arXiv:1206.2889v2 [hep-th] 24 Jul 2012

July 25, 2012 EFI-12-12

Chern-Simons EM-flation

Emil Martinec,^{a,b,1} Peter Adshead,^{a,c,2} and Mark Wyman^{a,c,d,3}

aEnrico Fermi Institute,^bDepartment of Physics cKavli Institute for Cosmological Physics dDepartment of Astronomy and Astrophysics University of Chicago, Chicago, IL 60637, USA

Abstract

We propose a new, generic mechanism of inflation mediated by a balance between potential forces and a Chern-Simons interaction. Such quasi-topological interactions are ubiquitous in string theory. In the minisuperspace approximation, their effect on the dynamics can be mapped onto the problem of a charged particle in an electromagnetic field together with an external potential; slow roll arises when the motion is dominated by the analogue of ‘magnetic drift’. This mechanism is robust against radiative corrections. We suggest a possible experimental signature which, if observed, might be considered strong evidence for string theory.

1ejmartin@uchicago.edu 2adshead@kicp.uchicago.edu 3markwy@oddjob.uchicago.edu

1 Introduction

Inflation [1] is at the same time a spectacular phenomenological success, and an enduring theoretical challenge. It seems clear that the universe underwent a period of rapid expansion in its early history; however, it seems rather difficult to engineer a field-theoretic model which sustains a sufficiently extended inflationary phase.

Typical models of inflation involve the evolution of an effective scalar field, the inflaton, along its effective potential. If the motion along the potential is sufficiently slow, so that the energy density is dominated by the inflaton potential energy over all other sources, the local value of the potential acts as an effective cosmological constant, slowly evolving in time. The notion of ‘sufficiently slow’ is quantified by the slow-roll parameters of the Hubble scale H = ȧ/a

ϵ_H = − Ḣ H^2 η_H = − Ḧ 2HḢ . (1.1)

The conditions ϵ_H , η_H ≪ 1 define the period of slow-roll inflation; one needs this era to last long enough so that the scale factor a undergoes 60 or more e-foldings of exponential expansion.

There are a number of mechanisms that have been proposed to achieve such an extended inflationary era:

1. Make the inflaton potential V extraordinarily flat [2, 3], so that H^2 ∼ V/3m^2_p changes very slowly over a large region of field space. Unfortunately, scalar field potentials are subject to strong radiative corrections, making such a flat potential generically unnatural. The potential can be protected through a symmetry, for instance making the inflaton a pseudo-Goldstone boson as in ‘natural’ inflation [4]; however, this approach has its own set of issues – typically one cannot arrange the periodicity of the axion to be large enough to sustain inflation long enough [5].^4

2. Engineer the kinetic term so that the inflaton motion has a limiting velocity and/or small sound speed [7,8]. Here again, the form of the kinetic energy needed is sensitive to quantum corrections.

3. Arrange for some form of ‘friction’ or damping to impede the evolution of the inflaton [9], for instance via particle production. These approaches again involve a degree of fine-

4Models employing axion monodromy [6] suggest a way around this issue.

tuning, since the produced particles mustn’t dominate the energy density while being sufficiently produced to overcome the dilution resulting from the expansion, and at the same time achieving the needed damping; there can also be issues with scale dependence of perturbations.

In general, there is a consistency issue – the ‘eta problem’ – as to why quantum corrections to the effective action of the inflaton ϕ don’t contribute Δη = Δm^2_ϕ/3H^2 ∼ O(1). Supersymmetry, which can protect scalar masses, doesn’t help here – H is an effective scale of supersymmetry breaking.

This article introduces a fourth general mechanism of inflation, which we call ‘EMflation’.^5 This term refers to both its intrinsic reliance on the electromagnetic fluxes of antisymmetric tensor (AST) gauge fields, and to a strong analogy with the forced dynamics of a charged particle in a magnetic field. The basic idea is that a Chern-Simons term, linear in time derivatives, can play the same role in field space dynamics that a magnetic field does for a point particle. For the particle in a strong field, other force terms in the equations of motion balance against the magnetic force rather than kinetic terms. Similarly, in the presence of a large Chern-Simons coupling, the resulting field motion is the direct analogue of the ‘magnetic drift’ of a charged particle in a strong magnetic field. One need assume no special features of either the kinetic energy or the potential – the kinetic term plays only a minor role, and potentials can be steep; all that is required is to be able to make the strength of the Chern-Simons interaction sufficiently large, so that ‘magnetic drift’ is slow, in order to generate a long inflationary era. Because no special property of the effective action is assumed – other than a large Chern-Simons coupling, whose coefficient is quantized – the eta problem should be absent.

Recently, a model of ‘chromo-natural’ inflation [11, 12] was proposed by two of the authors; as we shall see, this model is the first example of this new inflationary mechanism. Let us summarize the chromo-natural inflationary model. The starting point is natural inflation [4], where the inflaton is an axion field X . The axion is assumed to have a potential generated by some unspecified non-perturbative effects, and interacts with a weakly-coupled SU(2) gauge field via the usual topological density λ ( X f_a ) tr [F ∧ F] . (1.2)

Under the assumption of a texture in the gauge field background, conformal to the spatial

5We would have called it ‘Chern-Simons inflation’ but that name appears to be taken [10].

dreibein,^6 A^a_i = ψ(t)a(t)δ^a_i , (1.3)

the minisuperspace effective action for the axion X , scale factor a, and gauge field scale ψ is S = ∫ dt a^3 [ −m^2_p (ȧ a )_2 + 3 2 (ψ̇+Hψ)^2− 3 2 g^2ψ^4+ 1 2 Ẋ^2−μ^4 ( 1+cos ( X f_a )) − 3gλX f_a ψ^2(ψ̇+Hψ) ] . (1.4) The scale factor a(t) undergoes slow roll inflation for sufficiently large axion coupling λ ≫ 1, small gauge coupling g, and appropriately tuned scale μ of the axion potential. The key feature of the equations of motion in this parameter regime is that the axion velocity drives the growth of the gauge field, while the gauge field back-reacts to slow the motion of the axion sufficiently that the slow-roll conditions are satisfied, even when the axion potential isn’t particularly flat. In the action, the axion coupling to the gauge field is of the same order as the potential, both of which are much larger than the kinetic energy terms, when evaluated on the inflating trajectory; however, being a topological term, the X F∧F term does not contribute to the stress tensor, and so the equation of state is potential dominated P ≈ −ρ. The plan for the remainder of this article is as follows: In section 2, we examine the dynamics of a charged particle in a magnetic field as a toy model, showing how the minisuperspace dynamics of chromo-natural inflation embed in this toy model, as well as how its dynamics exhibit the ‘magnetic drift’ phenomenon. In section 3, we consider a sampling of the Chern-Simons terms in string theory, and focus on a particular model involving D7-branes. This is particularly interesting in light of the role that such branes play in recent investigations of string model-building (see [13] for a review). Section 4 contains a cursory look at how density perturbations are expected to arise in this context. We conclude in section 5 with a summary discussion, comment on the stability and genericity of the mechanism, and propose a potential experimental signature.

6More generally, the ansatz A^{āb}_i = aψJ^{āb}_i , where J^{āb}_i are the generators of SU(2) in the N dimensional representation, allows one to embed the scenario in an arbitrary rank gauge group.

2 A toy model

The underlying mechanism of chromo-natural inflation, and the intuition underlying its generalization, is elucidated by examining the dynamics of a charged particle. The action S = ∫ dt [ 1 2 G_{ab}(X)Ẋ^aẊ^b + A_a(X)Ẋ^a − V(X) ] (2.1)

generalizes the effective minisuperspace action (1.4). Consider the simple example of twodimensional motion in a constant background magnetic field of magnitude λ and harmonic potential well of frequency μ. If we add a small damping term, the equations of motion are

Ẍ + HẊ + μ^2X = λẎ (2.2) Ÿ + HẎ + μ^2Y = −λẊ . (2.3)

Ignoring for a moment the damping, there are two normal modes consisting of circular motion about the center of the well. If the angular momentum is aligned with the magnetic field, the Lorentz force opposes the potential force; in the large field limit, ‘magnetic drift’ balances the potential force against the magnetic force, so that μ^2r_+ ≈ λv_+. The orbital frequency of this mode is ω_+ = v_+/r_+ ≈ μ^2/λ. The other normal mode has the angular momentum antialigned with the magnetic field, and in the large field limit the magnetic force balances against inertia, v_− ≈ λr_−. The orbital frequency is just the Larmor frequency ω_− = v_−/r_− ≈ λ. For equal energies, μ^2r^2_+ ≈ v^2_−, the orbital radius of the fast mode is smaller than that of the slow mode by a factor μ/λ. The generic motion thus is a superposition of the two normal modes, and consists of an epicyclic motion around the center – tight circles at the Larmor frequency superposed over a slow drift around the center at an angular frequency μ^2/λ. Putting in a small damping factor H, in the large field limit the fast mode damps at a rate H, while the slow mode damps more slowly, at a rate H(μ^2/λ^2). Thus after some time, one is left only with the slow mode – a gradual magnetic drift along an equipotential, with the orbit gradually spiraling down toward the center. ‘Slow roll’ is satisfied if the parameters are set in the hierarchy λ ≫ H, μ.

The minisuperspace action (1.4) of chromo-natural inflation is of the form (2.1); to see this, let the field space in (2.1) have Lorentz signature, identify T = a, X = X and Y = aψ, and set

G_{ab} = 1 2 −2m^2_pT 0 0 0 T^3 0 0 0 3T A_a = −3(gλ/f_a) ( 0, 0, XY^2) (2.4) V = 3 2 g^2Y^4/T + μ^4T^3 ( 1 + cos(X/f_a) ) . Here, as usual, the Hamiltonian constraint arises when the particle wordline is coupled to an einbein N(t) to enforce reparametrization invariance. This prevents the kinetic energy from being unbounded from below, despite the timelike signature of the scale factor in the field space (DeWitt) metric that characterizes the minisuperspace dynamics (1.4).

To see the ‘magnetic drift’ effect operating in chromo-natural inflation, consider the equations of motion in the slow-roll approximation, which after diagonalization of the velocities become ( 3H + g^2λ^2 Hf_a^2 ψ^4 ) Ẋ = μ^4 f_a sin(X /f) − gλ f_a Hψ^3 +

2g^3λ f_aH ψ^5 (2.5) ( 3H + g^2λ^2 Hf_a^2 ψ^4 ) ψ̇ = −2H^2ψ − 2g^2ψ^3 − g^2λ^2 f_a^2 ψ^5 + gλ 3Hf_a^2 ψ^2μ^4 sin(X /f_a) . (2.6)

Of the two terms in the friction coefficient on the LHS, the first term represents Hubble friction, the second term arises from the magnetic drift force. We want this ‘magnetic’ force to dominate over Hubble friction, and therefore the coefficient of the Chern-Simons term should satisfy gλ ≫ √ 3f_aH ψ^2

. (2.7)

The particular trajectory studied in [11] sets the RHS of the second equation to zero, which is approximately solved in this regime by ψ ≈ (μ4 sin(X /f_a) 3gλH )_{1/3} (2.8)

and then the X equation of motion determines a slow roll of the axion field governed by the effective potential gradient for X determined by this locked-in value of ψ on the RHS, and the larger-than-Hubble friction coefficient of Ẋ on the LHS; the motion can be made arbitrarily slow by dialing the axion coupling gλ – the strength of the analogue magnetic field – to be parametrically large. This does not mean that we must have gλ ≫ 1. Instead, this quantity merely needs to be larger than the RHS of (2.7). We also require g^2ψ^4 ≪ μ^4, so that the axion potential dominates the gauge field energy, keeping the equation of state inflationary rather than radiation dominated. These two conditions, together with (2.8), require λ ≫ 1.

This trajectory is not really special. At large λ, both sides of the equation for ψ̇ scale like λ^2; magnetic damping doesn’t apply to its motion, and so the ψ dynamics quickly evolves to this equilibrium point at a rate governed by Hubble damping (quite analogous to the toy model). The lack of ‘magnetic damping’ for ψ can be traced to a Hubble friction term λHψ^3 in the Chern-Simons contribution to the X equation of motion, which in turn leads to the term scaling as λ^2 on the RHS of (2.6). Conversely, the absence of a λ^2 term on the RHS of (2.5) can be traced to the absence of such a Hubble friction term in the Chern-Simons contribution to the ψ equation of motion.

Note that it is not necessary that the Chern-Simons coupling gλ itself be much larger than one; we merely require (2.7). On the trajectory (2.8), the condition (2.7) is gλ ≫ f_a^3μ^2 m^5_p

; (2.9)

so we are allowed gλ as small as we like, provided the scale μ of the potential is low enough relative to the Planck scale. The parameter λ serves as a useful indicator of the size of various contributions to the dynamics. In what follows, we will employ an expansion in inverse powers of λ as an approximation scheme. This will be valid, even when λ is not large (or even if it is dimensionful), because what matters is the hierarchy of scales between the Chern-Simons coupling, the Hubble scale, and the scale of the potential.

3 String and M-theory realizations

The key intuition gleaned from the toy model is that a magnetic-type coupling acts to oppose the potential force – it keeps the fields from rapidly rolling to the minimum of the potential by diverting the motion in a direction orthogonal to the potential gradient. The gauge field coupling A(X)·Ẋ responsible for this effect is the simplest example of a Chern-Simons term, thus chromo-natural inflation should be but one example of a general mechanism of inflationary dynamics resulting from the interplay of an effective potential and a Chern-Simons coupling. String theory exhibits a rich zoology of topological couplings, and therefore should prove a fertile source of such behavior. Indeed, as we will see below, chromo-natural inflation embeds in string theory in a natural if not colorful way (for a review of axions in string theory, see for example [14]).

3.1 An M-theory example (sort of)

Let us begin with M-theory. The action of eleven-dimensional supergravity is S = 1 2ℓ^9_p ∫ d^{11}x [ √ −gR − 1 2 G_4 ∧ ⋆G_4 − 1 6 C_3 ∧ G_4 ∧ G_4 ] , (3.1)

where ℓ_p is the eleven-dimensional Planck length, C_3 is a three-form antisymmetric tensor (AST) gauge field whose field strength is G_4; C_3 is a dimensionless periodic variable with period 2π. Consider a compactification to four dimensions with the warped FRW metric ansatz^7 ds^2 = e^{−2A(xα)}h_{μν} dx^μdx^ν + e^Ag_{αβ}(x^γ )dx^αdx^β = e^{−2A(xα)} ( −N^2dt^2 + a(t)^2(dx^i)^2 ) + e^Ag_{αβ}(x^γ )dx^αdx^β . (3.2)

In what follows, we will suppress the effects of warping, and assume that we can write four-dimensional (or minisuperspace) effective actions, in which the warping is accounted for in the values of the parameters.

The reduction of the effective action to four dimensions, and further to minisuperspace, involves a decomposition of the various form fields into their various components along the macroscopic and compact directions. For instance, the three-form field C_3 splits into a spatial three-form C_{ijk}, two-form C_{ijα}, vector C_{iαβ}, and scalar C_{αβγ} as far as the macroscopic tensor properties are concerned. The time components of the AST gauge potentials are Lagrange multipliers for Gauss constraints which we will largely ignore.

Some of the modes C_{αβγ} may be light scalars in the four-dimensional effective action. For instance, choose a harmonic 3-form ω_3 in the compact manifold Σ_7 and set

C_3 = ℓ^3_p 2π X(x^μ)ω_3(x^α) ; (3.3)

classically X is a massless scalar in the four-dimensional effective theory, because the underlying gauge symmetry C_3 → C_3 + dΛ_2 forbids a potential for any of the components of C_3. The effective 4d kinetic term for X is γ 2 ∫ d^4x √ hh^{μν} ∂_μX∂_ν X (3.4) where γ = 1 ℓ^9_p ∫ Σ_7

ω_3 ∧ ∗ω_3 (3.5)

7Notation: M, N, ... are 10D indices; μ, ν, ... are indices along the 4D non-compact spacetime; i, j, ... non-compact spatial indices; α, β, ... indices along the 7D compactification.

(here the Hodge star is with respect to the compactification seven-manifold, and ∗ω_3 = ~ω_4). A variety of quantum effects can generate a potential V(X); for instance, membrane instantons wrapping the dual three-cycle Σ_3 will induce a periodic potential for X [15]. Similarly, the kinetic energy for the spatial three-form C_{ijk} reduces to

V_7 2ℓ^9_p ∫ d^4x 1 √ h |∂_0C_{ijk}|^2 . (3.6)

Let G_4 have a flux through the four-cycle ~Σ_4 dual to the 3-cycle Σ_3 conjugate to ω_3 ∫ ~Σ_4

G_4 = kℓ^3_p ; (3.7)

the Chern-Simons form in (3.1) becomes k ℓ^3_p ∫ d^4xX∂_0C_{ijk} . (3.8)

The effective minisuperspace dynamics of the scale factor a(t), the axion X(t), and the scale of the spatial C_3 C_{ijk} = a(t)^3c(t) ϵ_{ijk} , (3.9)

specialize the four-dimensional effective field theory to spatially constant field configurations:

S_{eff} = ∫ dtNa^3 [ V_7 N^2ℓ^9_p ( −3 ȧ^2 a^2 + 1 2a^6 ( ∂_t(a^3c)

)_2

+ γẊ^2 ) − V(X) ] − k ℓ^3_p

X∂_t(a^3c) . (3.10)

Once again we see dynamics with the structure (2.1), and may imagine that for suitable choices of the parameters γ, V_7/ℓ^7_p, k, etc, the dynamics will lead to inflation, with magnetic drift dominating the evolution.

The minisuperspace equations of motion are^8

3m^2_pH^2 = m^2_p 4 (ċ+3Hc)^2 + m^2_pγ 2 Ẋ^2 + V(X) (3.11)

m^2_p ( 2Ḣ + 3H^2 ) = m^2_p 4 (ċ+3Hc)^2 − m^2_pγ 2 Ẋ^2 + V(X) (3.12)

m^2_p 2 ∂_t(ċ + 3Hc) − δẊ = 0 (3.13) m^2_pγ (¨ X + 3HẊ ) + V^′(X) + δ(ċ + 3Hc) = 0 . (3.14)

8The variation of the metric should be made before substitutions of the sort (3.9).

Here the four-dimensional Planck scale m^2_p = V_7/ℓ^9_p, and δ = km^3_p (_{ℓ7p} V_7 )_{3/2} . The c field equation of motion is readily integrated once

ċ + 3Hc = 2δ m^2_p

(X − X_0) , (3.15)

however, the integration constant X_0 is quantized [16, 17]. Briefly, the effective action S = ∫ d^4x ( − 1 2 G_4 ∧ ⋆G_4 − λXG_4 ) (3.16)

leads to the canonical momentum for the three-form potential

π_C = G_4 − λX = −λX_0 . (3.17)

In string/M-theory, the gauge group is compact, and so this momentum is quantized; only discrete values of X_0 are allowed (different values correspond to changing the field by a flux quantum). We thus find an equation for X alone

m^2_pγ (¨ X + 3HẊ ) + V^′(X) +

2δ^2 m^2_p

(X − X_0) = 0 (3.18)

together with the Hamiltonian constraint

3m^2_pH^2 = δ^2(X − X_0)^2 + m^2_pγ 2 Ẋ^2 + V(X) (3.19)

that determines H.

Despite the intuition gleaned from the toy model, this example does not generate slowroll inflation; because the c equation of motion can be integrated once, the velocity of the c field is always tied to the displacement of the axion X such that only one of the two normal modes analogous to those of the toy model is possible – the one that rapidly decays and does not exhibit magnetic drift.

Now, it might seem that the intuition of the toy model is failing here, as the slow-roll conditions are not satisfied for the motion governed by (3.18). But actually, it works only too well – the fast mode damps out as X moves to the minimum of the effective potential

V_{eff} = V(X) + δ^2 m^2_p

(X − X_0)^2 (3.20)

and the slow mode is infinitely slow – there is no means for the dynamics to relax X to the minimum of the original potential V(X), rather it gets stuck at the minimum of this effective potential, which for large δ is fixed at a point set to a quantized value by the c field dynamics (modulo nucleation of membranes that can shift X_0 by discrete amounts [18]).

The quadratic term in the effective potential has the same source as in the Schwinger model [19, 16, 17]. When the rank of an AST potential equals the spatial dimension, there is no magnetic field, only an electric field; in the analogue of Ampère’s law, there is no magnetic field for the the electric field energy to oscillate into, and so the electric field dynamics is rigidly related to that of the charged sources. In order to bypass this obstruction, we can try using AST fields of lower rank, as for example the one-form fields of chromo-natural inflation. Such terms arise when we add branes to the mix of ingredients; let us now turn to some string theory examples.

3.2 String theory

A wide variety of examples of EM-flation arises from compactifications involving spacefilling D-branes. Our starting point is the ten-dimensional supergravity action; for type IIB, this reads

S_{IIB} = 2π ℓ^8_s ∫ √ −g [ e^{−2Φ} ( R + 4(∂Φ)^2 − 1 2 |H_3|^2 ) (3.21) − 1 2 ( |F_1|^2 + |F̃_3|^2 + 1 2 |F̃_5|^2 ) − 1 2 C_4 ∧ H_3 ∧ F_3 ] while for type IIA one has

S_{IIA} = 2π ℓ^8_s ∫ √ −g [ e^{−2Φ} ( R + 4(∂Φ)^2 − 1 2 |H_3|^2 ) (3.22) − 1 2 ( |F_2|^2 + |F̃_4|^2 ) − 1 2 B_2 ∧ F_4 ∧ F_4 ] . Here F_{n+1} are the (n+1)-form field strengths F_{n+1} = dC_n of n-form antisymmetric tensor (AST) gauge fields C_n, the three form field strength H_3 arises from a two-form potential B_2, and F̃_3 = F_3 − C_0 ∧ H_3 ,

F̃_5 = F_5 − 1 2 C_2 ∧ H_3 + 1 2 B_2 ∧ F_3 (3.23) F̃_4 = F_4 − C_1 ∧ H_3 .

These supergravity fields are coupled to Dp-brane sources through their worldvolume action

S_{Dp} = − 2π ℓ^{p+1}s ∫ d^{p+1}ξ Tr [ e^{−Φ} [ − det(G_{ab} + B_{ab} + 2πα^′F_{ab}) ]_{1/2} (3.24) − (∑ n C_n ) ∧ exp[B_2 + 2πα^′F_2] ] ;

the bulk supergravity fields G_{MN} , B_{MN} , Φ and C_{M1...Mn} are pulled back to the brane using the worldvolume parametrization X^M (ξ^a); F_{ab} is the field strength of a gauge potential A_a intrinsic to the brane, and 2πα^′ = ℓ^2_s/(2π). Note that the scalar fields X are not canonically normalized, and carry the dimensions of length since they parametrize motion in the extra dimensions. For simplicity, we have suppressed additional couplings in the Chern-Simons term on the second line involving curvatures of the brane worldvolume and its normal bundle [20,21], as well as commutators of the normal bundle scalars X [22]. The curvature couplings enter various equations of motion for the antisymmetric tensor field (in particular charge conservation equations), while the additional scalar terms provide additional sources of examples.

In the effective dynamics, there will be additional contributions to the effective action from various matter fields living on brane intersections, potentials contributed by gauge field and Dp-brane instantons, supersymmetry breaking, fluxes, etc. While these may be important for model building, all we will be concerned with is the general form and scale of the effective potential.

3.3 Effects of the D-brane Chern-Simons term

Consider the Chern-Simons term on a Dp-brane that fills non-compact space and spans (p − 3) directions in the compactification manifold Σ_6. It will involve the AST fields C_n, which under reduction to four dimensions lead to spatial form fields of ranks from zero to three; B_2, whose dynamical components consists of spatial two-forms B_{ij} , vectors B_{iα}, and scalars B_{αβ} ; gauge fields A that similarly reduce to vectors and scalars in 4d; and the scalars X that specify the brane’s location and orientation in the compactification manifold.

In the warped FRW metric (3.2), an appropriate ansatz for these various fields takes the form Φ_{i1...ik α1...αm} = ∑ p a(t)^kϕ^{(p)}_{i1...ik} (t)ω^{(p)}_{α1...αm} (x^β ) (3.25) where the ω^{(p)} are a basis of cohomology in Σ_6.^9 Upon integration over Σ_6, the structure of the Chern-Simons coupling in (3.24) is a collection of terms of the form

λ_P a^{3−m}ϕ_{(p1)} . . . ϕ_{(pk)}∂_t(a^mϕ_{(pk+1)} . . . ϕ_{(pn)}) , (3.26)

with m = 1 for terms involving brane gauge field strengths F_{ti}, and m = 0 from terms

9This is a slight oversimplification due to the possibility of evolution of the fields within Σ_6 as the brane moves, due to back-reaction.

involving field strengths F_{tα} or brane velocities Ẋ.^{10} Let us focus on a single such term, and suppress the multi-index λ_P ≡ λ. In the equations of motion that follow from (3.21), or (3.22), and (3.24), the slow-roll approximation (1.1) ignores the accelerations of the fields in favor of Hubble friction; for a spatial m-form,^{11} the kinetic term reduces to a^m∂_t ( a^{3−2m}∂_t(a^mϕ) ) ≈ a^3 ( 3Hϕ̇ + m(3 − m)H^2ϕ ) . (3.27)

The schematic structure of the slow-roll equations of motion is thus

M_{pq}ϕ̇_{(q)} = F_p(ϕ) (3.28)

where the matrix M has the structure M = ( 3HI_k λP −λP^t 3HI_{n−k} ) (3.29)

with I_k the rank k identity matrix and P the rectangular matrix P_{ij} = ∂^2( ∏ ϕ) ∂ϕ_{(pi)}∂ϕ_{(pj )} , (3.30) with i = 1, ..., k; j = k +1, ..., n; and ∏ ϕ is the product of all the fields appearing in the Chern-Simons term (3.26). The force term on the RHS of (3.28) includes all contributions from potentials of effective scalars, as well as the terms proportional to H^2 from the kinetic terms (3.27), and non-derivative terms proportional to λH from the Chern-Simons term (3.26).

Diagonalizing the velocities leads to

det[M]ϕ̇_{(p)} = (det[M]M^{−1})^{pq}F_q(ϕ) . (3.31)

To this end, note that if the Chern-Simons interaction is linear in each of the n fields appearing, the matrix M can be written^{12}

M̂ = 1 3H M = 1l + z ( |α⟩⟨β| − |β⟩⟨α| ) (3.32)

10In principle there are terms as well from derivatives of the ω^{(p)} induced by the brane motion Ẋ; we will ignore these effects in what follows, however they will lead to additional terms of the same general form as (3.26).

11Possible kinetic mixing among the fields will be ignored for simplicity; including it does not qualitatively change the results.

12The generalization to Chern-Simons terms of more general functional form is straightforward.

where z = (λ/3H) ∏_n i=1 ϕ_{(pi)} and |α⟩, |β⟩ are vectors in the space spanned by the ϕ_{(pi)} with components ⟨i|α⟩ = 1 ϕ_{(pi)} , i = 1, . . . , k ; ⟨i|α⟩ = 0 , i = k + 1, . . . , n ⟨j|β⟩ = 1 ϕ_{(pj )} , j = k + 1, . . . , n ; ⟨j|β⟩ = 0 , j = 1, . . . , k (3.33) One then has det[M̂] = 1 + z^2⟨α|α⟩⟨β|β⟩, and

det[M̂]M̂^{−1} = det[M̂] 1l − z ( |α⟩⟨β| − |β⟩⟨α| ) − z^2 ( |α⟩⟨β|β⟩⟨α| + |β⟩⟨α|α⟩⟨β| ) (3.34)

The force vector F in (3.28) has the structure F = zH ( m|α⟩ − (3 − m)|β⟩ ) + F (3.35)

where F is independent of λ. Thus, in the space orthogonal to the two vectors |α⟩, |β⟩, there is no ‘magnetic damping’ effect, velocities are of order λ^0, and fields will evolve quickly to some quasi-static point of equilibrium with roughly Hubble-size damping.^{13} Within the two-dimensional subspace spanned by {|α⟩, |β⟩}, one has det[M̂]M̂^{−1}|α⟩ = |α⟩ + z|β⟩⟨α|α⟩ det[M̂]M̂^{−1}|β⟩ = |β⟩ − z|α⟩⟨β|β⟩ (3.36) and there is indeed a ‘magnetic damping’ effect – the det[M] coefficient on the LHS of (3.31) is order λ^2, while the matrix det[M̂]M̂^{−1} restricted to the subspace is order λ. However, in one of these two directions the force vector is of order λ, and combined with a contribution of order λ from det[M̂]M̂^{−1}, the force in this direction is also or order λ^2 and competes with the damping. The direction |χ⟩ = m|α⟩ − (3 − m)|β⟩ (3.37) is orthogonal to the leading λ^2 force in (3.31) (in (2.5)-(2.6), this was the X direction); in this direction, the damping coefficient det M is effective in slowing the motion to a velocity that is parametrically of order 1/λ. The direction |ϕ⟩ orthogonal to |χ⟩ in the space spanned by |α⟩, |β⟩, |ϕ⟩ = (3 − m)|α⟩⟨β|β⟩ + m|β⟩⟨α|α⟩ , (3.38) 13In principle, we should re-solve the equations of motion for these directions in field space, without making the slow-roll approximation, since slow roll does not apply to them. Instead, we will ignore this complication and assume that these fields have evolved to a quasi-static equilibrium value.

as well as all the directions orthogonal to |α⟩, |β⟩, the velocities are not parametrically suppressed in λ, since the force is of the same order in λ as the damping coefficient.

The effective field parametrizing the |χ⟩ direction is our candidate inflaton. The values of all the other fields are found from the solution to the field equations as a function of this slow variable; this solution will bring additional dependence on λ into the effective equation for the inflaton motion (as in the example (2.8)), thus an explicit expression for the number of e-foldings of inflation as a function of λ (and other parameters in the effective action) will depend on a case-by-case analysis.

3.4 D7-brane example

Consider a type IIB compactification to four dimensions with N D7-branes. The motion of the branes is not frozen by space-filling form-field dynamics; the D7-brane locations are pseudo-moduli, the locations of fiber degenerations in a description of the compactification Σ_6 as the base of an elliptically fibered Calabi-Yau fourfold Y_4 in F-theory [23] (for a review, see [13]).

We expect that the four-form potential that D7-branes couple to directly cannot generate inflationary dynamics through the analogue of magnetic damping, because space-filling form fields are subject to the mechanism of section 3.1. However, there are additional couplings in the Chern-Simons term, and we might hope that one of them can provide the effect of interest.

What other terms might yield inflation? Consider the contribution to the D7-brane Chern-Simons term that couples to the brane velocity as

C_{iα1α2α3} ∧ B_{jk} ∧ (2πα^′F)_{α4α5}Ẋ^{α1} ; (3.39)

and adopt the ansatz (3.25) (so that B_{12} = a^2b, C_{3αβγ} = a c ω_{αβγ} ; the expectation values for B, C break rotational symmetry and we choose this orientation of the vevs), and take F to have K units of flux through a two-cycle wrapped by the brane.^{14} The effective action

14Note that, for this term to be active during inflation, both B_2 and C_4 must be lighter than the Hubble scale; however, in a typical compactification breaking to N = 1, one of these fields gets a mass at least of order the compactification scale. For this realization of EM-flation to be viable, one would need the compactification to preserve N = 2 supersymmetry, with N = 2 in the bulk broken at a scale somewhat below the Hubble scale.

reads (we henceforth suppress the internal indices)

S_{eff} = ∫ dtNa^3 [ 1 N^2 ( −3m^2_p ȧ^2 a^2 + γ_b 2a^4 ( ∂_t(a^2b)

)_2 + γ_c 2a^2 ( ∂_t(ac) )_2 + γ_X 2 Ẋ^2 ) −V(X) ] −λa^3bcẊ . (3.40) The Chern-Simons term takes the general form (3.26), and the equations of motion in the slow-roll approximation (3.27) become

γ_b(3Hḃ + 2H^2b) = λcẊ γ_c(3Hċ + 2H^2c) = λbẊ (3.41) γ_X (3HẊ) + V^′(X) = −λ(cḃ + bċ + 3Hbc)

Diagonalizing the velocities as in (3.31), one finds that the X equation of motion boils down to [9γ_bγ_cγ_X H^2 + λ^2(γ_bb^2 + γ_cc^2)]Ẋ = −γ_bγ_cH(3V^′ + 5Hλbc) (3.42)

while the force terms on the RHS of the b, c equations of motion [ 9γ_bγ_cγ_X H^2 + λ^2(γ_bb^2 + γ_cc^2) ] ċ = − [ γ_bλbV^′ + c ( λ^2H (2 3 γ_cc^2 + 7 3 γ_bb^2 ) + 6γ_bγ_cγ_X H^3 )] (3.43) [ 9γ_bγ_cγ_X H^2 + λ^2(γ_bb^2 + γ_cc^2) ]˙ b = − [ γ_cλcV^′ + b ( λ^2H (7 3 γ_cc^2 + 2 3 γ_bb^2 ) + 6γ_bγ_cγ_X H^3 )] (3.44) are of order λ^2, the same as the damping coefficient on the LHS, in accord with the general analysis of the previous section. In other words, b and c quickly evolve to a nonzero local minimum,^{15} obtained by setting ḃ = ċ = 0; and then the inflaton X slowly rolls down its effective potential. Plugging in the quasi-equilibrium values of b, c at large λ, b^∗ ≈ ( V^′ 3λH √ γ_c γ_b )_{1/2}

c^∗ ≈ ( V^′ 3λH √ γ_b γ_c )_{1/2} (3.45)

one finds that the X velocity scales as Ẋ ≈ 2 √ γ_bγ_c H^2 λ . (3.46)

15There is also of course the trivial solution with b = c = 0, which one might think leads to ordinary D-brane inflation if one could solve the attendant problems mentioned in the introduction. Below, we will argue that this trajectory is unstable.

There is a second attractor point at b = −b^∗, c = −c^∗ with the same solution for Ẋ. The λ^{−1} scaling of Ẋ should not be too surprising, the structure of the equations of motion is quite similar to chromo-natural inflation – the form fields b, c play the same role as the chromo-natural gauge potential A, while X plays the same role as the chromo-natural axion X . One aspect that we have until now ignored is that the specific Chern-Simons coupling chosen is not at all isotropic in the inflating directions, nevertheless we have assumed that the metric inflates isotropically. In fact, given this anisotropy, we should generalize the metric ansatz to allow independent scale factors a_1, a_2, a_3 for the three inflating directions. The equations of motion for the b, c fields become

γ_bH_{tot}ḃ + γ_bH_3(H_1 + H_2)b − λcẊ = 0 γ_cH_{tot}ċ + γ_cH_3(H_1 + H_2)c − λbẊ = 0 (3.47)

where H_{tot} = H_1 + H_2 + H_3. Multiply the first equation by b and the second by c and subtract to find

H_{tot}∂_t(γ_bb^2 − γ_cc^2) + H_3(H_1 + H_2)(γ_bb^2 − γ_cc^2) = 0 . (3.48)

This tells us that γ_bb^2 = γ_cc^2 up to terms that die off exponentially in time.

Now consider the pressure difference equations, the differences of the equations of motion for the a_i. The nontrivial ones are of the form

0 = ∂_t(H_3 − H_2) + H_{tot}(H_3 − H_2) + 2γ_b m^2_p

(ḃ + (H_1 + H_2)b)^2 − 2γ_c m^2_p

(ċ + H_3c)^2 (3.49)

Plug in the equations of motion, and use the fixed point γ_bb^2 = γ_cc^2 to find

0 = ∂_t(H_3 −H_2)+H_{tot}(H_3 −H_2)−

2γ_bb^2 m^2_pH^2_{tot} ( H^2_3 +(H_1 +H_2)^2 + 2λ √ γ_bγ_c Ẋ ) ( (H_1 + H_2)^2 − H^2_3 ) (3.50) up to exponentially decaying terms. The last term, which sources (H_3 − H_2), is of order √ γ_bγ_c V^′/(H_{tot}λ) times a quadratic function of the H_i, and so the anisotropy in Hubble expansion rates is formally of order 1/λ. We will largely ignore this issue for now, but will return to it in the discussion section below.

It remains to check that one can engineer a large ‘magnetic’ coupling λ in the effective equations of motion. For N D7-branes with K units of gauge flux, dominance of the magnetic drift term in the damping coefficient in the equations of motion (3.42)-(3.44) requires √ γ_bγ_c γ_X H^3 ≪ V^′λ ; (3.51) in our conventions, we have

γ_b =

V_6 g^2_s ℓ^8_s ≡ m^2_p γ_c =

V_6 ℓ^8_s

= g^2_s m^2_p (3.52)

γ_X = N g_sℓ^4_s λ = K ℓ^4_s where m_p is the effective four-dimensional Planck scale. The potential for brane motion has a characteristic scale μ and varies over the size R of the compactification manifold (so for a generic compactification V_6 ∼ R^6)

V = μ^4Nf(X/R) . (3.53)

With 3m^2_pH^2 = V, the condition for dominance by the Chern-Simons interaction becomes

N^{1/2} K μ^2R m_p f^{3/2} f^′ ≪ 1 , (3.54)

which can be satisfied by making the scale of the effective potential small enough relative to the geometric mean of the compactification scale and the four-dimensional Planck scale, or by making the flux quantum K large.^{16} The velocity (3.46) is then Ẋ ≈ 2N 3K g_sℓ^4_sμ^4f(X/R) =

2μ^4R^3 3m_p N K f(X/R) . (3.55) Again can be made small by making the scale of the effective potential for brane motion low enough, or K large. Taking the range of inflationary motion to be of order R,^{17} the number of e-foldings of inflation is estimated to be N_e ∼ HΔt ∼ KR ⟨f^{−1/2}⟩ N^{1/2}μ^2V^{1/2}_6 ∼ K N^{1/2}μ^2R^2

. (3.56)

16The parameter λ is generically dimensionful; more precisely, when we say that we want to take λ to be large, we mean that its scale is typically the string or Planck scale, and we wish to take the other scales in the problem (such as the scale μ of the potential, and the compactification scale) to be small relative to this scale.

17Note that while the radius of compactification is larger than the ten-dimensional Planck scale, this does not mean that the range of motion of the inflaton is greater than the four-dimensional effective Planck scale. The normalized scalar deformation relative to the four-dimensional Planck scale is ( √ γ_X ΔX)/m_p ∼ g^{1/2}_s (ℓ_s/R)^2 < 1.

This is again large when μR ≪ 1, and/or K ≫ 1. The slow-roll parameters (1.1) are calculated as^{18}

ϵ_H = − Ḣ H^2 = − √ 3 m_p 2 V^′ V^{3/2} Ẋ η_H + 1 2 ϵ_H = − Ḧ 2HḢ − Ḣ 2H^2 ∼ − √ 3 m_p 2 V^{′′} V^′V^{1/2}

Ẋ . (3.57)

Note that, since both ϵ_H , η_H are proportional to Ẋ, which is of order 1/λ, these slow roll parameters can be made small. Using the estimate (3.55), we have ϵ_H ∼ − (μ2R2N 1/2 K f^′ f^{1/2} )

η_H + 1 2 ϵ_H ∼ − (μ2R2N 1/2 K f^{′′}f^{1/2} f^′ ) ∼ ϵ_H ∼ 1 N_e . (3.58)

From (3.50), the anisotropy of the expansion is estimated to be H_3 − H_2 H_{tot} ∼ − μ^2R^2N^{1/2} K f^′ f^{1/2}

∼ ϵ_H . (3.59)

3.5 Chromo-natural inflation on branes

Chromo-natural inflation embeds easily on D-branes. Here we can take for instance the part of the D3-brane Chern-Simons interaction

C_0Tr [F ∧ F] . (3.60)

The minisuperspace effective action becomes

S_{eff} = ∫ dtNa^3 [ 1 N^2 ( −3m^2_p ȧ^2 a^2 +γ_A Tr[(Ȧ)^2] a^2

+γ_cċ^2 ) +μ^4V̂(c)+γ_A

Tr([A, A]^2) a^4 ] +κ c Tr(Ȧ[A, A]) , (3.61) with γ_A = 1/(g_s(2π)^2), γ_c = g^2_s m^2_p = R^6/ℓ^8_s, and κ = 1/(2π)^2. Note that c is a dimensionless variable of unit period. The only change for D7-branes is that κ gets an integer factor from the compactification, and γ_A picks up a factor of the volume V_S /ℓ^4_s of the 4-cycle wrapped by the D7. The SU(N) embedding discussed in the footnote around equation (1.3) leads to the following field identifications:

C_0 = X f_a A_i = aψJ_i (γ_Aν)^{1/2}

(3.62)

18Note that standard expressions such as η_H = −Ẍ/(HẊ) are derived from (1.1) using the equations of motions of single scalar field inflation, and do not apply to our model.

(with Tr [J_iJ_j] = νδ_{ij} where ν = N(N^2 − 1)/12), and parameter identifications: g = 1 (γ_Aν)^{1/2} f_a = √ γ_c (3.63) λ = κ γ_A . Note that on D3-branes, one has λ ∼ g_s < 1, so the conditions for chromo-natural inflation are not met. This problem can be circumvented by passing to e.g. D7-branes and inducing (3.60) using gauge flux along the internal directions of the D7-brane worldvolume.

A tuneable parameter is afforded by the Chern-Simons coupling

C_0 ( 1 24 Tr [F ∧ F ∧ F ∧ F] + 1 2 Tr [F ∧ F]χ̂(R)/24 ) , (3.64)

where we wrap the N D7’s along a four-cycle S of Euler number^{19} χ(S) threaded by a gauge field of instanton number c_2 = K. We can then try to tune (K + χ(S)/24) to be large, subject to Gauss law and tadpole cancellation constraints. The integrated flux is subject to a tadpole cancellation condition, ∫ S 1 2 Tr [F ∧ F] + 1 24 ( χ(D7) + 4χ(O7) ) = 1 ℓ^4_s ∫ Σ_6

F_3 ∧ H_3 + 2N_{D3} (3.65)

where S is the four-dimensional cycle in Σ_6 wrapped by the D7, and χ is the Euler character of the cycle S wrapped by any D7-branes (similarly for O7 orientifold seven-planes). As usual, one can dissolve free-standing D3-branes into gauge flux on the D7, so if N_{D3} can be large, then one may have a substantial freedom in tuning the Chern-Simons coupling for inflation. This tadpole cancellation condition in turn descends from a corresponding condition in the F-theory fourfold χ(Y_4) 24 = 1 2 ∫ Y_4

G_4 ∧ G_4 + N_{D3} (3.66)

and the LHS in some recent examples used for GUT model-building [13, 24–26] is of order tens to hundreds. The parameters (3.63) are now determined by

γ_A = V_S (2π)^2g_sℓ^4_s κ = K + χ(S)/24 (2π)^2

(3.67)

19χ(S) = ∫ S χ̂(R) is the integral of the Euler density χ̂(R), one of the curvature couplings we suppressed in writing the Chern-Simons coupling in (3.24).

and the Chern-Simons interaction is made more dominant either by making the flux K large or the volume V_S of the four-cycle S small, or both.

In the usual static approximation (2.8), the condition g^2λ^2ψ^4 ≫ 3H^2f_a^2 becomes

gλμ^8V̂^2 ≫ 3^{1/2}H^5f_a^3 , (3.68)

and with the above substitutions one finds the condition K 3^2 · 2π (g^3_s νV̂)^{1/2} m^2_p μ^2

≫ 1 . (3.69)

This condition is satisfied when μ ≪ m_p and g_sN is small.

The axion velocity can be determined from the equations of motion (2.5), (2.6). The analysis of [11,12] showed that the number of e-folds of inflation is maximized for g^2ψ^2 ∼ H^2; with this specialization, one finds a simple expression for the axion velocity

Ċ_0 = Ẋ f_a ≈ 4 3 Hμ^4V̂^′ g^2λ^2ψ^4

(3.70)

which scales as λ^{−2/3} on the quasi-static solution (2.8):

Ċ_0 H = Ẋ f_aH ≈ 4 3^{1/3}(2π)^{2/3} ν^{1/3}V_S g_sK^{2/3}ℓ^4_s ( μ^4 m^4_p

V̂ 2 V̂ ′ )_{1/3} . (3.71)

Inserting this result into the slow roll parameters (3.57), one finds ϵ_H ∼ NV_S g_sK^{2/3}ℓ^4_s ( μ m_p )_{4/3} (V̂ ′)2/3 V̂ 1/3 η_H + 1 2 ϵ_H ∼ NV_S g_sK^{2/3}ℓ^4_s ( μ m_p )_{4/3} V̂ ′′V̂ 2/3 (V̂^′)^{4/3}

. (3.72)

One can again analyze the difference of the pressures, with the result in this case that differences in the Hubble expansion rates damp exponentially in time. This is not surprising, due to the symmetry among the spatial directions.

3.6 Axion examples Axion models may have an effective Chern-Simons coupling λC_{ij}F_{tj} B (3.73) which naively generates damping at large λ. The effective action takes the form

S_{eff} = ∫ dt ( a_1a_2a_3 N [ −m^2_p (ȧ_2ȧ_3 a_2a_3

+ cyclic ) + γ_c 2 ∂_t(a_1a_2c)^2 a^2_1a^2 + γ_ψ 2 ∂_t(a_3ψ)^2 a^2_3 + γ_b 2 ḃ^2 ]

−Na_1a_2a_3V(b) − λa_1a_2cb∂_t(a_3ψ) ) , (3.74)

where C_{12} = a_1a_2c, A_3 = a_3ψ, and the axion is B_{αβ} = b; in the terminology of section(3.3) one has a Chern-Simons coupling with m = 1. Effectively, in the Chern-Simons coupling of chromo-natural inflation, the commutator of gauge fields [A_i, A_j] has been replaced by the antisymmetric tensor C_{ij} , and the gauge field made abelian. Can this Chern-Simons coupling prolong inflation?

The equations of motion in the slow-roll approximation (3.27) become

γ_c(H_{tot}ċ + H_3(H_1 + H_2)c) = λb(ψ̇ + H_3ψ) γ_ψ(H_{tot}ψ̇ + H_3(H_1 + H_2)ψ) = −λ(cḃ + bċ + (H_1 + H_2)bc) (3.75) γ_b(H_{tot}ḃ) + V^′ = λc(ψ̇ + H_3ψ)

with H_{tot} = H_1 + H_2 + H_3. Subtracting c times the first equation from b times the third,

H_{tot}(γ_ccċ − γ_bbḃ) + H_3(H_1 + H_2)γ_cc − bV^′(b) = 0 , (3.76)

we find that generically c is of order λ^0. Assuming that the velocities are damped by inverse powers of λ fixes c in terms of b. Proceeding to diagonalize the velocities as before, one finds that a quasi-static solution for the ψ dynamics fixes ψ ≈ γ_cc ( V^′(b) − γ_bb(H_1 + H_2)^2 ) λH_3(γ_bb^2 + γ_cc^2)

, (3.77)

so that ψ ∼ λ^{−1}. Putting this back into (3.76), one finds that if the velocities are λsuppressed, either b = 0, or c = 0, or H_3 = −(H_1 + H_2). Either way, the dynamics is not governed by a self-consistent inflationary solution where velocities are controlled by an expansion in inverse powers of λ. One is led to conclude that only m = 0 or m = 3 in the general Chern-Simons term (3.26) gives rise to inflationary dynamics.

4 A preliminary look at fluctuations

One of the great successes of inflation is the prediction of a nearly scale-invariant spectrum of density fluctuations (for a review, see for example [27]) in beautiful agreement with observation [28]. In this section, we present some preliminary results on the fluctuation spectrum of EM-flation, in the D7-brane example of section 3.4.

We will ignore the panoply of tensor fluctuations and focus on the fluctuations of the three actors in the Chern-Simons term. Their equations of motion are [ ∂^2_t + H_{tot}∂_t + k^2_i a^2_i

+ H_3(H_1 + H_2) + Ḣ_3 ] δc = λ[Ẋδb + b^∗∂_tδX] (4.1) [ ∂^2_t + H_{tot}∂_t + k^2_i a^2_i

+ H_3(H_1 + H_2) + (Ḣ_1 + Ḣ_2) ] δb = λ[Ẋδc + c^∗∂_tδX] (4.2) [ ∂^2_t + H_{tot}∂_t + k^2_i a^2_i

+ V^{′′}(X) ] δX = −λ[(∂_t + H_{tot})(c^∗δb + b^∗δc)] (4.3)

with λ = λ/ √ γ_bγ_cγ_X , and the canonically normalized fields c = √ γ_c c, b = √ γ_b b, X = √ γ_X X; also H_{tot} = H_1 + H_2 + H_3. Taking the difference of the first two equations, dropping the Ḣ_i terms, and using the fact that b^∗ = c^∗ at leading order in 1/λ, we see that (b − c) is exponentially damped to zero; we will henceforth ignore it. The other two equations are less trivial: [ ∂^2_t + H_{tot}∂_t + k^2_i a^2_i

+ H_3(H_1 + H_2) ] δ(b + c) = λ[Ẋδ(b + c) + 2b^∗∂_tδX] (4.4) [ ∂^2_t + H_{tot}∂_t + k^2_i a^2_i

+ V^{′′}(X) ] δX = −λb^∗[(∂_t + H_{tot})δ(b + c)] (4.5)

At this point we will make some simplifications. First note that, up to order 1/λ, all the H_i are equal to H_{tot}/3, and on the classical solution (3.46) to leading order in λ we have λẊ ≈ 2H^2, so that the nonderivative terms proportional to δ(b + c) cancel in the first equation (i.e. the residue is of order 1/λ). Eventually we will want to treat the full system, get the tilt and anisotropy of the power spectrum, analyze tensor perturbations, and so on. However, for a first attempt, we will simply freeze the background to isotropic de Sitter space with some given Hubble constant H, and analyze these fluctuation equations to look for a scale-invariant spectrum.

The structure of these equations is encouraging – we have two light fields, and the job of the RHS is to trade energy between the two. However, one might worry that the inflaton potential’s curvature V^{′′} is not small, and so might lead to anomalously large fluctuations or even instability. Instead, we will see that – as in the case of the evolution of the background – the effect of the Chern-Simons terms on the RHS tames the fluctuation spectrum as well, leading to a result quite analogous to the single-field model.

Let us pass to conformal time a dτ = dt , a = −1/(Hτ) , ∂_t = −Hτ∂_τ (4.6) and define β = a(τ)δ(b + c) and χ = a(τ)δX. To leading order in 1/λ, one finds

∂^2_τ β + k^2β − 2 τ^2 β = − λb^∗ H [2∂_τ χ τ + 2χ τ^2 ]

∂^2_τ χ + k^2χ − 1 τ^2 ( 2 − V^{′′} H^2 ) χ = λb^∗ H [∂_τ β τ − 2β τ^2 ] . (4.7)

It is not yet clear whether this system admits analytical solution, but the asymptotics are rather straightforward. For late time kτ ≳ −1, the equations are solved by power laws

χ ∼ C_χτ^α , β ∼ C_βτ^α (4.8)

so, defining L = λb^∗/H, and ν = V^{′′}/H^2, we have ( α(α − 1) − 2 ) C_β = L(−2α − 2)C_χ ( α(α − 1) − 2 + ν ) C_χ = L(α − 2)C_β . (4.9)

There are four roots for α: − 1 , 2 , 1 2 ( 1 + i √ 8L^2 + 4ν − 9 ) , 1 2 ( 1 − i √ 8L^2 + 4ν − 9 ) . (4.10)

There is always a growing mode with α = −1, independent of the curvature of the potential ν at this order. This mode has C_χ = −(3L/ν)C_β , so the bulk of the power is in the inflaton X with only an amount of order 1/λ in the perturbations of the AST fields b, c. The remaining modes are damped out at late time and consequently irrelevant.

For early times kτ ≪ −2L, we have a free wave equation for both χ and β. In fact we can do better; for kτ ≪ −1, we can ignore all the 1/τ^2 terms as being down by powers of kτ, resulting in

∂^2_τ β + k^2β = − 2L τ ∂_τ χ ∂^2_τ χ + k^2χ = + 2L τ ∂_τ β (4.11)

which is our friend from section 2, the charged particle in a (now time-dependent) magnetic field of strength 2L/τ, and harmonic well of frequency k. The eigenmodes as before are circular motions with angular momentum in the same/opposite orientation as the magnetic field; the derivative terms are diagonalized by the linear combinations Ψ_± = χ ± iβ, each of which has two modes – a fast mode and a slow mode

Ψ_± = χ ± iβ = C^±_s exp[+iϕ^±_s (τ)] + C^±_f exp[+iϕ^±_f (τ)] , (4.12) so-called because in the case of large constant magnetic field the fast mode oscillates at the Larmor frequency and the slow mode undergoes magnetic drift. The WKB eikonals are

ϕ^±_f = ± ( + √ k^2τ^2 + L^2 − L log (√ k^2τ^2 + L^2 + L ) + 2L log(τ) )

ϕ^±_s = ± ( − √ k^2τ^2 + L^2 + L log (√ k^2τ^2 + L^2 + L )) . (4.13)

It seems clear that the fast modes, whose small τ behavior has an extra phase oscillation τ^{±i2L}, are designed to match onto the late time phase oscillation τ^{±i√2L} of the last, conjugate pair of roots of α in (4.10). The real roots for α in the late time solution then match onto the slow modes of the early time solution.

The conventional analysis of single-field inflation sets the Bunch-Davies vacuum as an initial state, then lets the wavefunction evolve. The late time solution is a constant of order one times H (taking into account the factor of a that was put into the perturbations upon going to conformal time); the detailed form of the evolution determines that constant of order one, thus providing the absolute normalization of the power spectrum.

The Bunch-Davies vacuum consists of setting to zero the amplitudes of the modes behaving as e^{+ikτ} at early times, i.e. C^+_f = C^−_s = 0; and thus C^−_f = C^+_s = 1. The matching of the early and late time asymptotics will determine the normalization of the fluctuations in the present situation as well, and therefore that of the power spectrum. While we have not yet determined the constant of order one by the matching procedure, it is clear that the normalization is again a factor of H times such a constant. Note that the curvature of the potential ν has dropped out of the asymptotics of the slow mode, the one that leads to growing perturbations on scales beyond the de Sitter horizon.

It is remarkable in the present context that the Chern-Simons interaction leads to a fluctuation amplitude that appears to be largely independent of the details of the shape of the potential, only depending on its overall scale. In this model there are three scales, the scale μ of the potential, the scale R of the compactification, and the string scale ℓ_s. From these we have two dimensionless ratios, as well as the string coupling g_s and number of branes N. We can use these quantities to set the the duration of inflation to be O(60) e-foldings, and the scale of the fluctuations to be O(10^{−5}). Feeding the normalization H of the fluctuation amplitude into the curvature perturbation amplitude R (in a gauge with spatially flat slicing), R ≈ ẊδX + H(cδc + 2bδb) 2m^2_pHϵ_H , (4.14) we find for this D7-brane example

R ∼ N^{1/2}g^{5/2}_s (ℓ_s R )_{10} μ^2R^2 f^{3/2} f^′ . (4.15)

When rewritten in four-dimensional terms, this expression is the ratio of two small quantities and therefore is indeterminate. Expressed in ten-dimensional terms, the fluctuation spectrum gives us direct constraints on the dimensionless parameters of the theory. The observed value is R ∼ 10^{−5}; recalling that the number of e-foldings (3.56) is N_e ∼ N^{1/2}/(μ^2R^2), we see that N^{3/2}g^{5/2}s (ℓ_s/R)^{10} has to be of the order 10^{−3}. This is for instance satisfied for N = 1, R ∼ ℓ_s and g_s ∼ 10^{−1}, with μ ∼ 10^{−1}R^{−1} ∼ 10^{−2}m_p.

This particular example thus seems to favor high scale inflation. If all the dimensions of the compactification are roughly similar, the curvature perturbation amplitude (4.15) is such a steep function of R that it is difficult to make the size of the compactification much more than the string scale, which is quite close to the ten-dimensional Planck scale. This result might favor a warped compactification scenario [29] where one dimension is somewhat larger than the others, in order to give the branes some room to roam.

5 Discussion

We have outlined a new mechanism of inflation based on the idea that a Chern-Simons term has the same effect on the effective field space dynamics as a magnetic field does on a charged particle; inflation can then be slow-roll because the inflaton experiences ‘magnetic drift’ forces that balance the force from the inflaton potential, when the effective Chern- Simons coupling is parametrically large. In such a situation, the kinetic term of the effective inflaton plays only a minor role, as the forcing from the potential is compensated largely by the Chern-Simons term. Thus there should be no eta problem; it is not the kinetic term that matters, nor the flatness of the potential, but rather the strength of the Chern-Simons term, which is quasi-topological in nature and therefore rather insensitive to quantum corrections in the effective action. The Chern-Simons coupling is of order one in string units (or Planck units, in M-theory), times an integer; so long as the scale of the inflaton potential is sufficiently small relative to this scale and the compactification scale, a long period of slow-roll inflation results. The examples investigated above bear out this intuition.

A general feature of this inflationary scenario is its robustness against quantum corrections to the effective action of the inflaton, which is the source of the eta problem in other approaches. Quantum effects generate corrections to the effective potential and kinetic terms. These corrections spoil any delicate tuning that has been done in order to engineer a long period of inflation, when only these terms in the action are active in the inflationary mechanism. In EM-flation, it doesn’t matter whether there are order one corrections of this sort – the expressions (3.57) for the slow roll parameters are indeed order one ratios of the effective potential and its derivatives, times the velocity of the inflaton. However, this velocity is of order 1/λ due to the influence of ‘magnetic damping’, instead of the value that pertains when only potential forces and Hubble damping are present. By a suitable arrangement of the scales in the problem, and perhaps tuning some discrete parameters, the slow-roll parameters are reliably kept small.

How large is the EM-flation basin of attraction? Consider the D7-brane example of section 3.4. In the large λ limit, the evolution of b, c is much faster than X, so we take the latter as frozen at some value during the time that b and c are relaxing to an attractor. The equations of motion for these variables have the form

Γ(w)∂_tw_a = ∂_{wa} U(w) U = (λ̂V^′)w_1w_2 + 1 6 λ̂^2H(w^4_1 + w^4_2 + 7w^2_1w^2) + 3γ_X H^3(w^2_1 + w^2)

Γ = 9γ_X H^2 + λ̂^2(w^2_1 + w^2) (5.1)

where w_1 = √ γ_b b, w_2 = √ γ_c c, and λ̂ = λ/ √ γ_aγ_b. The slow-roll dynamics of b, c at fixed X is gradient flow, and a plot of the potential U shows that the fixed point at b = c = 0 is an unstable saddle point, while EM-flation is the only stable attractor of the dynamics. The basic intuition is that, once all the fields are nonzero, the Chern-Simons term is active in the dynamics and the dynamics of the inflaton X drive the AST fields b, c to larger values and the EM-flation attractor. So in any example where the EM-flation mechanism is in effect, it applies to all inflationary trajectories. Similarly, the attractor for chromo-natural inflation is the dominant component of the gauge field configuration space, with only a small region around the origin (whose size scales inversely with λ) attracted toward A = 0 rather than the chromo-natural attractor.

Finally, it seems that a characteristic feature of the EM-flation model of section 3.4 is a slight anisotropy of the Hubble expansion rate during inflation, see for example equation (3.59), driven by an expectation value for AST fields. This anisotropy will imprint on the CMB perturbations and lead to a potentially observable signature. In the context of ordinary inflation, the effect of an anisotropic Hubble expansion rate was considered in [30], with the result that the power spectrum picks up a rotationally non-invariant contribution δP/P of order (H_3 − H_2)/H_{tot}. This latter quantity was estimated in the example of section (3.4) to be generically of order ϵ_H / √ N. The fluctuation spectrum anisotropy δP/P might be measured down to the level of one percent by the Planck experiment [31].^{20} It seems reasonable that the fluctuation spectrum anisotropy of EM-flation is at a level similar to that found in [30] for ordinary inflation, given the similarity of the perturbation calculation of section 4; then a fluctuation anisotropy signal might well be within experimental reach. Needless to say, the detection of such an anisotropy would constitute strong evidence for string theory.

Acknowledgments: Thanks to J. Harvey, W. Hu and J. Marsano for helpful discussions, and to E. Silverstein for comments on the first version of this article. This work was supported in part by DOE grant DE-FG02-90ER-40560, and by the Kavli Institute for Cosmological Physics at the University of Chicago through NSF grants NSF PHY-0114422, NSF PHY-0551142 and an endowment from the Kavli Foundation and its founder Fred Kavli. P.A. and M.W. thank the Aspen Center for Physics for its hospitality and support through National Science Foundation Grant No. 1066293, as this work was nearing completion.

References

[1] Alan H. Guth, The Inflationary Universe: A Possible Solution to the Horizon and Flatness Problems, Phys.Rev. D23 (1981) 347–356.

[2] Andreas Albrecht and Paul J. Steinhardt, Cosmology for Grand Unified Theories with Radiatively Induced Symmetry Breaking, Phys.Rev.Lett. 48 (1982) 1220–1223.

[3] Andrei D. Linde, A New Inflationary Universe Scenario: A Possible Solution of the Horizon, Flatness, Homogeneity, Isotropy and Primordial Monopole Problems, Phys.Lett. B108 (1982) 389–393.

20An initial indication of such an effect in the data [32] has since been discounted as an instrumental effect [33].

[4] Katherine Freese, Joshua A. Frieman, and Angela V. Olinto, Natural inflation with pseudo - Nambu-Goldstone bosons, Phys.Rev.Lett. 65 (1990) 3233–3236.

[5] Tom Banks, Michael Dine, Patrick J. Fox, and Elie Gorbatov, On the possibility of large axion decay constants, JCAP 0306 (2003) 001, arXiv:hep-th/0303252 [hep-th].

[6] Liam McAllister, Eva Silverstein, and Alexander Westphal, Gravity Waves and Linear Inflation from Axion Monodromy, Phys.Rev. D82 (2010) 046003, arXiv:0808.0706

[hep-th].

[7] C. Armendariz-Picon, T. Damour, and Viatcheslav F. Mukhanov, k - inflation, Phys.Lett. B458 (1999) 209–218, arXiv:hep-th/9904075 [hep-th].

[8] Eva Silverstein and David Tong, Scalar speed limits and cosmology: Acceleration from D-cceleration, Phys.Rev. D70 (2004) 103505, arXiv:hep-th/0310221 [hep-th].

[9] Arjun Berera, Warm inflation, Phys.Rev.Lett. 75 (1995) 3218–3221,

arXiv:astro-ph/9509049 [astro-ph].

[10] Stephon Alexander, Antonino Marciano, and David Spergel, Chern-Simons Inflation and Baryogenesis, arXiv:1107.0318 [hep-th].

[11] Peter Adshead and Mark Wyman, Chromo-Natural Inflation, arXiv:1202.2366

[hep-th].

[12] , Gauge-flation trajectories in Chromo-Natural Inflation, arXiv:1203.2264

[hep-th].

[13] Frederik Denef, Les Houches Lectures on Constructing String Vacua,

arXiv:0803.1194 [hep-th].

[14] Peter Svrcek and Edward Witten, Axions In String Theory, JHEP 0606 (2006) 051,

arXiv:hep-th/0605206 [hep-th].

[15] Jeffrey A. Harvey and Gregory W. Moore, Superpotentials and membrane instantons,

arXiv:hep-th/9907026 [hep-th].

[16] Chris Beasley and Edward Witten, A Note on fluxes and superpotentials in M theory compactifications on manifolds of G(2) holonomy, JHEP 0207 (2002) 046,

arXiv:hep-th/0203061 [hep-th].

[17] Nemanja Kaloper, Albion Lawrence, and Lorenzo Sorbo, An Ignoble Approach to Large Field Inflation, JCAP 1103 (2011) 023, arXiv:1101.0026 [hep-th].

[18] Raphael Bousso and Joseph Polchinski, Quantization of four form fluxes and dynamical neutralization of the cosmological constant, JHEP 0006 (2000) 006,

arXiv:hep-th/0004134 [hep-th].

[19] Sidney R. Coleman, More About the Massive Schwinger Model, Annals Phys. 101 (1976) 239.

[20] Ruben Minasian and Gregory W. Moore, K theory and Ramond-Ramond charge, JHEP 9711 (1997) 002, arXiv:hep-th/9710230 [hep-th].

[21] Yeuk-Kwan E. Cheung and Zheng Yin, Anomalies, branes, and currents, Nucl.Phys.

B517 (1998) 69–91, arXiv:hep-th/9710206 [hep-th].

[22] Robert C. Myers, Dielectric branes, JHEP 9912 (1999) 022, arXiv:hep-th/9910053

[hep-th].

[23] Cumrun Vafa, Evidence for F theory, Nucl.Phys. B469 (1996) 403–418,

arXiv:hep-th/9602022 [hep-th].

[24] Joseph Marsano, Natalia Saulina, and Sakura Schafer-Nameki, F-theory Compactifications for Supersymmetric GUTs, JHEP 0908 (2009) 030, arXiv:0904.3932 [hep-th].

[25] Andres Collinucci, Frederik Denef, and Mboyo Esole, D-brane Deconstructions in IIB Orientifolds, JHEP 0902 (2009) 005, arXiv:0805.1573 [hep-th].

[26] Johanna Knapp, Maximilian Kreuzer, Christoph Mayrhofer, and Nils-Ole Walliser, Toric Construction of Global F-Theory GUTs, JHEP 1103 (2011) 138,

arXiv:1101.4908 [hep-th].

[27] Viatcheslav F. Mukhanov, H.A. Feldman, and Robert H. Brandenberger, Theory of cosmological perturbations. Part 1. Classical perturbations. Part 2. Quantum theory of perturbations. Part 3. Extensions, Phys.Rept. 215 (1992) 203–333.

[28] E. Komatsu et al., Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation, Astrophys.J.Suppl. 192 (2011) 18,

arXiv:1001.4538 [astro-ph.CO].

[29] Shamit Kachru, Renata Kallosh, Andrei D. Linde, Juan Martin Maldacena, Liam P.

McAllister, and Sandip P. Trivedi, Towards inflation in string theory, JCAP 0310 (2003) 013, arXiv:hep-th/0308055 [hep-th].

[30] Lotty Ackerman, Sean M. Carroll, and Mark B. Wise, Imprints of a Primordial Preferred Direction on the Microwave Background, Phys.Rev. D75 (2007) 083502,

arXiv:astro-ph/0701357 [astro-ph].

[31] Yin-Zhe Ma, George Efstathiou, and Anthony Challinor, Testing a direction-dependent primordial power spectrum with observations of the Cosmic Microwave Background, Phys.Rev. D83 (2011) 083005, arXiv:1102.4961 [astro-ph.CO].

[32] C.L. Bennett, R.S. Hill, G. Hinshaw, D. Larson, K.M. Smith, et al., Seven- Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Are There Cosmic Microwave Background Anomalies?, Astrophys.J.Suppl. 192 (2011) 17,

arXiv:1001.4758 [astro-ph.CO].

[33] Duncan Hanson, Antony Lewis, and Anthony Challinor, Asymmetric Beams and CMB Statistical Anisotropy, Phys.Rev. D81 (2010) 103003, arXiv:1003.0198

[astro-ph.CO].