arXiv:1206.4856v5 [math.AT] 18 Mar 2013

STRONG REACTIONS IN QUANTUM SUPER PDE’S. III: EXOTIC QUANTUM SUPERGRAVITY

AGOSTINO PRÁSTARO

Department SBAI - Mathematics, University of Rome ”La Sapienza”, Via A.Scarpa 16, 00161 Rome, Italy.

E-mail: agostino.prastaro@uniroma1.it

Abstract. Following the previous two parts, of a work devoted to encode strong reaction dynamics in the A. Prástaro’s algebraic topology of quantum super PDE’s, quantum nonlinear propagators in the observed quantum super Yang-Mills PDE, ^(Y M)[i], are further characterized. In particular, quantum nonlinear propagators with non-zero lost quantum electric-charge, are interpreted as exotic-quantum supergravity effects. Quantum entanglement is justified by means of the algebraic topologic structure of quantum nonlinear propagators. Existence theorem for solutions of ^(Y M)[i] admitting negative local temperatures (quantum thermodynamic-exotic solutions) is obtained too and related to quantum entanglement.

AMS Subject Classification: 55N22, 58J32, 57R20; 58C50; 58J42; 20H15; 32Q55; 32S20.

Keywords: Integral (co)bordism groups in quantum (super) PDE’s; Conservation laws; Quantum reactions; Q-exotic quantum nonlinear propagators; Quantum gravity; Quantum entanglement; Quantum negative temperature.

1. Introduction

”How exotic is the Q-exotic electron decay ?”

In two previous works [26], we have characterized observed quantum nonlinear propagators of the observed quantum super Yang-Mills PDE, ^(Y M)[i], proving that the total quantum energy and the total quantum electric-charge of incident particles in quantum reactions do not necessitate to be the same of outgoing particles. These important phenomena, that are related to symmetry properties and gauge invariance of ^(Y M)[i], were non-well previously understood and wrongly interpreted. Really are just symmetry properties of ^(Y M)[i], beside the structure of the quantum nonlinear propagator, the main origins of such phenomena. This fundamental aspect of quantum reactions in ^(Y M)[i], gives strong theoretical support to the guess about existence of quantum reactions where the ”electric-charge” is not conserved. The conservation of the electric charge was quasi a dogma in particle physics. However, there are in the world many heretical experimental efforts to prove existence of decays like the following e^− → γ + ν, i.e. electron decay into a 1

photon and neutrino. In this direction some first weak experimental evidences were recently obtained.^1 Aim of this third paper is to further characterize a criterion to recognize under which constraints quantum nonlinear propagators preserve quantum electric charges between incoming and outgoing particles. The main result of this third part is the

existence of a sub-equation ~ ^ (Y M)[i]_• ⊂ ^(Y M)[i], were live solutions strictly respecting the conservation of the quantum electric charge. Instead, solutions bording

Cauchy data contained in the sub-equation ~ ^ (Y M)[i]_• ⊂ ^(Y M)[i], that are glob-

ally outside ~ ^ (Y M)[i]_•, can violate the conservation of the quantum electric charge.

This effect is interpreted caused by the quantum supergravity. The action of the quantum supergravity is able to guarantee existence of such more general quantum nonlinear propagators in quantum super Yang-Mills PDEs. In fact quantum supergravity can deform quantum nonlinear propagators in order that they can produce such exotic solutions of ^(Y M)[i]. In other words, quantum exotic strong reactions exist as a by-product of quantum supergravity that produces non-flat quantum nonlinear propagators. In the standard model quantum supergravity is completely forgotten. Without quantum supergravity, exotic quantum propagators cannot be realized ! The main results are the following. Theorem 2.1 formulates a criterion to recognize under which constraints quantum nonlinear propagators have zero lost quantum electric-charge. Our main result is the identification of a sub-equation ~ ^ (Y M)[i]_• ⊂ ^(Y M)[i], that is formally integrable and completely integrable, such that all quantum reactions encoded there, are characterized by non-Q-exotic quantum nonlinear propagators. Theorem 2.9 proving that Q-exotic quantum nonlinear propagators of ^(Y M)[i] are solutions with exotic-quantum supergravity, i.e., having non zero observed quantum curvature components ~R^{jα}_K . The algebraic topologic structure of quantum nonlinear propagators allows us to justify the so-called phenomenon of quantum entanglement. See Theorem 3.1 and Theorem 3.2. These prove that the EPR paradox is completely solved in the framework of the Algebraic Topology of quantum PDE’s, as formulated by A. Prástaro. In fact, EPR paradox is related to a macroscopic model of physical world (Einstein’s General Relativity (GR)). In order to reconcile this model with quantum mechanics, it is necessary to extend GR to a noncommutative geometry, as made by the Prástaro’s Algebraic Topology of quantum (super) PDE’s. In fact the logic of microworlds is not commutative, hence it is natural that macroscopic mathematical models cannot justify quantum dynamics. In other words, the incompleteness of quantum mechanics (QM)(see [3]) is the complementary incompleteness of the GR, since they talk at different levels: microscopic the first (QM), macroscopic the second (GR). These different points of view can be reconciled by introducing the noncommutative logic of the QM in the geometric point of view of the GR. But this must be made at the dynamic level ! It is not enough to formulate some noncommutative geometry to encode microworlds ! Therefore the necessity to formulated a geometric theory of quantum PDE’s as has been realized by A. Prástaro. Finally Theorem 4.1 proves

1See [7]. Some other exotic decays were also investigated, as for example the exotic neutron’s

decay: n → p + ν + ν̄. [14].

existence of solutions of ^(Y M)[i] admitting negative (absolute) temperature and Theorem 4.6 relates such solutions to quantum entanglement.

2. The constraint zero lost quantum electric charge ~ ^ (Y M)[i]_• In this third part we assume as prerequisite the knowledge of the previous two parts [26]. In the following theorem we identify a constraint in ^(Y M)[i] where live quantum nonlinear propagators with zero lost quantum electric-charge.

Theorem 2.1 (The constraint ~ ^ (Y M)[i]_•). Let ^(Y M)[i] be the quantum super Yang- Mills PDE, observed by a quantum relativistic frame i : N → M. Assuming that the fundamental quantum superalgebra A of ^(Y M) has a Noetherian center, then there exists a formally integrable and completely integrable quantum super PDE, ~ ^ (Y M)[i]_• ⊂ ^(Y M)[i], (zero-lost-quantum-electric-charge-constraint), where quantum nonlinear propagators V have Q[V ] = 0.

One has the following fiber bundle structure ~ ^ (Y M)[i]_• → N. The smooth integral bordism groups of ~ ^ (Y M)[i]_• and ^(Y M)[i] do not necessarily coincide.

Proof. Let us recall that if ψ ≡ (i : N → M; ϕ) is a quantum relativistic frame, observing the quantum super Yang-Mills PDE ^(Y M) ⊂ ĴD^2(W ), then it is identified a quantum super PDE ^(Y M)[i] ⊂ ĴD^2(E[i]), where E[i] is the bundle over N defined in the following commutative diagram.

(1) g ⨂ K T^∗N ∼= E[i] ≡ Hom_Z (T N; g) fflffl i^∗W ≡ Hom_Z (T M; g)|_{i(N)} B(i) oo

fflffl N_i // i(N) ⊂ M

More precisely one has the following commutative diagram relating ^(Y M)[i] with ^ (Y M).

(2) 0 ^(Y M)[i] oo¨ ˙ fflffl i^∗ ^ (Y M) B(i)_∗ oo¨ ˙ fflffl

i_∗ // ^

(Y M)¨˙ fflffl 0 JD̂^2(E[i]) oo

fflffl i^∗JD̂^2(W ) B(i)_∗ oo

fflffl

i_∗ //

JD̂^2(W ) fflffl 0 E[i] oo fflffl i^∗W B(i) oo fflffl

i_∗ // W π̂ fflffl N N_i // M where B (i) is a canonical epimorphism over N and B (i)_∗ is the induced epimorphism on jet spaces. Furthermore, since ^(Y M) is formally quantum (super) integrable, (resp. completely quantum (super) integrable), so is ^(Y M)[i]. The dynamic equation ^(Y M) and ^(Y M)[i] are resumed in Tab. 1.

Table 1. Local expression of ^(Y M) ⊂ JD̂^2(W ), ^(Y M)[i] and quantum Bianchi identities.

(Field equations) E^A_K ≡ −(∂_B .R̂^{BA}_K ) + [ ^C^H_{KR}μ̂^R_C , R̂^{[AC]}_H ]_+ = 0 ^(Y M)

R̂K_{A1 A2} = [ (∂X_{A1} .μ̂^K_{A2} ) +^1_2 ^C^K_{IJ} [μ̂^I_{A1} , μ̂^J_{A2} ]_+ ] (Fields)

(Bianchi identities) B^K_{HA1A2} ≡ (∂X_H .R̂^K_{A1A2} ) +^1_2 ^C^K_{IJ} [μ̄^I_H , R̂^J_{A1A2} ]_+ = 0 (B)

(Observed Field Equations) (∂_α.R̃^{Kαβ} ) + [ ^C^K_{IJ} μ̃^I_α, R̃^{Jαβ} ]_+ = 0 ^(Y M)[i] R̃K_{α1α2} = (∂ξ_{[α1} .μ̃K_{α2]}) +^1_2 ^CK_{IJ} μ̃I_{[α2} μ̃J_{α1 ]} (Observed Fields)

(Observed Bianchi Identities) (∂ξ_{[γ} .R̃^K_{α1α2]}) +^1_2 ^C^K_{IJ} μ̃^I_{[γ} R̃^J_{α1α2 ]} = 0 (B)[i]

R̂K_{A1 A2} : Ω_1 ⊂ JD̂(W ) →^2^A; BK_{HA1 A2} : Ω_2 ⊂ JD̂2(W ) →^3^A; EA_K : Ω_2 ⊂ JD̂2(W ) →^3^A .

These equations are also formally integrable and completely integrable. (For details see [17, 19, 21].) In the following we recall a theorem characterizing Q-exoticity of quantum nonlinear propagators. (See Theorem 4.10 in [26](II).)

Theorem 2.2 (Q-exotic quantum nonlinear propagators of ^(Y M)[i]). [26](II) For any observed quantum nonlinear propagator V of ^(Y M)[i], such that ∂V = N_0 ⊔ P ⊔ N_1, where N_i, i = 0, 1, are 3-dimensional space-like admissible Cauchy data of ^ (Y M)[i], and P is a suitable time-like 3-dimensional integral manifold with ∂P = ∂N_0 ⊔ ∂N_1, the following equation holds. Q̂[i|t_0] = Q̂[i|t_1] mod Q[V ] ∈ A, where Q̂[i|t_r] ∈ A is the quantum electric charge on N_r, r = 0, 1, and Q[V ] ∈ A, is a term that in general is not zero and that we call lost quantum electric-charge. We call Q-exotic quantum nonlinear propagators, quantum nonlinear propagators such that Q[V ] ≠ 0 ∈ A.^2

Let us now consider that ^(Y M)[i] is invariant for gauge transformations. From this invariance we have the conservation law reported in (3). (3) { ω_q = (∂~μ^{α0}_K .L) Ξ^K_α dξ^1 ∧ dξ^2 ∧ dξ^3 + ∑ 1≤j≤3(∂~μ αj K .L) Ξ^K_α dξ^0 ∧ dξ^1 ∧ · · · ∧ ~dxi^j ∧ · · · ∧ dξ^3 where ~dξ^j means absent. (Ξ^K_α are the gauge parameters.) The conservation law ω_q is of the same type of ones considered in [26](I), hence it is closed on the solutions of ^

(Y M)[i]. In particular if V is a quantum nonlinear propagator such that ∂V = N_0 ⊔ P ⊔ N_1, where N_0 is a initial Cauchy data representing a set of incident particles in the quantum reaction, and N_1 is a final Cauchy data representing a set of outgoing particles in the quantum reaction. Both N_0 and N_1 are considered space-like, and identifying some time t_0 and t_1, of the proper time of the quantum relativistic frame. Instead P is considered a 3-dimensional time-like manifold, such

2This agrees with the conservation of the observed quantum Hamiltonian. See Theorem 3.20 in [26](I). In fact, the observed quantum electromagnetic energy is a form of quantum energy, even if, in general, it does not coincide with the observed quantum Hamiltonian.

that ∂P = ∂N_0 ⊔ ∂N_1. Then one has the following equation: 0 =< dω_q , V >=< ω_q, ∂V >=< ω_q , N_0 > − < ω_q , N_1 > + < ω_q, P >. In particular one has (4) Q[i|t_0] ≡< ω_q , N_0 >=< (∂~μ^{α0}_K .L)Ξ^K_α dξ^1 ∧ dξ^2 ∧ dξ^3, N_0 >∈ A Q[i|t_1] ≡< ω_q , N_1 >=< (∂~μ^{α0}_K .L)Ξ^K_α dξ^1 ∧ dξ^2 ∧ dξ^3, N_1 >∈ A Q[V ] ≡< ω_q , P >=< ∑ 1≤j≤3(∂~μ αj K .L)Ξ^K_α dξ^0 ∧ dξ^1 ∧ · · · ∧ ~dξ^j ∧ · · · ∧ dξ^3, P >∈ A. By a direct calculation one can see that (∂~μ^{α0}_K .L) = ~R^{0α}_K and (∂~μ^{αj}_K .L) = ~R^{jα}_K . (For details see [17, 19].) Therefore the condition that V has zero lost quantum electric-charge is the following: ~R^{jα}_K Ξ^K_α = 0. Let us require that equations (4) should be satisfied for any Ξ^K_α , i.e., for any gauge transformation, then we identify a sub-equation ^(Y M)[i]_• ⊂ ^(Y M)[i], given in (5).

(5)^^(Y M)[i]• ⊂^^(Y M)[i] : { ~R^{jα}_K = 0 (∂_α.R̃^{Kαβ}) + [ ^C^K_{IJ} μ̃^I_α, R̃^{Jαβ} ]_+ = 0 } . One can prove that, under the condition that the quantum superalgebra B, underling these quantum supermanifolds, has Noetherian center, Z, ^(Y M)[i]_• canonically identifies a formally integral and completely integrable quantum super PDE, ~ ^ (Y M)[i]_• ⊂ ^(Y M)[i] too. The proof follows some geometric approaches previously formulated by A. Prástaro for PDEs in the category of manifolds and quantum (super)manifolds, and that consist to use enough prolongations of original equations, in order to obtain formally integrable equations having the same so-

lutions of ^(Y M)[i]_•.^3 Therefore, for any point u ∈ ~ ^ (Y M)[i]_• passes a solution,

that since ~ ^ (Y M)[i]_• is of class Q^ω_w, it can be fixed of class Q^ω_w too. All quan-

tum nonlinear propagators V in ~ ^ (Y M)[i]_• have Q[V ] = 0. Let us go in some detail of this proof, since it is necessary to use some technicality. Let us first note that ^

(Y M)[i] is a formally integrable and completely integrable quantum super PDE. In fact, let us denote B = R × A, the quantum superalgebra, model of the quantum supermanifold ĴD^2(W [i]), with A the quantum superalgebra such that dim_A g = (r|s). Then one has dim_B ĴD^2(W [i]) = (4, (r|s)60), dim_B ĴD^3(W [i]) = (4, (r|s)140), dim_B ^(Y M)[i] = (4, (r|s)56) and dim_B ( ^(Y M)[i])_{+1} = (4, (r|s)120), where ( ^

(Y M)[i])_{+1} denotes the first prolongation of ^(Y M)[i]. The we have the surjection of the canonical mapping π_{3,2} : ( ^(Y M)[i])_{+1} → ^(Y M)[i]. In fact, one has: dim_B ( ^

(Y M)[i])_{+1} = dim_B ^(Y M)[i] + dim_B (^g[i])_{+1}, where (^g[i])_{+1} is the symbol of ( ^ (Y M)[i])_{+1}, and dim_B (^g[i])_{+1} = (0, (r|s)64). This property can be extended for iteration to any order of prolongation h ≥ 0. Then, taking into account that B has Noetherian center, we can state that ^(Y M)[i] is regular and δ-regular in the sense specified in [17, 19]. This is enough to state that ^(Y M)[i] is formally integrable, and since it is of class Q^ω_w, it follows that it is also completely integrable. By following a similar road to look to the formal integrability of ^(Y M)[i]_•, we arrive to prove that it is not formally integrable, since there is not the surjectivity between the first prolongation ( ^(Y M)[i]_•)_{+1} and ^(Y M)[i]_•. On the other hand, by following our geometric theory of quantum (super), we can identify another equation, say

3Applications of these methods to the Navier-Stokes PDEs and MHD-PDEs were first obtained by A.Prástaro to encode complex dynamics in regular equations.

~ ^ (Y M)[i]_• ⊂ ĴD^2(W [i]), that is formally integrable and completely integrable and that has the same solutions of ^(Y M)[i]_•. This equation is reported in (6).

(6)^{~^}(Y M)[i]• ⊂^^JD^2(W [i]) : (∂_α. ~R^{Kαβ}) + [ ^C^K_{IJ} ~μ^I_α, ~R^{Jαβ} ]_+ = 0 ~R^{jα}_K = 0 ~R^{jα}_{K,γ} = 0

Then one can see that the canonical mapping ( ~ ^ (Y M)[i]_•)_{+1} → ~ ^ (Y M)[i]_• is surjective. In fact one has the equation reported in (7). (7) [dim_B ( ~ ^ (Y M)[i]_•)_{+1} = (4, (r|s)30)] = [dim_B ~ ^ (Y M)[i]_• = (4, (r|s)26)]

+[dim_B ( ~^g_2[i]_•)_{+1} = (0, (r|s)4)].

This can be generalized for iteration to any order of prolongation. Therefore, ~ ^ (Y M)[i]_• is regular and δ-regular, hence formally integrable. Since it is also of

class Q^ω_w, we conclude that ~ ^ (Y M)[i]_• is a completely integrable quantum super PDE.

The fiber bundle structure of ~ ^ (Y M)[i]_• over N follows from the following commutative and exact diagram.

0 // ~ ^ (Y M)[i]_•

fflffl

Ø ¨ // ^ (Y M)[i]

fflffl N fflffl N fflffl 0 0 From above results it follows also that the 3-dimensional smooth integral bordism

group of ~ ^ (Y M)[i]_• and ^(Y M)[i] do not in general coincide. (See relation between formal integrability and integral bordism groups in [17, 19, 21].) In fact, if V is a smooth quantum nonlinear bordism of ^(Y M)[i] then ∂V = a ⊔ P ⊔ b, with ∂P = ∂a ⊔ ∂b, such that V ∼= a × I, where I ⊂ R, i.e., a ∼= b. In other words P ∼= ∂a × I, and a ∼= b. Therefore one has (8) { −Q[V ] = − < ω_q, P >=< ω_q , a > − < ω_q, b > =< ω_q − f^∗ω_q , a >< (1 − det(J (f))ω_q , a >≠ 0. Here we have denoted by f the diffeomorphism between a and b. Since f is, in general, not a rigid diffeomorphism (i.e., det(J (f) ≠ 1, it follows that Q[V ] ≠ 0. (We have denoted by J (f) the jacobian-matrix of f.) This means that also smooth

quantum nonlinear propagators of ^(Y M)[i] can, in general, be Q-exotic ones. In conclusion a smooth integral bordism class [a] of ^(Y M)[i] does not necessarily

coincide with a smooth integral bordism class of ~ ^ (Y M)[i]_•. □

Corollary 2.3. Quantum nonlinear propagators V ⊂ ^(Y M)[i], such that V ⊄ ~ ^ (Y M)[i]_•, can have Q[V ] ≠ 0, hence can be Q-exotic quantum nonlinear propagators.

Example 2.4. A particular case where Q[V ] = 0, is when ~R^K_{αβ} = 0, i.e., V is a quantum flat nonlinear propagator. For such a case V cannot have mass-gap, (Corollary 2.5 in [17] or Corollary 5.2 in [19] and Theorem 3.19 in the second paper in [21]), and neither quantum electric-charge. Therefore, such a V is necessarily

contained in ~ ^ (Y M)[i]_•, and V ⊄ ^(Higgs). Such a quantum propagator can be one encoding photons, gluons or non-massive neutrinos.

Example 2.5. Let us consider a massive, electric-charged particle a ⊂ ^(Y M)[i] that is in a steady-state. Its quantum nonlinear propagator V ⊂ ^(Y M)[i] is such that ∂V = a ⊔ a, hence must necessarily have Q[V ] = 0. This means that a ⊂ ^(Higgs),

but also a ⊂ ~ ^ (Y M)[i]_•. This condition holds for all massive particles in steady-state, and agrees with the fact that in steady-state configurations the quantum Hamiltonian is constant. (Example 3.23 in [26](I).) On the other hand whether a is without mass-gap, hence does not belong to ^(Higgs), but is a steady-state, it must belong to ~ ^ (Y M)[i]_•. In conclusion all quantum particles in steady-state are described by

quantum nonlinear propagators contained into ~ ^ (Y M)[i]_•.

Fig. 1. Q-exotic electron decay: e^− → γ + ν.

Example 2.6. An exotic quantum nonlinear propagator V that encodes the decay of electron e^− → γ + ν is one that bords initial and final Cauchy data that stay both

inside ~ ^ (Y M)[i]_•, but, since Q[V ] ≠ 0, must necessarily propagate outside ~ ^ (Y M)[i]_•.

Let us recall that γ and ν are not contained in ^(Higgs), where, instead, lives the electron. (See Fig. 1.)

Example 2.7. A similar exotic quantum nonlinear propagator is one that encodes a Q-exotic neutron decay n → p + ν + ν̄.

Definition 2.8 (Solutions with exotic quantum supergravity). We say that a solution of ^

(Y M)[i] such that ~R^{jα}_K ≠ 0 is a solution with exotic-quantum supergravity. Instead if ~R^{jα}_K = 0 we say that the solution is exotic-quantum supergravity-free.

Theorem 2.9 (Exotic quantum-supergravity). Q-exotic quantum nonlinear propagators of ^(Y M)[i] are solutions with exotic-quantum supergravity.

Quantum nonlinear propagators of ~ ^ (Y M)[i]_• ⊂ ^(Y M)[i] are exotic-quantum supergravityfree solutions.

Proof. The proof is a direct consequence of Definition 2.8 and the proof of Theorem 2.1. □

3. Quantum entanglement in quantum nonlinear propagators

In this section we shall relate quantum nonlinear propagators of quantum super Yang-Mills PDEs with the so-called quantum entanglement phenomenon. In quantum mechanics a composite system is called quantum entangled if it is encoded by global states which cannot be represented as products of the states of individual subsystems. This phenomenon has as a consequence that if a subsystem is observed, the other parts of the composite system have instantaneous reactions. This aspect were considered in contradiction with the concept of causality. In particular, quantum entanglement were considered in conflict with the Einstein’s General Relativity. (See [3, 13, 29, 1].) Nowadays the quantum entanglement is a well experimentally accepted and verified phenomenon. (See, e.g., [35].) Let us emphasize that this paradox has been completely solved in the Prástaro’s formulation of quantum gravity in the framework of the Algebraic Topology of quantum PDE’s. See [20], where the observed quantum gravity has been related to the EPR paradox. The following theorems will give a more detailed justification of the quantum entanglement on the ground of the bordism structure of quantum nonlinear propagators and quantum conservation laws as formulated by A. Prástaro.

Theorem 3.1 (Quantum entanglement in ~ ^ (Y M)[i]_•). Let V ⊂ ~ ^ (Y M)[i]_• be a quantum nonlinear propagator. If ∂V = N_0 ⊔ P ⊔ N_1, then N_0 and N_1 are quantum entangled particles.

Proof. In fact, for any quantum conservation law ω of ^(Y M)[i], we get < N_0, ω >=< N_1, ω >∈ A, where A is the fundamental quantum (super)algebra of the ^(Y M)[i]. Then quantum number of N_0 are ”instantaneously” related to quantum numbers of N_1. □

Theorem 3.2 (Exotic quantum entanglement in ^(Y M)[i]). Let V ⊂ ^(Y M)[i] be an exotic quantum nonlinear propagator. If ∂V = N_0 ⊔ P ⊔ N_1, then N_0 and N_1 are exotic quantum entangled particles, i.e., (9) < N_0, ω >=< N_1, ω > mod < ω, P >∈ A for any quantum conservation law ω of ^(Y M)[i].

Proof. In fact, for any quantum conservation law ω of ^(Y M)[i], we get < N_0, ω > − < N_1, ω >=< ω, P >∈ A, where A is the fundamental quantum (super)algebra of the ^

(Y M)[i]. Then quantum number of N_0 are ”instantaneously” related to quantum numbers of N_1 by means of the quantum numbers of P . □

Example 3.3. In Part II are considered many examples of quantum nonlinear propagators encoding specific quantum reactions. In all those cases outgoing particles are all quantum entangled each other. For example in the annihilation electronpositron: e^+ + e^− → γ + γ, photons are quantum entangled each other. But what is less considered, is that photons are quantum entangled to both e^+ and e^− too. In fact, this follows from the quantum conservation laws and the structure of quantum nonlinear propagator encoding such a reaction. But this has nothing to do with the violation of causality ! It is a simple direct consequence of the noncommutative logic of the microscopic world applied to the algebraic topologic structure of quantum nonlinear propagators !

4. Quantum thermodynamic-exotic solutions in ^(Y M)[i]

In this last section we shall prove that ^(Y M)[i] admits solutions with negative local temperature. This is a quantum effect, classically strictly forbidden.^4 We have the following theorem.

Theorem 4.1 (Quantum thermodynamic-exotic solutions existence). ^(Y M)[i] admits quantum thermodynamic-exotic solutions, i.e., solutions that have negative temperature θ = (∂s.e), where e is the local interior energy and s is the local entropy of such solutions respectively.

Proof. In Refs. [21, 26] we have proved that thermodynamics of the observed quantum super Yang-Mills PDE is encoded on the fiber bundle ~W [i] ≡ E[i] ×_N T^0_0 N ∼= E[i] × R, over N, whose sections (~μ, β) over N, represent an observed quantum fundamental field, ~μ, and a function β : N → R, thermal function. If β =^1_{κB θ} , where κ_B is the Boltzmann constant and θ is the temperature, then the observed solution encodes a system in equilibrium with a heat bath. The situation is resumed in Tab. 2.

Table 2. Local thermodynamics functions of^^(Y M )[i] solutions.

Name Definition Remark Order

partition function Z = tr (e^{−β ~H} ) Z = Z(β, ~μ^K_α ) 1 interior energy e = −(∂β. ln Z) e = κ_B θ^2 (∂θ. ln Z) 1 fluctuation interior energy < (△E)^2 >=< (E − e)^2 > < (△E)^2 >= (∂β∂β. ln Z) 2 entropy s = κ_B (ln Z + βe) s = (∂θ.(κ_B ln Z)) 1 free energy f = e − θs f = −κ_B θ ln Z 1 It is assumed a Lagrangian of first derivation order.

We shall use the following lemma.

Lemma 4.2 (Thermodynamics covering of ^(Y M)[i]). Thermodynamics for solutions of ^(Y M)[i] is encoded by a 1-dimensional differential covering of ^(Y M)[i].

Proof. Let us consider the infinite prolongation ^(Y M)[i]_{+∞} ⊂ JD̂^∞(E[i]) of ^(Y M)[i]. This is endowed with a 4-dimensional (completely integrable) distribution E_∞[i] ⊂

4This exotic quantum phenomenon has been supported by some experimental confirmations.

(See, e.g. [27, 28, 2].) See also [5].

T ^ (Y M)[i]_{+∞} (Cartan distribution). A r-dimensional differential covering of ^(Y M)[i]_{+∞} is a bundle, τ : ~E → ^(Y M)[i]_{+∞}, of finite rank r, such that on ~E is defined a distribution E_τ ⊂ T ~E, such that [E_τ , E_τ ] ⊂ E_τ and τ_∗ = T (τ)|_{Eτ} : E_τ → E_∞[i] induces an isomorphism between the corresponding fibers, i.e., one has the exact and commutative diagram (10).

(10) 0 // E_τ ØØ? ?? ?? ?? ? τ_∗ //

τ^∗E_∞[i]

——xx xx xx xxx // 0

~E fflffl 0 If the distribution E_∞[i] is locally spanned by vector fields ζ_α, α ∈ {0, 1, 2, 3}, then there are vector fields ~ζ_α, α ∈ {0, 1, 2, 3}, on ~E such that τ_∗(~ζ_α) = ζ_α and [~ζ_α, ~ζ_β ] = 0, ∀α, β ∈ {0, 1, 2, 3}. If ν is a gauge infinitesimal symmetry of the covering τ : ~E → ^(Y M)[i]_{+∞}, i.e., a τ−vertical vector field ν : ~E → T ~E, such that [ν, E_τ ] ⊂ E_τ , then one has [ν, ~ζ_α] = 0, ∀α ∈ {0, 1, 2, 3}. Let {w^j }_{1≤j≤r} be local vertical coordinates of τ : ~E → ^(Y M)[i]_{+∞}. Then the local characterization of ~ζ_α is given in (11).

(11) ~ζ_α = ζ_α + ν_α

(a) ν_α = ∑ 1≤j≤r a j α ∂w_j (b) [ν_α, ν_β] + ζ_αν_β − ζ_β ν_α = 0.

(When ~ζ_α = ζ_α the covering is called a trivial covering.)

The local expression of ~E is given by the set of equations reported in (12).^5

(12) ( ^ (Y M)[i]_{+∞}) : ~EKβ ≡ (∂_α.R̃Kαβ ) + [ ^CK_{IJ} μ̃I_α, R̃Jαβ ]_+ = 0 R̃K_{α1 α2} = (∂ξ_{[α1} .μ̃K_{α2 ]}) +^1_2 ^CK_{IJ} μ̃I_{[α2}μ̃J_{α1 ]} ~E^{Kβ}_{(γ)} = 0, (|γ| > 0) (∂ξ_α.w^j ) = a^j_α(ξ^β , w^i, μ^I_{βσ} ). This overdetermined system is consistent iff condition (11)(b) holds on ^(Y M)[i]_{+∞}. From results in [21], [26](II) and above considerations, it follows that thermodynamics of ^

(Y M)[i] is encoded by ^(Y M)[i] × R that identifies a 1-dimensional covering ^ (Y M)[i]_{+∞} × R of ^(Y M)[i]_{+∞}. Its local expression is reported in (13).

5In (12) and (13), ~EKω (γ) denotes all the prolongations of ~E^{Kω} .

STRONG REACTIONS IN QUANTUM SUPER PDE’S. III 11

(13) ( ^ (Y M)[i]_{+∞}) : ~EKω ≡ (∂_α.R̃Kαω) + [ ^CK_{IJ} μ̃I_α, R̃Jαω]_+ = 0 R̃K_{α1 α2} = (∂ξ_{[α1} .μ̃K_{α2 ]}) +^1_2 ^C K_{IJ}μ̃I_{[α2}μ̃J_{α1 ]} ~EKω_{(γ)} = 0, (|γ| > 0) (∂ξ_α.β) = a_α(ξ^ω, β, μ^I_{ωσ} ) [ν_α, ν_ω] + ζ_αν_ω − ζ_ων_α = 0 ν_α = a_α ∂β. Let us now emphasize that there is a canonical 1-dimensional covering of ^(Y M)[i], that we will denote by^Θ ^(Y M)[i] and that we call thermal quantum super Yang- Mills PDE. This equation is defined by the commutative diagram (14). There the top horizontal line is exact too.

(14) 0^^(Y M)[i]+∞

oo Θ ^(Y M)[i] oo

JD̂^∞(E[i]) fflffl

^ (Y M)[i]_{+∞} ?˙ oo fflffl

^ (Y M)[i]_{+∞} ×_N JD̂^∞(T^0_0 N) oo fflffl

Ø ¨ // JD̂_∞( ~W [i])

fflffl ∼ JD̂^∞(E[i]) ×_N JD̂^∞(T^0_0 N) fflffl JD̂^2([i])

fflffl

^ (Y M)[i] ?˙ oo

fflffl

^ (Y M)[i] ×_N JD̂^2(T^0_0 N) oo

fflffl

Ø ¨ // JD̂_2( ~W [i])

fflffl ∼ JD̂^2(E[i]) ×_N JD̂^2(T^0_0 N) fflffl 0 E[i] oo

fflffl E[i] fflffl E[i] ×_N T^0_0 N oo

fflffl

~W [i]

fflffl

~W [i]

fflffl N fflffl N fflffl N fflffl N fflffl N fflffl 0 0 0 0 0 □ Now, temperature identifies a continuous function θ :^Θ ^(Y M)[i] → R. Set

(15)^◯ ^(Y M)[i] = θ^{−1}(R^− ) ⊂^Θ ^(Y M)[i]

where R^− = {λ ∈ R | λ < 0} ⊂ R is an open set in R. We call^◯ ^(Y M)[i] the exotic-thermal quantum super Yang-Mills PDE. It is also formally integrable and completely integrable, since^Θ ^(Y M)[i] is so and^◯ ^(Y M)[i] is open therein. Therefore, for any initial condition q ∈^◯ ^(Y M)[i] passes some solution of^◯ ^(Y M)[i]. We call quantum thermal-exotic solutions such solutions. Since one has a natural projection^Θπ :^Θ ^(Y M)[i] → ^(Y M)[i], we get that also a natural sub-equation ∘ ^ (Y M)[i] =^Θπ(^◯ ^(Y M)[i]) ⊂ ^(Y M)[i]. We call exotic-thermodynamics quantum super Yang-Mills PDE^∘ ^(Y M)[i]. Therefore a quantum thermal-exotic solutions V ⊂^◯ ^ (Y M)[i] identifies a solution V^′ =^Θπ(V ) ⊂^∘ ^(Y M)[i] ⊂ ^(Y M)[i], that we call quantum thermodynamic-exotic solution in ^(Y M)[i]. From above considerations, it follows that the set of such solutions is not empty. Therefore, theorem is done. □

Example 4.3. Negative (absolute) temperature is related to the quantum structure of the physical system, encoded by its local observed quantum Hamiltonian ~H(p). As the local partition function Z can be interpreted as a normalization factor for the local probability density P (E) =^1_Z N(E)e^{−βE} , [21, 26], it follows that must be 0 < Z < ∞. Since Z = tr (e^{−β ~H(p)}), the trace converges in general when β ~H(p) is positive semidefinite. Therefore, if ~H(p) is negative semidefinite, then β must be negative. So, when θ =^1_{κB β} , we must necessarily have θ < 0. On the other hand if the fundamental quantum algebra A is a C^∗-algebra, and ~H(p) is a self adjoint element of A, we can use its Jordan decomposition to split it into a linear combination of positive elements of A. More precisely we can write ~H(p) = ~H(p)_+ − ~H(p)_−, where ~H(p)_+ = (| ~H(p)| + ~H(p))/2, ~H(p)_− = (| ~H(p)| − ~H(p))/2 and | ~H(p)| = ~H(p)_+ + ~H(p)_−. Since [ ~H(p)_+, ~H(p)_−] = 0, we can write Sp( ~H(p)) = Sp( ~H(p)_+) ⊕ Sp(− ~H(p)_−).^6 Therefore, we get Z(β) = ∫ Sp( ~H(p)) N(E)e −βE dE = ∫ Sp( ~H(p)_+) N(E)e −βEdE − ∫ Sp( ~H(p)_− ) N(E)e −βE dE = tr (e^{−β ~H(p)+} ) − tr (e^{−β ~H(p)−} ).

For the convergence of traces it is necessary that β ~H(p)_± should be semidefinte positive. Since both ~H(p)_+ and ~H(p)_− are positive, it follows that must be β ≥ 0. Thus if the system is in equilibrium with a heat bath, namely θ =^1_{κB β} , for the temperature one should have θ ≥ 0. Therefore, in such cases quantum thermodynamic-exotic solutions cannot be obtained in thermodynamic equilibrium states, but only as nonequilibrium thermodynamic states.

Example 4.4. We can apply Theorem 4.1 to laser systems. In fact, a laser system works just thanks to existence of quantum thermodynamic-exotic solutions.^7 We can generalize above definition of quantum thermodynamic-exotic solution by the following one.

Definition 4.5. We call quantum thermodynamic-exotic solution in ^(Y M)[i] a solution V such that V ⋂_∘ ^ (Y M)[i] ≡^∘V ≠ ∅. Then we call also^∘V ⊂ V the quantum thermodynamic-exotic component of V .

Theorem 4.6 (Quantum entanglement and quantum thermodynamic-exotic solutions). ^

(Y M)[i] admits solutions that support quantum entanglement and quantum thermodynamic-exotic solutions.

Proof. Let V ⊂ ^(Y M)[i] be a quantum nonlinear propagator such that ∂V = N_0 ⊔ P ⊔ N_1, with N_0 ⊂^∘ ^(Y M)[i], beside a neighborhood^∘V of V . Then, from Section 3 we know that N_0 and N_1 are quantum entangled particles, and V is a quantum exotic-thermodynamic solution of ^(Y M)[i], according to Definition 4.5. Now the question is the following. Do exist such solutions ? Let N_0 ⊂ ^(Y M)[i] and N_1 ⊂ ^(Y M)[i] be Cauchy data such that the following conditions are verified. (i) There exists an integral quantum super manifold P ⊂ ^(Y M)[i] such that ∂P =

6Let us recall that for two commuting elements a, b ∈ A of a Banach algebra (and therefore also for a C^∗-algebra) A, one has the following properties relating their spectra: (a) Sp(a + b) = Sp(a) ⊕ Sp(a); (b) Sp(a.b) ⊂ Sp(a).Sp(b); (c) r(a + b) ≤ r(a) + r(b); (d) r(a).r(b) ≤ r(a).r(b); (e) r(1) = 1; (f) r(λa) = |λ|r(a). (r(a) denotes the spectral radius of a ∈ A.)

7For general informations on such systems see e.g., Wikipedia/Negative-temperature and references quoted therein.

∂N_0 ⊔ ∂N_1. (In other words ∂N_0 and ∂N_1 belong to the same integral bordism class of ^(Y M)[i] ⊂ Ĵ^2_4 (E[i]).) (ii) < α, N_0 > + < α, N_1 >= − < α, P >, for any quantum conservation law α of ^(Y M). Then, according to some previous results contained in Part II, there exists a solution V ⊂ ^(Y M)[i] such that ∂V = N_0 ⊔ P ⊔ N_1. (For details see [20](II).) On the other hand temperature is not a conservation law for ^

(Y M)[i], hence we can satisfy above condition (i) with N_0 ⊂^∘ ^(Y M)[i] and N_1 ⊂ ^

(Y M)[i] \^∘ ^(Y M)[i]. Therefore the proof is done. □

References

[1] J. S. Bell, On the Einstein Podolsky Rosen paradox, Physics 1(3)(1964), 195-200. [2] L. D. Carr, Negative temperature ?, Science 339(6115)(2013), 42-43.

DOI:10.1126/science.1232558 [3] A. Einstein, B. Podolsky and N. Rosen, Can quantum-mechanical description of physical reality be considered complete ?, Phys. Rev. 47(1935), 777–780.

[4] D. Diakonov and V. Petrov, A heretical view on linear Regge trajectories,

arXiv:hep-ph/0312144.

[5] S. F. Edwards and J. B. Taylor, Negative temperature states of two-dimensional plasmas and vortex fluids, Proc. R. Soc. London A 336(1606)(1974), 257–271. .

[6] E. Fradkin, Quantum physics: Debut of the quarter electron, Nature. 452(2008), 822–823. [7] M. G. Giammarchi et al., Search for electron decay mode e → γ + ν with prototype of Borexino detector, Physics Letters B. 525(2002), 29–40.

[8] M. Gromov, Partial Differential Relations. Springer-Verlag, Berlin 1986. [9] M. Hirsch Differential Topology, Springer-Verlag, New York, 1976.

[10] V. Lychagin and A. Prástaro, Singularities of Cauchy data, characteristics, cocharacteristics and integral cobordism, Diff. Geom. Appls. 4(1994), 283–300. 14(1937), 171–184.

[11] J. Milnor, On manifolds homeomorphic to the 7-sphere. Ann. of Math. 64(2)(1956), 399– 405.

[12] J. Nash, Real algebraic manifolds. Ann. of Math. 56(2)(1952), 405–421. [13] J. von Neumann, In Mathematische Grundlagen der Quantenmechanik, Springer, Berlin, (1932/1955). (English translation by R. T. Beyer, Princeton University Press.)

[14] E. B. Norman, J. N. Bachall and M. Goldhaber, Improved limit on charge conservation derived from^{17}Ga solar neutrino experiments. Phys. Rev. D 53(1996), 4086–4088.

[15] L. S. Pontrjagin, Smooth manifolds and their applications homotopy theory. Amer. Math.

Soc. Transl. 11(1959), 1–114.

[16] T. Pradhan, Electron decay. arXiv:hep-th/0312325v1.

[17] A. Prástaro, Quantized Partial Differential Equations, World Scientific Publ., Singapore, 2004.

[18] A. Prástaro, Conservation laws in quantum super PDE’s, Proceedings of the Conference on Differential & Difference Equations and Applications (eds. R. P. Agarwal & K. Perera), Hindawi Publishing Corporation, New York (2006), 943–952.

[19] A. Prástaro, (Co)bordism groups in quantum super PDE’s.I: Quantum supermanifolds, Nonlinear Anal. Real World Appl. 8(2)(2007), 505–538; (Co)bordism groups in quantum super PDE’s.II: Quantum super PDE’s, Nonlinear Anal. Real World Appl. 8(2)(2007), 480–504; (Co)bordism groups in quantum super PDE’s.III: Quantum super Yang-Mills equations, Nonlinear Anal. Real World Appl. 8(2)(2007), 447–479.

[20] A. Prástaro, Surgery and bordism groups in quantum partial differential equations.I: The quantum Poincaré conjecture. Nonlinear Anal. Theory Methods Appl. 71(12)(2009), 502– 525; Surgery and bordism groups in quantum partial differential equations.II: Variational quantum PDE’s. Nonlinear Anal. Theory Methods Appl. 71(12)(2009), 526–549.

[21] A. Prástaro, Quantum extended crystal PDE’s, Nonlinear Studies 18(3)(2011), 447– 485. arXiv:1105.0166[math.AT]; Quantum extended crystal super PDE’s, Nonlinear Analysis. Real World Appl. 13(6)(2012), 2491–2529. DOI: 10.1016/j.nonrwa.2012.02.014.

arXiv:0906.1363[math.AT].

[22] A. Prástaro, Exotic heat PDE’s, Commun. Math. Anal. 10(1)(2011), 64–81.

arXiv:1006.4483[math.GT]; Exotic heat PDE’s.II, Essays in Mathematics and its Applications. (Dedicated to Stephen Smale for his 80^{th} birthday.) (Eds. P. M. Pardalos and Th.M. Rassias). Springer-Heidelberg, New York Dordrecht London, (2012), 369–419. DOI: 10.1007/978-3-642-28821-0. arXiv:1009.1176[math.AT].

[23] A. Prástaro, Exotic n-D’Alembert PDE’s, Stability, Approximation and Inequalities. (Dedicated to Themistocles M. Rassias for his 60^{th} birthday.) (Eds. G. Georgiev (USA), P. Pardalos (USA) and H. M. Srivastava (Canada)), Springer, New York, (2012), 571–586.

arXiv:1011.0081[math.AT].

[24] A. Prástaro, Exotic PDE’s. arXiv:1101.0283[math.AT].

[25] A. Prástaro, Quantum exotic PDE’s. Nonlinear Anal. Real World Appl. 14(2)(2013), 893– 928. DOI: 10.1016/j.nonrwa.2012.04.001.. arXiv:1106.0862[math.AT].

[26] A. Prástaro, Strong reactions in quantum super PDE’s. I: Quantum hypercomplex exotic super PDE’s; Strong reactions in quantum super PDE’s. II: Nonlinear quantum propagators. (See arXiv.)

[27] E. M. Purcell and R. V. Pound, A nuclear spin system at negative temperature. Phys. Rev.

81(2)(1951), 279–280.

[28] U. Schneider, Negative absolute temperature for motional degrees of freedom, Science 339(6115)(2013), 52-55. DOI: 10.1126/science.1227831.

[29] E. Schrödinger, Die gegenwärtige situation in der Quantunmechanik, Die Naturwissenschaften, 23(1935), 807–812, 823-828, 844-849.

[30] S. Smale, Generalized Poincaré conjecture in dimension greater than four. Ann. of Math.

74(2)(1961), 391–406.

[31] R. E. Stong, Notes on Bordism Theories. Amer. Math. Studies. Princeton Univ. Press, Princeton, 1968.

[32] A. S. Switzer, Algebraic Topology-Homotopy and Homology, Springer-Verlag, Berlin, 1976. [33] R. Thom, Quelques propriété globales des variétés différentieles, Comm. Math. Helv.

28(1954), 17–86.

[34] C. T. C. Wall, Surgery on Compact Manifolds, London Math. Soc. Monographs 1, Academic Press, New York, 1970; 2nd edition (ed. A. A. Ranicki), Amer. Math. Soc. Surveys and Monographs 69, Amer. Math. Soc., 1999.

[35] A. Zeilinger et al. Quantum entanglement of high angular momenta, Science 2 338(6107)(2012), 640–643. DOI. 10.1126/science.1227193.