arXiv:1206.3662v1 [hep-th] 16 Jun 2012

BV formulation of higher form gauge theories in a superspace

Sudhaker Upadhyay^∗ and Bhabani Prasad Mandal^† Department of Physics, Banaras Hindu University, Varanasi-221005, INDIA.

We discuss the extended BRST and anti-BRST symmetry (including shift symmetry) in the Batalin-Vilkovisky (BV) formulation for two and three form gauge theories. Further we develop the superspace formulation for the BV actions for these theories. We show that the extended BRST invariant BV action for these theories can be written manifestly covariant manner in a superspace with one Grassmann coordinate. On the hand a superspace with two Grassmann coordinates are required for a manifestly covariant formulation of the extended BRST and extended anti-BRST invariant BV actions for higher form gauge theories.

Keywords: BV formulation; Higher form gauge theory; BRST transformation; superspace formulation.

I. INTRODUCTION

Two and higher form gauge theories play an important role in the different branches of physics [1, 2]. Low energy excitations in string theories contain states described by antisymmetric tensor fields [3, 4]. Various supergravity models are described in terms of antisymmetric tensor fields. The Abelian rank-2 tensor field plays crucial role in the study of classical string theories [5], in the theory of vortex motion in an irrotational,

∗ e-mail address: sudhakerupadhyay@gmail.com † e-mail address: bhabani.mandal@gmail.com

incompressible fluid [6, 7], in the dual formulation of the Abelian Higgs model [8, 9], in studying supergravity multiplets [10] and in anomaly cancellation of certain superstring theories [11]. The BRST symmetry is a fundamental tool for quantizing such theories and studying the renormalizability, unitarity and other aspects of different gauge theories [12– 15]. On the other hand BV formulation is known to be one of the most powerful method of quantizing different gauge field theories, supergravity theories and topological field theories in Lagrangian formulation [14–19]. A superspace formalism for the BV action of 1-form gauge theories has been studied [20, 21]. It has been shown how an extended BRST and extended anti-BRST invariant formulation (including some shift symmetry) of the BV action for these theories [20–22], naturally leads to the proper identification of the antifields through equations of motion of auxiliary field variables. Recently, this formulation has been extended for higher derivative theories [22]. We intend to extend such formulation beyond 1-form gauge theories.

In this present article we discuss the BV formulation of extended BRST and extended anti-BRST invariant higher form gauge theories. The extended BRST and extended anti-BRST symmetry includes the shift symmetry of the fields. We further consider the superspace formulation of BV actions for 2-form and 3-form gauge theories. We show that the gauge-fixed Lagrangian density for such theories can be described in the superspace formulation in the extended BRST invariant manner by considering one Grassmann coordinate θ. On the other hand for manifestly extended BRST and extended anti-BRST invariant formulation of these theories, a superspace with two Grassmann coordinates is required.

The paper is organized as the follows. We study the BV formalism in a superspace for 2-form gauge theory in section II. A superspace formulations for 3-form gauge theories are discussed in Sec III. Conclusions are drawn in the last section.

II. BV FORMULATION OF 2-FORM GAUGE THEORY IN SUPERSPACE

We intend to discuss the BV formulation of 2-form gauge theories in a suitably constructed superspace in this section. In particular, we consider some shift symmetry and the usual BRST symmetry to construct an extended BRST invariant BV action. Further, we develop an extended BRST invariant superspace formulation for such theory. The extended anti-BRST symmetry for this BV is also developed. Using all these formulation we finally construct the extended BRST and extended BRST and extended anti-BRST invariant BV action in a superspace.

A. Shift symmetry and an extended BRST invariant BV action

We start with the classical Lagrangian density for four dimensional Abelian rank-2 antisymmetric tensor field (B_{μν} ) theory as

L_0 = 1 12 F_{μνρ}F^{μνρ}, (2.1) where the field-strength tensor (F_{μνρ}) is defined as F_{μνρ} ≡ ∂_μB_{νρ} + ∂_ν B_{ρμ} + ∂_ρB_{μν} . This Lagrangian density is invariant under the following gauge transformation

δB_{μν} = ∂_μζ_ν − ∂_ν ζ_μ, (2.2)

where ζ_μ(x) an arbitrary vector field.

To quantize this theory using BRST technique, it is necessary to introduce two anticommuting vector fields ρ_μ and ρ̃_μ, a commuting vector field β_μ, two anticommuting scalar fields χ and χ̃, and the commuting scalar fields σ, φ and σ̃ [14]. The BRST invariant effective Lagrangian density for this theory in a covariant gauge is then given by L_{eff} = L_0 + L_{gf} , (2.3) where the gauge-fixing and ghost part of the Lagrangian density is given as [23] L_{gf} = −i∂_μρ̃_ν (∂^μρ^ν − ∂^ν ρ^μ) + ∂_μσ̃∂^μσ + β_ν (∂_μB^{μν} + k_1β^ν − ∂^ν φ) − iχ̃∂_μρ^μ − iχ(∂_μρ̃^μ − k_2χ̃), (2.4) k_1 and k_2 are arbitrary gauge parameters. This effective theory is then invariant under following BRST transformation: s_bB_{μν} = (∂_μρ_ν − ∂_ν ρ_μ), s_bρ_μ = −i∂_μσ, s_bσ = 0, s_bρ̃_μ = iβ_μ, s_bβ_μ = 0, s_bσ̃ = −χ̃, s_bχ̃ = 0, s_bφ = χ, s_bχ = 0. (2.5) Now, we extend this symmetry using shift symmetry in BV formulation.

In the BV formalism, the gauge-fixing and ghost part of the Lagrangian density is generally expressed in terms of BRST variation of a gauge-fixed fermion. It is straightforward to write the L_{gf} given in Eq. (2.4) in terms of gauge-fixed fermion Ψ as L_{gf} = s_bΨ, (2.6) where the expression for Ψ is Ψ = −i[ρ̃_ν (∂_μB^{μν} − k_1β^ν ) + σ̃∂_μρ^μ + φ(∂_μρ̃^μ − k_2χ̃)]. (2.7) To obtain the extended BRST invariant BV action for Abelian rank-2 tensor field theory we consider the following shifted Lagrangian density [24] L̄_{gf} = L_{gf} (B_{μν} − B̄_{μν} , ρ_μ − ρ̄_μ, ρ̃_μ − ¯ρ̃_μ, σ_μ − σ̄_μ, σ̃_μ − ¯σ̃_μ, β_μ − β̄_μ, χ − χ̄, χ̃ − ¯χ̃, φ − φ̄) = −i(∂_μρ̃_ν − ∂_μ¯ρ̃_ν )(∂^μρ^ν − ∂^μρ̄^ν − ∂^ν ρ^μ + ∂^νρ̄^μ) + (∂_μσ̃ − ∂_μ ¯σ̃)(∂^μσ − ∂^μσ̄) + (β_ν − β̄_ν )(∂_μB^{μν} − ∂_μB̄^{μν} + k_1β^ν − k_1β̄^ν − ∂^ν φ + ∂^νφ̄) − i(χ̃ − ¯χ̃)(∂_μρ^μ − ∂_μρ̄^μ) − i(χ − χ̄)(∂_μρ̃^μ − ∂_μ¯ρ̃^μ − k_2χ̃ + k_2 ¯χ̃), (2.8) which coincides with L_{gf} in Eq. (2.4) when all the bar fields vanish. Here we notice that the above Lagrangian density is invariant under the BRST transformation (2.5) for the fields Φ−Φ̄, where Φ and Φ̄ are generic notation for all fields and shifted fields respectively. But in addition it is also invariant under the shift symmetry s_bΦ(x) = α(x), s_bΦ̄(x) = α(x). (2.9)

The BRST symmetry along with this shift symmetry form the extended BRST symmetry. The extended BRST transformation is then compactly written as

s_bΦ(x) = α(x), s_bΦ̄(x) = α(x) − β(x). (2.10)

Here β(x) represents the original BRST transformation of collective fields Φ, whereas α(x) corresponds to the shift transformation corresponding the collective fields Φ. This local shift symmetry needs to be gauge-fixed, which leads to an additional BRST symmetry [21]. The extended BRST symmetry transformation for the fields involved in the theory can be written explicitly as

s_bB_{μν} = ψ_{μν} , s_bB̄_{μν} = ψ_{μν} − (∂_μρ_ν − ∂_μρ̄_ν − ∂_ν ρ_μ + ∂_νρ̄_μ), s_bρ_μ = ϵ_μ, s_bρ̄_μ = ϵ_μ + i∂_μσ − i∂_μσ̄, s_bρ̃_μ = ξ_μ, s_b¯ρ̃_μ = ξ_μ − iβ_μ + iβ̄_μ, s_bσ = ε, s_bσ̄ = ε, s_bβ_μ = η_μ, s_bβ̄_μ = η_μ, s_bσ̃ = ψ, s_bχ̃ = η, s_b ¯σ̃ = ψ + χ̃ − ¯χ̃, s_b ¯χ̃ = η, s_bφ̄ = ϕ − χ + χ̄, s_bχ = Σ, s_bφ = ϕ, s_bχ̄ = Σ, s_bξ_i = 0, ξ_i ≡ [ψ_{μν} , ϵ_μ, ξ_μ, ε, η_μ, ψ, η, ϕ, Σ], (2.11) where the fields ψ_{μν} , ϵ_μ, ξ_μ, ε, η_μ, ψ, η, ϕ and Σ are introduced as ghost fields associated with the shift symmetry for the fields B_{μν} , ρ_μ, ρ̃_μ, σ, β_μ, σ̃, χ̃, φ and χ respectively. Further, we add antighosts fields B^⋆_{μν} , ρ^⋆_μ, ρ̃^⋆_μ, σ^⋆, σ̃^⋆, β^⋆_μ, χ^⋆, χ̃^⋆ and φ^⋆ with opposite parity, corresponding to each of the fields with the following BRST transformations

s_bB^⋆_{μν} = L_{μν} , s_bρ^⋆_μ = M_μ, s_bρ̃^⋆_μ = M̄_μ, s_bσ^⋆ = N, s_bσ̃^⋆ = N̄, s_bβ^⋆_μ = S_μ, s_bχ^⋆ = O, s_bχ̃^⋆ = Ō, s_bφ^⋆ = T, s_bχ_i = 0, χ_i ≡ [L_{μν} , M_μ, M̄_μ, N, N̄, S_μ, O, Ō, T ], (2.12) where the fields χ_i are the Nakanishi-Lautrup type auxiliary fields.

Now, if we gauge fix the shift symmetry by putting all the bar fields to zero we will be able to recover our original theory. This can be achieved by choosing the following gauge-fixed Lagrangian density L̄_{gf} = L_{μν}B̄^{μν} − B^⋆_{μν} (ψ^{μν} − ∂^μρ^ν + ∂^μρ̄^ν + ∂^ν ρ^μ − ∂^νρ̄^μ) + M̄_μρ̄^μ

+ ρ̃^⋆_μ(ϵ^μ + i∂^μσ − i∂^μσ̄) + M_μ¯ρ̃^μ + ρ^⋆_μ(ξ^μ − iβ^μ + iβ̄^μ)

+ Nσ̄ − σ^⋆ε + N̄ ¯σ̃ − σ̃^⋆(ψ − χ̃ + ¯χ̃) + Ōχ̄ + χ̃^⋆Σ + O¯χ̃

+ χ^⋆η + T φ̄ − φ^⋆(ϕ − χ + χ̄) + S_μβ̄^μ − β^⋆_μη^μ, (2.13)

which is invariant under the extended BRST symmetry transformations given in Eqs. (2.11) and (2.12).

Now, it is straightforward to check that using equations of motion of auxiliary fields χ_i all the bar fields disappear from the above expression. The extended Lagrangian density L̄_{gf} then can be cast in the following form:

L̄_{gf} = −B^⋆_{μν} (ψ^{μν} − ∂^μρ^ν + ∂^ν ρ^μ) + ρ̃^⋆_μ(ϵ^μ + i∂^μσ) + ρ^⋆_μ(ξ^μ − iβ^μ)

− σ^⋆ϵ − σ̃^⋆(ψ − χ̃) + χ̃^⋆Σ + χ^⋆η − φ^⋆(ϕ − χ) − β^⋆_μη^μ. (2.14)

If the gauge-fixed fermion Ψ depends only on the original fields, then a general gaugefixing Lagrangian density for Abelian rank-2 antisymmetric tensor field with original BRST symmetry will have the following form

L_{gf} = s_bΨ = s_bB_{μν} δΨ δB_{μν} + s_bρ_μ δΨ δρ_μ + s_bρ̃_μ δΨ δρ̃_μ + s_bσ δΨ δσ + s_bσ̃ δΨ δσ̃ + s_bβ_μ δΨ δβ_μ + s_bχ δΨ δχ + s_bχ̃ δΨ δχ̃ + s_bφ δΨ δφ , = ψ_{μν} δΨ δB_{μν} + ϵ_μ δΨ δρ_μ + ξ_μ δΨ δρ̃_μ + ε δΨ δσ + ψ δΨ δσ̃ + η_μ δΨ δβ_μ + Σ δΨ δχ + η δΨ δχ̃ + ϕ δΨ δφ . (2.15)

Using the properties of the fields the above gauge-fixed Lagrangian density can further be expressed as L_{gf} = − δΨ δB_{μν} ψ_{μν} + δΨ δρ_μ ϵ_μ + δΨ δρ̃_μ ξ_μ − δΨ δσ ε − δΨ δσ̃ ψ − δΨ δβ_μ η_μ + δΨ δχ Σ + δΨ δχ̃ η − δΨ δφ ϕ. (2.16)

Now, the total Lagrangian density L_T = L_0 + L_{gf} + L̄_{gf} is then given as

L_T = 1 12 F_{μνρ}F^{μνρ} + B^⋆_{μν} (∂^μρ^ν − ∂^ν ρ^μ) + iρ̃^⋆_μ∂^μσ − iρ^⋆_μβ^μ + σ̃^⋆χ̃ + φ^⋆χ

− ( B^⋆_{μν} + δΨ δB^{μν} ) ψ^{μν} + ( ρ^⋆_μ + δΨ δρ̃^μ ) ξ^μ + ( ρ̃^⋆_μ + δΨ δρ^μ ) ϵ^μ − ( σ^⋆ + δΨ δσ ) ε − ( σ̃^⋆ + δΨ δσ̃ ) ψ + ( χ̃^⋆ + δΨ δχ ) Σ + ( χ^⋆ + δΨ δχ̃ ) η − ( φ^⋆ + δΨ δφ ) ϕ − ( β^⋆_μ + δΨ δβ^μ ) η^μ, (2.17)

where we have used the Eqs. (2.1), (2.14) and (2.16). Integration over ghost fields associated with the shift symmetry leads to the following identification B^⋆_{μν} = − δΨ δB^{μν} , ρ̃^⋆_μ = − δΨ δρ^μ , ρ^⋆_μ = − δΨ δρ̃^μ , σ^⋆ = − δΨ δσ , σ̃^⋆ = − δΨ δσ̃ , χ̃^⋆ = − δΨ δχ , χ^⋆ = − δΨ δχ̃ , β^⋆_μ = − δΨ δβ^μ , φ^⋆ = − δΨ δφ . (2.18)

Using above equation and the gauge-fixed fermion given in Eq. (2.7), we obtain the antifields associated with this theory as

B^⋆_{μν} = −i∂_μρ̃_ν , ρ̃^⋆_μ = −i∂_μσ̃, ρ^⋆_μ = i(∂^ν B_{νμ} − k_1β_μ), σ^⋆ = 0 σ̃^⋆ = i∂_μρ^μ, χ̃^⋆ = 0, χ^⋆ = −ik_2φ, β^⋆_μ = ik_1ρ̃_μ, φ^⋆ = i(∂_μρ̃^μ − k_2χ̃). (2.19)

With these identification the total Lagrangian density reduces to the original theory for Abelian rank-2 tensor field given in Eq. (2.3). Now, we are able to write the gauge-fixing part of the total Lagrangian density in terms of the BRST variation of a generalized gauge-fixed fermion as follows L_{gf} + L̄_{gf} = s_b ( B^⋆_{μν}B̄^{μν} + ρ^⋆_μ¯ρ̃^μ + ρ̃^⋆_μρ̄^μ + σ^⋆σ̄ + σ̃^⋆ ¯σ̃ + β^⋆_μβ̄^μ + χ^⋆ ¯χ̃ + χ̃^⋆χ̄ + φ^⋆φ̄) ≡ L_0 + s_bΦ^⋆Φ̄, (2.20)

where the fields Φ^⋆ and Φ̄ are the generic notation for antifields and corresponding shifted fields respectively. As expected the ghost number of Φ^⋆Φ̄ is −1. We recover the BV action for Abelian 2-form gauge theory with the identification of antifields given in Eq. (2.19).

Next, we construct the superspace formulation of such BRST invariant extended theory.

B. Extended BRST invariant superspace formulation

In this section we develop a superspace formalism of the extended BRST invariant theory discussed in the previous section. For this purpose we consider a superspace with coordinates (x^μ, θ) where θ is fermionic coordinate. In such a superspace the “superconnection” 2-form can be written as [25]

ω^{(2)} = 1 2! B_{μν} (x, θ)(dx^μ ∧ dx^ν ) + M_μ(x, θ)(dx^μ ∧ dθ) + N (x, θ)(dθ ∧ dθ), (2.21) where d is an exterior derivative and is defined as d = dx^μ∂_μ + dθ∂_θ. The requirement for super curvature (field strength F^{(3)} = dω^{(2)}) to vanish along the θ direction restricts the component of the superfields to have following form B_{μν} (x, θ) = B_{μν} (x) + θ(s_bB_{μν} ), M_μ(x, θ) = ρ_μ(x) + θ(s_bρ_μ), N (x, θ) = σ(x) + θ(s_bσ). (2.22)

Similarly, we define all the superfields corresponding to each fields involved in extended BV action as B_{μν} (x, θ) = B_{μν} (x) + θψ_{μν} , M_μ(x, θ) = ρ_μ(x) + θϵ_μ, B̄_{μν} (x, θ) = B̄_{μν} (x) + θ(ψ_{μν} − ∂_μρ_ν + ∂_μρ̄_ν + ∂_ν ρ_μ − ∂_νρ̄_μ), M̄_μ(x, θ) = ρ̄_μ(x) + θ(ϵ_μ − i∂_μσ + i∂_μσ̄), N (x, θ) = σ(x) + θε, N̄ (x, θ) = σ̄(x) + θε, M̃_μ(x, θ) = ρ̃_μ(x) + θξ_μ, ¯M̃_μ(x, θ) = ¯ρ̃_μ(x) + θ(ξ_μ − iβ_μ + iβ̄_μ), S_μ(x, θ) = β_μ(x) + θη_μ, S̄_μ(x, θ) = β̄_μ(x) + θη_μ, Ñ (x, θ) = σ̃(x) + θψ, ¯Ñ (x, θ) = ¯σ̃(x) + θ(ψ − χ̃ + ¯ψ̃), O(x, θ) = χ(x) + θΣ, Ō(x, θ) = χ̄(x) + θΣ, Õ(x, θ) = χ̃(x) + θη, ¯Õ(x, θ) = ¯χ̃(x) + θη, T (x, θ) = φ(x) + θϕ, T̄ (x, θ) = φ̄(x) + θ(ϕ − χ + χ̄). (2.23)

The super antifields also have the following form B̄^⋆_{μν} = B^⋆_{μν} + θL_{μν} , M̄_μ^⋆ = ρ^⋆_μ + θM_μ, ¯M̃^⋆_μ = ρ̃^⋆_μ + θM̄_μ, S̄_μ^⋆ = β^⋆_μ + θS_μ, N̄^⋆ = σ^⋆ + θN, ¯Ñ^⋆ = σ̃^⋆ + θN̄, Ō^⋆ = χ^⋆ + θO, T̄^⋆ = φ^⋆ + θT, ¯Õ^⋆ = χ̃^⋆ + θŌ. (2.24)

The Eqs. (2.23) and (2.24) enable us to write δ δθ B̄^⋆_{μν}B̄^{μν} = L_{μν}B̄^{μν} − B^⋆_{μν} (ψ^{μν} − ∂^μρ^ν + ∂^μρ^ν + ∂^ν ρ^μ − ∂^νρ̄^μ), δ δθ ¯M̃^⋆_μM̄μ = M̄_μρ̄μ + ρ̃⋆_μ(ϵμ + i∂μσ − i∂μσ̄), δ δθ ¯M̃_μM̄μ⋆ = M_μ¯ρ̃μ + ρ⋆_μ(ξμ − iβμ − iβ̄μ), δ δθ N̄^⋆N̄ = Nσ̄ − σ^⋆ε, δ δθ ¯Ñ^⋆ ¯Ñ = N̄ ¯σ̃ − σ̃⋆(ψ − χ̃ + ¯χ̃), δ δθ ¯Õ^⋆Ō = Ōχ̄ + χ̃⋆Σ, δ δθ ¯ÕŌ⋆ = O¯χ̃ + χ⋆η, δ δθ T̄^⋆T̄ = T φ̄ − φ^⋆(ϕ − χ + χ̄), δ δθ S̄^⋆_μS̄^μ = S_μβ̄^μ − β^⋆_μη^μ. (2.25)

Then the gauge-fixed Lagrangian density for shift symmetry given in Eq. (2.13) can be written in the superspace formulation as L̄_{gf} = δ δθ [ B̄^⋆_{μν}B̄^{μν} + ¯M̃^⋆_μM̄^μ + ¯M̃_μM̄^{μ⋆} + N̄^⋆N̄ + ¯Ñ^⋆ ¯Ñ + ¯Õ^⋆Ō + ¯ÕŌ^⋆ + T̄^⋆T̄ + S̄^⋆_μS̄^μ ] . (2.26)

The L̄_{gf} remains invariant under the extended BRST transformation as it belongs to the θ component of superfields. If the gauge-fixing fermion depends only on the original fields, then one can define the fermionic superfield Γ as

Γ = Ψ + θs_bΨ,

= Ψ + θ [ − δΨ δB_{μν} ψ_{μν} + δΨ δρ_μ ϵ_μ + δΨ δρ̃_μ ξ_μ − δΨ δσ ε − δΨ δσ̃ ψ − δΨ δβ_μ η_μ + δΨ δχ Σ + δΨ δχ̃ η − δΨ δφ ϕ ] . (2.27)

With these realization the original gauge-fixing Lagrangian density L_{gf} in the superspace formalism can be expressed as L_{gf} = δΓ δθ . (2.28)

Further we notice that invariance of L_{gf} under the extended BRST transformation is assured as it is θ component of fermionic superfield. Combining Eqs. (2.26) and (2.28) we can write the total Lagrangian density in this formalism as

L_T = L_0 + L_{gf} + L̄_{gf} , = L_0 + δ δθ [ B̄^⋆_{μν}B̄^{μν} + ¯M̃^⋆_μM̄^μ + ¯M̃_μM̄^{μ⋆} + N̄^⋆N̄ + ¯Ñ^⋆ ¯Ñ + ¯Õ^⋆Ō + ¯ÕŌ^⋆ + T̄^⋆T̄ + S̄^⋆_μS̄^μ + Γ ] . (2.29)

If one performs equations of motion of auxiliary fields and ghost fields associated with the shift symmetry, this Lagrangian density reduces to the original BRST invariant Lagrangian density.

C. Extended anti-BRST invariant BV action

In the previous subsections we have analyzed the extended BRST symmetry of the Abelian rank-2 antisymmetric tensor field and have developed the corresponding superspace formulation. In this subsection we construct the extended anti-BRST invariant Lagrangian density for the same theory. For that we start with the anti-BRST symmetry transformation (s_{ab}), under which the Lagrangian density for the 2-form gauge theory given in Eq. (2.3), remains invariant, as s_{ab}B_{μν} = (∂_μρ̃_ν − ∂_νρ̃_μ), s_{ab}ρ̃_μ = −i∂_μσ̃, s_{ab}σ̃ = 0, s_{ab}ρ_μ = −iβ_μ, s_{ab}β_μ = 0, s_{ab}σ = χ, s_{ab}χ = 0, s_{ab}φ = −χ̃, s_{ab}χ̃ = 0. (2.30) We note that the above anti-BRST transformation does not absolutely anticommute with the BRST transformation given in Eq. (2.5) i.e. {s_b, s_{ab}} ≠ 0. But one can achieve the absolutely anticommutativity of these by considering a Curci-Ferrari (CF) type restriction [26] in this theory. We will emphasize these with more details in the case of Abelian 3-form gauge theory in the next subsection.

The gauge-fixed anti-fermion Ψ̄ ( gauge-fixing fermion in case of anti-BRST transformation) for this theory is defined as Ψ̄ = i [ρ_ν (∂_μB^{μν} + k_1β^ν ) − σ∂_μρ̃^μ + φ(∂_μρ^μ + k_2χ)] , (2.31)

to write the gauge-fixing part of the Lagrangian density in terms of anti-BRST variation of Ψ̄ as L_{gf} = s_{ab}Ψ̄ = is_{ab}[ρ_ν (∂_μB^{μν} + k_1β^ν ) − σ∂_μρ̃^μ + φ(∂_μρ^μ + k_2χ)]. (2.32) Following the same procedure as in the case of BRST transformation, we demand that s_{ab}(Φ−Φ̄) reproduces the anti-BRST transformations of ordinary fields (Φ) for the Abelian rank-2 antisymmetric tensor field theory mentioned in Eq. (2.30), which leads to the following transformations

s_{ab}B̄_{μν} = B^⋆_{μν} , s_{ab}B_{μν} = B^⋆_{μν} + (∂_μρ̃_ν − ∂_μ¯ρ̃_ν − ∂_νρ̃_μ + ∂_ν ¯ρ̃_μ), s_{ab}¯ρ̃_μ = ρ̃^⋆_μ, s_{ab}ρ̃_μ = ρ̃^⋆_μ − i∂_μσ̃ + i∂_μ ¯σ̃, s_{ab}ρ̄_μ = ρ^⋆_μ, s_{ab}ρ_μ = ρ^⋆_μ − iβ_μ + iβ̄_μ, s_{ab} ¯σ̃ = σ̃^⋆, s_{ab}σ̃ = σ̃^⋆, s_{ab}β̄_μ = β^⋆_μ, s_{ab}β_μ = β^⋆_μ, s_{ab}σ̄ = σ^⋆, s_{ab}σ = σ^⋆ − χ + χ̄, s_{ab}χ̄ = χ^⋆, s_{ab}χ = χ^⋆, s_{ab}φ̄ = φ^⋆, s_{ab}φ = φ^⋆ − χ̃ + ¯χ̃, s_{ab} ¯χ̃ = χ̃^⋆, s_{ab}χ̃ = χ̃^⋆, s_{ab}ξ^⋆ = 0, ξ^⋆ ≡ [B^⋆_{μν} , ρ̃^⋆_μ, ρ^⋆_μ, σ̃^⋆, β^⋆_μ, ψ, σ^⋆, χ^⋆, φ^⋆, χ̃^⋆]. (2.33) The ghost fields associated with the shift symmetry have the following extended anti- BRST transformations, s_{ab}ψ_{μν} = L_{μν} , s_{ab}ϵ_μ = M_μ, s_{ab}ξ_μ = M̄_μ, s_{ab}ε = N, s_{ab}ψ = N̄, s_{ab}η_μ = S_μ, s_{ab}Σ = O, s_{ab}η = Ō, s_{ab}ϕ = T, s_{ab}M̄_μ = O, s_{ab}ω = 0, ω ≡ [L_{μν} , M_μ, N, N̄, S_μ, O, Ō, T ]. (2.34) These transformations along with the transformations in Eq. (2.33) consist the extended anti-BRST transformations under which the total Lagrangian density including the shift fields remains invariant. These transformations will be helpful to establish the results in superspace formulation of BV action in the next section.

D. Extended BRST and anti-BRST invariant superspace formulation

To write a Lagrangian density that is manifestly invariant under the both extended BRST and extended anti-BRST transformations we need to define a superspace with two Grassmannian coordinates θ and θ̄. All the superfields in this superspace are the function of (x_μ, θ, θ̄). In this situation the “super connection” 2-form (ω^{(2)}) and field strength (F^{(3)}) are defined as

ω^{(2)} = 1 2! B_{μν} (x, θ, θ̄)(dx^μ ∧ dx^ν ) + M_μ(x, θ, θ̄)(dx^μ ∧ dθ) + N (x, θ, θ̄)(dθ ∧ dθ) + M̃_μ(x, θ̄, θ̄)(dx^μ ∧ dθ̄) + Ñ (x, θ̄, θ̄)(dθ̄ ∧ dθ̄) + T (x, θ̄, θ̄)(dθ ∧ dθ̄), (2.35) F^{(3)} = dω^{(2)}, (2.36)

where the exterior derivative has the following structure d = dx^μ∂_μ + dθ∂_θ + dθ̄∂¯_θ.

The requirement of vanishing the field strength corresponding to the extended theory along the directions θ and θ̄ produces the superfields to have the following forms

B_{μν} (x, θ, θ̄) = B_{μν} (x) + θψ_{μν} + θ̄(B^⋆_{μν} + ∂_μρ̃_ν − ∂_μ¯ρ̃_ν − ∂_νρ̃_μ + ∂_ν ¯ρ̃_μ) + θθ̄[L_{μν} + i(∂_μβ_ν − ∂_ν β_μ − ∂_μβ̄_ν + ∂_νβ̄_μ)], B̄_{μν} (x, θ, θ̄) = B̄_{μν} (x) + θ(ψ_{μν} − ∂_μρ_ν + ∂_μρ̄_ν + ∂_ν ρ_μ − ∂_νρ̄_μ) + θ̄B^⋆_{μν} + θθ̄L_{μν} , M_μ(x, θ, θ̄) = ρ_μ(x) + θϵ_μ + θ̄(ρ^⋆_μ − iβ_μ + iβ̄_μ) + θθ̄M_μ, M̄_μ(x, θ, θ̄) = ρ̄_μ(x) + θ(ϵ_μ − i∂_μσ + i∂_μσ̄) + θ̄ρ^⋆_μ + θθ̄M_μ, N (x, θ, θ̄) = σ(x) + θε + θ̄(σ^⋆ + χ − χ̄) + θθ̄N, N̄ (x, θ, θ̄) = σ̄(x) + θε + θ̄σ^⋆ + θθ̄N, M̃_μ(x, θ, θ̄) = ρ̃_μ(x) + θξ_μ + θ̄(ρ̃^⋆_μ − i∂_μσ̃ + i∂_μ ¯σ̃) + θθ̄(M̄_μ − i∂_μχ̃ + i∂_μ ¯χ̃), ¯M̃_μ(x, θ, θ̄) = ¯ρ̃_μ(x) + θ(ξ_μ − iβ_μ + iβ̄_μ) + θ̄ρ̃⋆_μ + θθ̄M̄_μ, S_μ(x, θ, θ̄) = β_μ(x) + θη_μ + θ̄β^⋆_μ + θθ̄S_μ, S̄_μ(x, θ, θ̄) = β̄_μ(x) + θη_μ + θ̄β^⋆_μ + θθ̄S_μ, Ñ (x, θ, θ̄) = σ̃(x) + θψ + θ̄σ̃^⋆ + θθ̄N̄, ¯Ñ (x, θ, θ̄) = ¯σ̃(x) + θ(ψ − χ̃ + ¯ψ̃) + θ̄σ̃^⋆ + θθ̄N̄, O(x, θ, θ̄) = χ(x) + θΣ + θ̄χ^⋆ + θθ̄O, Ō(x, θ, θ̄) = χ̄(x) + θΣ + θ̄χ^⋆ + θθ̄O, Õ(x, θ, θ̄) = χ̃(x) + θη + θ̄χ̃^⋆ + θθ̄Ō, ¯Õ(x, θ, θ̄) = ¯χ̃(x) + θη + θ̄χ̃^⋆ + θθ̄Ō,

T (x, θ, θ̄) = φ(x) + θϕ + θ̄(φ^⋆ − χ̃ + ¯χ̃) + θθ̄T, T̄ (x, θ, θ̄) = φ̄(x) + θ(ϕ − χ + χ̄) + θ̄φ^⋆ + θθ̄T. (2.37) From the structure of superfields, we calculate the following relations 1 2 δ δθ̄ δ δθ B̄_{μν}B̄^{μν} = L_{μν}B̄^{μν} − B^⋆_{μν} (ψ^{μν} − ∂^μρ^ν + ∂^μρ^ν + ∂^ν ρ^μ − ∂^νρ̄^μ), δ δθ̄ δ δθ ¯M̃_μM̄μ = M̄_μρ̄μ + ρ̃⋆_μ(ϵμ + i∂μσ − i∂μσ̄) + M_μ¯ρ̃μ + ρ⋆_μ(ξμ − iβμ + iβ̄μ), 1 2 δ δθ̄ δ δθ N̄ N̄ = Nσ̄ − σ^⋆ε, 1 2 δ δθ̄ δ δθ ¯Ñ ¯Ñ = N̄ ¯σ̃ − σ̃⋆(ψ − χ̃ + ¯χ̃), δ δθ̄ δ δθ ¯ÕŌ = Ōχ̄ + χ̃⋆Σ + O¯χ̃ + χ⋆η, 1 2 δ δθ̄ δ δθ T̄ T̄ = T φ̄ − φ^⋆(ϕ − χ + χ̄), 1 2 δ δθ̄ δ δθ S̄_μS̄^μ = S_μβ̄^μ − β^⋆_μη^μ. (2.38)

The Lagrangian density L̄_{gf} given in Eq. (2.13) can be written using the above relations as L̄_{gf} = 1 2 δ δθ̄ δ δθ [ B̄_{μν}B̄^{μν} + 2 ¯M̃_μM̄^μ + N̄ N̄ + ¯Ñ ¯Ñ + 2 ¯ÕŌ + T̄ T̄ + S̄_μS̄^μ ] . (2.39)

This implies L̄_{gf} is θθ̄ component of the superfield in the square bracket of Eq. (2.39). Hence the L̄_{gf} is invariant under extended BRST as well as extended anti-BRST transformations. Furthermore we define the super gauge-fixed fermion as

Γ(x, θ, θ̄) = Ψ + θs_bΨ + θ̄s_{ab}Ψ + θθ̄s_bs_{ab}Ψ, (2.40)

to express the L_{gf} as^δ_{δθ} [ Γ(x, θ, θ̄) ] . The θθ̄ component of Γ(x, θ, θ̄) vanishes due to equations of motion in the theories having both BRST and anti-BRST invariance.

The complete gauge-fixed Lagrangian density which is invariant under both extended BRST and extended anti-BRST transformations can therefore be written as

L_{gf} + L̄_{gf} = 1 2 δ δθ̄ δ δθ [ B̄_{μν}B̄^{μν} + 2 ¯M̃_μM̄^μ + N̄ N̄ + ¯Ñ ¯Ñ + 2 ¯ÕŌ + T̄ T̄ + S̄_μS̄^μ ]

+ δ δθ [ Γ(x, θ, θ̄) ] . (2.41)

Using equations of motion for auxiliary fields and the ghost fields associated with shift symmetry the antifields can be calculated. With these antifields the original gauge-fixed Lagrangian density in BV formulation can be recovered.

III. BV FORMULATION OF 3-FORM GAUGE THEORY IN

SUPERSPACE

The study of the higher dimensional 3-form gauge theories is important as it appears in the excitations of the quantized versions of strings, superstrings and related extended objects [1, 2]. In this section we will follow the same technique, as in the previous section, to develop the superspace formulation of extended BRST and anti-BRST invariant Abelian 3-form gauge theory in a covariant manner.

A. Extended BRST invariant BV action

Here we start with the classical Lagrangian density for the Abelian 3-form gauge theory as L_0 = 1 24 H_{μνηξ}H^{μνηξ} , (3.1) where the field strength (curvature) tensor in terms of totally antisymmetric tensor gauge field B_{μνη} is defined as H_{μνηξ} = ∂_μB_{νηξ} − ∂_ν B_{ηξμ} + ∂_ηB_{ξμν} − ∂_ξ B_{μνη}. (3.2) This Lagrangian density is invariant under the infinitesimal gauge transformation for the gauge field B_{μνη} can be written as

δB_{μνη} = ∂_μλ_{νη} + ∂_ν λ_{ημ} + ∂_ηλ_{μν} , (3.3)

where λ_{μν} is an arbitrary antisymmetric parameter. To write the absolutely anticommuting BRST and anti-BRST invariant BV action for 3-form theory, we consider the two equivalent candidates for the gauge-fixing part including ghost term of the the Lagrangian density as [27] L^B_{gf} = (∂_μB^{μνη} )B_{νη} + 1 2 B_{μν}B̃^{μν} + (∂_μc̃_{νη} + ∂_νc̃_{ημ} + ∂_ηc̃_{μν} )∂^μc^{νη} − (∂_μβ̃_ν − ∂_νβ̃_μ)∂^μβ^ν − BB_2 − 1 2 B^2_1 + (∂_μc̃^{μν} )f_ν − (∂_μc^{μν} )F̃_ν

+ ∂_μc̃_2∂^μc_2 + f̃_μf^μ − F̃_μF^μ + (∂_μβ^μ)B_2 + (∂_μϕ^μ)B_1 − (∂_μβ̃^μ)B, (3.4) L^{B̄}_{gf} = −(∂_μB^{μνη})B̄_{νη} + 1 2 B_{μν}B̃^{μν} + (∂_μc̃_{νη} + ∂_νc̃_{ημ} + ∂_ηc̃_{μν} )∂^μc^{νη} − (∂_μβ̃_ν − ∂_νβ̃_μ)∂^μβ^ν − BB_2 − 1 2 B^2_1 − (∂_μc̃^{μν} )F_ν + (∂_μc^{μν} )f̃_ν + ∂_μc̃_2∂^μc_2 + f̃_μf^μ − F̃_μF^μ + (∂_μβ^μ)B_2 + (∂_μϕ^μ)B_1 − (∂_μβ̃^μ)B, (3.5)

where ghost field c_{μν} and antighost field c̃_{μν} are the fermionic in nature, however, the vector field ϕ_μ, antisymmetric auxiliary fields B_{μν} , B̃_{μν} and auxiliary fields B, B_1, B_2 are bosonic in nature. These two BV actions are equivalent in the sense that they describe the same dynamics of the theory on the following CF type restricted surface

f_μ + F_μ = ∂_μc_1, f̄_μ + F̄_μ = ∂_μc̄_1, B_{μν} + B̄_{μν} = ∂_μϕ_ν − ∂_ν ϕ_μ. (3.6)

Both the Lagrangian densities can be written in both BRST and anti-BRST exact terms as L^B_{gf} = s_bs_{ab} [ 1 2 c̃_2c_2 − 1 2 c̃_1c_1 − 1 2 c̃_{μν} c^{μν} − β̃_μβ^μ − 1 2 ϕ_μϕ^μ − 1 6 B_{μνη}B^{μνη} ] . (3.7) L^{B̄}_{gf} = −s_{ab}s_b [ 1 2 c̃_2c_2 − 1 2 c̃_1c_1 − 1 2 c̃_{μν} c^{μν} − β̃_μβ^μ − 1 2 ϕ_μϕ^μ − 1 6 B_{μνη} B^{μνη} ] . (3.8)

The absolute anticommuting BRST (s_b) and anti-BRST (s_{ab}) transformations, which leave the Lagrangian densities given in Eqs. (3.5) and (3.5) invariant, are

s_bB_{μνη} = (∂_μc_{νη} + ∂_ν c_{ημ} + ∂_ηc_{μν} ), s_bc_{μν} = ∂_μβ_ν − ∂_ν β_μ, s_bc̃_{μν} = B_{μν} , s_bB̃_{μν} = ∂_μf_ν − ∂_ν f_μ, s_bβ̃_μ = F̃_μ, s_bβ_μ = ∂_μc_2, s_bF_μ = −∂_μB, s_bf̃_μ = ∂_μB_1, s_bc̃_2 = B_2, s_bc_1 = −B, s_bϕ_μ = −f_μ, s_bc̃_1 = B_1, s_b[c_2, f_μ, F̃_μ, B, B_1, B_2, B_{μν} ] = 0. (3.9) s_{ab}B_{μνη} = (∂_μc̃_{νη} + ∂_νc̃_{ημ} + ∂_ηc̃_{μν} ), s_{ab}c̃_{μν} = ∂_μβ̃_ν − ∂_νβ̃_μ, s_{ab}c_{μν} = B̃_{μν} , s_{ab}B_{μν} = ∂_μf̃_ν − ∂_νf̃_μ, s_{ab}β_μ = F_μ, s_{ab}β̃_μ = ∂_μc̃_2, s_{ab}F̃_μ = −∂_μB_2, s_{ab}f_μ = −∂_μB_1, s_{ab}c_2 = B, s_{ab}c_1 = −B_1, s_{ab}ϕ_μ = f̃_μ, s_{ab}c̃_1 = −B_2, s_{ab}[c̃_2, f̃_μ, F_μ, B, B_1, B_2, B̃_{μν} ] = 0. (3.10)

Since L^B_{gf} is BRST invariant it can be written in terms of BRST variation of a Ψ as

L^B_{gf} = s_bΨ = s_b[− 1 2 c̃_2B + 1 2 B_2c_1 − 1 2 c̃_1B_1 − 1 2 (∂_μβ̃_ν − ∂_νβ̃_μ)c^{μν}

+ 1 2 c̃_{μν} B^{μν} − (∂_μc̃_2)β^μ − β̃_μF^μ − ϕ_μf̃^μ − 1 3 B_{μνη}(∂^μc^{νη} + ∂^ν c^{ημ} + ∂^η c^{μν} )],(3.11)

where the expression for Ψ is given as

Ψ = − 1 2 c̃_2B + 1 2 B_2c_1 − 1 2 c̃_1B_1 − 1 2 (∂_μβ̃_ν − ∂_νβ̃_μ)c^{μν} + 1 2 c̃_{μν} B^{μν} − (∂_μc̃_2)β^μ − β̃_μF^μ − ϕ_μf̃^μ − 1 3 B_{μνη}(∂^μc^{νη} + ∂^ν c^{ημ} + ∂^η c^{μν} ). (3.12)

The requirement for an extended Lagrangian density in BV formulation is that the original Lagrangian density should be invariant under both the original BRST transformations and the shift transformations of the original fields. Therefore, we make the shift transformations as follows B_{μνη} → B_{μνη} − B̄_{μνη}, c_{μν} → c_{μν} − c̄_{μν} , c̃_{μν} → c̃_{μν} − ¯c̃_{μν} , B_{μν} → B_{μν} − B̄_{μν} , B̃_{μν} → B̃_{μν} − ¯B̃_{μν} , β_μ → β_μ − β̄_μ, β̃_μ → β̃_μ − ¯β̃_μ, F_μ → F_μ − F̄_μ, F̃_μ → F̃_μ − ¯F̃_μ, f_μ → f_μ − f̄_μ, f̃_μ → f̃_μ − ¯f̃_μ, c_2 → c_2 − c̄_2, c̃_2 → c̃_2 − ¯c̃_2, c_1 → c_1 − c̄_1, c̃_1 → c̃_1 − ¯c̃_1, ϕ_μ → ϕ_μ − ϕ̄_μ, B → B − B̄, B_1 → B_1 − B̄_1, B_2 → B_2 − B̄_2, (3.13)

where the bar fields are the shifted one corresponding to the original fields. The extended BRST invariant formulation of the BV action for this theory is achieved by choosing the following Lagrangian density: L̄^B_{gf} = L^B_{gf} (B_{μνη} − B̄_{μνη}, c_{μν} − c̄_{μν} , c̃_{μν} − ¯c̃_{μν} , B_{μν} − B̄_{μν} , B̃_{μν} − ¯B̃_{μν} , β_μ − β̄_μ, β̃_μ − ¯β̃_μ, F_μ − F̄_μ, F̃_μ − ¯F̃_μ, f_μ − f̄_μ, f̃_μ − ¯f̃_μ, c_2 − c̄_2, c̃_2 − ¯c̃_2, c_1 − c̄_1, c̃_1 − ¯c̃_1, ϕ_μ − ϕ̄_μ, B − B̄, B_1 − B̄_1, B_2 − B̄_2). (3.14)

Such BV action also remains invariant under the extended BRST transformations of fields as follows

s_bΦ(x) = α(x), s_bΦ̄(x) = α(x) − β(x), (3.15)

where Φ(x) represents the set of all fields and Φ̄(x) represents the set of shifted ones. Here β(x) represents the original BRST transformation of collective fields Φ, whereas α(x) corresponds to some collective fields which generates the shift in fields. The extended BRST transformation for such theory is given explicitly in Appendix A (in Eqs. (A1) and (A2)).

We require all the shift fields to vanish in order to obtain the original theory. To achieve this goal, we choose the following gauge-fixing part of Lagrangian density for shift symmetry as L̄^B_{gf} = l_{μνη}B̄^{μνη} − B^⋆_{μνη} (L^{μνη} − ∂^μc^{νη} + ∂^μc̄^{νη} − ∂^ν c^{ημ} + ∂^νc̄^{ημ} − ∂^η c^{μν} + ∂^ηc̄^{μν} ) + m̄_{μν}c̄^{μν} + c̃^⋆_{μν} (M^{μν} − ∂^μβ^ν + ∂^μβ̄^ν + ∂^ν β^μ − ∂^νβ̄^μ) + m_{μν}¯c̃^{μν} + c^⋆_{μν} (M̃^{μν} − B^{μν} + B̄^{μν} ) + n_{μν}B̄^{μν} − B^⋆_{μν} N^{μν} + n̄_{μν} ¯B̃^{μν} − B̃^⋆_{μν} (Ñ^{μν} − ∂^μf^ν + ∂^μf̄^ν + ∂^ν f^μ − ∂^νf̄^μ) + o_μβ̄^μ − β^⋆_μ(O^μ − ∂^μc_2 + ∂^μc̄_2) + ō_μ ¯β̃^μ − β̃^⋆_μ(Õ^μ − F̃^μ + ¯F̃^μ) + p̄_μF̄^μ + F̃^⋆_μ (P^μ + ∂^μB − ∂^μB̄) + p_μ ¯F̃^μ + F^⋆_μP̃^μ + q̄_μf̄^μ + f̃^⋆_μ Q^μ + q_μ ¯f̃^μ + f^⋆_μ (Q̃^μ − ∂^μB_1 + ∂^μB̄_1) + r̄c̄_2 + c̃^⋆_2R + r¯c̃_2 + c^⋆_2(R̃ − B_2 + B̄_2) + s̄c̄_1 + c̃^⋆_1(S + B − B̄) + s¯c̃_1 + c^⋆_1(S̃ − B_1 + B̄_1) + t_μϕ̄^μ − ϕ^⋆_μ(T^μ − f^μ + f̄^μ) + uB̄ − B^⋆U + vB̄_1 − B^⋆_1 V + wB̄_2 − B^⋆_2 W, (3.16) where the fields L_{μνη} , M_{μν} , M̃_{μν} , N_{μν} , Ñ_{μν} , O_μ, Õ_μ, P_μ, P̃_μ, Q_μ, Q̃_μ, R, R̃, S, S̃, T_μ, U, V, W are ghost fields associated with the shift symmetries for fields B_{μνη}, c_{μν} , c̃_{μν} , B_{μν} , B̃_{μν} , β_μ, β̃_μ, F_μ, F̃_μ, f_μ, f̃_μ, c_2, c̃_2, c_1, c̃_1, ϕ_μ, B, B_1, B_2 respectively and fields l_{μνη}, m_{μν} , m̄_{μν} , n_{μν} , n̄_{μν} , o_μ, ō_μ, p_μ, p̄_μ, q_μ, q̄_μ, r, r̄, s, s̄, t_μ, u, v, w are Nakanishi-Lautrup type auxiliary fields corresponding to the antighost fields B^⋆_{μνη} , c^⋆_{μν} , c̃^⋆_{μν} , B^⋆_{μν} , B̃^⋆_{μν} , η^⋆_μ, β̃^⋆_μ, F^⋆_μ , F̃^⋆_μ , f^⋆_μ , f̃ ⋆_μ , c⋆_2, c̃⋆_2, c⋆_1, c̃⋆_1, ϕ⋆_μ, B⋆, B⋆_1 , B⋆_2 respectively.

Such a Lagrangian density L̄^B_{gf} is invariant under the extended BRST symmetry transformations given in Eqs. (A1) and (A2) (see Appendix). All bar fields disappear when we use the equations of motion for auxiliary fields and the extended Lagrangian density takes the form L̄^B_{gf} = −B^⋆_{μνη} (L^{μνη} − ∂^μc^{νη} − ∂^ν c^{ημ} − ∂^η c^{μν} ) + c̃^⋆_{μν} (M^{μν} − ∂^μβ^ν + ∂^ν β^μ) + c^⋆_{μν} (M̃^{μν} − B^{μν} ) − B^⋆_{μν} N^{μν} − B̃^⋆_{μν} (Ñ^{μν} − ∂^μf^ν + ∂^ν f^μ) − β^⋆_μ(O^μ − ∂^μc_2) − β̃^⋆_μ(Õ^μ − F̃^μ) + F̃^⋆_μ (P^μ + ∂^μB) + F^⋆_μP̃^μ + f̃^⋆_μ Q^μ

+ f^⋆_μ (Q̃^μ − ∂^μB_1) + c̃^⋆_2R + c^⋆_2(R̃ − B_2) + c̃^⋆_1(S + B) + c^⋆_1(S̃ − B_1)

− ϕ^⋆_μ(T^μ − f^μ) − B^⋆U − B^⋆_1 V − B^⋆_2 W. (3.17)

On the other hand, if Ψ depends on the original fields only, then a general gauge-fixing Lagrangian density of Abelian rank-3 antisymmetric tensor field with the original BRST symmetry have the following form

L^B_{gf} = s_bΨ[Φ] = Σ(s_bΦ) δΨ δΦ , (3.18)

where Φ is the generic notation for all fields in the theory. Keeping the fermionic/bosonic nature of fields in mind the above gauge-fixed Lagrangian density can be re-expressed as L^B_{gf} = − δΨ δB_{μνη} L_{μνη} + δΨ δc_{μν} M_{μν} + δΨ δc̃_{μν} M̃_{μν} − δΨ δB_{μν} N_{μν} − δΨ δB̃_{μν} Ñ_{μν} − δΨ δβ_μ O_μ − δΨ δβ̃_μ Õ_μ + δΨ δF_μ P_μ + δΨ δF̃_μ P̃_μ + δΨ δf_μ Q_μ + δΨ δf̃_μ Q̃_μ + δΨ δc_2 R + δΨ δc̃_2 R̃ + δΨ δc_1 S + δΨ δc̃_1 S̃ − δΨ δϕ_μ T_μ − δΨ δB U − δΨ δB_1 V − δΨ δB_2 W. (3.19)

Combining all the Lagrangian densities of such theory given in Eqs. (3.5), (3.17) and (3.19), the total Lagrangian density for Abelian 3-form gauge theory in BV formulation can be written as

L_T = L_0 + L^B_{gf} + L̄^B_{gf} , = 1 12 H_{μνηξ} H^{μνηξ} + B^⋆_{μνη} (∂^μc^{νη} + ∂^ν c^{ημ} + ∂^η c^{μν} ) − c̃^⋆_{μν} (∂^μβ^ν − ∂^ν β^μ) − c^⋆_{μν} B^{μν} + B̃^⋆_{μν} (∂^μf^ν − ∂^ν f^μ) + β^⋆_μ∂^μc_2 + β̃^⋆_μF̃^μ + F̃^⋆_μ ∂^μB − f^⋆_μ ∂^μB_1

− c^⋆_2B_2 + c̃^⋆_1B − c^⋆_1B_1 + ϕ^⋆_μf^μ − ( B^{μνη⋆} + δΨ δB_{μνη} ) L_{μνη} + ( c̃^{μν⋆} + δΨ δc_{μν} ) M_{μν} + ( c^{μν⋆} + δΨ δc̃_{μν} ) M̃_{μν} − ( B^{μν⋆} + δΨ δB_{μν} ) N_{μν} − ( B̃^{μν⋆} + δΨ δB̃_{μν} ) Ñ_{μν} − ( β^{μ⋆} + δΨ δβ_μ ) O_μ − ( β̃^{μν⋆} + δΨ δβ̃_μ ) Õ_μ + ( F̃^{μ⋆} + δΨ δF_μ ) P_μ + ( F^{μ⋆} + δΨ δF̃_μ ) P̃_μ + ( f̃^{μ⋆} + δΨ δf_μ ) Q_μ + ( f^{μ⋆} + δΨ δf̃_μ ) Q̃_μ + ( c̃^⋆_2 + δΨ δc_2 ) R + ( c^⋆_2 + δΨ δc̃_2 ) R̃ + ( c̃^⋆_1 + δΨ δc_1 ) S + ( c^⋆_1 + δΨ δc̃_1 ) S̃ − ( ϕ^{μ⋆} + δΨ δϕ_μ ) T_μ − ( B^⋆ + δΨ δB ) U − ( B^⋆_1 + δΨ δB_1 ) V − ( B^⋆_2 + δΨ δB_2 ) W. (3.20)

The antighost fields are identified as the antifields after eliminating ghost fields associated with the shift symmetry and are given as B^{μνη⋆} = 1 3 (∂^μc^{νη} + ∂^ν c^{ημ} + ∂^η c^{μν} ), c^{μν⋆} = − 1 2 B^{μν} , B^{μν⋆} = − 1 2 c̃^{μν} , c̃^{μν⋆} = 1 2 (∂^μβ̃^ν − ∂^νβ̃^μ) − ∂_η B^{μνη}, β^{μ⋆} = − 1 2 ∂^μc̃_2, β̃^{μ⋆} = F^μ + ∂_ν c^{μν} , F̃^{μ⋆} = β̃^μ, f^{μ⋆} = ϕ^μ, c^⋆_2 = 1 2 B − ∂_μβ^μ, c̃^⋆_1 = − 1 2 B_2, c^⋆_1 = 1 2 B_1, ϕ^{μ⋆} = f̃^μ, B^⋆ = 1 2 c̃_2, B^⋆_1 = 1 2 c̃_1, B^⋆_2 = − 1 2 c_1, [B̃^{μν⋆}, F^{μ⋆}, f^{μ⋆}, c̃^⋆_2] = 0. (3.21)

We are now able to write the gauge-fixed part of total Lagrangian density as a BRST variation of a generalized gauge-fixing fermion L^B_{gf} + L̄^B_{gf} = s_b ( B^⋆_{μνη}B̄^{μνη} + c^⋆_{μν}¯c̃^{μν} + c̃^⋆_{μν}c̄^{μν} + B^⋆_{μν}B̄^{μν} + β^⋆_μβ̄^μ + β̃^⋆_μ ¯β̃^μ + F^⋆_μ ¯F̃^μ + F̃^⋆_μF̄^μ + f^⋆_μ ¯f̃^μ + f̃^⋆_μf̄^μ + c^⋆_2 ¯c̃_2 + c̃^⋆_2c̄_2 + c^⋆_1 ¯c̃_1 + c̃^⋆_1c̄_1 + ϕ^⋆_μϕ̄^μ + B^⋆B̄ + B^⋆_1B̄_1 + B^⋆_2B̄_2 ) , = s_b ( Φ^⋆Φ̄ ) , (3.22)

where the fields Φ and Φ̄ are the generic notation for all original fields and corresponding shifted fields respectively, the ghost number of the expression Φ^⋆Φ̄ = −1 as expected. Here we note the difference with the ordinary gauge-fixing fermion given as

Ψ = −[B_{μνη} B^{μνη⋆} + c̃_{μν} c^{μν⋆} + β̃_μβ̃^{μ⋆} + ϕ_μϕ^{μ⋆} + c̃_2c^⋆_2 + c̃_1c^⋆_1 + B_2B^⋆_2 ]. (3.23)

B. Superspace formulation: Extended BRST invariant BV action

In this subsection we develop a superspace formalism for extended BRST invariant BV action developed in the previous subsection. For this purpose we consider superspace with one fermionic parameter θ and define the following superfields, Υ, in terms of generic fields Φ

Υ(x, θ) = Φ(x) + θ(s_bΦ). (3.24)

Explicit expressions for each superfield are listed in Appendix (see Eq. (A3)).

The gauge-fixing part of the Lagrangian density given in Eq. (3.5) is written, in this superspace formulation as L̄^B_{gf} = δ δθ [ B̄^⋆_{μνη}B̄^{μνη} + ¯C̃^⋆_{μν}C̄^{μν} + ¯C̃_{μν}C̄^{μν⋆} + ¯B̃^⋆_{μν} ¯B̃^{μν} + B̄^⋆_μB̄^μ + ¯F̃^⋆_μF̄^μ + ¯f̃^⋆_μf̄^μ

+ ¯F̃_μF̄^{μ⋆} + ¯f̃_μf̄^{μ⋆} + ¯C̃^⋆_1C̄_1 + ¯C̃_1C̄^⋆_1 + ¯C̃^⋆_2C̄_2 + ¯C̃_2C̄^⋆_2 + B̄^⋆B̄ + B̄^⋆_1B̄_1 + B̄^⋆_2B̄_2 ] .(3.25)

L̄B_{gf} remains invariant under the extended BRST transformation as it is θ component of

a superfield. The gauge-fixed Lagrangian density for the original symmetry can also be written in this formalism by defining Γ as

Γ = Ψ + θs_bΨ. (3.26)

Assuming Ψ is a function of all original fields, we write

Γ = Ψ + θ [ − δΨ δB_{μνη} L_{μνη} + δΨ δc_{μν} M_{μν} + δΨ δc̃_{μν} M̃_{μν} − δΨ δB_{μν} N_{μν} − δΨ δB̃_{μν} Ñ_{μν} − δΨ δβ_μ O_μ − δΨ δβ̃_μ Õ_μ + δΨ δF_μ P_μ + δΨ δF̃_μ P̃_μ + δΨ δf_μ Q_μ + δΨ δf̃_μ Q̃_μ + δΨ δc_2 R + δΨ δc̃_2 R̃ + δΨ δc_1 S + δΨ δc̃_1 S̃ − δΨ δϕ_μ T_μ − δΨ δB U − δΨ δB_1 V − δΨ δB_2 W ] . (3.27)

Thus, we write the original gauge-fixing Lagrangian density in the superspace formalism as L^B_{gf} = δΓ δθ . (3.28)

Once again, being the θ component of a superfield, this is manifestly invariant under the extended BRST transformation. Now, we are able to write the total Lagrangian density in the superspace as

L̄^B_{gf} = L_0 + L̄^B_{gf} + L^B_{gf}

= L_0 + δ δθ [ Ῡ^⋆Ῡ ] + δΓ δθ , (3.29)

where Ῡ^⋆ and Ῡ are the generic notation for the shift fields corresponding to the super antifields Υ^⋆ and superfields Υ respectively. This Lagrangian density is manifestly invariant under the original BRST symmetry, after elimination of the auxiliary and ghost fields associated with the shift symmetry.

C. Extended anti-BRST invariant BV action

In the previous subsections we have analyzed the extended BRST symmetry for the Lagrangian density of the Abelian rank-3 antisymmetric tensor field and corresponding superspace formulation. In this subsection we study the extended anti-BRST symmetry for such theory.

The gauge-fixed anti-fermion Ψ̄ for the theory is defined as

Ψ̄ = −1 2 B_2c_2 + 1 2 B_1c_1 + 1 2 c̃_1B + 1 2 B_{μν} c^{μν} − 1 2 c̃_{μν} (∂^μβ^ν − ∂^ν β^μ) + F̃_μβ^μ + β_μ∂^μc_2 + 1 2 ϕ_μf^μ + 1 3 B_{μνη} (∂^μc^{νη} + ∂^ν c^{ημ} + ∂^η c^{μν} ). (3.30)

So that the gauge-fixing part of the Lagrangian density can be written in terms of Ψ̄ as

L^{B̄}_{gf} = s_{ab}Ψ̄ = s_{ab} [ − 1 2 B_2c_2 + 1 2 B_1c_1 + 1 2 c̃_1B + 1 2 B_{μν} c^{μν} − 1 2 c̃_{μν} (∂^μβ^ν − ∂^ν β^μ) + F̃_μβ^μ

+ β_μ∂^μc_2 + 1 2 ϕ_μf^μ + 1 3 B_{μνη}(∂^μc^{νη} + ∂^ν c^{ημ} + ∂^η c^{μν} ) ] . (3.31)

Following the structure of Eq. (A1) given in Appendix A, we demand that s_{ab}(Φ − Φ̄) reproduces the anti-BRST transformations of ordinary fields (Φ) for the Abelian rank-3 antisymmetric tensor field theory mentioned in Eq. (3.10), consequently we have following transformations s_{ab}B̄_{μνη} = B^⋆_{μνη} , s_{ab}B_{μνη} = B^⋆_{μνη} + ∂_μc̃_{νη} − ∂_μ¯c̃_{νη} + ∂_νc̃_{ημ} − ∂_ν¯c̃_{ημ} + ∂_ηc̃_{μν} − ∂_η¯c̃_{μν} , s_{ab}¯c̃_{μν} = c̃^⋆_{μν} , s_{ab}c̃_{μν} = c̃^⋆_{μν} + ∂_μβ̃_ν − ∂_μ ¯β̃_ν − ∂_νβ̃_μ + ∂_ν ¯β̃_μ, s_{ab}c̄_{μν} = c^⋆_{μν} , s_{ab}c_{μν} = c^⋆_{μν} + B̃_{μν} − ¯B̃_{μν} , s_{ab}B_{μν} = B^⋆_{μν} + ∂_μf̃_ν − ∂_μ ¯f̃_ν − ∂_νf̃_μ + ∂_ν ¯f̃_μ, s_{ab}B̄_{μν} = B^⋆_{μν} , s_{ab}β̄_μ = β^⋆_μ, s_{ab}β_μ = β^⋆_μ + F_μ − F̄_μ, s_{ab} ¯β̃_μ = β̃^⋆_μ, s_{ab}β̃_μ = β̃^⋆_μ + ∂_μc̃_2 − ∂_μ¯c̃_2, s_{ab} ¯F̃_μ = F̃^⋆_μ , s_{ab}F̃_μ = F̃^⋆_μ − ∂_μB_2 + ∂_μB̄_2, s_{ab}f̄_μ = f^⋆_μ , s_{ab}f_μ = f^⋆_μ − ∂_μB_1 + ∂_μB̄_1, s_{ab}c̄_2 = c^⋆_2, s_{ab}c_2 = c^⋆_2 + B − B̄, s_{ab}c̄_1 = c^⋆_1, s_{ab}c_1 = c^⋆_1 − B_1 + B̄_1, s_{ab}ϕ̄_μ = ϕ^⋆_μ, s_{ab}ϕ_μ = ϕ^⋆_μ + f̃_μ − ¯f̃_μ, s_{ab}¯c̃_1 = c̃^⋆_1, s_{ab}c̃_1 = c̃^⋆_1 − B_2 + B̄_2, s_{ab}¯c̃_2 = c̃^⋆_2, s_{ab}c̃_2 = c̃^⋆_2, s_{ab} ¯f̃_μ = f̃^⋆_μ , s_{ab}f̃_μ = f̃^⋆_μ , s_{ab}F̄_μ = F^⋆_μ , s_{ab}F_μ = F^⋆_μ , s_{ab}B̄ = B^⋆, s_{ab}B = B^⋆, s_{ab}B̄_1 = B^⋆_1 , s_{ab}B_1 = B^⋆_1 , s_{ab}B̄_2 = B^⋆_2 , s_{ab}B_2 = B^⋆_2 , s_{ab} ¯B̃_{μν} = B̃^⋆_{μν} , s_{ab}B̃_{μν} = B̃^⋆_{μν} , s_{ab}Ξ = 0, Ξ ≡ [B^⋆_{μνη} , c̃^⋆_{μν} , c^⋆_{μν} , B^⋆_{μν} , β^⋆_μ, β̃^⋆_μ, F̃^⋆_μ , f^⋆_μ , c^⋆_2, c^⋆_1, ϕ^⋆_μ, c̃^⋆_1, c̃^⋆_2, f̃^⋆_μ , F^⋆_μ , B^⋆, B^⋆_1 , B^⋆_2 , B̃^⋆_{μν} ]. (3.32) The ghost fields associated with the shift symmetry have the following extended anti- BRST transformations, s_{ab}L_{μνη} = l_{μνη} , s_{ab}M_{μν} = m_{μν} , s_{ab}M̃_{μν} = m̄_{μν} , s_{ab}N_{μν} = n_{μν} , s_{ab}Ñ_{μν} = n̄_{μν} , s_{ab}O_μ = o_μ, s_{ab}Õ_μ = ō_μ, s_{ab}P_μ = p_μ, s_{ab}P̃_μ = p̄_μ, s_{ab}Q_μ = q_μ, s_{ab}Q̃_μ = q̄_μ, s_{ab}R = r, s_{ab}R̃ = r̄, s_{ab}S = s, s_{ab}S̃ = s̄, s_{ab}T_μ = t_μ, s_{ab}U = u, s_{ab}V = v, s_{ab}W = w. (3.33)

D. Extended BRST and anti-BRST invariant superspace formulation

To write a Lagrangian density that is manifestly invariant under both extended BRST transformations and extended anti-BRST transformations in superspace formalism we introduce a superspace with two Grassmann parameters, θ and θ̄. The generic superfields in this superspace are defined as Υ(x, θ, θ̄) = Φ(x) + θ(s_bΦ) + θ̄(s_{ab}Φ) + θθ̄(s_bs_{ab}Φ), (3.34) where Υ and Φ are the generic notation for all the superfields and the fields respectively. The expressions of all the individual superfields are given in the Appendix A (see Eq. A4).

One can write the gauge-fixing Lagrangian density L̄^B_{gf} given in Eq. (3.5) in terms of these superfields as

L̄^B_{gf} = 1 2 δ δθ̄ δ δθ [ B̄_{μνη}B̄^{μνη} + 2¯C̃_{μν}C̄^{μν} + ¯B̃_{μν} ¯B̃^{μν} + B̄_{μν}B̄^{μν} + B̄_μB̄^μ + ¯B̃_μ ¯B̃^μ + 2 ¯F̃_μF̄^μ + 2¯f̃_μf̄^μ + 2¯C̃_2C̄_2 + 2¯C̃_1C̄_1 + Φ̄_μΦ̄^μ + B̄B̄ + B̄_1B̄_1 + B̄_2B̄_2 ] , (3.35) This implies that the Lagrangian density L̄^B_{gf} is manifestly invariant under extended BRST and anti-BRST transformations. Furthermore, we define the gauge-fixing fermion in superspace as Γ(x, θ, θ̄) = Ψ + θs_bΨ + θ̄s_{ab}Ψ + θθ̄s_bs_{ab}Ψ. (3.36) The component of θθ̄ disappears from the above expression using equations of motion and therefore the Lagrangian density for the original fields can be written as L^B_{gf} = δ δθ [ Γ(x, θ, θ̄) ] = s_bΨ. (3.37)

This Lagrangian density is not only manifestly invariant under extended BRST transformations but also invariant under extended anti-BRST transformations. The complete gauge-fixed Lagrangian density can therefore be written as

L^B_{gf} + L̄^B_{gf} = 1 2 δ δθ̄ δ δθ [ B̄_{μνη}B̄^{μνη} + 2¯C̃_{μν}C̄^{μν} + ¯B̃_{μν} ¯B̃^{μν} + B̄_{μν}B̄^{μν} + β̄_μβ̄^μ + ¯β̃_μ ¯β̃^μ

+ 2 ¯F̃_μF̄^μ + 2¯f̃_μf̄^μ + 2¯c̃_2c̄_2 + 2¯c̃_1c̄_1 + ϕ̄_μϕ̄^μ + B̄B̄ + B̄_1B̄_1 + B̄_2B̄_2 ] + δ δθ [ Γ(x, θ, θ̄) ] . (3.38)

Using equations of motion of auxiliary fields the tilde fields can made vanish and by integrating out the ghost fields for the shift symmetry we will get the explicit expressions for the antifields.

IV. CONCLUDING REMARKS

Higher form gauge theories play a very important role in certain string theoretic and supergravity models. In this work we have considered the BV formulation of extended BRST and anti-BRST invariant (including some shift symmetry) 2-form and 3-form gauge theories. Antifields arise naturally in such formulation. We have further constructed a superspace formulation for these theories. We have shown that the BV action for 2-form as well as 3-form gauge theories can be written in a manifestly extended BRST invariant manner in a superspace with one fermionic coordinate. However, a superspace with two Grassmann coordinates are required for a manifestly covariant formulation of the extended BRST and extended anti-BRST invariant BV actions for higher form gauge theories. It will be interesting to extend this formulation for anomalous gauge theories.

Acknowledgments

We thankfully acknowledge the financial support from the Department of Science and Technology (DST), India, under the SERC project sanction grant No. SR/S2/HEP- 29/2007. One of us (SU) also acknowledge the financial support from CSIR, India, under SRF scheme.

Appendix A: Mathematical details of Abelian 3-form gauge theory

1. Extended BRST transformation of fields

s_bB_{μνη} = L_{μνη} , s_bB̄_{μνη} = L_{μνη} − (∂_μc_{νη} − ∂_μc̄_{νη} + ∂_ν c_{ημ} − ∂_νc̄_{ημ} + ∂_η c_{μν} − ∂_ηc̄_{μν} ), s_bc_{μν} = M_{μν} , s_bc̄_{μν} = M_{μν} − (∂_μβ_ν − ∂_μβ̄_ν − ∂_ν β_μ + ∂_νβ̄_μ), s_bc̃_{μν} = M̃_{μν} , s_b¯c̃_{μν} = M̃_{μν} − B_{μν} + B̄_{μν} , s_bB_{μν} = N_{μν} , s_bB̄_{μν} = N_{μν} , s_bB̃_{μν} = Ñ_{μν} , s_b ¯B̃_{μν} = Ñ_{μν} − (∂_μf_ν − ∂_μf̄_ν − ∂_ν f_μ + ∂_νf̄_μ), s_bβ_μ = O_μ, s_bβ̄_μ = O_μ − ∂_μc_2 + ∂_μc̄_2, s_bβ̃_μ = Õ_μ, s_b ¯β̃_μ = Õ_μ − F̃_μ + ¯F̃_μ, s_bF_μ = P_μ, s_bF̄_μ = P_μ + ∂_μB − ∂_μB̄, s_bF̃_μ = P̃_μ, s_b ¯F̃_μ = P̃_μ, s_bf_μ = Q_μ, s_bf̄_μ = Q_μ, s_bf̃_μ = Q̃_μ, s_b ¯f̃_μ = Q̃_μ − ∂_μB_1 + ∂_μB̄_1, s_bc_2 = R, s_bc̄_2 = R, s_bc̃_2 = R̃, s_b¯c̃_2 = R̃ − B_2 + B̄_2, s_bc_1 = S, s_bc̄_1 = S + B − B̄, s_bc̃_1 = S̃, s_b¯c̃_1 = S̃ − B_1 + B̄_1, s_bϕ_μ = T_μ, s_bϕ̄_μ = T_μ − f_μ + f̄_μ, s_bB = U, s_bB̄ = U, s_bB_1 = V, s_bB̄_1 = V, s_bB_2 = W, s_bB̄_2 = W, s_bΩ = 0, (A1) where Ω ≡ [L_{μνη} , M_{μν} , M̃_{μν} , N_{μν} , Ñ_{μν} , O_μ, Õ_μ, P_μ, P̃_μ, Q_μ, Q̃_μ, R, R̃, S, S̃, T_μ, U, V, W ].

2. Extended BRST transformation of antifields

s_bB^⋆_{μνη} = l_{μνη}, s_bc^⋆_{μν} = m_{μν} , s_bc̃^⋆_{μν} = m̄_{μν} , s_bB^⋆_{μν} = n_{μν} , s_bβ^⋆_μ = o_μ, s_bβ̃^⋆_μ = ō_μ, s_bF_μ^⋆ = p_μ, s_bF̃_μ^⋆ = p̄_μ, s_bf_μ^⋆ = q_μ, s_bf̃_μ^⋆ = q̄_μ, s_bc_2^⋆ = r, s_bc̃_2^⋆ = r̄, s_bc_1^⋆ = s, s_bc̃_1^⋆ = s̄, s_bϕ_μ^⋆ = t_μ, s_bB^⋆ = u, s_bB^⋆_1 = v, s_bB^⋆_2 = w, s_bB̃^⋆_{μν} = n̄_{μν} , s_bΛ = 0, Λ ≡ l_{μνη} , m_{μν} , m̄_{μν} , n_{μν} , n̄_{μν} , o_μ, ō_μ, p_μ, p̄_μ, q_μ, q̄_μ, r, r̄, s, s̄, t_μ, u, v, w. (A2)

3. Superfields for the extended BRST invariant theory

B_{μνη} (x, θ) = B_{μνη} (x) + θL_{μνη} , C_{μν} (x, θ) = c_{μν} (x) + θM_{μν} , B̄_{μνη} (x, θ) = B̄_{μνη} (x) + θ(L_{μνη} − (∂_μc_{νη} − ∂_μc̄_{νη} + ∂_ν c_{ημ} − ∂_νc̄_{ημ} + ∂_ηc_{μν} − ∂_ηc̄_{μν} )), C̄_{μν} (x, θ) = c̄_{μν} (x) + θ(M_{μν} − (∂_μβ_ν − ∂_μβ̄_ν − ∂_ν β_μ + ∂_νβ̄_μ)), C̃_{μν} (x, θ) = c̃_{μν} (x) + θM̃_{μν} , ¯C̃_{μν} (x, θ) = ¯c̃_{μν} (x) + θ(M̃_{μν} − B_{μν} + B̄_{μν} ), B_{μν} (x, θ) = B_{μν} (x) + θN_{μν} , B̄_{μν} (x, θ) = B̄_{μν} (x) + θN_{μν} , B̃_{μν} (x, θ) = B̃_{μν} (x) + θÑ_{μν} , B_μ(x, θ) = β_μ(x) + θO_μ, ¯B̃_{μν} (x, θ) = ¯B̃_{μν} (x) + θ(Ñ_{μν} − (∂_μf_ν − ∂_μf̄_ν − ∂_ν f_μ + ∂_νf̄_μ)), B̄_μ(x, θ) = β̄_μ(x) + θ(O_μ − ∂_μc_2 + ∂_μc̄_2), B̃_μ(x, θ) = β̃_μ(x) + θÕ_μ, ¯B̃_μ(x, θ) = ¯β̃_μ(x) + θ(Õ_μ − F̃_μ + ¯F̃_μ), F_μ(x, θ) = F_μ(x) + θP_μ, F̄_μ(x, θ) = F̄_μ(x) + θ(P_μ + ∂_μB − ∂_μB̄), F̃_μ(x, θ) = F̃_μ(x) + θP̃_μ, ¯F̃_μ(x, θ) = ¯F̃_μ(x) + θP̃_μ, f_μ(x, θ) = f_μ(x) + θQ_μ, f̄_μ(x, θ) = f̄_μ(x) + θQ_μ, f̃_μ(x, θ) = f̃_μ(x) + θQ̃_μ, ¯f̃_μ(x, θ) = ¯f̃_μ(x) + θ(Q̃_μ − ∂_μB_1 + ∂_μB̄_1), C_2(x, θ) = c_2(x) + θR, C̄_2(x, θ) = c̄_2(x) + θR,

C̃_2(x, θ) = c̃_2(x) + θR̃, ¯C̃_2(x, θ) = ¯c̃_2(x) + θ(R̃ − B_2 + B̄_2), C_1(x, θ) = c_1(x) + θS, C̄_1(x, θ) = c̄_1(x) + θ(S + B − B̄), C̃_1(x, θ) = c̃_1(x) + θS̃, ¯C̃_1(x, θ) = ¯c̃_1(x) + θ(S̃ − B_1 + B̄_1), Φ_μ(x, θ) = ϕ_μ(x) + θT_μ, Φ̄_μ(x, θ) = ϕ̄_μ(x) + θ(T_μ − f_μ + f̄_μ), B(x, θ) = B(x) + θU, B̄(x, θ) = B̄(x) + θU, B_1(x, θ) = B_1(x) + θV, B̄_1(x, θ) = B̄_1(x) + θV, B_2(x, θ) = B_2(x) + θW, B̄_2(x, θ) = B̄_2(x) + θW, B̄^⋆_{μνη} = B^⋆_{μνη} + θL_{μνη} , C̄^⋆_{μν} = c^⋆_{μν} + θM_{μν} , ¯C̃^⋆_{μν} = c̃^⋆_{μν} + θM̃_{μν} , B̄^⋆_{μν} = B^⋆_{μν} + θN_{μν} , ¯B̃^⋆_{μν} = B̃^⋆_{μν} + θÑ_{μν} , B̄^⋆_μ = β^⋆_μ + θO_μ, ¯B̃^⋆_μ = β̃⋆_μ + θÕ_μ, F̄ ⋆_μ = F ⋆_μ + θP_μ, ¯F̃^⋆_μ = F̃ ⋆_μ + θP̃_μ, f̄^⋆_μ = f^⋆_μ + θQ_μ, ¯f̃^⋆_μ = f̃^⋆_μ + θQ̃_μ, C̄^⋆_2 = c^⋆_2 + θR, ¯C̃^⋆_2 = c̃⋆_2 + θR̃, C̄⋆_1 = c⋆_1 + θS, ¯C̃^⋆_1 = c̃⋆_1 + θS̃, Φ̄^⋆_μ = ϕ^⋆_μ + θT_μ, B̄^⋆ = B^⋆ + θU, B̄^⋆_1 = B^⋆_1 + θV, B̄^⋆_2 = B^⋆_2 + θW. (A3)

4. Superfields for both extended BRST and anti-BRST invariant theory

B_{μνη} (x, θ, θ̄) = B_{μνη} (x) + θL_{μνη} + θ̄(B^⋆_{μνη} + ∂_μc̃_{νη} − ∂_μ¯c̃_{νη} + ∂_νc̃_{ημ} − ∂_ν¯c̃_{ημ} + ∂_ηc̃_{μν} − ∂_η¯c̃_{μν} ) + θθ̄(l_{μνη} + ∂_μB_{νη} − ∂_μB̄_{νη} + ∂_ν B_{ημ} − ∂_νB̄_{ημ} + ∂_ηB_{μν} − ∂_ηB̄_{μν} ), C_{μν} (x, θ, θ̄) = c_{μν} (x) + θM_{μν} + θ̄(c^⋆_{μν} + B̃_{μν} − ¯B̃_{μν} ) + θθ̄(m_{μν} + ∂_μf_ν − ∂_μf̄_ν − ∂_ν f_μ + ∂_νf̄_μ), B̄_{μνη} (x, θ, θ̄) = B̄_{μνη} (x) + θ(L_{μνη} − (∂_μc_{νη} − ∂_μc̄_{νη} + ∂_ν c_{ημ} − ∂_νc̄_{ημ} + ∂_ηc_{μν} − ∂_ηc̄_{μν} )) + θ̄B^⋆_{μνη} + θθ̄l_{μνη} , C̄_{μν} (x, θ, θ̄) = c̄_{μν} (x) + θ(M_{μν} − (∂_μβ_ν − ∂_μβ̄_ν − ∂_ν β_μ + ∂_νβ̄_μ)) + θ̄c^⋆_{μν} + θθ̄m_{μν} , C̃_{μν} (x, θ, θ̄) = c̃_{μν} (x) + θM̃_{μν} + θ̄(c̃^⋆_{μν} + ∂_μβ̃_ν − ∂_μ ¯β̃_ν − ∂_νβ̃_μ + ∂_ν ¯β̃_μ) + θθ̄(m̄_{μν} + ∂_μF̃_ν − ∂_μ ¯F̃_ν − ∂_νF̃_μ + ∂_ν ¯F̃_μ),

¯C̃_{μν} (x, θ, θ̄) = ¯c̃_{μν} (x) + θ(M̃_{μν} − B_{μν} + B̄_{μν} ) + θ̄c̃⋆_{μν} + θθ̄m̄_{μν} , B_{μν} (x, θ, θ̄) = B_{μν} (x) + θN_{μν} + θ̄(B^⋆_{μν} + ∂_μf̃_ν − ∂_μ ¯f̃_ν − ∂_νf̃_μ + ∂_ν ¯f̃_μ) + θθ̄n_{μν} , B̄_{μν} (x, θ, θ̄) = B̄_{μν} (x) + θN_{μν} + θ̄B^⋆_{μν} + θθ̄n_{μν} , B̃_{μν} (x, θ, θ̄) = B̃_{μν} (x) + θÑ_{μν} + θ̄B̃^⋆_{μν} + θθ̄n̄_{μν} , B_μ(x, θ, θ̄) = β_μ(x) + θO_μ + θ̄(β^⋆_μ + F_μ − F̄_μ) + θθ̄(o_μ − ∂_μB_2 + ∂_μB̄_2), ¯B̃_{μν} (x, θ, θ̄) = ¯B̃_{μν} (x) + θ(Ñ_{μν} − (∂_μf_ν − ∂_μf̄_ν − ∂_ν f_μ + ∂_νf̄_μ)) + θ̄B̃⋆_{μν} + θθ̄n̄_{μν} , B̄_μ(x, θ, θ̄) = β̄_μ(x) + θ(O_μ − ∂_μc_2 + ∂_μc̄_2) + θ̄β^⋆_μ + θθ̄o_μ, B̃_μ(x, θ, θ̄) = β̃_μ(x) + θÕ_μ + θ̄(β̃^⋆_μ + ∂_μc̃_2 − ∂_μ¯c̃_2) + θθ̄(ō_μ + ∂_μB_2 − ∂_μB̄_2), ¯B̃_μ(x, θ, θ̄) = ¯β̃_μ(x) + θ(Õ_μ − F̃_μ + ¯F̃_μ) + θ̄β̃⋆_μ + θθ̄ō_μ, F_μ(x, θ, θ̄) = F_μ(x) + θP_μ + θ̄F^⋆_μ + θθ̄p_μ, F̄_μ(x, θ, θ̄) = F̄_μ(x) + θ(P_μ + ∂_μB − ∂_μB̄) + θ̄F^⋆_μ + θθ̄p_μ, F̃_μ(x, θ, θ̄) = F̃_μ(x) + θP̃_μ + θ̄(F̃^⋆_μ − ∂_μB_2 + ∂_μB̄_2) + θθ̄p̄_μ, ¯F̃_μ(x, θ, θ̄) = ¯F̃_μ(x) + θP̃_μ + θ̄F̃ ⋆_μ + θθ̄p̄_μ, f_μ(x, θ, θ̄) = f_μ(x) + θQ_μ + θ̄(f^⋆_μ − ∂_μB_1 + ∂_μB̄_1) + θθ̄q_μ, f̄_μ(x, θ, θ̄) = f̄_μ(x) + θQ_μ + θ̄f^⋆_μ + θθ̄q_μ, f̃_μ(x, θ, θ̄) = f̃_μ(x) + θQ̃_μ + θ̄f̃^⋆_μ + θθ̄q̄_μ, ¯f̃_μ(x, θ, θ̄) = ¯f̃_μ(x) + θ(Q̃_μ − ∂_μB_1 + ∂_μB̄_1) + θ̄f̃ ⋆_μ + θθ̄q̄_μ, C_2(x, θ, θ̄) = c_2(x) + θR + θ̄(c^⋆_2 + B − B̄) + θθ̄r, C̄_2(x, θ, θ̄) = c̄_2(x) + θR + θ̄c^⋆_2 + θθ̄r, C̃_2(x, θ, θ̄) = c̃_2(x) + θR̃ + θ̄c̃^⋆_2 + θθ̄r̄, ¯C̃_2(x, θ, θ̄) = ¯c̃_2(x) + θ(R̃ − B_2 + B̄_2) + θ̄c̃⋆_2 + θθ̄r̄, C_1(x, θ, θ̄) = c_1(x) + θS + θ̄(c^⋆_1 − B_1 + B̄_1) + θθ̄s, C̄_1(x, θ, θ̄) = c̄_1(x) + θ(S + B − B̄) + θ̄c^⋆_1 + θθ̄s, C̃_1(x, θ, θ̄) = c̃_1(x) + θS̃ + θ̄(c̃^⋆_1 − B_2 + B̄_2) + θθ̄s̄, ¯C̃_1(x, θ, θ̄) = ¯c̃_1(x) + θ(S̃ − B_1 + B̄_1) + θ̄c̃⋆_1 + θθ̄s̄, Φ_μ(x, θ, θ̄) = ϕ_μ(x) + θT_μ + θ̄(ϕ^⋆_μ + f̃_μ − ¯f̃_μ) + θθ̄(t_μ + ∂_μB_1 − ∂_μB̄_1),

Φ̄_μ(x, θ, θ̄) = ϕ̄_μ(x) + θ(T_μ − f_μ + f̄_μ) + θ̄ϕ^⋆_μ + θθ̄t_μ, B(x, θ, θ̄) = B(x) + θU + θ̄B^⋆ + θθ̄u, B̄(x, θ, θ̄) = B̄(x) + θU + θ̄B^⋆ + θθ̄u, B_1(x, θ, θ̄) = B_1(x) + θV + θ̄B^⋆_1 + θθ̄v, B̄_1(x, θ, θ̄) = B̄_1(x) + θV + θ̄B^⋆_1 + θθ̄v,

B_2(x, θ, θ̄) = B_2(x) + θW + θ̄B^⋆_2 + θθ̄w, B̄_2(x, θ, θ̄) = B̄_2(x) + θW + θ̄B^⋆_2 + θθ̄w. (A4)

Form the above relations, we calculate 1 2 δ δθ̄ δ δθ B̄_{μνη}B̄^{μνη} = l_{μνη}B̄^{μνη} − B^⋆_{μνη}(L^{μνη} − ∂^μc^{νη} + ∂^μc̄^{νη} − ∂^ν c^{ημ} + ∂^νc̄^{ημ} − ∂^η c^{μν} + ∂^ηc̄^{μν} ), δ δθ̄ δ δθ ¯C̃_{μν}C̄μν = m̄_{μν}c̄μν + m_{μν}¯c̃μν + c̃⋆_{μν} (M μν − ∂μβν + ∂μβ̄ν + ∂ν βμ − ∂νβ̄μ) + c^⋆_{μν} (M̃^{μν} − B^{μν} + B̄^{μν} ), 1 2 δ δθ̄ δ δθ ¯B̃_{μν} ¯B̃^{μν} = n_{μν}B̄μν − B⋆_{μν} N μν , 1 2 δ δθ̄ δ δθ B̄_{μν}B̄^{μν} = n̄_{μν} ¯B̃^{μν} − B̃^⋆_{μν} (Ñ^{μν} − ∂^μf^ν + ∂^μf̄^ν + ∂^ν f^μ − ∂^νf̄^μ), 1 2 δ δθ̄ δ δθ B̄_μB̄^μ = o_μβ̄^μ − β^⋆_μ(O^μ − ∂^μc_2 + ∂^μc̄_2), 1 2 δ δθ̄ δ δθ ¯B̃_μ ¯B̃^μ = ō_μ ¯β̃^μ − β̃⋆_μ(Õμ − F̃ μ + ¯F̃^μ), δ δθ̄ δ δθ ¯F̃_μF̄ μ = p̄_μF̄ μ + p_μ ¯F̃^μ + F̃ ⋆_μ (P μ + ∂μB − ∂μB̄) + F ⋆_μP̃ μ, δ δθ̄ δ δθ ¯f̃_μf̄ μ = q̄_μf̄ μ + q_μ ¯f̃^μ + f̃ ⋆_μ Qμ + f ⋆_μ (Q̃μ − ∂μB_1 + ∂μB̄_1), δ δθ̄ δ δθ ¯C̃_2C̄_2 = r̄c̄_2 + r¯c̃_2 + c̃⋆_2R + c⋆_2(R̃ − B_2 + B̄_2), δ δθ̄ δ δθ ¯C̃_1C̄_1 = s̄c̄_1 + c̃⋆_1(S + B − B̄) + s¯c̃_1 + c⋆_1(S̃ − B_1 + B̄_1), 1 2 δ δθ̄ δ δθ Φ̄_μΦ̄^μ = t_μϕ̄^μ − ϕ^⋆_μ(T^μ − f^μ + f̄^μ), 1 2 δ δθ̄ δ δθ B̄B̄ = uB̄ − B^⋆U, 1 2 δ δθ̄ δ δθ B̄_1B̄_1 = vB̄_1 − B^⋆_1 V, 1 2 δ δθ̄ δ δθ B̄_2B̄_2 = wB̄_2 − B^⋆_2 W. (A5)

[1] M. Green, J. Schwarz and E. Witten, Superstring theory, (Cambridge Univ. Press, 1987). [2] J. Polchinski, String theory, (Cambridge Univ. Press, 1998).

[3] M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory, (Cambridge Univ. Press, 1987).

[4] J. Polchinski, String Theory (Cambridge Univ. Press, 1998). [5] M. Kalb and P. Ramond, Phys. Rev. D 9, 2273 (1974). [6] F. Lund and T. Regge, Phys. Rev. D 14, 1524 (1976). [7] M. Sato and S. Yahikozawa, Nucl. Phys. B 436, 100 (1995). [8] A. Sugamoto, Phys. Rev. D 19, 1820 (1979).

[9] R. L. Davis and E. P. S. Shellard, Phys. Lett., B 214, 219 (1988).

[10] A. Salam and E. Sezgin, Supergravities in Diverse Dimensions (North-Hplland and World Scientific, 1989).

[11] Shinichi Deguchi, Tomoaki Mukai and Tadahito Nakajima, Phys. Rev. D 59, 065003 (1999). [12] C. Becchi, A. Rouet and R. Stora, Annals Phys. 98 287 (1974). [13] I. V. Tyutin, LEBEDEV-75-39 (1975).

[14] M. Henneaux and C. Teitelboim, Quantization of gauge systems (Princeton, USA: Univ.

Press, 1992).

[15] S. Weinberg, The quantum theory of fields, Vol-II: Modern applications (Cambridge, UK Univ. Press, 1996).

[16] I. A. Batalin and G. A. Vilkovisky, Phys. Lett. B 102, 27 (1981).

[17] I. A. Batalin and G. A. Vilkovisky, Phys. Rev. D 28,2567 (1983); Erratum ibid D 30, 508 (1984).

[18] I. A. Batalin and G. A. Vilkovisky, Phys. Lett. B 120 166 (1983). [19] S. Upadhyay and B. P. Mandal, arXiv:1112.0422[hep-th].

[20] J. Alfaro and P. H. Damgaard, Phys. Lett. B 222, 425 (1989); J. Alfaro, P. H. Damgaard , J. I. Latorre and D. Montano, Phys. Lett. B 233, 153 (1989); J. Alfaro and P. H. Damgaard, Nucl. Phys. B 404, 751 (1993).

[21] N. R.F. Braga and A. Das, Nucl. Phys. B 442, 655 (1995). [22] M. Faizal, M. Khan, Eur. Phys. J. C 71, 1603 (2011). [23] S. Upadhyay and B. P. Mandal, Mod. Phys. Lett. A 25 , 3347 (2010). [24] J. Alfaro and P.H. Damgaard, Nucl. Phys. B 404, 751 (1993). [25] L. Bonora and M. Tonin, Phys. Lett. B 98, 48 (1981). [26] G. Curci and R. Ferrari, Phys. Lett. B 63, 91 (1976).

[27] L. Bonora and R. P. Malik, J. Phys. A : Math. Theor. 43, 375403 (2010).