arXiv:1206.5140v2 [hep-th] 2 Jul 2012

Preprint typeset in JHEP style - HYPER VERSION

Heavy quark density in N = 4 SYM: from hedgehog to Lifshitz spacetimes

S. Prem Kumar

Department of Physics, Swansea University, Singleton Park, Swansea SA2 8PP, U.K.

E-mail: s.p.kumar@swansea.ac.uk

Abstract: We study the effect of an O(N^2) density of heavy quarks in strongly coupled N = 4 SUSY Yang-Mills theory in the large N limit. This is achieved in the type IIB supergravity dual by introducing a uniformly smeared density of macroscopic string sources stretching to the boundary of AdS_5 × S^5. The backreacted system exhibits a flow from an AdS_5 “hedgehog” geometry to a scaling Lifshitz-like solution Lif_5 ×S^5 with dynamical critical exponent z = 7, wherein the scaling symmetry is broken by a logarithmic running dilaton. We find an exact black brane solution within the scaling regime which describes the low temperature thermodynamics of the system.

1. Introduction

The AdS/CFT correspondence [1, 2] has been instrumental in unravelling many facets of certain types of strongly interacting field theories in the large-N limit. Within this framework, the behaviour of matter at finite density has been intensely studied with a view towards applications in condensed matter physics (see reviews [3, 4, 5] and references therein). The physics of cold, dense QCD matter presents equally exciting challenges [6, 7, 8] for holographic approaches involving flavour branes in both the probe limit [9, 10, 11, 12] and incorporating their backreaction [13].

The focus of this paper will be to study the effect of a sizeable, spatially homogeneous number density of heavy quark “impurities” introduced as external sources into N = 4 supersymmetric Yang-Mills theory in the large-N limit and at strong ’t Hooft coupling. The number density of such heavy quarks will be chosen to scale as N^2, so that we may then study the backreaction of these on the gauge theory. One of the motivations for considering this setup is to obtain intuition for the finite density thermodynamics of holographic models with a large number of flavours (with N_f /N fixed in the large-N limit).

According to the dictionary provided by gauge/string duality, a heavy quark transforming in the fundamental representation of the SU(N) gauge group corresponds to a macroscopic fundamental string stretching to the boundary of the dual geometry [14, 15]. The end-point of the string is anchored to the worldline of the quark in the boundary gauge theory. For a single quark, it suffices to treat the string as a probe in the dual geometry. It is natural to ask what happens when a large number of such quarks is introduced and, in particular, when this number scales as N^2 in the large-N limit, so that the quark impurities necessarily backreact on the gauge degrees of freedom. This is a difficult question to answer in general, but it is conceivable that a configuration preserving sufficient amount of global symmetries may render the problem tractable within the dual gravity description at strong coupling.

For a single heavy quark, or a straight timelike Wilson line, the corresponding string world-sheet is localized at a point on the transverse S^5 in AdS_5 × S^5, breaking the SO(6) global symmetry to SO(5). If we consider a large number of such string sources, we may distribute them uniformly along all transverse directions, thereby restoring both spatial translational invariance and the SO(6) global symmetry in the boundary theory. The energy density associated to such smeared distributions^1 scales as ∼ n_{F1}/(2πα^′) = n_{F1} √ λ/2π, where n_{F1} is the number density of macroscopic strings or heavy quarks and λ, the (large) ’t Hooft coupling. The heavy quark

1Recently, smeared string configurations have appeared in the study of finite density physics in a different system [16].

– 1 – distribution then backreacts on the degrees of freedom of the N = 4 theory when n_{F1} ∼ N^2/ √ λ. One might worry that a smearing of string sources along all transverse directions would lead to violation of Gauss’ law applied to the sources. Indeed, the Chern- Simons couplings of IIB supergavity require that such smearing is consistent provided that a certain three-form flux is also switched on. Intuitively, the resulting threeform flux may be interpreted as a density of baryon vertices [17] which soak up the charge corresponding to the string sources.

Our primary goal in this work is to understand the zero/low temperature behaviour of this highly symmetric smeared system as a simplified model for a finite density state in a theory with a known string dual. We further restrict attention to the N = 4 theory on R^{3,1} . We postpone the study of the thermodynamics of the model, and specifically its finite volume phase structure, to future work [18]. Since the quarks we consider are infinitely heavy, quark number cannot fluctuate and therefore all thermodynamic questions are restricted to the canonical ensemble. Related to this point is the absence of a global U(1)_B baryon number symmetry in this system. However, there is a natural embedding of the above configuration into a holographic model with dynamical massive quarks and a U(1)_B symmetry - namely the D3/D7 system with a large number of smeared flavour branes [13, 19].

The main result of this paper is that the backreaction of the heavy quark density on N = 4 theory triggers a flow to an infrared regime which exhibits approximate dynamical or Lifshitz scaling [20] i.e. invariance under the scale transformations t → a^z t and ⃗x → a ⃗x. The dynamical critical exponent for the system under investigation has a fixed value, z = 7, independent of any free parameters^2 . Importantly, the Lifshitz scaling symmetry is only approximate, due to logarithmic running of the dilaton in the gravity dual. This behaviour closely resembles the scaling solutions found in [22, 23, 24, 25] for charged dilaton black branes. As in the latter systems, the running of the dilaton renders α^′ corrections important deep in the infrared (IR). By electric-magnetic duality of the N = 4 theory, and S-duality of type IIB string theory, the same statements apply to magnetic sources (replacing the strings by D1- branes), except that now the dilaton becomes large in the deep infrared, necessitating the inclusion of string loop corrections.

We also find an exact black brane solution in the Lifshitz-like scaling regime, which, by virtue of a small non-vanishing temperature, shields the system from the regime where the classical supergravity approximation breaks down. Taken at face value this solution has vanishing entropy density in the zero temperature limit, a physically appealing feature. However, clearly, in the strict zero temperature limit

2After this paper was released, we were made aware by the authors of [21] that this particular scaling solution has appeared in that paper (see Appendix C of [21]).

– 2 – the corrections mentioned above will alter the conclusions somewhat (e.g. [26]). It is nevertheless extremely interesting to learn that the effect of a finite heavy quark density is qualitatively different to the effect of a finite R-charge density in the N = 4 theory. As is well known, the latter, for a specific choice of R-symmetry chemical potentials yields the Reissner-Nordstrom solution [27] that has a large entropy density at zero temperature. It is worth noting that the emergence of Lifshitz-like scaling as a result of backreacting distributions of D-branes/baryons has also been seen generally in [28].

It should be pointed out that the backreaction of heavy quarks or Wilson lines on N = 4 SYM has been studied in two different contexts. The first of these are the bubbling geometries dual to supersymmetric half-BPS Wilson lines in large representations (with ranks of order N^2) [29, 30]. The second context which is closely related to the discussion in this paper is the work of Headrick in [31] where the effect of smeared Polyakov loops on N = 4 SYM at finite temperature was investigated.

This paper is organized as follows. In Section 2, we derive the reduced 5D action describing the smeared system of strings. The features of the ultraviolet behaviour of the resulting solutions are discussed and clarified in Section 3. Sections 4 and 5 are respectively devoted to the derivation of the IR scaling solution and the (numerical) construction of the flow from AdS_5 ×S^5 to the Lifshitz-like scaling regime. We discuss possible future directions in the final section.

2. IIB plus strings

As explained above, we take a finite heavy quark density in the field theory to correspond to a geometry sourced by a uniform distribution of fundamental strings, each stretching to the conformal boundary of AdS_5 × S^5. For simplicity the strings are chosen to be smeared uniformly along the internal S^5 directions. This preserves the SO(6) global R-symmetry of N = 4 SYM, but breaks all supersymmetry. The coupled system of type IIB supergravity and a uniform density of macroscopic fundamental strings is described by the action

S = S_{IIB} + S_{F1} + 1 2πα^′ n_{F1} ∫ B_2 ∧ dx^1 ∧ dx^2 ∧ dx^3 ∧ ω_5 1 π^3

. (2.1)

Here S_{F1} is the Nambu-Goto action for the string sources, n_{F1} is the number density of heavy quarks (or strings) in the boundary theory, ω_5 the volume form on the unit five-sphere while B_2 is the Neveu-Schwarz two-form potential which couples to the string world-sheet .

We then look for a consistent solution to the supergravity equations which preserves SO(6) global symmetry, the spatial translational and rotational invariance,

– 3 – and with the correct fluxes turned on to account for the presence of a non-vanishing fundamental string charge. The relevant field equations for the three-form and fiveform fluxes H_3, F_3 and F̃_5 ≡ F_5 +^1_2 B_2 ∧ F_3 −^1_2 H_3 ∧ C_2 in Einstein frame, are:

d ∗ F̃_5 = H_3 ∧ F_3 , d (e^{ϕ̂} ∗ F_3) = −g_s H_3 ∧ F_5 , (2.2)

g_s d (e^{−ϕ̂} ∗ H_3) = −g^2_s F_5 ∧ F_3 + n_{F1} 2πα^′ 16πG_N π^3 ω_5 ∧ dx^1 ∧ dx^2 ∧ dx^3 .

The asymptotic value of the dilaton e^{ϕ̂} is set to g_s the string coupling, while G_N is Newton’s constant in ten dimensions, with 16πG_N = (2π)^7 g^2_s α^{′ 4} . The field equations are then solved by

g_s F_5 = 4 (1 + ∗) ω_5 , H_3 = 0 , (2.3)

F_3 = n_{F 1} N 4π^2 √ λ dx^1 ∧ dx^2 ∧ dx^3 .

We have used the standard AdS/CFT dictionary, namely that the ’t Hooft coupling λ = R^4_{AdS}/α^{′2} = (4πg_sN), and we have conveniently rescaled the AdS radius R_{AdS} to unity. The introduction of macroscopic fundamental strings stretching from the boundary of AdS_5 to the origin, necessarily requires a non-zero three-form field strength.

A non-vanishing flux for F_3 would suggest the presence of D5-brane sources. Although there were no explicit D5-branes in the setup to begin with, we could interpret the source of the three-form flux as a distribution of D5-branes wrapped on S^5 with a number density, n_5 ∼^{nF1}_N . This is consistent with the well known fact that N quarks must be bound into a gauge-invariant baryon operator which corresponds to a wrapped D5-brane with N strings attached [17]. Below we want to obtain the backreacted geometry wherein the fundamental string distribution and associated baryons can be replaced with smooth backgrounds accompanied by corresponding fluxes, and no additional D-branes. Since the fluxes are completely determined as above in terms of n_{F1} and N, the only ‘active’ fields in the background are the dilaton and the metric components.

2.1 Metric Ansatz

Given the symmetries of the problem, the metric and the dilaton have the form

ds^2 = g_{rr}(r) dr^2 + g_{tt}(r) dt^2 + e^{2σ(r)} d⃗x^2 + e^{2η(r)} dΩ^2_5 , (2.4) e^ϕ ≡ e^{ϕ̂} g^{−1}_s ,

– 4 – where we have defined the shifted dilaton ϕ which vanishes at infinity. In this background, the Nambu-Goto action for the smeared distribution of strings is,

S_{F1} = n_{F1} √ λ 2π ∫ d^4x ∫ dr √ −g_{rr} g_{tt} e^{ϕ/2} . (2.5) This is accompanied by a term quadratic in n_{F1}, arising from the energy density in F_3. We will find it useful to work with the 5D effective action after appropriate rescaling of the 10D metric:

ĝ_{αβ} = e^{10 η/3} g_{αβ} , α, β = 0, 1, . . . 4 . (2.6)

ds^2_{(5)} ≡ ĝ_{αβ} dx^αdx^β = ĝ_{tt} dt^2 + ĝ_{rr} dr^2 + e^{2σ̂} d⃗x^2 , σ̂ ≡ σ +^5_3 η .

This ansatz along with eq.(2.3), when substituted into the type IIB supergravity action, yields the reduced 5D system: S = − N^2 8π^2 ∫ d^5x √ ĝ ( R̂ −^{40}_3 η^{′ 2} ĝ^{rr} −^1_2 ϕ^{′ 2} ĝ^{rr}+ (2.7)

+ 20 e^{−16η/3} −^1_2 ( Q e^{ϕ/2} e^{10η/3} e^{−3σ̂} + 4 e^{−20η/3}

)_2) . The first of the potential energy terms is the scalar curvature of the S^5. The contributions from the F_3 and F_5 fluxes, and the smeared Nambu-Goto action for the strings can be packaged neatly as a perfect square^3. The bulk action depends on the quark number density via a single parameter Q defined as Q ≡ √ λ π n_{F1} N^2 = √ λ π n_5 N . (2.8)

Q is a density and therefore a dimensionful parameter. With regard to its dependence on the number of colours N, we will treat it as a number of order one in the large N limit, so that the quark density is O(N^2), or equivalently, the baryon number density n_5 is O(N). The system we are studying and the form of the action above is closely related to that of [31] which did not need to include a non-zero F_3^4.

3. UV AdS-hedgehog solution

The backreaction of a uniform distribution of string sources on pure gravity (in four dimensions) was studied in [32] and termed a “hedgehog” black hole. This was then

3Since this action actually describes a one-dimensional (radial) system, it may be possible to obtain a superpotential for it to explain the perfect square structure, and to derive first order equations. I thank A. Faedo for drawing attention to this point.

4In [31], the backreaction of a uniformly smeared configuration of strings connecting antipodal points of the boundary S^3 was analyzed (in global AdS_5).

– 5 – generalized to asymptotically AdS spacetimes in [31]. The characteristic feature of the so-called hedgehog configurations in AdS_5 is that the gravitational potential includes a term ∼ − Q/r for large radial coordinate r, directly following from the linear dependence of the mass of a stretched string on its length.

In the present case, in the gauge ĝ_{rr} =^1_{r2} , we obtain the following large r asymptotic expansions for the metric functions and the dilaton,

ĝ_{rr} = 1 r^2

, ĝ_{tt} = r^2 − 8 Q 9 r − ε r^2 + 39233 158760

Q^2 r^4

+ . . . , (3.1)

e^{2 σ̂} = r^2 + 4 Q 9 r + ε 3 r^2 − 877 158760

Q^2 r^4 + . . . ,

e^ϕ = 1 − 2 Q 3 r^3 + v_4 r^4 + 101 504 Q^2 r^6 + . . . ,

e^{2 η} = 1 + Q 35 r^3 − 5441 98000

Q^2 r^6 + v_4 − ε 22 Q r^7 + v_8 r^8 + . . . We note that the leading correction to the AdS_5 metric scales as ∼ −Q/r, which is due to the macroscopic string source in the bulk. This breaks conformal invariance and Lorentz invariance of the boundary theory and the metric is not strictly asymptotically AdS. However it is of the asymptotically locally AdS (AlAdS) form [33] i.e. for large r, R̂_{μνλσ} = (ĝ_{μσ} ĝ_{νλ} − ĝ_{μλ} ĝ_{νσ}) (1 + O (^Q_{r3} )) . (3.2)

After fixing the asymptotic form of the metric, the solution space is characterized by three integration constants ε, v_4 and v_8 corresponding to normalizable modes. The active fields in the solution are the dilaton ϕ, the metric component g_{tt}, and the s-wave components of the volume scalars σ̂, η of the R^3 and S^5 respectively. The volume scalar η is dual to the irrelevant, dimension eight operator O_8 = 1 N STr [ F^4 −^1_4 (F^2)^2 ] , where ‘STr’ denotes the symmetrized trace [34, 35]. On the other hand the dilaton is dual to the marginal operator O_4 =^1_N TrF^2. The integration constants v_4 and v_8 are the expectation values of O_4 and O_8 respectively, whilst ε is related to the energy density of the boundary field theory. Note that we have taken the value of the dilaton ϕ to vanish asymptotically. In principle this is a tunable (dimensionless) parameter in the solution corresponding to the marginal gauge coupling of N = 4 theory.

In summary, the heavy quark density in the boundary gauge theory does not introduce irrelevant operators/non-normalizable modes in the bulk. It does mildly alter the asymptotics. In the absence of dimensionful VEVs v_4, v_8 and ε, the background can be obtained as an expansion in powers of^Q_{r3} since Q is a number density and has canonical scaling dimension three (in the UV). In general, we have no reason

– 6 – to expect the VEVs to vanish. The existence of a smooth infrared (IR) solution may well require the dimensionful VEVs to be turned on (both at zero and non-zero temperatures). The possible values of these can only be ascertained after the IR dynamics of the finite density state and the complete flow towards it is understood.

Before turning to the putative IR behaviour of the model under consideration, we briefly touch upon features of planar AdS-hedgehog geometries in Einstein gravity and how holographic regularization of the action of so-called hedgehog configurations proceeds.

3.1 Holographic regularization

A potential subtlety associated with the background above concerns the definition of a properly renormalized bulk action. This is an issue since the background contains sources which generate corrections (∼ −Q/r) to the bulk AdS_5 metric. To clarify this, let us first look at the divergent terms in the full 5D bulk (Euclidean) action, obtained by plugging in the IIB hedgehog asymptotics (3.1),

S_{bulk} = −

N^2 8π^2 ∫ d^4x

∫_Λ r_h dr (−8 r^3 −^{28}_9 Q + . . .) , (3.3)

where Λ is the UV cut off, which we treat as the boundary. Following the standard approach towards holographic renormalization [36, 37, 38], we must also include the Gibbons-Hawking (GH) boundary term and possible geometrical counterterms. In the situation with a planar boundary the only non-vanishing counterterm arises from the boundary cosmological constant. So we obtain,

S_{GH} = −

N^2 8π^2 ∫ d^4x √ h Tr K | |_{r=Λ} = − N^2 8π^2 ∫ d^4x ( 8 Λ^4 +^4_9 Q Λ + . . . ) (3.4)

S_{ct} =

N^2 8π^2 ∫ d^4x √ h 6 | r=Λ =

N^2 8π^2 ∫ d^4x ( 6 Λ^4 +^4_3 Q Λ + . . . ) . Here h_{αβ} and K are the induced metric and the extrinsic curvature of the boundary at r = Λ, respectively. Summing the bulk and boundary actions yields

S_{bulk} + S_{GH} + S_{ct} =

N^2 8π^2 ∫ d^4x 4 Q Λ + . . . (3.5)

The usual boundary terms are sufficient to cancel the leading divergences, leaving behind a linear divergence proportional to the number density of strings/quarks. We will now see that this term can also be removed by adding an appropriate counterterm for the source action, namely a boundary term for the Nambu-Goto action of the macroscopic strings that source the geometry. In particular, a string stretching to the boundary of AdS space has to satisfy a Neumann boundary condition along

– 7 – the radial direction, and four Dirichlet conditions along the directions parallel to the boundary. To this end, we need to include a term in the F-string action which replaces the radial coordinate with its conjugate momentum [39, 40],

S_{F1} → S_{F1} + δS_{F1} = S_{F1} − ∫ dt r δS_{F1} δr^′ | r=Λ . (3.6)

Here r^′ denotes a derivative with respect to the world-sheet spatial coordinate. For the smeared configuration of strings this is precisely given by

δS_{F1} = −

N^2 8π^2 ∫ d^4x 4 Q Λ e^{ϕ/2−10η/3} √ ĝ_{rr} ĝ_{tt} | |_{r=Λ} , (3.7)

which cancels the linear divergence of the bulk action. This divergence^5 has a simple physical interpretation – it corresponds to the bare mass of the heavy quark, which is formally infinite and must naturally be subtracted to define a sensible energy density.

3.2 AdS-hedgehog black hole in pure gravity

In pure gravity in five dimensions with a negative cosmological constant, the backreaction of a uniform distribution of strings gives rise to a background with metric (in Schwarzschild-like coordinates),

ds^2 = −f(r̃) dt^2 + dr̃^2 f(r̃) + r̃^2 d⃗x^2 , f(r̃) = r̃^2 − 4 Q 3 r̃ − r^4_h −^4_3 Q r_h r̃^2

. (3.8)

This has a horizon at r̃ = r_h. In a Fefferman-Graham type expansion (where the boundary is at r → ∞), the metric can be recast as

ds^2 = dr^2 r^2 + ( r^2 − 8 Q 9 r − ε r + . . . ) dt^2 + ( r^2 + 4 Q 9 r + ε 3 r + . . . ) d⃗x^2 , (3.9)

ε =^3_4 r^4_h − Q r_h ,

which agrees with the asymptotic behaviour eq.(3.1). The thermodynamics of such solutions is non-trivial, particularly when the horizon is spherical [31]. In the planar case, it is easily seen that the hedgehog black hole in GR has a smooth zero temperature limit wherein f(r̃) has a double zero at r̃ = r_h, resulting in a non-vanishing entropy density s, s = N^2 2π Q 3 , r_h ≡ ( Q 3 )^1_3

. (3.10)

Thus the zero temperature system (in Einstein gravity) has a non-zero, large entropy density and the IR physics is described by the near horizon AdS_2 × R^3 geometry. This feature, similar to the Reissner-Nordstrom black hole, seems unwanted and we may expect the type IIB setup dual to N = 4 SYM with heavy quark density to have a different and physically more appealing IR behaviour.

5The prefactor^{N 2}_{8π2} × 4Q, in eq.(3.7) is equal to^{nF1}_{2πα′} .

– 8 –

4. Exact (IR) scaling solution

The most interesting question about the system we are studying is with respect to its low energy, long wavelength behaviour at low/zero temperature. We have seen that, in the pure gravity case, the low energy physics is dictated by a near horizon AdS_2 region. We would now like to understand whether the type IIB hedgehog has a substantially different IR behaviour leading to a zero entropy ground state at zero temperature.

We find that the system of “IIB plus strings” also admits an exact scaling solution. It was not a priori clear that the system described by eq.(2.7) should possess such a solution. In fact, one may have naively expected the UV AdS-hedgehog geometry to flow in the IR to a background sourced by multiple D5-branes wrapped on S^5 (corresponding to baryon vertices located at the origin of the space). However, closer inspection reveals no clear separation of scales (in terms of the radial coordinate r) wherein the energy density in the three-form flux ∼ F^2_3 dominates over the cosmological constant and the string density. This leads us to look for scaling solutions where all terms in the potential are comparable. We find, using the same coordinate system as in the UV hedgehog asymptotics, namely with ĝ_{rr} = 1/r^2, an exact scaling solution to the equations of motion,

ds^2_{(5)} = dr^2 r^2

− r^{14/ℓ} dt^2 + r^{2/ℓ} d⃗x^2 , ℓ = √ 10 ( 136 121 )_{1/3} , (4.1)

e^ϕ =

11979 578 √ 34 Q^2 r^{6/ℓ} , e^{2η} = ( 136 121 )_{1/4} ≃ 1.0297 .

This is a constant curvature spacetime, which we can cast in a more conventional form by defining a new radial coordinate ρ ≡ r^{1/ℓ}, and after a rescaling

ds^2_{(5)} = ℓ^2 ( dρ^2 ρ^2

+ ρ^2 d⃗x^2 − ρ^{14} dt^2 ) , (4.2)

e^ϕ = √ 2 17 144000 11 Q^2 ρ^6 .

Therefore the scaling solution describes a regime with Lifshitz-like anisotropic scaling [20] and dynamical critical exponent z = 7. The scaling symmetry is not exact due to the logarithmic running of the dilaton with the radial coordinate ρ.

The first observation is that the dynamical exponent is independent of the heavy quark density Q. It is also clear that the full ten dimensional metric is smooth in Einstein frame, since the S^5 has a constant radius e^η =^8

√_{136} 121 ≃ 1.015 , while the Ricci scalar for the Lifshitz metric with z = 7 is, R̂_{(5)} = −2 (z^2 + 3 z + 6) ℓ^{−2} ≃ −14.06 . (4.3)

– 9 –

However, as the coupling e^ϕ runs to zero at ρ = 0, the string frame metric has a curvature singularity in the deep infrared and the solution cannot be trusted since it will receive large α^′ corrections^6. Nevertheless, as we will see, we can always introduce a temperature into the system and cloak the singularity behind a horizon, without spoiling the scaling regime and therefore steer clear of the potential problems near ρ = 0. In this respect the solution (4.2) is quite similar to the charged dilaton black brane metrics of [22, 23, 24].

Since the dilaton grows without bound for large r, in order to make sense of this solution we must be able to embed the scaling regime within the flow originating from the asymptotically (locally) AdS hedgehog background.

It is worth noting that any putative baryon vertices (wrapped D5-branes) which could be regarded as sources of the F_3 flux, are absent, possibly hidden by the “Lifshitz horizon”. Hence, for any small non-zero temperature, the system of heavy quarks is in a deconfined phase. Within the type IIB framework we can act on our system of smeared fundamental strings with the SL(2,Z) duality group. The action of S-duality, for example, replaces the F-strings with D-strings (corresponding to magnetic sources on the boundary) and simply changes the sign of the dilaton, so that e^ϕ diverges at ρ = 0, requiring the inclusion of quantum (loop) corrections in the deep IR.

4.1 Effective Potential

Let us now briefly explain the appearance of the Lifshitz solution by examining the equations of motion. The UV AdS-hedgehog solution nominally depends on two parameters: Q and the asymptotic value of the dilaton. However, in the absence of a scale in N = 4 SYM, bulk gravity solutions with different values of Q are related by a straightforward rescaling of the radial coordinate, and therefore do not really represent new solutions. On the other hand, the potential in the 5D action (2.7) depends on the combination Q^2 e^ϕ, so that UV solutions with different asymptotic values of the dilaton are related by a rescaling of Q. Given this, we may distinguish different UV solutions by the asymptotic value for the parameter Q^2 e^ϕ. Independently of this asymptotic value, in the scaling Lifshitz-like solution eq.(4.2), the combination Q^2 e^ϕ is completely fixed and there are no free parameters (apart from coordinate rescalings). This indicates an attractor behaviour along the lines of what was found in [23, 24].

It is perhaps easiest to analyze the equations of motion in the gauge ĝ_{tt} = 1/ĝ_{ϱϱ} where ϱ is an appropriate radial coordinate. From eq.(2.7), one identifies the natural

6Note that this string frame curvature singularity is completely distinct from the effect of divergent tidal forces of backgrounds with exact Lifshitz scaling [20, 41]

– 10 – effective potential for the one-dimensional (radial) problem, V = e^{3σ̂} 2 ( Q e^{ϕ/2} e^{10η/3} e^{−3σ̂} + 4 e^{−20η/3}

)_2

− 20 e^{3σ̂−16η/3} . (4.4)

The equations of motion (one of which is a constraint) in this gauge are, ( ĝ_{tt} ( e^{3σ̂} )_′)′ + V = 0 , ( ĝ_{tt} e^{3σ̂} η^′ )_′ −^3_{80} ∂_η V = 0 , (4.5) ( ĝ_{tt} e^{3σ̂} ϕ^′ )_′ − ∂_ϕV = 0 , 3 e^{−σ̂} ( e^{σ̂} )_{′′} +^1_2 ϕ^{′ 2} +^{40}_3 η^{′ 2} = 0 .

The effective potential has a runaway behaviour, with a critical point at infinity where the dilaton e^ϕ and the volume scalar e^{σ̂} vanish (and so does the potential itself). The equations of motion then admit a scaling solution where this critical point is reached at the horizon (ϱ = 0) by logarithmic running of ϕ and σ̂. In this scaling regime the scalars η and the combination e^{ϕ−6σ̂}, both remain fixed at constant values. It is a straightforward excercise to check in this gauge that the field equations are solved by

ĝ_{tt} =

7^2 ℓ^2 ϱ^2 , e^η =^8

√_{136}

121 , (4.6)

e^{σ̂} = c_0 ϱ^{1/7} , e^ϕ = c^6_0^{11979}_{578}^√_{34 Q2} ϱ^{6/7} ,

where ℓ is defined in eq.(4.1) The individual normalizations of e^{σ̂} and e^ϕ can be changed by a coordinate rescaling subject to the requirement that the combination e^{ϕ−6σ̂} is fixed. After a coordinate transformation the background can be put in the Lifshitz-like form (4.2)

4.2 Black hole in scaling regime

We have already pointed out that the dilaton running to zero in the infrared implies large string frame curvatures in the deep IR, requiring the inclusion of α^′ corrections in the gravity dual. Introducing a finite temperature would shield the system from this regime where the gravity description becomes inaccurate, and provide a consistent gravity dual of the boundary field theory at strong coupling. We find that the field equations admit an exact solution which is a simple deformation of the Lifshitz background, yielding the following metric with a horizon in Schwarzschild-like coordinates:

ds^2_{(5)} = −ĝ_{tt} dt^2 + dϱ^2 ĝ_{tt} + ϱ^{2/7} d⃗x^2 , (4.7)

ĝ_{tt} =

7^2 ℓ^2 ϱ^2 [ 1 − ( ϱ_h ϱ ) 10_7 ] ,

– 11 – while the dilaton and the S^5 radius remain unchanged. We therefore deduce that the Hawking temperature T and entropy density s for the black brane scale as T = 70 ℓ^2 ϱ_h 4π , s ∼ T^{3/7} Q^{6/7} . (4.8)

The dependence of the entropy density on Q is fixed by dimensional analysis. The scaling of the entropy with temperature is also exactly as expected for a theory with Lifshitz scaling symmetry (s ∼ T^{(d−1)/z} in d spacetime dimensions). Taken at face value this implies a vanishing entropy at zero temperature, although for vanishingly small T the classical solution should not be trusted. At any non-zero temperature the dilaton runs down to a non zero value ∝ T^{6/7} at the horizon.

5. Flow from AdS to Lifshitz

Finally, we would like to obtain evidence indicating that the Lifshitz-like scaling solution actually emerges as the infrared description of the N = 4 theory with heavy quark density. To show this we would need to construct a flow connecting the AdS_5 (hedgehog) background to the Lifshitz scaling regime. There is a natural dimensionful scale r ∼ Q^{1/3}, above which the geometry should approach the hedgehog geometry. Below this scale, all terms in the effective potential for the system compete with each other and the system should then enter the Lifshitz-like scaling regime.

The natural way of constructing such a flow first requires the identification of relevant and irrelevant deformations of the putative IR background. We have shown that the UV AdS asymptotics (3.1) does not contain sources for any relevant deformations (preserving the requisite symmetries), although it does allow VEVs for certain local operators. Perturbing the IR solution by an irrelevant deformation and applying a numerical ‘shooting’ method should enable one to reach the AdS_5 asymptotics in the UV. We parametrize the fluctuations δ_i(ϱ) about the Lifshitz solution as, ĝ_{tt} = 7ℓ^{−2} ϱ^2 (1 + δ_1(ϱ)) , σ̂ =^1_7 ln ϱ + δ_2(ϱ) , (5.1)

ϕ =^6_7 ln ϱ + ln

(_{11979} 578 √ 34 Q^2 ) + δ_3(ϱ) , η =^1_8 ln

(_{136} 121 ) + δ_4(ϱ) .

At the linearized level, the fluctuations satisfying the equations of motion can each be expressed as a power series, with the leading terms given by,

δ_1(ϱ) ≃ a_1 ϱ^n , δ_2 ≃ a_2 + a_3 ϱ^n , δ_3 ≃ 6a_2 + a_4 ϱ^n , δ_4 ≃ a_5 ϱ^n .(5.2)

We find six possible values for n,

n_1 = − 10 7 , n_2 = −1 , n_{±±} = − 5 7 ± 1 7 √ 5 17 ( 917 ± 8 √ 1279 ) , (5.3)

– 12 – where all four sign combinations are allowed. Depending on the values of n, the coefficients in the series expansion satisfy special relations and can be identified as relevant and irrelevant perturbations. For each allowed value of n, there is precisely one independent coefficient. The perturbation with n = −^{10}_7 is exactly the one that leads to the black brane metric and is relevant in the IR. The n = −1 fluctuation corresponds to an additive shift of the radial coordinate. The two perturbations that are irrelevant in the IR and can be used to deform the Lifshitz background to alter the UV asymptotics are the ones corresponding to n = n_{++} = 1.973 and n = n_{+−} = 1.23. Using these perturbations, and adjusting their coefficients suitably, we have numerically found a flow interpolating between the Lifshitz scaling regime and AdS_5 × S^5 in the ultraviolet (see Figs. (1) and (2)).

Figure 1: Left: The 5D Ricci scalar changes from 152/ℓ^2 ≃ −14.06 in the IR Lifshitz background to −20 in the UV, the latter corresponding to AdS_5 asymptotics. Right: The radius of the S^5 flows from unity for large r to^8

√_{136} 121 ≃ 1.014 in the IR.

Figure 2: Working in the gauge ĝ_{rr} = 1/r^2, the dilaton e^ϕ ∼ r^{6/ℓ}, the volume scalar e^{σ̂} ∼ r^{1/ℓ} and the metric ĝ_{tt} ∼ r^{14/ℓ} in the scaling regime. Left: The dilaton runs according to the r^{6/ℓ} power law in the IR and vanishes in the UV. Right: e^{σ̂} obeys the r^{1/ℓ} law in the IR and is linear in r, as expected in the UV AdS region.

The numerical solutions depicted in figs. (1) and (2) were obtained in the gauge ĝ_{rr} = 1/r^2 in which the UV and IR asymptotics take the forms shown in (3.1) and

– 13 –

(4.1), respectively. The coordinates r and ϱ are related as r = ϱ^{ℓ/7}. All plots were obtained for Q = 1.89 and ϕ → 0 as r → ∞.

In principle, given the numerical flow it should be possible to read off the VEVs, v_4 and v_8, of the dimension four and dimension eight operators, O_4 and O_8 respectively from the UV asymptotics (3.1). However, we have been unable to accurately isolate these higher order (∼ r^{−4} and r^{−8}) terms numerically. There is no reason to expect them to vanish. The fact that there are precisely two independent irrelevant deformations of the IR Lifshitz point is consistent with the presence of the two VEVs in the UV solution. It should be possible to find a relation between the IR deformation parameters and the values of the v_4 and v_8^7.

6. Discussion

The main focus of this work was to understand the influence of a finite density of heavy quarks on the dynamics of a known gauge theory (namely N = 4 SYM) with a strong coupling string dual. The fact that the system exhibits a flow to a Lifshitz-like scaling regime appears interesting and there are certain aspects of this that deserve further study:

• Since the microscopic description of the dual field theory is available, it potentially provides an opportunity to understand, in field theoretic terms, the emergence of the IR scaling regime and the breaking of it by the running dilaton. The insertion of any number of straight timelike Wilson lines, induces a shift in the Lagrangian density, δL ∼ ∑ k δ^3(⃗x − ⃗x_k) Q̄_k ( ∂_t − i A_0(⃗x, t) − i θ^I_{(k)} ϕ^I (⃗x, t) ) Q_k , (6.1)

where θ^I_{(k)} is a unit vector in R^6 fixing the coupling of the k-th quark “flavour” to the six scalars in N = 4 SYM (equivalently, the position of a macroscopic string on the S^5). The Q_{(k)} can be regarded as one-dimensional fermions living at ⃗x = ⃗x_k (see e.g. [47]). Utilizing this as the starting point, it might be possible to shed light on the long-wavelength physics or the ground state of the system, by employing a Hartree type approximation, as in [42], encoding the collective effect of the heavy quark impurities.

• Perhaps the most natural question following from the gravity picture is whether the IR scaling behaviour is in any sense generic, i.e. can also be shown to arise from similar finite density configurations in other field theories with known

7I thank A. Faedo for remarks on this point.

– 14 – string/gravity duals (e.g. N = 2 and N = 1 SCFTs [43] in four dimensions with AdS_5 ×X^5 duals and the ABJM model in three dimensions [44]). A related issue is how the value of the scaling exponent z depends on the microscopic field theory in question, or equivalently, on the corresponding active modes in the gravity dual.

• The smeared configuration considered in this paper preserves the SO(6) internal global symmetry, but possibly breaks supersymmetry^8. It should be possible to allow the strings to be localized on S^5 (breaking SO(6) to SO(5)) while smearing along the spatial directions, and subsequently obtain backreacted geometries with some unbroken supersymmetry, similarly to [29, 30].

• In the weakly coupled finite N D-brane picture, each individual heavy quark in our setup can be viewed as an F1-string stretching between D3 and D5-branes, with 8 Dirichlet-Neumann boundary conditions. As is well known, such a string behaves as a fermion [17, 48]. It remains to be seen if this fact makes the backreacted smeared string setup relevant for fermion physics in general, at finite density and strong coupling.

• In the context of the N = 4 theory, the system with smeared heavy quark sources can also be formulated on S^3 [18]. It is well known that N = 4 SYM on S^3 exhibits non-trivial large-N thermodynamics, both at strong and weak coupling [2, 45]. The Hawking-Page deconfinement transition at infinite ’t Hooft coupling has its zero coupling analogue which is driven by the Hagedorn growth of states. For theories with fundamental flavours on S^3, in the Veneziano large-N limit, continuous deconfinement transitions have been shown to exist at finite quark density, and these are driven by the exponentially large degeneracy (∼ e^N ) of baryon-like states [46]. It would be extremely interesting to understand if there is any sign of this physics within the smeared string setup in global AdS_5. The hedgehog configurations in global AdS_5 in pure gravity, are already known to exhibit a very interesting phase structure in the T −Q plane: a line of first order Hawking-Page transitions ending at a critical point [31]. Furthermore, for all values of Q, there exist zero temperature black holes with near horizion AdS_2 region.

• Another motivation for investigating the above setup on S^3 is provided by the IR cutoff given by the radius L of the three-sphere. In the range L Q^{1/3} ≫ 1 we may expect the theory to approach the IR Lifshitz-like scaling behaviour, but eventually depart from it due to the finite infrared cutoff. This could be one way to regulate the deep IR behaviour of the scaling solutions with running dilaton.

8We have not checked this, but it appears likely since the individual strings/Wilson lines have different orientations along the internal R^6 directions.

– 15 –

• It is not difficult to see that the configuration studied by Headrick in [31] also admits a Lifshitz-like scaling solution in the planar case. The goal of that work was to obtain the free energy of N = 4 SYM as a function of the Polyakov loop order parameter i.e. an effective potential for the Polyakov loop at strong coupling. It would be interesting to understand what role, if any, is played by the low temperature scaling regime in obtaining a complete picture of this effective potential at strong coupling.

• A key missing ingredient in the heavy quark limit is a U(1)_B global symmetry corresponding to conserved baryon number. As pointed out earlier, this global symmetry and its associated gauge field in the gravity dual will make an appearance once the system is embedded within the framework of N = 4 SYM coupled to a large number of smeared flavour D7-branes giving rise to massive multiplets. For massive flavours, the backreacted geometry in the smeared D7-brane setup of [49] (see also [50, 19]) has an IR geometry (below the quark mass scale) which is simply AdS_5 × S^5. Switching on an electric field on the D7-branes (corresponding to a chemical potential/quark density) will result in a spike on the D7-branes behaving precisely like a bundle of smeared strings in AdS_5 × S^5. Given the scaling behaviour seen above, it appears likely that embedding the smeared string hedgehog configurations within the D3-D7 setup, will lead to the same IR physics. The presence of a conserved U(1)_B current would make it possible to define and compute transport properties of the IR theory.

Acknowledgements: I would like to thank Matt Headrick, Tim Hollowood, Carlos Nuñez, Ioannis Papadimitriou, Maurizio Piai and Mukund Rangamani for useful comments and communications. I would also like to specially thank Anton Faedo and Paolo Benincasa for many discussions and for their comments on a draft version of the manuscript. This work is supported by the STFC Rolling Grant ST/G0005006/1.

– 16 –

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [hep-th/9711200].

[2] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150].

[3] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,” Class. Quant. Grav. 26, 224002 (2009) [arXiv:0903.3246 [hep-th]].

[4] C. P. Herzog, “Lectures on Holographic Superfluidity and Superconductivity,” J.

Phys. A A 42, 343001 (2009) [arXiv:0904.1975 [hep-th]].

[5] J. McGreevy, “Holographic duality with a view toward many-body physics,” Adv.

High Energy Phys. 2010, 723105 (2010) [arXiv:0909.0518 [hep-th]].

[6] K. Rajagopal and F. Wilczek, “The Condensed matter physics of QCD,” In *Shifman, M. (ed.): At the frontier of particle physics, vol. 3* 2061-2151 [hep-ph/0011333].

[7] T. Schafer, “Phases of QCD,” hep-ph/0509068.

[8] M. A. Stephanov, “QCD phase diagram: An Overview,” PoS LAT 2006, 024 (2006) [hep-lat/0701002].

[9] A. Karch and E. Katz, “Adding flavor to AdS / CFT,” JHEP 0206, 043 (2002) [hep-th/0205236].

[10] S. Kobayashi, D. Mateos, S. Matsuura, R. C. Myers and R. M. Thomson, “Holographic phase transitions at finite baryon density,” JHEP 0702, 016 (2007) [hep-th/0611099];

[11] A. Karch and A. O’Bannon, “Holographic Thermodynamics at Finite Baryon Density: Some Exact Results,” JHEP 0711, 074 (2007) [0709.0570 [hep-th]].

[12] K. Ghoroku, M. Ishihara and A. Nakamura, “D3/D7 holographic Gauge theory and Chemical potential,” Phys. Rev. D 76, 124006 (2007) [0708.3706 [hep-th]];

[13] F. Bigazzi, A. L. Cotrone, J. Mas, D. Mayerson and J. Tarrio, “D3-D7 Quark-Gluon Plasmas at Finite Baryon Density,” JHEP 1104, 060 (2011) [arXiv:1101.3560 [hep-th]].

[14] J. M. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80, 4859 (1998) [hep-th/9803002].

[15] S. -J. Rey and J. -T. Yee, “Macroscopic strings as heavy quarks in large N gauge theory and anti-de Sitter supergravity,” Eur. Phys. J. C 22, 379 (2001) [hep-th/9803001].

– 17 –

[16] J. Polchinski and E. Silverstein, “Large-density field theory, viscosity, and ’2k_F ’ singularities from string duals,” arXiv:1203.1015 [hep-th].

[17] E. Witten, “Baryons and branes in anti-de Sitter space,” JHEP 9807, 006 (1998) [hep-th/9805112].

[18] P. Benincasa and S. P. Kumar, work in progress.

[19] C. Nunez, A. Paredes and A. V. Ramallo, “Unquenched Flavor in the Gauge/Gravity Correspondence,” Adv. High Energy Phys. 2010, 196714 (2010) [arXiv:1002.1088 [hep-th]].

[20] S. Kachru, X. Liu and M. Mulligan, “Gravity Duals of Lifshitz-like Fixed Points,” Phys. Rev. D 78, 106005 (2008) [arXiv:0808.1725 [hep-th]].

[21] T. Azeyanagi, W. Li and T. Takayanagi, “On String Theory Duals of Lifshitz-like Fixed Points,” JHEP 0906, 084 (2009) [arXiv:0905.0688 [hep-th]].

[22] M. Taylor, “Non-relativistic holography,” arXiv:0812.0530 [hep-th].

[23] K. Goldstein, S. Kachru, S. Prakash and S. P. Trivedi, “Holography of Charged Dilaton Black Holes,” JHEP 1008, 078 (2010) [arXiv:0911.3586 [hep-th]].

[24] K. Goldstein, N. Iizuka, S. Kachru, S. Prakash, S. P. Trivedi and A. Westphal, “Holography of Dyonic Dilaton Black Branes,” JHEP 1010, 027 (2010) [arXiv:1007.2490 [hep-th]].

[25] C. Charmousis, B. Gouteraux, B. S. Kim, E. Kiritsis and R. Meyer, “Effective Holographic Theories for low-temperature condensed matter systems,” JHEP 1011, 151 (2010) [arXiv:1005.4690 [hep-th]]; B. Gouteraux and E. Kiritsis, “Generalized Holographic Quantum Criticality at Finite Density,” JHEP 1112, 036 (2011) [arXiv:1107.2116 [hep-th]].

[26] S. Harrison, S. Kachru and H. Wang, “Resolving Lifshitz Horizons,” arXiv:1202.6635 [hep-th].

[27] A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, “Charged AdS black holes and catastrophic holography,” Phys. Rev. D 60, 064018 (1999) [hep-th/9902170].

[28] S. A. Hartnoll, J. Polchinski, E. Silverstein and D. Tong, “Towards strange metallic holography,” JHEP 1004, 120 (2010) [arXiv:0912.1061 [hep-th]].

[29] O. Lunin, “On gravitational description of Wilson lines,” JHEP 0606, 026 (2006) [hep-th/0604133].

[30] E. D’Hoker, J. Estes and M. Gutperle, “Exact half-BPS Type IIB interface solutions.

I. Local solution and supersymmetric Janus,” JHEP 0706, 021 (2007) [arXiv:0705.0022 [hep-th]].

– 18 –

[31] M. Headrick, “Hedgehog black holes and the Polyakov loop at strong coupling,” Phys.

Rev. D 77, 105017 (2008) [arXiv:0712.4155 [hep-th]].

[32] E. I. Guendelman and A. Rabinowitz, “The Gravitational field of a hedgehog and the evolution of vacuum bubbles,” Phys. Rev. D 44, 3152 (1991).

[33] I. Papadimitriou and K. Skenderis, “Thermodynamics of asymptotically locally AdS spacetimes,” JHEP 0508, 004 (2005) [hep-th/0505190]; M. C. N. Cheng and K. Skenderis, “Positivity of energy for asymptotically locally AdS spacetimes,” JHEP 0508, 107 (2005) [hep-th/0506123].

[34] S. Ferrara, M. A. Lledo and A. Zaffaroni, “Born-Infeld corrections to D3-brane action in AdS(5) x S(5) and N=4, d = 4 primary superfields,” Phys. Rev. D 58, 105029 (1998) [hep-th/9805082].

[35] A. A. Tseytlin, “On nonAbelian generalization of Born-Infeld action in string theory,” Nucl. Phys. B 501, 41 (1997) [hep-th/9701125].

[36] M. Henningson and K. Skenderis, “The Holographic Weyl anomaly,” JHEP 9807, 023 (1998) [hep-th/9806087].

[37] R. Emparan, C. V. Johnson and R. C. Myers, “Surface terms as counterterms in the AdS / CFT correspondence,” Phys. Rev. D 60, 104001 (1999) [hep-th/9903238].

[38] V. Balasubramanian and P. Kraus, “A Stress tensor for Anti-de Sitter gravity,” Commun. Math. Phys. 208, 413 (1999) [hep-th/9902121].

[39] N. Drukker, D. J. Gross and H. Ooguri, “Wilson loops and minimal surfaces,” Phys.

Rev. D 60, 125006 (1999) [hep-th/9904191].

[40] N. Drukker and B. Fiol, “All-genus calculation of Wilson loops using D-branes,” JHEP 0502, 010 (2005) [hep-th/0501109].

[41] G. T. Horowitz and B. Way, “Lifshitz Singularities,” Phys. Rev. D 85, 046008 (2012) [arXiv:1111.1243 [hep-th]]; G. T. Horowitz and S. F. Ross, “Naked black holes,” Phys. Rev. D 56, 2180 (1997) [hep-th/9704058]; K. Copsey and R. Mann, “Pathologies in Asymptotically Lifshitz Spacetimes,” JHEP 1103, 039 (2011) [arXiv:1011.3502 [hep-th]].

[42] E. Witten, “Baryons in the 1/n Expansion,” Nucl. Phys. B 160, 57 (1979).

[43] I. R. Klebanov and E. Witten, “Superconformal field theory on three-branes at a Calabi-Yau singularity,” Nucl. Phys. B 536 (1998) 199 [hep-th/9807080].

[44] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810, 091 (2008) [arXiv:0806.1218 [hep-th]].

– 19 –

[45] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk, “The Hagedorn - deconfinement phase transition in weakly coupled large N gauge theories,” Adv. Theor. Math. Phys. 8, 603 (2004) [hep-th/0310285].

[46] T. J. Hollowood, S. P. Kumar and J. C. Myers, “Weak coupling large-N transitions at finite baryon density,” JHEP 1111, 138 (2011) [arXiv:1110.0696 [hep-th]].

[47] G. P. Korchemsky and A. V. Radyushkin, “Infrared factorization, Wilson lines and the heavy quark limit,” Phys. Lett. B 279, 359 (1992) [hep-ph/9203222].

[48] C. P. Bachas, M. R. Douglas and M. B. Green, “Anomalous creation of branes,” JHEP 9707, 002 (1997) [hep-th/9705074].

[49] F. Bigazzi, A. L. Cotrone, J. Mas, A. Paredes, A. V. Ramallo and J. Tarrio, “D3-D7 Quark-Gluon Plasmas,” JHEP 0911, 117 (2009) [arXiv:0909.2865 [hep-th]].

[50] F. Benini, F. Canoura, S. Cremonesi, C. Nunez and A. V. Ramallo, “Unquenched flavors in the Klebanov-Witten model,” JHEP 0702, 090 (2007) [hep-th/0612118]; F. Bigazzi, A. L. Cotrone and A. Paredes, “Klebanov-Witten theory with massive dynamical flavors,” JHEP 0809, 048 (2008) [arXiv:0807.0298 [hep-th]].

– 20 –