arXiv:1206.2539v2 [hep-th] 13 Jun 2012

Preprint typeset in JHEP style - HYPER VERSION

Spiky Strings on I-brane

Sagar Biswas

Department of Phyisics and Meteorology, Indian Institute of technology Kharagpur, Kharagpur-721 302, INDIA

biswas.sagar09iitkgp@gmail.com

Kamal L. Panigrahi

Department of Physics and Meteorology, Indian Institute of Technology Kharagpur, Kharagpur-721302, INDIA, and The Abdus Salam International Centre for Theoretical Physics, Strada Costiera 11, Trieste, ITALY E-mail: panigrahi@phy.iitkgp.ernet.in

Abstract: We study rigidly rotating strings in the near horizon geometry of the 1+1 dimensional intersection of two orthogonal stacks of NS5-branes, the so called I-brane background. We solve the equations of motion of the fundamental string action in the presence of two form NS-NS fluxes that the I-brane background supports and write down general form of conserved quantities. We further find out two limiting cases corresponding to giant magnon and single spike like strings in various parameter space of solutions.

Keywords: D-branes.

Contents

1. Introduction 1

2. Review of near horizon geometry of I-brane 3

3. Rigidly rotating strings in I-brane background 4 3.1 For θ_2 = 0 and θ_1 = θ 5 3.1.1 Single Spike solution 6 3.1.2 Giant Magnon solution 7 3.2 For θ_1 = θ_2 = θ 9 3.2.1 Single Spike solution 9 3.2.2 Giant Magnon solution 12

4. Conclusions 14

1. Introduction

The AdS/CFT duality [1] relates the spectrum of free strings in the bulk to that of field theory operators living on the boundary of AdS. Though finding the full string theory spectrum is extremely difficult it has been observed that in certain limits, for example, in large angular momentum limit the theory becomes tractable [2] and it is interesting to study the corresponding field theory in detail. It has been noticed that in this region one can use the semiclassical approximation to find the string spectrum as well [3]. Further an interesting observation is that the N = 4 SYM in planar limit can be described by an integrable spin chain model where the anomalous dimension of the gauge invariant operators were found in [4, 5, 6, 7, 8], and it was also noticed that the string theory is integrable in the semiclassical limit, see for example [9, 10, 11, 12].

Study of rigidly rotating string in semiclassical approximation has been one of the interesting areas of research in the last few years because of its elegance. In this connection the so called Hofman-Maldacena (HM) limit^1 [13] simplifies considerably the problem of finding out the spectrum on both sides of the duality. The spectrum consists of an elementary excitation known as magnon which propagates with a conserved momentum p along the spin chain. Further, a more general class of rotating string solution in AdS_5 is the spiky string which describes the higher twist operators from dual field theory view point [14] and magnon solutions can be thought of as a subspace of these spike solutions. Infact it was further determined in [15] that if one solves the most general form of equations of motion

1The HM limit: J → ∞, λ = fixed, p = fixed, E − J = fixed, where J is one of the SO(6) charges and p is the magnon momentum.

– 1 – for a rigidly rotating string on a sphere one encounters two set of solutions, corresponding precisely to the giant magnon and single spike solutions.

To understand the AdS/CFT like dualities in more general backgrounds, it is instructive to study rigidly rotating string in the gravity side which will teach us the corresponding operators in the dual field theory side. In this connection, magnon like dispersion relations have been found out in backgrounds which arise from intersecting branes in supergravities and which asymptotes to AdS and non-AdS backgrounds, see for example [16, 17, 18, 19, 20, 15, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33]. One of such background is the so-called I-brane background [34] that arises in the 1+1 dimensional intersection of two orthogonal stacks of NS5-branes, with one set of branes lying along (x^0, x^1, · · · , x^5), and other set of lying along (x^0, x^1, x^6, · · · , x^9) directions. When all five branes are coincident, in the S-dual picture, the near horizon geometry is given by

R^{2,1} × R_ϕ × SU(2)_{k1} × SU(2)_{k2} ,

where, R_ϕ is one combination of the radial directions away from the two sets of NS5- branes, and the coordinates of R^{2,1} are x^0, x^1 and another combination of the two radial directions. The two SU(2)s describe the angular three-spheres corresponding to (R^4)_{2345} and (R^4)_{6789}. As mentioned in [34] this geometry has the interesting property that it exhibits a higher symmetry than the full brane configuration itself. In particular, the combination of radial directions away from the intersection that enters in R^{2,1} appears symmetrically with the other spatial direction, and the background has a higher Poincare symmetry, ISO(2, 1), than the expected ISO(1, 1) and twice as many supercharges one might expect. Furthermore, in [35, 36, 37, 38], these interesting properties were studied from the point of view of D1-brane probe. It was shown that the enhancement of the near horizon geometry has clear impact on the worldvolume dynamics of the D1-brane probe dynamics.

In this paper, we would like to study the solutions of rigidly rotating strings in the near horizon geometry of this interesting background with an emphasis on finding out spiky strings. Earlier in [27] a class of such rigidly rotating strings were studied and some interesting solutions were obtained. In this paper we wish to find out solutions corresponding to the usual giant magnon and single spike solutions on R_t × S^3 and R × S^3 × S^3 in the presence of various background NS-NS fluxes that it supports. Even though we can not compare our results to the dual field theory which is not completely known, but a knowledge of the bulk solutions gives us idea weather to look for operators in dual theory. The rest of the paper is organized as follows. In section-2 we give a brief overview of I-brane background and write down the near horizon geometry in a parametrization which we will use in the subsequent analysis. In section-3 we write the Nambu-Goto action for the Fundamental string in the near horizon geometry of I-brane, write down the conserved charges and compute the general equations of motion of the rigidly rotating string. Further we find out, in some parameter space of solution, the two limiting cases corresponding to giant magnon and single spike like strings corresponding to open string boundary condition. Finally in section-4 we conclude with some remarks.

– 2 –

2. Review of near horizon geometry of I-brane

In this section we would like to give a brief review of the near horizon geometry of the I-brane which arises from the 1+1 dimensional intersection of two orthogonal stacks of NS5-branes. This background arises when k_1 number of NS5-branes lying along (0, 1, · · · , 5) intersect k_2 number of NS5-branes lying along (0, 1, 6, · · · , 9) directions in (0, 1)-plane. If the branes are coincident, then the supergravity solution is given by [34]

ds^2 = −(dx^0)^2 + (dx^1)^2 + H_1(y) 5∑ α=2 (dy^α)^2 + H_2(z) 9∑ p=6 (dz^p)^2, e^{2ϕ} = H_1(y)H_2(z),

H_{αβγ} = −ϵ_{αβγδ}∂^δH_1(y), H_{mnp} = −ϵ_{mnpq}∂^qH_2(z), H_1 = 1 + k_1l_s^2 y^2

, H_2 = 1 + k_2l_s^2 z^2 ,

y = 5∑ α=2 (y^α)^2, z = 9 ∑ p=6 (z^p)^2 . (2.1)

In the near horizon limit the 1 in the Harmonic functions above can be neglected and the metric and NS-NS (B_{μν} ) fields are given by^2

ds^2 = −(dx^0)^2 + (dx^1)^2 + k_1l^2_s dr^2_1 r^2_1

+ k_1l^2_s dΩ^2_1 + k_2l^2_s dr^2 r^2

+ k_2l^2_s dΩ^2

B_{ϕ1ψ1} = 2k_1l^2_s sin^2 θ_1 , B_{ϕ2ψ2} = 2k_2l^2_s sin^2 θ_2 , (2.2)

where

dΩ^2_1 = dθ_1^2 + sin^2 θ_1dϕ_1^2 + cos^2 θ_1dψ_1^2 , dΩ^2 = dθ_2^2 + sin^2 θ_2dϕ_2^2 + cos^2 θ_2dψ_2^2.

are the volume elements on the sphere along (y^2, · · · , y^5) and (z^6, · · · , z^9) directions respectively. To proceed further we make the following change of variables (we choose l_s = 1, k_1 = k_2 = N)

ρ_1 = ln r_1 √ N , ρ_2 = ln r_2 √ N , x^0 = √ Nt, x^1 = √ Ny . (2.3)

The final form of metric and the background NS-NS fields are given by

ds^2 = N(−dt^2 + dy^2 + dρ^2_1 + dθ^2_1 + sin^2 θ_1dϕ^2_1 + cos^2 θ_1dψ^2_1 + dρ^2 + dθ^2 + + sin^2 θ_2dϕ^2 + cos^2 θ_2dψ^2 ) , B_{ϕ1ψ1} = 2N sin^2 θ_1, B_{ϕ2ψ2} = 2N sin^2 θ_2. (2.4)

We are interested in studying the rigidly rotating strings and finding out spiky strings in this background.^3

2This is also supported by a dilaton whose explicit form we will not need in the calculation of this paper. 3Recently in [39] a PP-wave background has been obtained by applying Penrose limit on this geometry.

– 3 –

3. Rigidly rotating strings in I-brane background

In this section we would like to study the solutions to the fundamental string equations of motion in the background discussed in the previous section. The Nambu-Goto action for the string in the background of (2.4) is written as S = − √ λ 2π ∫ d^2σL, (3.1)

where the Lagrangian L is given by L = ([( − ṫt^′ + ẏy^′ + ρ̇_1ρ^′_1 + ρ̇_2ρ^′_2 + θ̇_1θ^′_1 + θ̇_2θ^′_2 + sin^2 θ_1ϕ̇_1ϕ^′_1 + sin^2 θ_2ϕ̇_2ϕ^′_2

+ cos^2 θ_1ψ̇_1ψ^′_1 + cos^2 θ_2ψ̇_1ψ^′_2

)_2 − ( − ṫ^2 + ẏ^2 + ρ̇^2_1 + ρ̇^2 + θ̇^2_1 + θ̇^2 + sin^2 θ_1ϕ̇^2_1

+ sin^2 θ_2ϕ̇^2_2 + cos^2 θ_1ψ̇^2_1 + cos^2 θ_2ψ̇^2_2 )( − t^{′2} + y^{′2} + ρ^′_1^2 + ρ^′_2^2 + θ^′_1^2 + θ^′_2^2

+ sin^2 θ_1ϕ^′_1^2 + sin^2 θ_2ϕ^′_1^2 + cos^2 θ_1ψ^′_1^2 + cos^2 θ_1ψ^′_2^2 )]_{1/2}

+ 2 sin^2 θ_1(ϕ̇_1ψ^′_1 − ψ̇_1ϕ^′_1) + 2 sin^2 θ_2(ϕ̇_2ψ^′_2 − ψ̇_2ϕ^′_2) ) , (3.2) and √ λ = N is the ’t Hooft coupling constant. For studying the rigidly rotating strings we choose the following ansatz t = κτ, y = vτ, ρ_i = m_iτ, θ_i = θ_i(σ), ϕ_i = ν_iτ + σ, ψ_i = ω_iτ + ψ_i(σ), i = 1, 2 , (3.3)

The Euler-Lagrangian equations derived from the above action are given by, ∂_σ ∂L ∂t^′ + ∂_τ ∂L ∂ṫ = ∂L ∂t , (3.4)

∂_σ ∂L ∂y^′ + ∂_τ ∂L ∂ẏ = ∂L ∂y , (3.5) ∂_σ ∂L ∂ρ^′_i + ∂_τ ∂L ∂ρ̇_i = ∂L ∂ρ_i , (3.6) ∂_σ ∂L ∂ϕ^′_i + ∂_τ ∂L ∂ϕ̇_i = ∂L ∂ϕ_i , (3.7) ∂_σ ∂L ∂ψ^′_i + ∂_τ ∂L ∂ψ̇_i = ∂L ∂ψ_i . (3.8)

Next we have to solve these equations by the ansatz that we have proposed. Solving for t, ψ_1 and ψ_2 we get the following

[C_1ν^2_1 sin^2 θ_1 + C_1ν^2_2 sin^2 θ_2 + C_1ω^2 cos^2 θ_2 + 2κν_1ω_1 sin^2 θ_1 − α^2C_1 − κω_1C_4]ψ^′_1 cos^2 θ_1 = [κC_4 − 2κν_1 sin^2 θ_1 + C_1ω_1 cos^2 θ_1][ω_2ψ^′_2 cos^2 θ_2 + ν_1 sin^2 θ_1 + ν_2 sin^2 θ_2], (3.9)

– 4 –

[C_1ν^2_1 sin^2 θ_1 + C_1ν^2_2 sin^2 θ_2 + C_1ω^2_1 cos^2 θ_1 + 2κν_2ω_2 sin^2 θ_2 − α^2C_1 − κω_2C_5]ψ^′_2 cos^2 θ_2 = [κC_5 − 2κν_2 sin^2 θ_2 + C_1ω_2 cos^2 θ_2][ω_1ψ^′_1 cos^2 θ_1 + ν_1 sin^2 θ_1 + ν_2 sin^2 θ_2], (3.10) and θ^′_1^2 + θ^′_2^2 = κ^2 − C^2_1 C^2_1

(ν_1 sin^2 θ_1 + ω_1ψ^′_1 cos^2 θ_1 + ν_2 sin^2 θ_2 + ω_2ψ^′_2 cos^2 θ_2)^2 (α^2 − ν^2_1 sin^2 θ_1 − ν^2_2 sin^2 θ_2 − ω^2_1 cos^2 θ_1 − ω^2 cos^2 θ_2) − sin^2 θ_1 − sin^2 θ_2 − ψ^′_1^2 cos^2 θ_1 − ψ^′_2^2 cos^2 θ_2, (3.11)

where C_1, C_4 and C_5 are integration constants and α = √ κ^2 − v^2 − m^2_1 − m^2. Note also that the Lagrangian is invariant under the following transformation of the fields, t^′(τ, σ) = t(τ, σ) + ϵ_t, y^′(τ, σ) = y(τ, σ) + ϵ_y, ρ^′_1(τ, σ) = ρ_1(τ, σ) + ϵ_{ρ1} ρ^′_2(τ, σ) = ρ_2(τ, σ) + ϵ_{ρ2} , ϕ^′_1(τ, σ) = ϕ_1(τ, σ) + ϵ_{ϕ1} , ϕ^′_2(τ, σ) = ϕ_2(τ, σ) + ϵ_{ϕ2} , ψ^′_1(τ, σ) = ψ_1(τ, σ) + ϵ_{ψ1} , ψ^′_2(τ, σ) = ψ_2(τ, σ) + ϵ_{ψ2} , (3.12)

where ϵ_t, ϵ_y, ϵ_{ρ1} , ϵ_{ρ2} , ϵ_{ϕ1} , ϵ_{ϕ2} , ϵ_{ψ1} , ϵ_{ψ2} are constants. Hence the rigidly rotating string has a number of conserved charges, namely the total energy E, angular momenta J_1, J_2, K_1 and K_2 corresponding to the translation along ϕ_1, ϕ_2, ψ_1 and ψ_2 directions respectively. The Conserved charge P_y, D_1 and D_2 are due to the translational invariance of y, ρ_1 and ρ_2 coordinates respectively. Now looking at (3.11), it is very hard to solve the equation in complete generality. Below we will look for solutions in some limits of θ_1 and θ_2.

3.1 For θ_2 = 0 and θ_1 = θ In this section we wish to study the case when the string is constrained to rotate only one one sphere, effectively making the string dynamics on R_t × S^3. In this case the equation of motion simplifies considerably. We have to essentially solve the following two equations

[C_1ν^2_1 sin^2 θ + C_1ω^2 + 2κν_1ω_1 sin^2 θ − α^2C_1 − κω_1C_4]ψ^′_1 cos^2 θ = [κC_4 − 2κν_1 sin^2 θ + C_1ω_1 cos^2 θ][ω_2ψ^′_2 + ν_1 sin^2 θ], (3.13)

[C_1ν^2_1 sin^2 θ + C_1ω^2_1 cos^2 θ − α^2C_1 − κω_2C_5]ψ^′_2 = [κC_5 + C_1ω_2][ω_1ψ^′_1 cos^2 θ + ν_1 sin^2 θ], (3.14)

To make things look simpler, let us define the following constants

a = C_1ν^2_1 sin^2 θ − C_1α^2, b = C_1ω^2 + 2κν_1ω_1 sin^2 θ − κω_1C_4, c = C_1ω^2_1 cos^2 θ − κω_2C_5, d = ν_1 sin^2 θ, e = κC_4 − 2κν_1 sin^2 θ + C_1ω_1 cos^2 θ, f = κC_5 + C_1ω_2. (3.15)

– 5 –

With the above identifications, (3.9) and (3.10) reduce to

(a + b)ψ^′_1 cos^2 θ = e(ω_2ψ^′_2 + d) , (a + c)ψ^′_2 = f(ω_1ψ^′_1 cos^2 θ + d) .

From these we can easily solve for ψ^′_1 and ψ^′_2, and they are given by,

ψ^′_1 = de(a + c + ω_2f) cos^2 θ[(a + b)(a + c) − ω_1ω_2ef]

, (3.16)

ψ^′_2 = df(a + b + ω_1e) [(a + b)(a + c) − ω_1ω_2ef]

. (3.17)

Further (3.11) is now given by

θ^{′2} = κ^2 − C^2_1 C^2_1

(ν_1 sin^2 θ + ω_1ψ^′_1 cos^2 θ + ω_2ψ^′_2) (α^2 − ν^2_1 sin^2 θ − ω^2_1 cos^2 θ − ω^2 )

− sin^2 θ − ψ^′_1^2 cos^2 θ − ψ^′_2^2 .

(3.18)

Below we will discuss two limiting cases that correspond to single spike and giant magnon solutions.

3.1.1 Single Spike solution In the limit θ^′ → 0 as θ →^π_2 , we obtain the condition

C_1 = κν_1 √ α^2 − ω^2

, (3.19)

and ψ^′_1 → 0 as θ →^π_2 implies C_4 = 2ν_1 also ψ^′_2 → 0 as θ →^π_2 implies C_5 = −^{C1ω2}_κ . Using these values we get,

ψ^′_1 =

(ω_1 + 2 √ α^2 − ω^2)ν_1 sin^2 θ ν^2_1 sin^2 θ − 2ω_1 √ α^2 − ω^2 cos^2 θ + ω^2 − α^2

, (3.20)

ψ^′_2 = 0 , (3.21) and θ^′ = √ 3(ω^2_1 − ν^2_1 )(α^2 − ω^2) cos θ sin θ √ sin^2 θ − sin^2 θ_0 ν^2_1 sin^2 θ − 2ω_1 √ α^2 − ω^2 cos^2 θ + ω^2 − α^2

, (3.22)

where sin^2 θ_0 = α^2 + 4ω^2_1 − ω^2 + 4ω_1 √ α^2 − ω^2 3(ω^2_1 − ν^2_1 ) . Now we can calculate the conserved quantities as, E = −2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ṫ = 2κT (α^2 − ν^2_1 − ω^2 ) (α^2 − ω^2) √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

, (3.23)

P_y = 2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ẏ = 2vT (α^2 − ν^2_1 − ω^2) (α^2 − ω^2 ) √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

, (3.24)

– 6 –

D_1 = 2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ρ̇_1 = 2m_1T (α^2 − ν^2_1 − ω^2 ) (α^2 − ω^2) √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

, (3.25)

D_2 = 2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ρ̇_2 = 2m_2T (α^2 − ν^2_1 − ω^2 ) (α^2 − ω^2) √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

, (3.26)

and finally the angular momentum K_2 is given by,

K_2 = 2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ψ̇_2 = 2ω_2T (α^2 − ν^2_1 − ω^2) (α^2 − ω^2) √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

. (3.27)

They all diverge, their combination however can be written in as, √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 =

2T (α^2 − ν^2_1 − ω^2) √ 3(ω^2_1 − ν^2_1 )(α^2 − ω^2) ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

. (3.28)

The so called deficit angle Δϕ also diverges, but the quantity

Δϕ^′ = Δϕ + 1 T √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 = 2θ_0 − π (3.29)

is finite. The regularised angular momenta J_1 and K_1 are given by,

J̃_1 = J_1 − 2ν^1(ω^1 + 2 √ α^2 − ω^2) (α^2 − ν^2_1 − ω^2) √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 = −2ν_1T (4ω_1 + 5 √ α^2 − ω^2) √ 3(α^2 − ω^2 )(ω^2_1 − ν^2_1 ) cos θ_0 , (3.30)

K̃_1 = K_1 − 2 √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 =

2T (4ν^2_1 + 5ω_1 √ α^2 − ω^2) √ 3(α^2 − ω^2 )(ω^2_1 − ν^2_1 ) cos θ_0 .

(3.31)

If we define J̃_1 = −J̃, then it is easy to show that the angular momenta J̃ and K̃_1 satisfy the following relation (for the parameters ω_2 = 0, α = ν_1 ),

J̃ = √ K̃_1 − 3λ

π^2 sin^2 ( π 2 − θ_0 ) . (3.32)

Note that this expression matches exactly with the ones derived in [33]. We wish to stress that in the present case the problem essentially reduces to that of rigidly rotating open string in the NS5-brane background.

3.1.2 Giant Magnon solution In the opposite limiting case we get the condition α^2 = ν^2_1 + ω^2_1, and by putting C_4 = 2ν_1 and C_5 = −^{C1ω2}_κ , we obtain the following

ψ^′_1 = −

(C_1ω_1 + 2κν_1) sin^2 θ (C_1ν_1 + 2κω_1) cos^2 θ

, ψ^′_2 = 0 , (3.33)

– 7 – and θ^′ = sin θ √ sin^2 θ − sin^2 θ_1 sin θ_1 cos θ

, (3.34)

where sin θ_1 =

C_1ν_1 + 2κω_1 κ √ 3(ω^2_1 − ν^2_1 ) . Now the conserved quantities become E = − 2T (κ^2 − C^2_1 ) κ √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

, (3.35)

P_y = −

2vT (κ^2 − C^2_1 ) κ^2 √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

, (3.36)

D_1 = −

2m_1T (κ^2 − C^2_1 ) κ^2 √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

, (3.37)

D_2 = −

2m_2T (κ^2 − C^2_1 ) κ^2 √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

, (3.38)

K_2 = −

2ω_2T (κ^2 − C^2_1 ) κ^2 √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

. (3.39)

All these quantities diverges and their combination is given by, √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 = 2 √ α^2 − ω^2T (κ^2 − C^2_1 ) κ^2 √ 3(ω^2_1 − ν^2_1 ) ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

. (3.40)

The deficit angle Δϕ = 2T ∫ π_2 θ_1 dθ θ^′ = π − 2θ_1 (3.41)

is however finite. The regularised J_1 is given by,

J̃_1 = J_1 + (5κ^2ν^1 + 2C^1κω^1 − C^{21} ν^1) √ α^2 − ω^2(κ^2 − C^2_1 ) √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 = 2T (4C_1ω_1 + 5κν_1) κ √ 3(ω^2_1 − ν^2_1 ) cos θ_1 . (3.42)

Angular momenta K_1 is once again finite and is given by,

K_1 = −

2T (4C_1ν_1 + 5κω_1) κ √ 3(ω^2_1 − ν^2_1 ) cos θ_1 (3.43)

To know a precise relation between the energy, angular momentum and the distance between two end point of the string, we rescale the expression √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 as follows, Ẽ = (5κ^2ν^1 + 2C^1κω^1 − C^{21} ν^1) √ α^2 − ω^2(κ^2 − C^2_1 ) √ E^2 − P^2_y − D^2_1 − D^2 − K^2_2 . (3.44)

– 8 –

If we define J = −J_1, then by looking at the form of various quantities, it is easy to derive (for C_1 = κ) Ẽ − J = √ K^2_1 − 3λ π^2 sin^2 Δϕ 2 . (3.45)

Once again, this relationship was derived in [33], where Δϕ was identified as the worldsheet momentum along the string worldsheet.

3.2 For θ_1 = θ_2 = θ In this subsection we wish to study the solution of the rotating string when it rotates around both the spheres. To make our calculations doable and simple, we will restrict ourselves to the case when θ_1 = θ_2 = θ. To this end, let us define

a = C_1(ν^2_1 + ν^2_2 ) sin^2 θ − C_1α^2, b = C_1ω^2 cos^2 θ + 2κν_1ω_1 sin^2 θ − κω_1C_4, c = C_1ω^2_1 cos^2 θ + 2κν_2ω_2 sin^2 θ − κω_2C_5, d = (ν_1 + ν_2) sin^2 θ, e = κC_4 − 2κν_1 sin^2 θ + C_1ω_1 cos^2 θ, f = κC_5 − 2κν_2 sin^2 θ + C_1ω_2 cos^2 θ. (3.46)

With the above identifications, first two equations (3.9) and (3.10) reduce to

(a + b)ψ^′_1 cos^2 θ = e(ω_2ψ^′_2 cos^2 θ + d) , (a + c)ψ^′_2 cos^2 θ = f(ω_1ψ^′_1 cos^2 θ + d) . (3.47)

From these we can easily solve for ψ^′_1 and ψ^′_2, and they are given by,

ψ^′_1 = de(a + c + ω_2f) cos^2 θ[(a + b)(a + c) − ω_1ω_2ef]

, (3.48)

ψ^′_2 = df(a + b + ω_1e) cos^2 θ[(a + b)(a + c) − ω_1ω_2ef]

. (3.49)

Further (3.11) is now given by

θ^{′2} = κ^2 − C^2_1

2C^2_1

[(ν_1 + ν_2) sin^2 θ + (ω_1ψ^′_1 + ω_2ψ^′_2) cos^2 θ]^2 [α^2 − (ν^2_1 + ν^2_2 ) sin^2 θ − (ω^2_1 + ω^2) cos^2 θ]

− sin^2 θ − 1 2 ( ψ^′_1^2 + ψ^′_2^2 ) cos^2 θ (3.50) Below we will discuss the different limits that correspond to the single spike and giant magnon solutions.

3.2.1 Single Spike solution In the limit θ^′ → 0 as θ →^π_2 , we obtain the condition

C_1 = κ(ν_1 + ν_2) α_1

, (3.51)

– 9 – where α_1 = √ 2α^2 − (ν_1 − ν_2)^2 and ψ^′_1 → 0 and ψ^′_2 → 0 as θ →^π_2 implies C_4 = 2ν_1 and C_5 = 2ν_2 respectively. Using these values we get,

ψ^′_1 =

(C_1ω_1 + 2κν_1)(ν_1 + ν_2) sin^2 θ C_1(ν^2_1 + ν^2_2 ) sin^2 θ − C_1α^2 − 2κα_2 cos^2 θ

, (3.52) and ψ^′_2 =

(C_1ω_2 + 2κν_2)(ν_1 + ν_2) sin^2 θ C_1(ν^2_1 + ν^2_2 ) sin^2 θ − C_1α^2 − 2κα_2 cos^2 θ

. (3.53)

where α_2 = ν_1ω_1 + ν_2ω_2. Now the equation for θ can be written down as

θ^′ = √_h 2 sin θ cos θ √ sin^2 θ − sin^2 θ_0 (ν_1 + ν_2)(ν^2_1 + ν^2_2 ) sin^2 θ − 2α_1α_2 cos^2 θ − (ν_1 + ν_2)α^2

, (3.54)

where

sin^2 θ_0 = 2 h [ (ν_1 + ν_2)α^2 + 2α_1α_2

]_2

, (3.55)

with

h = (ν_1 + ν_2)^2[(ν^2_1 + ν^2_2 )(2α^2 − 4α^2_1) − α^2_1(ω^2_1 + ω^2)] + 8α^2_1α^2 + 4α_1α_2(ν_1 + ν_2)(ν_1 − ν_2)^2 . (3.56)

Now we can calculate the conserved quantities as E = −2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ṫ = 4κT (ν_1 + ν_2)(α^2 − ν^2_1 − ν^2_2 ) √_h 2 α_1 ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

, (3.57)

P_y = 2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ẏ = 4vT (ν_1 + ν_2)(α^2 − ν^2_1 − ν^2_2 ) √_h 2 α_1 ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

, (3.58)

D_1 = 2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ρ̇_1 = 4m_1T (ν_1 + ν_2)(α^2 − ν^2_1 − ν^2_2 ) √_h 2 α_1 ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

, (3.59)

D_2 = 2T ∫ π_2 θ_0 dθ θ^′ ∂L ∂ρ̇_2 = 4m_2T (ν_1 + ν_2)(α^2 − ν^2_1 − ν^2_2 ) √_h 2 α_1 ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

. (3.60)

All the conserved quantities E, P_y, D_1 and D_2 described above are infinite. For our later use, we define the following rescaled quantity, √ E^2 − P^2_y − D^2_1 − D^2 =

4αT (ν_1 + ν_2)(α^2 − ν^2_1 − ν^2_2 ) √_h 2 α_1 ∫ π_2 θ_0 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_0

. (3.61)

Now the Deficit angle is defined by Δϕ = 2

∫^π_2

θ_0 dθ θ^′ is infinite but

Δϕ^′ = Δϕ + α_1 2αT √ E^2 − P^2_y − D^2_1 − D^2 = 2θ_0 − π (3.62)

– 10 – is finite. Similarly the regularized J_1, J_2, K_1, and K_2 are given by

J̃_1 = J_1 − [(ν^1 − ν^2)(α^2 − ν^{21} − ν^{22} ) + 2α^1ω^1(ν^1 + ν^2) + 4α^{21}ν^1] 2α(α^2 − ν^2_1 − ν^2_2 ) √ E^2 − P^2_y − D^2_1 − D^2 = − 2T (ν_1 + ν_2) cos θ_0 α_1 √_h 2 [ (ν_2 − ν_1)(ν^2_1 + ν^2_2 ) + 2α_1ω_1(ν_1 + ν_2) + 2ν_1(α^2 + 2α^2_1) + 2α_1α_2 ] , (3.63)

J̃_2 = J_2 − [(ν^2 − ν^1)(α^2 − ν^{21} − ν^{22} ) + 2α^1ω^2(ν^1 + ν^2) + 4α^{21}ν^2] 2α(α^2 − ν^2_1 − ν^2_2 ) √ E^2 − P^2_y − D^2_1 − D^2 = − 2T (ν_1 + ν_2) cos θ_0 α_1 √_h 2 [ (ν_1 − ν_2)(ν^2_1 + ν^2_2 ) + 2α_1ω_2(ν_1 + ν_2) + 2ν_2(α^2 + 2α^2_1) + 2α_1α_2 ] , (3.64)

K̃_1 = 2T cos θ^0 √_h 2 [ (ν_1 + ν_2)(α_1ω_1 + 2(2ν^2_1 + ν_1ν_2 + ν^2_2 )) + 4α_1α_2 ] , (3.65)

K̃_2 = 2T cos θ^0 √_h 2 [ (ν_1 + ν_2)(α_1ω_2 + 2(ν^2_1 + ν_1ν_2 + 2ν^2_2 )) + 4α_1α_2 ] (3.66)

where K̃_i = K_i −^{α1}_α √ E^2 − P^2_y − D^2_1 − D^2, with i = 1, 2. Now if define J̃ = J̃_1 − J̃_2 and K̃ = K̃_1 − K̃_2 then we obtain,

J̃ = √ K̃2 + 2g h (ν_1 + ν_2)^2 α^2_1 λ π^2 sin^2( π 2 − θ_0) , (3.67)

where g = [ 2(ν_2 − ν_1)(α^2 − ν^2_1 − ν^2_2 + 2α^2_1) − 2α_1(ω_1 − ω_2)(ν_1 + ν_2)

]_2 − [ 2α_1(ν^2_1 − ν^2_2 ) + α^2_1(ω_1 − ω_2)

]_2

h = (ν_1 + ν_2)^2[(ν^2_1 + ν^2_2 )(2α^2 − 4α^2_1) − α^2_1(ω^2_1 + ω^2)] + 8α^2_1α^2 +4α_1α_2(ν_1 + ν_2)(ν_1 − ν_2)^2 . (3.68)

Few comments are in order. The dispersion relation obtained has complicated prefactor multiplied with^λ_{π2} can be attributed to the fact that this dispersion relation is not of a single spike when the string rigidly rotates around the sphere, but is supported by a large number of other charges including that of NS-NS B-field which supports the background and the fundamental string knows the presence of such charges through the open string boundary condition. Furthermore the presence of charges like D_1 and D_2 do not imply any new interpretation of the dispersion relation. It simply reflects the fact that the motion of the string in the radial direction in the near horizon geometry of I-brane is free.

– 11 –

3.2.2 Giant Magnon solution In the opposite limit corresponding to the one just described above, we get

α^2 = ν^2_1 + ν^2_2 ,

and by putting C_4 = 2ν_1 and C_5 = 2ν_2 we get

ψ^′_1 = −

(ν_1 + ν_2)(C_1ω_1 + 2κν_1) sin^2 θ β cos^2 θ

, (3.69)

ψ^′_2 = −

(ν_1 + ν_2)(C_1ω_2 + 2κν_2) sin^2 θ β cos^2 θ

, (3.70)

where β = 2κν_1ω_1 + 2κν_2ω_2 + C_1α^2 and

θ^′ = sin θ √ sin^2 θ − sin^2 θ_1 sin θ_1 cos θ

, (3.71)

where sin^2 θ_1 =^{2β2}_{h1} and

h_1 = (ν_1 + ν_2)^2[(κ^2 − C^2_1 )(α^2 − ω^2_1 − ω^2) − (C_1ω_1 + 2κν_1)^2 − (C_1ω_2 + 2κν_2)^2] + 2β^2 . (3.72)

The conserved quantities are E = − 2T (ν_1 + ν_2)(κ^2 − C^2_1 ) √_{h1} 2 ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

, (3.73)

P_y = −

2vT (ν_1 + ν_2)(κ^2 − C^2_1 ) κ √_{h1} 2 ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

, (3.74)

D_1 = −

2m_1T (ν_1 + ν_2)(κ^2 − C^2_1 ) κ √_{h1} 2 ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

, (3.75)

D_2 = −

2m_2T (ν_1 + ν_2)(κ^2 − C^2_1 ) κ √_{h1} 2 ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

. (3.76)

Here also the conserved quantities E, P_y, D_1 and D_2 are all infinite and the rescaled combination can be written as, √ E^2 − P^2_y − D^2_1 − D^2 =

2αT (ν_1 + ν_2)(κ^2 − C^2_1 ) κ √_{h1} 2 ∫ π_2 θ_1 dθ sin θ cos θ √ sin^2 θ − sin^2 θ_1

. (3.77)

The deficit angle Δϕ is however finite and is given by

Δϕ = 2 ∫ π_2 θ_1 dθ θ^′ = 2 ∫ π_2 θ_1

dθ sin θ_1 cos θ sin θ √ sin^2 θ − sin^2 θ_1

= π − 2θ_1 . (3.78)

– 12 –

The regularized J_1 and J_2 are given by,

J̃_1 = J_1 + (5κ^2ν^1 + 2C^1κω^1 − C^{21} ν^1) α(κ^2 − C^2_1 ) √ E^2 − P^2_y − D^2_1 − D^2 = 2T cos θ_1 κ √_{h1} 2 [C_1β + (ν_1 + ν_2)(5κ^2ν_1 + 2C_1κω_1 − C^2_1 ν_1)] ,

(3.79) and J̃_2 = J_2 + (5κ^2ν^2 + 2C^1κω^2 − C^{21} ν^2) α(κ^2 − C^2_1 ) √ E^2 − P^2_y − D^2_1 − D^2 = 2T cos θ_1 κ √_{h1} 2 [C_1β + (ν_1 + ν_2)(5κ^2ν_2 + 2C_1κω_2 − C^2_1 ν_2)] ,

(3.80)

The other two angular momenta are finite and are given by,

K_1 = −

2T cos θ_1 √_{h1} 2 [(ν_1 + ν_2)(κω_1 + 2C_1ν_1) + 2β], (3.81)

and K_2 = −

2T cos θ_1 √_{h1} 2 [(ν_1 + ν_2)(κω_2 + 2C_1ν_2) + 2β], (3.82)

Similarly as before, if we define J̃ = J̃_1 − J̃_2 , K = K_1 − K_2 and J = J_2 − J_1 then we obtain,

Ẽ − J = √ K^2 +

2g_1 h_1

(ν_1 + ν_2)^2 κ^2 λ π^2 sin^2 Δϕ 2 , (3.83)

where

Ẽ = 2κC^1(ω^1 − ω^2) + (5κ^2 − C^{21} )(ν^1 − ν^2) α(κ^2 − C^2_1 ) √ E^2 − P^2_y − D^2_1 − D^2 , g_1 = [2κC_1(ω_1 − ω_2) + (5κ^2 − C^2_1 )(ν_1 − ν_2)]^2 − [κ^2(ω_1 − ω_2) + 2C_1κ(ν_1 − ν_2)]^2, h_1 = (ν_1 + ν_2)^2[(κ^2 − C^2_1 )(α^2 − ω^2_1 − ω^2) − (C_1ω_1 + 2κν_1)^2 − (C_1ω_2 + 2κν_2)^2] + 2β^2 . (3.84)

Once again we would like to stress that this dispersion relation must be compared with that in the presence of other background fields. It will be really a challenge to find the dual states in the corresponding field theory side.

– 13 –

4. Conclusions

We have studied in this paper the rigidly rotating strings in the near horizon geometry of a 1+1 dimensional intersection of two stacks of orthogonal branes, the so called I-brane background. We have studied the solutions of fundamental string action in this background in the presence of various NS-NS B-fields. Because the fundamental string couple to the background NS-NS field, the string dynamics knows the presence of these fluxes and the dispersion relation also reflects this fact. As the background in question is too difficult to solve exactly we have assumed first the motion of the string constrained only on one sphere and found out two solutions corresponding to single spike and giant magnons. This procedure effectively means as if we are considering the motion of the string in the near horizon geometry of one stack of NS5-branes. Further we have generalized the solution to include motion on both the spheres and write down corresponding dispersion relation for the giant magnon and single spike solutions. We have also remarked that these solutions should be compared to the ones obtained in the presence of other background fields that couple to the string. We have used the open string boundary condition to explicitly observe the effect on the dispersion relation among various conserved charges.

There are various questions that can be persued further. As we know, the fact that I-brane background is an exact solution of string theory equations of motion, helps us in obtaining more information about the intersecting brane system itself which is otherwise not possible via gauge theory. It will definitely be interesting to see from a probe brane analysis what more information we get about the system which is apriori unknown from the field theory. Further it will be interesting to tell more about the existence of some operators corresponding to the spiky strings from the point of view of dual theory, whose exact nature in not known in detail. The supersymmetry of such states can be checked by following [26] in the bulk. Hence it will be interesting to see whether similar kind of states exist in the dual theory. It would also be interesting to whether such spiky strings exist as solutions in the worldvolume of D-branes.

Acknowledgements: KLP would like to thank the Abdus Salam I.C.T.P, Trieste for hospitality under Associate Scheme, where a part of this work was completed.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.

Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[2] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills,” JHEP 0204, 013 (2002) [arXiv:hep-th/0202021].

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence,” Nucl. Phys. B 636, 99 (2002) [arXiv:hep-th/0204051].

[4] N. Beisert, “The SU(2|2) dynamic S-matrix,” Adv. Theor. Math. Phys. 12, 945 (2008) [hep-th/0511082].

– 14 –

[5] J. A. Minahan and K. Zarembo, “The Bethe ansatz for N=4 superYang-Mills,” JHEP 0303, 013 (2003) [hep-th/0212208].

[6] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, “Stringing spins and spinning strings,” JHEP 0309, 010 (2003) [hep-th/0306139].

[7] N. Beisert and M. Staudacher, “The N=4 SYM integrable super spin chain,” Nucl. Phys. B 670, 439 (2003) [hep-th/0307042].

[8] N. Beisert, V. Dippel and M. Staudacher, “A Novel long range spin chain and planar N=4 super Yang-Mills,” JHEP 0407, 075 (2004) [hep-th/0405001].

[9] K. Pohlmeyer, “Integrable Hamiltonian Systems and Interactions Through Quadratic Constraints,” Commun. Math. Phys. 46, 207 (1976).

[10] A. A. Tseytlin, “Semiclassical strings and AdS/CFT,” hep-th/0409296. [11] H. Hayashi, K. Okamura, R. Suzuki and B. Vicedo, “Large Winding Sector of AdS/CFT,” JHEP 0711, 033 (2007) [arXiv:0709.4033 [hep-th]].

[12] K. Okamura, “Aspects of Integrability in AdS/CFT Duality,” arXiv:0803.3999 [hep-th]. [13] D. M. Hofman and J. M. Maldacena, “Giant magnons,” J. Phys. A 39, 13095 (2006) [arXiv:hep-th/0604135].

[14] M. Kruczenski, “Spiky strings and single trace operators in gauge theories,” JHEP 0508, 014 (2005) [arXiv:hep-th/0410226].

[15] R. Ishizeki and M. Kruczenski, “Single spike solutions for strings on S2 and S3,” Phys. Rev.

D 76, 126006 (2007) [arXiv:0705.2429 [hep-th]].

[16] N. P. Bobev, H. Dimov, R. C. Rashkov, “Semiclassical strings in Lunin-Maldacena background,” [hep-th/0506063].

[17] S. Ryang, “Rotating strings with two unequal spins in Lunin-Maldacena background,” JHEP 0511, 006 (2005). [hep-th/0509195].

[18] C. -S. Chu, G. Georgiou, V. V. Khoze, “Magnons, classical strings and beta-deformations,” JHEP 0611, 093 (2006). [hep-th/0606220].

[19] M. Kruczenski, J. Russo, A. A. Tseytlin, “Spiky strings and giant magnons on S**5,” JHEP 0610, 002 (2006). [hep-th/0607044].

[20] J. Kluson, R. R. Nayak, K. L. Panigrahi, “Giant Magnon in NS5-brane Background,” JHEP 0704, 099 (2007). [hep-th/0703244].

[21] N. P. Bobev, R. C. Rashkov, “Spiky strings, giant magnons and beta-deformations,” Phys.

Rev. D76, 046008 (2007). [arXiv:0706.0442 [hep-th]].

[22] H. Dimov, R. C. Rashkov, “On the anatomy of multi-spin magnon and single spike string solutions,” Nucl. Phys. B799, 255-290 (2008). [arXiv:0709.4231 [hep-th]].

[23] J. Kluson and K. L. Panigrahi, “D1-brane in beta-Deformed Background,” JHEP 0711, 011 (2007) [arXiv:0710.0148 [hep-th]].

[24] B. -H. Lee, R. R. Nayak, K. L. Panigrahi, C. Park, “On the giant magnon and spike solutions for strings on AdS(3) x S**3,” JHEP 0806, 065 (2008). [arXiv:0804.2923 [hep-th]].

[25] D. V. Bykov and S. Frolov, “Giant magnons in TsT-transformed AdS(5) x S**5,” JHEP 0807, 071 (2008) [arXiv:0805.1070 [hep-th]].

– 15 –

[26] J. R. David, B. Sahoo, “Giant magnons in the D1-D5 system,” JHEP 0807, 033 (2008).

[arXiv:0804.3267 [hep-th]].

[27] J. Kluson, B. -H. Lee, K. L. Panigrahi, C. Park, “Magnon like solutions for strings in I-brane background,” JHEP 0808, 032 (2008). [arXiv:0806.3879 [hep-th]].

[28] B. -H. Lee, K. L. Panigrahi, C. Park, “Spiky Strings on AdS(4) x CP**3,” JHEP 0811, 066 (2008). [arXiv:0807.2559 [hep-th]].

[29] S. Ryang, “Giant Magnon and Spike Solutions with Two Spins in AdS(4) x CP**3,” JHEP 0811, 084 (2008). [arXiv:0809.5106 [hep-th]].

[30] M. C. Abbott, I. Aniceto, “Giant Magnons in AdS(4) x CP**3: Embeddings, Charges and a Hamiltonian,” JHEP 0904, 136 (2009). [arXiv:0811.2423 [hep-th]].

[31] R. Suzuki, “Giant Magnons on CP**3 by Dressing Method,” JHEP 0905, 079 (2009).

[arXiv:0902.3368 [hep-th]].

[32] M. C. Abbott, I. Aniceto, O. Ohlsson Sax, “Dyonic Giant Magnons in CP^3: Strings and Curves at Finite J,” Phys. Rev. D80, 026005 (2009). [arXiv:0903.3365 [hep-th]].

[33] S. Biswas and K. L. Panigrahi, “Spiky Strings on NS5-branes,” Phys. Lett. B 701, 481 (2011) [arXiv:1103.6153 [hep-th]].

[34] N. Itzhaki, D. Kutasov and N. Seiberg, “I-brane dynamics,” JHEP 0601, 119 (2006) [hep-th/0508025].

[35] J. Kluson, “Dynamics of D1-brane in I-brane background,” JHEP 0512, 016 (2005) [hep-th/0510243].

[36] J. Kluson, “Note about static D1-brane in I-brane background,” JHEP 0601, 045 (2006) [hep-th/0511304].

[37] L. -Y. Hung, “Comments on I1-branes,” JHEP 0705, 076 (2007) [hep-th/0612207]. [38] J. Kluson, “Fundamental string and D1-brane in I-brane background,” JHEP 0801, 045 (2008) [arXiv:0711.4219 [hep-th]].

[39] R. R. Nayak and P. K. Swain, “Note on I-brane Near Horizon PP-wave Background,” Nucl.

Phys. B 848, 490 (2011) [arXiv:1012.2772 [hep-th]].

– 16 –