and α is not in one-to-one correspondence, making the mapping t(α) ill defined. 17 which maps the big bang a → 0 to α → −∞. So when integrating the equations with respect to this variable one is always far from the big bang in the α domain, but one can be very close to it in the t domain, in the sense that a/a_0 ≪ 1. Equations (21), (22), (23), and (25) read as follows with respect to α: R^{′′} = −R^′ ( 1 + R 6H^2 ) − 1 3f_{RR}H^2 [ 3f_{RRR}H^2R^{′2} + 2f − f_RR + κT ] , (50)

H^′ = −2H + R 6H , (51)

H^2 + 1 f_R [ f_{RR}H^2R^′ − 1 6 (f_RR − f) ] = −κT^t_t 3f_R , (52)

H^′ = −H + 1 f_RH ( f_{RR}H^2R^′ + f 6 + κT^t_t 3 ) . (53)

As we have mentioned, we can use Eq. (51) or Eq. (53) to solve for H. Nevertheless, we have used both equations to verify the consistency of our numerical code and together with the verification of the modified Hamiltonian constraint at every integration step, prove the soundness of our results.

From (24), and (49) one obtains dt dα = 1/H , (54)

which is used to extract the age of the Universe when inverting the numerical solution t(α) so as to obtain a(t) (the age is “read off” from its graph). The initial condition needed to solve this equation simply sets some irrelevant initial time which can have any arbitrary value. The relevant chronological quantities are the differences between any given time and the initial time.

Different system of equations using different variables have been analyzed in the past in order to perform the integration (e.g. see [13, 18, 21, 40, 58]). In particular, the system employed by HS1 [18] has become very popular in recent years.

We stress that the numerical integration must be performed forward in α because there are solutions in f(R) that behave like an attractors as one evolves towards the future. Integrating in the opposite direction can then easily lead to cosmological solutions that do not satisfy (retrodict) the physical conditions they should have in the past (e.g. those dictated by CBR or nucleosynthesis). We think that this is precisely the problem that was encountered in Ref. [54], where some kind of “singularity” was found due to runaway solutions which corresponded to “inadequate” initial data. Such data, that we can call d^c_f and which is fixed in the “future”, might be slightly different from the data that is predicted when integrating forward in time using d^c_p as initial data fixed in the past, but this difference is large enough not only to prevent the system from retrodicting the initial data d^c_p, but also to make it incapable of arriving to the same past epoch associated with d^c_p. One would then require a remarkable precision on d^c_f to retrodict d^c_p; such are the features of dynamical systems that have attractors in one direction of the evolution parameter. It is beyond the scope of the present paper to analyze such dynamical properties of the system.

The numerical strategy we used to integrate the equations is as follows : We start the integration at some initial z in the past (z_c), where z = a_0/a − 1 = e^{−α} − 1, given initial conditions for ρ^{matt}_c , ρ^{rad}_c , R_c, R^′_c, H_c. From Eqs. (52) and (33) evaluated at the initial z_c, one solves algebraically for R^′_c and R_c, respectively, in terms of the remaining variables. In this way, both R_c and R^′_c are fixed given the initial values H_c, ρ^{matt}_c , ρ^{rad}_c and ω^c_X . We can fix ρ^{matt}_c and ρ^{rad}_c using the ΛCDM as a guide to chose the abundances of baryons, DM and radiation at that z_c, and take ω^c_X ≈ −1. This value for ω^c_X might seem rather ad-hoc at first sight, however, since one expects that for “high” z the curvature R is also sufficiently high for the f(R) models to behave as GR plus Λ_{eff} (c.f. Fig.1) then one can anticipate that ω^c_X ≈ −1 is not a bad approximation. Moreover, we have adopted such value in order to compare our results with other authors who have taken similar values for the EOS at the same z_c. In any case, the value for ω^c_X is not a fundamental issue and initial conditions can be fixed as one pleases provided the modified Hamiltonian constraint is satisfied and that the resulting cosmological model is consistent with observations within the error bars. So, what we have used as main criteria to asses if of our initial data is adequate is that our results at present time be consistent with what is measured from observations. Finally, the remaining quantity to be fixed for the rest of the initial data to be determined is H_c. The ΛCDM model of GR provides also a clue of the expansion rate at a given z, and in order to fix it more accurately we used a shooting-like method for H_c that allowed to recover the actual abundances for each model at present time when integrating the system (50), (51) and (53). As we have stressed, Eq. (22) serves only as a constraint for the initial data and also to monitor the accuracy of the numerical results at every time step. This equation is extremely sensitive to any typing mistake in the computer code as well as to any inconsistency when fixing the initial data. A final comment is in order concerning the different recipes for the EOS. Since we use recipe I given by Eq. (33) to help us fixing the initial data, we do not expect that the initial (and in general any) values for the other EOS, ω^{II}_X , and ω^{III}_X will be the same as ω_X . Alternatively, we could have opted to fix the initial data so that the three EOS initially behave the most similarly, knowing that proceeding in this way could ruin the prediction for the present values of the observables. This method can certainly be followed, but we do not pursue it here. The important point to keep in mind is that our resulting cosmological models are viable given a self-consistent initial data.

It is important to point out some differences about the fixing of initial data with respect to some recent works that have appeared in the literature. For instance, several authors [56, 59, 60] have proposed to use the current values of the deceleration parameter and the jerk, respectively related to ä_0 and

...a_0

, to fix the initial conditions for R_0 and Ṙ_0.

For instance, such quantities can be written respectively as^{17} q := − ä aH^2 = − H^2 + Ḣ H^2

= 1 − R 6H^2

, (55)

j :=

...a aH^3 = Ṙ 6H^3 − Ḣ H^2

+ 1 = Ṙ 6H^3

+ q + 2 . (56)

This would be a nice strategy if one could easily integrate from present to past, nevertheless, as we have emphasized, one easily goes into inadequate solutions by proceeding that way. Following our integration strategy, the deceleration and jerk parameters are rather predicted from our initial conditions imposed in the past. In the next section we provide today’s values of these parameters for each of the three f(R) models analyzed here.

VI. NUMERICAL RESULTS AND COSMIC VIABILITY

In this section we present the numerical results for the three f(R) models introduced in Sec. III. Figures 8–10 depict the Ricci scalar R as a function of the light-shift z = a_0/a − 1, where z = 0 corresponds to the present time. For the three models, R approaches the de Sitter minimum of the potentials plotted in Figures 5–7. The expansion H damps R, and near the minimum, it oscillates. The oscillations can be easily explained by a linear perturbation around the de Sitter minimum where the matter contribution is negligible as it dilutes rapidly with the expansion.

FIG. 8. Ricci scalar for the MJW model as a function of the light shift z.

17 Notice that some authors define the jerk with the opposite sign [61].

FIG. 9. Same as Fig. 8 for the Starobinsky model.

FIG. 10. Same as Fig. 8 for the Hu–Sawicky model.

Figures 11–13 show the expansion rate H. Like in Refs. [55], we see that the Hubble expansion oscillates at late times for the three models.

We introduce now the dimensionless densities of the different “species” as follows:

Ω := Ω_{rad} + Ω_{bar} + Ω_{DM} + Ω_X = 1 , (57)

where Ω_i = κρ_i/(3H^2)^{18}. Here ρ_X is taken as in Recipe I.

Figures 14–16 depict the relative abundances Ω_i as a function of light-shift z. For reference, the corresponding abundances of the ΛCDM model are also plotted. The abundances in the ΛCDM model have the following analytical expression in terms of their values today (knotted quantities) and the scale factor ā = a/a_0: Ω^{ΛCDM}_i = ΛCDM Ω0 i ā^I [(_{ΛCDM} Ω^0_{bar} +^{ΛCDM} Ω^0_{DM} ) ā^{−3} +^{ΛCDM} Ω^0_{rad}ā^{−4} + Ω^0_Λ ]_{−1} , where the subindex i stands for radiation, baryons, dark matter or dark energy (i.e. the cosmological constant), and the exponent, I, takes the following values I = −4, −3, −3, 0 for the previous species respectively. Notice that

∑_4 i=1 Ω^{ΛCDM} i ≡ 1. The current abundances Ω^0_i associated with the f(R) models are predicted given the initial conditions in the past, since, as we emphasized above, we integrate from the past to the present time. Although the initial conditions may vary from model to model, we

18 Some authors [39–41, 45] define Ω_i = κρ_i/(3f_RH^2). This difference must be bare in mind when comparing results.

FIG. 11. Hubble expansion for the MJW model as a function of the light shift z.

FIG. 12. Same as Fig. 11 for the Starobinsky model.

try to fix them in order to predict the actual abundances today. Nevertheless the fixing is not exactly the same for all the models, and so the current abundances will change slightly from model to model. We have taken into account the radiation contribution, however, it is almost negligible during the baryon-DM and dark energy domination eras. We notice that the Starobinsky and Hu–Sawicky models behave very much like the ΛCDM model of GR. In particular, the Hu–Sawicky model is almost indistinguishable from the ΛCDM model. However, the MJW model shows some differences at higher redshifts.

The three models exhibit an adequate matter domination era, at least in the range of redshifts explored in the numerical evolution, which is followed by an appropriate accelerated expansion afterwards. This is a very important test in view of the results of Amendola et al. [20, 21, 23] who showed that several f(R) models are simply unable to recover an adequate matter dominated epoch or a suitable accelerated expansion. Furthermore, we see that Ω_X decreases like Ω_Λ for large z, and if we extrapolate this behavior to the very early Universe, it is expected that radiation will dominate and hence, that the standard predictions of primordial nucleosynthesis will not be spoiled^{19}.

Figure 17 depicts the behavior of the scale factor during the cosmic evolution for the three f(R) models and it is compared with the ΛCDM model of GR. The curves show the initial epoch at which the equations started to be

19 If one does not want to extrapolate any behavior whatsoever, then one needs to integrate the equations from the nucleosynthesis time, where radiation dominates, to the current time, by fixing the initial conditions at nucleosynthesis by demanding a successful abundance of the primordial light elements and in addition a successful matter and dark-energy domination at late times. This cannot be an easy task, but it may certainly be performed.

FIG. 13. Same as Fig. 11 for the Hu–Sawicky model.

FIG. 14. Densities for the MJW model as a function of the light shift z. For reference the densities of the ΛCDM model are also plotted. Radiation has been taken into account but cannot even be noticed during this epoch. Here we assumed ΛCDM Ω0 bar+DM ≈ 0.24, ΛCDM Ω0 rad ≈ 4.1 × 10^{−5} and Ω^0_Λ ≈ 0.76 for the ΛCDM model of GR. The predicted values of the corresponding densities today for the f(R) model are slightly different as they are predicted given the initial conditions in the past.

integrated (see the discussion at the end of Sec. VI A). The figure shows that in the Starobinsky and Hu-Sawicky models the age of the Universe is of the order H^{−1}_0 ≈ 9.78h^{−1} × 10^9y (where h = (H_0/100)km^{−1} sMpc). While in the case of the MJW model, the Universe is slightly younger, 0.94H^{−1}_0 ≈ 9.19h^{−1} × 10^9y. Taking h = 0.7 as in Figure 27 we obtain an age ∼ 13.97 × 10^9y for the Starobinsky and Hu-Sawicky models and ∼ 13.13 × 10^9y for the MJW model; both agree with estimates of globular clusters in the Milky Way [62].

Figures 18–20 show the behavior of the EOS associated with the X–fluid based upon the Recipes I–III. As concerns the Starobinsky and the Hu–Sawicky models, our results are consistent with those reported in Refs. [18, 36–38, 55] for similar values of the parameters where Recipe I was used. We also obtain similar results for the MJW model as compared with Ref. [30], where Recipe I was used as well. The inequivalent definitions of the EOS given by Recipes I and III give similar results for the three models. However, the EOS of Recipe II can have a completely different behavior as it diverges at some redshift for the Starobinsky and the MJW models (see Fig. 21). This divergence, which was reported in Ref. [40] and commented in Ref. [25], is due to the fact that ρ_X becomes null and then negative, as it is explicitly shown in Figures 22 and 23. This in turn can be understood by looking at Eq. (38), notably at the term ρ(1 − f_R/A). First, in the case where A = 1, which corresponds to ρ_X , the term ρ(1 − f_R) is always positive since

FIG. 15. Same as Fig. 14 for the Starobinsky model.

FIG. 16. Same as Fig. 14 for the Hu–Sawicky model.

0 < f_R < 1 during the cosmic evolution (c.f. Fig. 3). If the other contributions are positive, which is expected since f_{RR} ≪ 1 and since the other terms will give rise to Λ_{eff} > 0, then ρ_X > 0. Now if A = f^0_R < 1 which corresponds to ρ^{II}_X , the term ρ(1 − f_R/f^0_R) can be negative in epochs where f_R > f^0_R which are precisely those epochs of large R and large z. In the matter domination era the negative term ρ(1 − f_R/f^0_R) can dominate over the geometric f(R)-terms of Eq. (38). This is exactly what happens as depicted in Figures 22 and 23. As the evolution continues, ρ decreases to a point where the other terms of Eq. (38), which increase, balance exactly to give ρ^{II}_X = 0. As the evolution continues to a point where f_R < f^0_R or ρ is sufficiently small, the term ρ(1 − f_R/f^0_R) becomes positive or small, and then ρ^{II}_X becomes positive. All this behavior exacerbates as the parameter f^0_R differs sufficiently from unity, since then the term ρ(1 − f_R/f^0_R) becomes important. Since in the Starobinsky and MJW models, unlike the Hu–Sawicky one, the parameter f^0_R is not fixed in advance but rather predicted from the initial conditions in the past, then for those models it turns that f^0_R differs from unity more importantly than in the Hu–Sawicky case where the model was constructed in such a way that at present time f^0_R ≈ 1 (see Table I). In the Hu–Sawicky model then the term ρ(1 − f_R/f^0_R) is not very important in the epochs where ρ is not very large since the factor 1 − f_R/f^0_R ≈ 0. However, farther in the past where ρ dominates, the term ρ(1 − f_R/f^0_R) might become important and can make ρ^{II}_X = 0 in that model too. This depends on the rates at which the factor 1 − f_R/f^0_R and the energy-density ρ decreases and increases respectively as looking from the present to the past. In any instance, this behavior is unacceptable and indicates that the definition of EOS II is not adequate.

Like in Refs. [18, 36–38, 51, 55], we also find oscillations of the EOS around the “phantom divide” ω_X = −1, for

FIG. 17. Scale factor as a function of cosmic time for the MJW, Starobinsky and Hu–Sawicky models. The ΛCDM model is included for reference. Here t0 = H^{−1}_0 . The age of the Universe can be estimated from the time when a/a0 = 1 (today) and the time when a/a0 ∼ 0 (“big bang”).

q0 j0^{R0}_{H20} f^0_R model -0.618 0.94 9.74 0.99 Hu–Sawicky -0.54 1.29 2.20 0.96 Starobinsky -0.38 0.53 8.91 0.80 MJW

TABLE I. Deceleration, jerk and other quantities of the models at z = 0 (today).

the Starobinsky and Hu–Sawicky models. However, for the MJW model, the well behaved EOS, ω_X and ω^{III}_X do not cross the phantom divide in the past. This behavior was already remarked in [30].

Figure 24 depicts the total EOS (i.e. using Recipe I). We appreciate the transition from the matter dominated era to the accelerated era. Figures 25 and 26 depict the deceleration parameter and the jerk as computed from Eqs. (55) and (56) for the three f(R) models. Table I shows the current values of these and other quantities for such models.

FIG. 18. Equations of state according to Recipes I–III defined in the main text for the MJW model.

FIG. 19. Same as Fig. 18 for the Starobinsky model.

FIG. 20. Same as Fig. 18 for the Hu–Sawicky model.

A. Luminosity distance and SNIa The accelerated expansion of the Universe was corroborated by the measurements of luminous distance in supernovae (SNIa), when comparing with the predictions of the ΛCDM of GR. In which follows we confront the same data with the accelerated expansion predicted by f(R) theory. We compute first the luminous distance given by d^{flat}_L = ζ(ā) ā , (58) where ā = a/a_0 and ζ = c H^{−1}_0

∫_1 ā dā^∗ ā^{∗ 2}H̄(ā^∗)

, (59) where we have introduced explicitly the speed of light c in order to compute the distances in units of Mpc, and H̄ := H/H_0. Another useful quantity in cosmology is the angular diameter distance given by D^{flat}_A = āζ(ā) . (60) We emphasize that the above expressions for the luminous and angular diameter distances are valid only for k = 0.

FIG. 21. Equations of state according to Recipe II defined in the main text for the Starobinsky and MJW models. Notice the divergence due to the corresponding energy-density becoming zero (see Figs. 22 and 23). For lower z these EOS are also plotted in Figs. 18 and 19.

FIG. 22. Energy-density ρ^{II}_X (solid line) and pressure p^{II}_X (dashed line) computed from the MJW model using Recipe II. The quantities are given in units of the today’s critical energy-density. Notice that ρ^{II}_X becomes zero at z ≈ 2.38.

Perhaps the easiest way to compute ζ within the framework of the numerical scheme that we have devised is to transform Eq. (59) into the following differential equation for ζ: dζ̄ dā = − 1 ā^2H̄(ā)

, (61)

where ζ̄ = ζ/(c H^{−1}_0 ) is dimensionless and which in terms of the variable α = ln(ā) defined in Eq. (49), reads ζ̄^′ = − e^{−α} H̄ . (62)

This first order differential equation is integrated simultaneously with the field equations in the way we just described. A technical but important point is that a priori we do not know what the initial value of ζ̄ is at the past epoch where the numerical integration starts. However, that value is easily found by a shooting method such that ζ̄ is zero today (at z = 0 = α). Given ζ̄ one then computes d^{flat}_L and D^{flat}_A from Eqs. (58) and (60). Actually the quantity which is usually reported is not d^{flat}_L but the distance modulus given by

μ := m − M = 5log_{10}(d^{flat}_L /Mpc) + 25 . (63)

FIG. 23. Same as Fig. 22 for the Starobinsky model. In this case ρ^{II}_X becomes zero at z ≈ 2.86.

FIG. 24. Equation of state ωtot as defined in Eq. (34).

Figures 27 and 28 show the luminosity distance for the three f(R) models described above and are compared with the ΛCDM model. Here the data corresponds to both the “historical” data of Riess et al. of Ref. [2] and also the UNION 2 data of Amanullah et al. [3]. We appreciate that up to z = 1 there is no significant difference between the three f(R) models and the ΛCDM model. Nonetheless, for larger z (see Fig. 29), significant differences arise which in the future could constrain or rule out these or other f(R) models or even challenge the ΛCDM paradigm. Figure 30 depicts the angular diameter distance.

To conclude this section we mention a technical point that in principle restricts the integration of the equations for some f(R) models and which manifest specifically in the Starobinsky and Hu–Sawicky case where f_{RR} approaches zero for large R/H^2_0 . This regime occurs during the cosmic evolution for large z. Figures 31 and 32 depict the behavior of f_{RR}, where we appreciate that f_{RR}H^2_0 ≪ 1, and approaches zero much faster in the Starobinsky and Hu–Sawicky models than in the MJW model. This behavior is consistent with Figures 1 and 4 where one sees that for large R the Starobinsky and Hu–Sawicky models behave as f(R) ≈ R −2Λ_{eff} , and therefore f_{RR} ≈ 0. Now, the point is that when f_{RR} ≈ 0 in the past, Eq. (50) develops large variations as f^{−1}_{RR} appears in the r.h.s and affects the numerical precision. Since in the MJW model f_{RR} decreases slower than in the other two models, we have corroborated that for the former we can perform the integration starting quite far in the past (even at the recombination epoch) without finding any numerical troubles. Actually this feature can also be appreciated in Figure 3 of Ref. [30], where the integration starts even before recombination.

FIG. 25. The deceleration parameter q for the MJW, Starobinsky and Hu–Sawicky models.

FIG. 26. The jerk parameter j for the MJW, Starobinsky and Hu–Sawicky models.

VII. DISCUSSION

Modified theories of gravity, like metric f(R) theories, have been analyzed thoroughly in recent years mainly to explain the accelerated expansion of the Universe which was inferred from the measurements of luminous distance of SNIa, while some other theories have been put forward to avoid the need of dark matter. In this article we have focused mainly on the mechanism to produce an accelerated expansion. Such behavior can be most easily accounted within the general theory of relativity and by (re)introducing the cosmological constant which was proposed by Einstein almost one hundred years ago. The motivation behind the proposal for modifying GR was to avoid the introduction of such constant and then to circumvent the apparent problems associated with it. Furthermore, such an alternative exempts us from adding new fields (scalar or otherwise) like quintessence or k-essence, in order to explain that acceleration. Nevertheless this alternative adds, to our opinion much more troubles than solutions. While many specific f(R) models are able to produce an accelerated expansion similar to the ΛCDM model, they have, at the same time, spoiled many of the successes of GR or are inconsistent with other features of cosmology, like an adequate matter dominated era. Only a few models have succeeded in explaining, at least partially, the actual cosmological evolution of the Universe without disturbing, for instance, the predictions at Solar System scales. Since, f(R) theories do not introduce a new fundamental principle of nature, there is then, not a deep criteria that favors one among the apparently viable f(R) models. Basically some kind of “handcraft” have been used so far to mold specific f(R) or in other cases even reconstruction methods [53, 63]. At any rate, simplicity would be in favor of GR with Λ. In this

FIG. 27. Distance modulus for the MJW, Starobinsky and Hu–Sawicky models. The ΛCDM model is also plotted for reference. The data was taken from Riess et al. [2]. Here H0 = 70 km s^{−1}Mpc^{−1}.

FIG. 28. Left: Same as Fig. 27 including the Riess et al. data (green) [2] and the Union 2 compilation of Amanullah et al. (red) [3] (color online). Right: similar as the left box but using a different scale and larger z (only Union 2 data is considered here).

FIG. 29. Similar to Fig. 28 for the luminous distance and larger z (observational data is not included here).

FIG. 30. Angular diameter distance for the MJW, Starobinsky and Hu–Sawicky models. The ΛCDM model is also plotted for reference.

FIG. 31. The second derivative fRR := d^2f/dR^2 of Fig. 4 as a function of z. Notice that fRR goes to zero for large z.

article we argued that even if this kind of modified theories can be internally consistent, some special care has to be taken into account when they are analyzed. For instance, it was “discovered” that f(R) theories can be equivalent to scalar-tensor theories of gravity. This identification is free of inconsistencies provided that the mapping between both representations is well defined. For that it is required that the function f_R be a monotonic function of the Ricci scalar R. Several of the apparently successful models fail to fulfill this condition in general, and yet, different authors have used the STT representation. One of the consequences is that the scalar field potential turns to be multivalued. This pathology has contributed to create confusion in the subject, in addition to the already existing confusion between frames in STT. We have emphasized that in order to avoid such potential drawbacks f(R) theories should be treated using the original variables. This is not only possible, but in our view, it turns to be much more transparent, even if the equations seem more involved at first sight. Although some other people share this view and have used the original variables in several applications, we give a step forward and propose here a general system of equations simpler than the one usually used, and when applied particularly to cosmology, it reduces further and can be treated numerically as an initial value problem, where the initial values are restricted by a modified Hamiltonian constraint. Previously we presented a system of equations that can be used to construct compact objects in static and spherically symmetric spacetimes and showed the way to treat them numerically [28]. In the current article we analyzed three specific f(R) models that are viable, at least in the background, since they provide an adequate matter dominated behavior followed by a correct accelerated expansion. It has been argued that the Miranda et al. model [30] is ultimately incompatible when cosmology is analyzed at the level of perturbations or in the Solar System [42], but very likely a deeper analysis

FIG. 32. Same as Fig 31 in logarithmic scale.

is required in order to rule out this model completely [43]. In the future we plan to analyze some other models, like the exponential ones [64–66] which can be viable as well. For each of the three classes of f(R) models that we considered here, we analyzed three possible inequivalent equations of state associated with the modified gravity and which have been studied in the past by several authors. Such EOS arise from general EMT that represent the modified gravity or geometric dark energy, although such interpretation is to be handled with care as several authors have warned before. We have identified at least four inequivalent definitions of the EMT which lead to the three EOS just alluded. Two of such EMT’s have the unpleasant feature that are not conserved. One of the other four EOS can diverge at some red-shift. Thus the more appealing definition comes from Recipe I whose EMT is conserved and the corresponding EOS behaves appropriately. We emphasized that it is important to come to an agreement on which definition of the EOS will be ultimately compared with the cosmological observations. This is crucial in view that the forthcoming data might differentiate between them as precision is increased [9, 67].

It is natural to ask about the new predictions that f(R) theories can make in addition to explaining the accelerated expansion while reproducing, in the viable cases, the previous successes of GR and in particular the ΛCDM model. There are indeed several predictions that, in principle, would allow us to distinguish between GR and f(R) theories. One of them is the additional polarization modes of gravitational waves like the “breathing” mode [66, 68]. At present time the current gravitational-wave detectors are not sensitive enough to detect gravitational radiation and therefore, this feature cannot be used as a tool to falsify alternative theories of gravity yet, but in a near future this will be certainly possible [69]. The binary pulsar on the other hand can be an excellent tool to do so at present time. We know that the binary pulsar can constrain STT even if they succeed in passing the Solar System tests [70], thus, the same might happen for f(R) theories. At the cosmological level, f(R) theories predict a large-scale integrated Sachs–Wolf effect which is different from the one predicted in GR [65, 71–73]. This is because the total EMT that one can associate with such theories is not necessarily “isotropic” at the time of recombination and thus the metric potentials of scalar perturbations in the Newtonian gauge are not equal (in absolute value). Nevertheless, due to the so called cosmic variance, it turns difficult to use it as a further constraint for some values of the model parameters. On the other hand, weak and strong gravitational lensing as well as the growth of matter perturbations can also be affected when those potentials are different [50, 71, 73, 74], and so they can further constrain the specific models.

In this article we have not attempted to best-fitting the parameters using current observations, but rather using the ΛCDM models as a standard, taking a zero spatial curvature as a prior. The former analysis will be pursued in a future work.

VIII. APPENDIX

DIMENSIONLESS FORM OF THE COSMOLOGICAL EQUATIONS AND TESTS.

The differential equations (50)–(53) can be recasted in dimensionless form which is more suitable for numerical integration. One can introduce the following dimensionless quantities:

ā = a/a_0 , (64) t̄ = t/H^{−1}_0 , (65) H̄ = H/H_0 , (66) f̄ = f/H^2_0 , (67) R̄ = R/H^2_0 , (68) f̄_{RR} = f_{RR}/H^{−2}_0 , (69) f̄_{RRR} = f_{RRR}/H^{−4}_0 , (70) ρ̄ = ρ/ρ^0_{crit} , (71) p̄_{rad} = p_{rad}/ρ^0_{crit} , (72) T̄ = T/ρ^0_{crit} , (73) (74)

where ρ^0_{crit} := 3H^2_0 /(8πG). Notice that f_R is already dimensionless.

In terms of these quantities Eqs. (50)–(54) read R̄^{′′} = −R̄^′ ( 1 + R̄ 6H̄^2 ) − 1 3f̄_{RR}H̄^2 [ 3f̄_{RRR}H̄^2R̄^{′2} + 2f̄ − f̄_RR̄ + 3T̄ ] , (75)

H̄^′ = −2H̄ + R̄ 6H̄ , (76)

H̄^2 + 1 f̄_R [ f̄_{RR}H̄^2R̄^′ − 1 6 (¯ f_RR̄ − f̄ ) ] = ρ̄ f̄_R , (77)

H̄^′ = −H̄ + 1 f̄_RH̄ ( f̄_{RR}H̄^2R̄^′ + f̄ 6 − ρ̄ ) , (78)

dt̄ dα = 1/H̄ , (79)

where we took T^t_t = −ρ and T = −(ρ_{bar} + ρ_{DM}). Notice now, as compared with Eqs. (50), (52), and (53), that the factor κ = 8πG no longer appears, and a factor of ‘3’ appears in Eq. (75) next to T̄ in order for T to be given in units of ρ^0_{crit}. Similarly in Eqs. (77) and (78) the factors κ/3 have now disappeared for ρ to be given in units of ρ^0_{crit}.

As concerns the internal test performed to check the numerical accuracy and consistency of our computer code, we checked up to which extent the modified Hamiltonian constraint Eq. (77) is verified. We compare the value of H̄ given by Eq. (77) and call it H̄_{ana} with the value that arises from integrating Eq. (76) or (78), that we call it H̄_{num}. The relative difference between both measures the degree of verification (or failure) of the constraint. Figure 33 depicts this difference as a function of z. Notice that the maximum relative error is lower than 10^{−10}. At the initial z Eq. (77) is satisfied exactly by construction and thus the precision is infinite. This value is thus not depicted.

We conclude then that results obtained from the FORTRAN code used to solve the differential equations Eqs. (75)– (79) and Eq. (62) are reliable.

FIG. 33. Relative error commited in the verification of the modified Hamiltonian constraint during the numerical integration for the MJW, Starobinsky and Hu–Sawicky models.

ACKNOWLEDGMENTS

This work was supported in part by DGAPA-UNAM grants IN117012-3, IN115310, IN112210, IN110711 and SEP- CONACYT 132132. L.G.J. acknowledges support from scholarship CEP-UNAM.

[1] S. Perlmutter, et al., Astrophys. J. 517, 565 (1999) [2] A. G. Riess, et al., Astron. J. 116, 1038 (1998) [3] R. Amanullah, et al. (Supernova Cosmology Project), Astrophys. J. 716, 712 (2010) [4] N. Jarosik, et al., Astrophys. J. Suppl. Ser. 192, 14 (2011); D. Larson, et al., Astrophys. J. Suppl. Ser. 192, 16 (2011); C.

Bennett, et al., Astrophys. J. Suppl. Ser. 192, 17 (2011); E. Komatus, et al., Astrophys. J. Suppl. Ser. 192, 18 (2011) [5] M. Tegmark, et al., Phys. Rev. D 69, 103501 (2004); D. J. Eisenstein, Astrophys. J. 633, 560 (2005); C. Blake, et al., arXiv: 1104.2948; 1105.2862 [6] D. H. Weinberg, et al., arXiv: 1201.2434 [7] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); S. Carroll, W. H. Press, and E. L. Turner, Annu. Rev. Astron. Astrophys. 30, 499 (1992); V. Sahni, and A. Starobinsky, Int. Jour. Mod. Phys. D 9, 373 (2000); S. Carroll, Living Rev. Rel. 4, 1 (2001); N. Straumann, arXiv: gr/qc/0208027; idem arXiv:astro-ph/0203330; R. Bousso, Gen. Relativ. Gravit. 40, 607 (2008); J. Martin, arXiv: 1205.3365 [8] E. Bianchi, and C. Rovelli, arXiv: 1002.3966; idem, Nature 466, 321 (2010) [9] D. Schlegel, et al., arXiv: 1106.1706, 0904.0468 [10] S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007); idem, Phys. Rep. 505, 59 (2011); N.

Straumann, arXiv:0809.5148; W. Hu, Nucl. Phys. B (Proc. Suppl. 194, 230 (2009); S. Capozziello, M. De Laurentis, and V. Faraoni, arXiv:0909.4672; S. Capozziello, and M. De Laurentis, arXiv:1108.6266; T. Clifton, P. G. Ferreira, A. Padilla, and C. Skordis, Phys. Rep. 513, 1 (2011) [11] S. Capozziello, and M. Francaviglia, Gen. Relativ. Gravit. 40, 357 (2008) [12] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010) [13] A. De Felice, and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010) [14] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980); A. A. Starobinsky, Sov. Astron. Lett. B9, 302 (1983); S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner Phys. Rev. D 70, 043528 (2004); S. Capozziello, S. Carloni, and A. Troisi, Recent Research Developments in Astronomy and Astrophysics-RSP/AA/21-2003 (2003), astro-ph/0303041; G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani, S. Zerbini Phys. Rev. D 77, 046009 (2008); S. Nojiri, and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003); S. Nojiri, and S. D. Odintsov, AIP Conf. Proc. 1115:212-217, 2009 [15] T. Chiba, Phys. Lett. B 575, 1 (2003); A. Rajaraman, astro-ph/0311160; V. Faraoni Phys. Rev. D 74, 023529 (2006); A.

L. Erickcek, T. Smith, and M. Kamionkowski Phys. Rev. D 74, 121501(R) (2006) [16] G. J. Olmo, Phys. Rev. D 75, 023511 (2007); T. Chiba, T. L. Smith, and A. L. Erickcek, Phys. Rev. D 75, 124014 (2007);

V. Faraoni and N. Lanahan-Tremblay, Phys. Rev. D 77, 108501 (2008); T. Chiba, T. L. Smith, and A. L. Erickcek, Phys. Rev. D 77, 108502 (2008)

[17] S. Capozziello, and S. Tsujikawa, Phys. Rev. D 77, 107501 (2008); P. Brax. C. van de Bruck, A. C. Davis, and D. J. Shaw, Phys. Rev. D 78, 104021 (2008); T. Tamaki, and S. Tsujikawa, Phys. Rev. D 78, 084020 (2008); T. Faulkner, M. Tegmark, E. F. Bunn, and Y. Mao, Phys. Rev. D 76, 063505 (2007); V. Faraoni, Phys. Rev. D 83, 124044 (2011); Y. Li, and W. Hu, Phys. Rev. D 84, 084033 (2011); J. A. Gu, and W. T. Lin, arXiv: 1108.1782 [18] W. Hu, and I. Sawicki, PRD 76, 064004 (2007) [19] J. Khoury, and A. Weltman, Phys. Rev. Lett. 93, 171104 (2004); ibid, Phys. Rev. D 69, 044026 (2004) [20] L. Amendola, D. Polarski, and S. Tsujikawa, Phys. Rev. Lett. 98, 131302 (2007) [21] L. Amendola, R. Gannouji, D. Polarski, and S. Tsujikawa, Phys. Rev. D 75, 083504 (2007) [22] S. Capozziello, S. Noriji, S. D. Odintsov, and A. Troisi, Phys. Lett. B 639, 135 (2006) [23] L. Amendola, D. Polarski, and S. Tsujikawa, Int. Jour. Mod. Phys. D 10, 1555 (2007) [24] T. Kobayashi, and K. Maeda, Phys. Rev. D 78, 064019 (2008) [25] A. A. Starobinsky, JETP Lett. 86, 157 (2007) [26] E. Babichev, and D. Langlois, Phys. Rev. D 80, 121501(R) (2009); idem, arXiv: gr-qc/0911.1297 [27] A. Upadhye, and W. Hu, Phys. Rev. D 80, 064002 (2009) [28] L. G. Jaime, L. Patiño, and M. Salgado, Phys. Rev. D 83, 024039 (2011) [29] N. Goheer, J. Larena, and P. K. S. Dunsby. Phys. Rev. D 80, 061301(R) (2009) [30] V. Miranda, S. Jorás, and I. Waga Phys. Rev. Lett. 102, 221101 (2009) [31] T. Multamäki, and I. Vilja, Phys. Rev. D 74, 064022 (2006) [32] G. Magnano, and L. M. Sokolowski, Phys. Rev. D 50, 5039 (1994); Y. Fujii, and K. Maeda, The Scalar-Tensor Theory of Gravitation, Cambridge Univ. Press, Cambridge (2003); V. Faraoni, E. Gunzig, and P. Nardone, Fund. CosmicPhys. 20, 121 (1999); V. Faraoni, Phys. Rev. D 70, 081501 (2004); E. Flanagan, Class. Quant. Grav. 21, 3817 (2004) [33] M. Salgado, L. G. Jaime, and L. Patiño, in preparation; M. Salgado, Class. Quant. Grav. 23, 4719 (2006) [34] M. D. Seifert, Phys. Rev. D 76, 064002 (2007) [35] W. Hu, and I. Sawicki, PRD 76, 104043 (2007) [36] H. Motohashi, A. A. Starobinsky, and J. Yokoyama, Prog. Theor. Phys. 123, 887 (2010) [37] H. Motohashi, A. A. Starobinsky, and J. Yokoyama, Int. Jour. Mod. Phys. D 20, 1347 (2011) [38] H. Motohashi, A. A. Starobinsky, and J. Yokoyama JCAP 06, 006 (2011) [39] S. Tsujikawa, Phys. Rev. D 76, 023514 (2007) [40] L. Amendola, and S. Tsujikawa, Phys. Lett. B 660, 125 (2008) [41] R. Gannouji, B. Moraes, and D. Polarski, JCAP 02, 034 (2009) [42] A. de la Cruz-Dombriz, A. Dobado, and A.L. Maroto, Phys. Rev. Lett. 103, 179001 (2009) [43] V. Miranda, S. Jorás, and I. Waga Phys. Rev. Lett. 103, 179002 (2009) [44] I. Thongkool, M. Sami, R. Gannouji, and S. Jhingan, Phys. Rev. D 80, 043523 (2009) [45] S. Tsujikawa, Phys. Rev. D 77, 023507 (2008) [46] A. V. Frolov, Phys. Rev. Lett. 101, 061103 (2008) [47] A. Dev, E. Jain, S. Jhingan, S. Nojiri, M. Sami, and I. Thongkool, Phys. Rev. D 78, 083515 (2008) [48] T. Kobayashi, and K. Maeda, Phys. Rev. D 79, 024009 (2009) [49] S. Capozziello, M. De Laurentis, S. Nojiri, and S. D. Odintsov, Phys. Rev. D 79, 124007 (2009) [50] V. Acquaviva, A. Hajian, D. N. Spergel, and S. Das, Phys. Rev. D 78, 043514 (2008); A. de la Cruz-Dombriz, A. Dobado, and A. L. Maroto, Phys. Rev. D 77, 123515 (2008); L. Pogosian, and A. Silvestri, Phys. Rev. D 77, 023503 (2008); idem, Phys. Rev. D 81, 049901(E) (2010); H. Oyaizu, Phys. Rev. D 78, 123523 (2008); H. Oyaizu, M. Lima, and W. Hu, Phys. Rev. D 78, 123524 (2008); F. Schmidt, M. Lima, H. Oyaizu, and W. Hu, Phys. Rev. D 79, 083518 (2009); G. B. Zhao, B. Li, and K. Koyama, Phys. Rev. D 83, 044007 (2011); K. Koyama, A. Taruya, and T. Hiramatsu, Phys. Rev. D 79, 123512 (2009); A. Taruya, T. Nishimichi, S. Saito, and T. Hiramatsu, Phys. Rev. D 80, 123503 (2009); S. Tsujikawa, and T. Tatekawa, Phys. Lett. B 665, 325 (2008); F. Schmidt, Phys. Rev. D 78, 043002 (2008); R. Gannouji, B. Moraes, and D. Polarski, JCAP 02, 034 (2009); S. Tsujikawa, R. Gannouji, B. Moraes, and D. Polarski, Phys. Rev. D 80, 084044 (2009); G. B. Zhao, L. Pogosian, A. Silvestri, and J. Zylberberg, Phys. Rev. D 79, 083513 (2009); E. Calabrese, A. Cooray, M. Martinelli, A. Melchiorri, and G. F. Smoot, Phys. Rev. D 80, 103516 (2009); F. Schmidt, A. Vikhlinin, and W. Hu, Phys. Rev. D 80, 083505 (2009); A. Borisov, and B. Jain, Phys. Rev. D 79, 103506 (2009); S. Ferraro, F. Schmidt, W. Hu, Phys. Rev. D 83, 063503 (2011); K. W. Masui, F. Schmidt,, U. L. Pen, and P. McDonald, Phys. Rev. D 81, 062001 (2011); H. Gil-Marín, F. Schmidt, W. Hu, R. Jiménez, and L. Verde, JCAP 11, 019 (2011); T. Giannantonio, M. Martinelli, A. Silvestri, and A. Melchiorri, JCAP 04, 030 (2010); K. Yamamoto, G. Nakamura, G. Hütsi, T. Narikawa, and T. Sato, Phys. Rev. D 81, 103517 (2010); Z. Girons, A. Marchetti, O. Mena, C. Pea-Garay, and N. Rius, JCAP 11, 004 (2010); E. Beynon, D. J. Bacon, and K. Koyama, Mon. Not. Roy. Astron. Soc. 403, 353 (2010); M. Martinelli, E. Calabrese, F. De Bernardis, and A. Melchiorri, Phys. Rev. D 83, 023012 (2011); A. M. Nzioki, P. K. S. Dunsby, R. Goswami, and S. Carloni, Phys. Rev. D 83, 024030 (2011); X. Fu, P. Wu, and H. Yu, Eur. Phys. J. C 68, 271 (2010); T. Narikawa, and K. Yamamoto, Phys. Rev. D 81, 043528 (2010); idem, Phys. Rev. D 81, 129903(E) (2010); S. A. Thomas, S. A. Appleby, and J. Weller, JCAP 03, 036 (2011); L. Lombriser, F. Schmidt, T. Baldauf, R. Mandelbaum, U. Seljak, and R. E. Smith, arXiv:1111.2020; S. Camera, A. Diaferio, and V. F. Cardone, JCAP 07, 016 (2011) [51] M. Martinelli, A. Melchiorri, and L. Amendola, Phys. Rev. D 79, 123516 (2009) [52] M. Martinelli, A. Melchiorri, O. Mena, V. Salvatelli, and Z. Gironés, Phys. Rev. D 85, 024006 (2012) [53] P. K. S. Dunsby, E. Elizalde, R. Goswami, S. Odintsov, and D. Saez-Gomez, Phys. Rev. D 78, 023519 (2010)

[54] S. A. Appleby, and R. A. Battye, JCAP 05, 19 (2008) [55] K. Bamba, C. Q. Geng, and C. C. Lee, JCAP 11, 001 (2010); idem, Int. Jour. Mod. Phys. D 8, 1339 (2011) [56] S. Capozziello, V. F. Cardone, and V. Salzano, Phys. Rev. D 78, 063504 (2008) [57] K. Bamba, S. Capozziello, S. Nojiri, and S. D. Odintsov, arXiv: 1205.3421 [58] J. D. Evans, L. M. H. Hall, and. P. Caillol, Phys. Rev. D 77, 083514 (2008) [59] N. J. Poplawski, Phys. Lett. B 640, 135 (2006) [60] V. F. Cardone, S. Camera, and A. Diaferio, astro-ph/1201.3272 [61] S. Benitez–Herrera, F. Röpke, W. Hillebrandt, C. Mignone, M. Bartelmann, and J. Weller, Mon. Not. Roy. Astron. Soc.

419, 513 (2012) [62] L. M. Krauss, and B. Chaboyer, Science 299, 65 (2003) [63] S. Fay, S. Nesseris, and L. Perivolaropoulos, Phys. Rev. D 76, 063504 (2007); S. Nojiri, S. D. Odintsov, and D. Sáez-Gómez, Phys. Lett. B 681, 74 (2009); W. T. Lin, J. A. Gu, and P. Chen, arXiv: 1009.3488; S. Carloni, R. Goswami, and P. K. S. Dunsby, arXiv: 1005.1840; M. Hindmarsh, and I. D. Saltas, arXiv: 1203.3957 [64] E. Elizalde, S. Nojiri, S. D. Odintsov, and S. Zerbini, Phys. Rev. D 77, 046009 (2008); E. V. Linder, Phys. Rev. D 80, 123528 (2009); L. Yang, C. C. Lee, L. W. Luo, and C. Q. Geng, Phys. Rev. D 82, 103515 (2010); K. Bamba, C. Q. Geng, and C. C. Lee, JCAP 08, 021 (2010); E. Elizalde, S. Nojiri, S. D. Odintsov, and S. Zerbini, Phys. Rev. D 83, 086006 (2011); E. Elizalde, S. D. Odintsov, L. Sebastiani, and S. Zerbini, arXviv: 1108.6184 [65] P. Zhang, Phys. Rev. D 73, 123504 (2006) [66] L. Yang, C. C. Lee, and C. Q. Geng, JCAP 08, 029 (2011) [67] R. Jimenez, L. Verde, T. Treu, and D. Stern, Astrophys. J. 593, 622 (2003); A. Melchiorri, L. Mersini, C. J. Ödman, and M. Trodden, Phys. Rev. D 68, 043509 (2003); H. K. Jassal, J. S. Bagla, and T. Padmanabhan, Mon. Not. Roy. Astron. Soc. 405, 2639 (2010); A. Carnero, E. Snchez, M. Crocce, A. Cabré, and E. Gaztaaga, Mon. Not. Roy. Astron. Soc. 419, 1689 (2012); T. E. Collet, M. W. Auger, V. Belokurov, P. J. Marshall, and A. C. Hall, arXiv: 1203.2758 [68] M. E. S. Alves, O. D. Miranda, and J. C. N. Araujo, Phys. Lett. B 679, 401 (2009) [69] C. M. Will, Living Rev. Rel. 4, 4 (2001); C. Will, and N. Yunes, Class. Quant. Grav. 21, 4367 (2004) [70] T. Damour, and G. Esposito-Farèse, Phys. Rev. D 54, 1474 (1996) [71] E. Bertschinger, and P. Zukin, Phys. Rev. D 78, 024015 (2008) [72] Y. S. Song, W. Hu, and I. Sawicki, Phys. Rev. D 75, 044004 (2007); Y.S. Song, H. Peiris, and W. Hu, Phys. Rev. D 76, 063517 (2007); L. Lombriser, A. Slosar, U. Seljak, and W. Hu, arXiv:1111.2020; E. Di Valentino, A. Melchiorri, V. Salvatelli, and A. Silvestri, arXiv: 1204.5352 [73] G. B. Zhao, T. Giannantonio, L. Pogosian, A. Silvestri, D. J. Bacon, K. Koyama, R. C. Nichol, and Y. S. Song, Phys. Rev.

D 81, 103510 (2010) [74] P. Zhang, M. Liguori, R. Bean, and S. Dodelson, Phys. Rev. Lett. 99, 141302 (2007)