arXiv:1206.5608v1 [hep-th] 25 Jun 2012

Quantum Discord and Quantum Entanglement in the Background of an Asymptotically Flat Static Black Holes

Eylee Jung^1 Mi-Ra Hwang^2, and DaeKil Park^{1,2} 1Department of Physics, Kyungnam University, ChangWon 631-701, Korea 2Department of Electronic Engineering, Kyungnam University, ChangWon 631-701, Korea

Abstract

The quantum discord and tripartite entanglement are discussed in the presence of an asymptotically flat static black holes. The total correlation, quantum discord and classical correlation exhibit decreasing behavior with increasing Hawking temperature. It is shown that the classical correlation is less than the quantum discord in the full range of Hawking temperature. The tripartite entanglements for Greenberger-Horne-Zeilinger and W-states also exhibit decreasing behavior with increasing Hawking temperature. At the infinite limit of Hawking temperature the tripartite entanglements for Greenberger-Horne-Zeilinger and W-states reduce to 52% and 33% of the corresponding values in the flat space limit, respectively.

I. INTRODUCTION

Recently much attention is paid to the quantum information theories in the relativistic framework[1–19]. The most remarkable fact in the inertial frames is the fact that entanglement of given multipartite quantum state is conserved although the entanglement between some degrees of freedom can be transfered to others[4–7]. In non-inertial frames, however, the entanglement is in general degraded, which implies that the quantum correlation between rest and accelerating observers is reduced more and more with increasing the acceleration[8]. The main reason for the reduction of the quantum correlation is that the accelerating observer located in one Rindler wedge loses an information arising from the other Rindler wedge due to the causally disconnected nature between the wedges. This means that some quantum information is leaked into other causally disconnected Rindler space, which makes the reduction of the quantum correlation. In fact, this is a main scenario of the well-known Unruh effect[20, 21]. Recently, this Unruh-type decoherence effect beyond the single-mode approximation is discussed in the context of the quantum information theories[22].

More recently, the quantum entanglement in the black hole background is examined[23, 24]. Especially, in Ref.[23] the Hawking temperature-dependence of the bipartite entanglement is studied in the arbitrary spherically symmetric and asymptotically flat black hole background. The purpose of this paper is to explore the quantum discord[25, 26] and the tripartite entanglement in the same black hole background.

II. SPACETIME BACKGROUND

Throughout this paper we use G = c = ℏ = k_B = 1. The metric we consider in this paper is ds^2 = f(r)dt^2 − 1 h(r) dr^2 − R^2(r) ( dθ^2 + sin^2 θdφ^2 ) , (1) where the functions f(r), h(r), and R(r) satisfy f(∞) = h(∞) = 1, R(∞) = r, and f(r_H ) = h(r_H ) = 0. Thus, the line element (1) includes the various black holes such as Schwarzschild and Reissner-Nordström black holes. The Hawking temperature in this metric is T_H = κ/2π, where κ is a surface gravity defined as κ = √ f^′(r_H )h^′(r_H )/2.

As shown in Ref. [23] one can consider three-different vacuum states |0⟩_{in}, |0⟩_{out}, and |0⟩_K in this background. First two vacuum states are the Fock vacua inside and outside horizon, respectively, and the last one is the Kruskal vacuum outside the event horizon. The interrelation between these vacua is

|0⟩_K = √ 1 − e^{−ω/TH} ∞∑ n=0 e^{−nω/2TH} |n⟩_{in} ⊗ |n⟩_{out}, (2) where |n⟩_{in} and |n⟩_{out} are n-particle states constructed from |0⟩_{in} and |0⟩_{out} by operating the corresponding creation operators n times, and ω is a frequency of the scalar field. Applying the creation operator of the Kruskal spacetime in Eq. (2) and using the Bogoliubov coefficients, one can construct |1⟩_K , whose expression is

|1⟩_K = ( 1 − e^{−ω/TH} )^∞∑ n=0 √ n + 1e^{−nω/2TH} |n⟩_{in} ⊗ |n + 1⟩_{out}. (3)

III. QUANTUM DISCORD

Quantum discord[25, 26] is a measure for quantumness of given bipartite quantum state. Usually these two parties consist of system and corresponding apparatus. In this paper, however, we will call these parties as Alice and Bob. We will examine in this section how the quantum discord is changed in the presence of the black hole (1).

We assume that initially Alice and Bob share a entangled state |ψ⟩_{AB} = 1 √ 2 ( |1⟩_A|0⟩_B + |0⟩_A|1⟩_B ) (4) in the asymptotic region. After sharing, Bob moves to the near-horizon region with his own particle detector while Alice stays in the asymptotic region. Since, then, the Bob’s detector registers only thermally excited particles due to the Hawking effect, Bob’s state can be represented by tensor product of the in− and out− states. However, since the inside region of the black hole is causally disconnected from Alice and Bob, we have to take a partial trace over in−state. Then, the state between Alice and Bob becomes a mixed state whose density matrix becomes ρ_{AB} = 1 2 |0⟩_A⟨0|⊗M_{00} + 1 2 |1⟩_A⟨1|⊗M_{11} + 1 2 |0⟩_A⟨1|⊗M_{01} + 1 2 |1⟩_A⟨0|⊗M_{10} (5) where

M_{00} = (1 − e^{−ω/TH} ) ∞∑ n=0 e^{−nω/TH} |n⟩⟨n|

M_{11} = (1 − e^{−ω/TH} )^2 ∞∑ n=0 (n + 1)e^{−nω/TH} |n + 1⟩⟨n + 1| (6)

M_{01} = (1 − e^{−ω/TH} )^{3/2} ∞∑ n=0 √ n + 1e^{−nω/TH} |n⟩⟨n + 1|

M_{10} = (1 − e^{−ω/TH} )^{3/2} ∞∑ n=0 √ n + 1e^{−nω/TH} |n + 1⟩⟨n|. It is worthwhile noting Tr_B M_{00} = Tr_B M_{11} = 1 and Tr_B M_{01} = Tr_BM_{10} = 0.

Now, we discuss the quantum discord. We assume that Alice performs a projective measurement with a complete set of the measurement operators {Π^A_j }. The usual mutual information between Alice and Bob is I(A : B) = S(A) + S(B) − S(A, B) (7) where S denotes the von Neumann entropy S(ρ) = Tr(ρ log ρ). In our paper, all logarithms are taken to base 2. The classical analogue of Eq. (7) is I_{cl}(A : B) = H(A) + H(B) − H(A, B), where H denotes the Shannon entropy. In classical information theories different representation of the mutual information is I_{cl}(A : B) = H(A)−H(A|B) = H(B)−H(B|A), where H(X|Y ) is the conditional entropy of X given Y . The quantum analogue of this representation[25] is J(A : B){_ΠA_j } = S(B) − ∑ j p_jS(B|Π^A_j ), (8)

where { Π^A_j } denotes a complete set of the measurement operators prepared by the party A and S(B|Π^A_j ) is a von Neumann entropy of the party B after the party A has a measurement outcome j. Of course, p_j is a probability for getting outcome j in the quantum measurement. Usual quantum mechanical postulates[27] imply

p_j = Tr_{A,B} (Π^A_j ρ_{AB} Π^A_j ) S(B|Π^A_j ) = S ( ρ ( B|Π^A_j ) ) (9) where ρ ( B|Π^A_j ) = Tr_A(Π^A_j ρ_{AB} Π^A_j )/p_j. Unlike I(A : B), therefore, J(A : B) is dependent on the complete set of the measurement operators. The quantum discord is defined as

D(A : B) = min [I(A : B) − J(A : B)] = min [ S(A) − S(A, B) + ∑ j p_jS(B|Π^A_j ) ] , (10) where minimum is taken over all possible complete set of the measurement operators^1.

Now, we would like to compute the quantum discord in the black hole background. From Eq. (5) it is easy to show that ρ_A ≡ Tr_B ρ_{AB} is a completely mixed state and

S(A) = 1. (11)

Also it is easy to show S(A, B) = − ∞∑ n=0 Λ_n log Λ_n (12)

Λ_n = 1 2 e^{−nω/TH} ( 1 − e^{−ω/TH} ) [ 1 + (n + 1) ( 1 − e^{−ω/TH} ) ] .

FIG. 1: The θ- and Hawking temperature-dependence of I(A : B) − J(A : B). Minimum of

I(A : B) − J(A : B) occurs at θ = π/2 in the full range of Hawking temperature.

Now, we introduce the complete set of the projective measurement operators { Π^A_1 , Π^A_2 } with Π^A_1 =

I_2 + x · σ 2 Π^A_2 = I_2 − x · σ 2 . (13)

1 Although authors in Ref. [25] considers the projective measurement, authors in Ref. [26] considers the general measurement including POVM. Thus, the latter is the lower bound of the former.

In Eq. (13) σ denotes the Pauli matrix and x^2_1 + x^2 + x^2_3 = 1. Then, it is straightforward to show p_1 = p_2 = 1/2 and

ρ(B|Π^A_1 ) = 1 2 [ (1 + x_3)M_{00} + (1 − x_3)M_{11} + (x_1 + ix_2)M_{01} + (x_1 − ix_2)M_{10} ] (14)

ρ(B|Π^A_2 ) = 1 2 [ (1 − x_3)M_{00} + (1 + x_3)M_{11} − (x_1 + ix_2)M_{01} − (x_1 − ix_2)M_{10} ] . Since it is impossible to compute the eigenvalues of the ρ(B|Π^A_j ) (j = 1, 2), we should compute S ( ρ ( B|Π^A_j ) ) numerically. One can perform this numerical calculation with parametrizing x_1 = sin θ cos ϕ, x_2 = sin θ sin ϕ and x_3 = cos θ. Then, it is possible to show that the eigenvalues of ρ(B|Π^A_j ) are independent of ϕ.

The (T_H /ω, θ)-dependence of I(A : B) − J(A : B) is plotted in Fig. 1. As this figure exhibits, the minimum is occurred at θ = π/2. Therefore, the quantum discord D(A : B) is obtained from I(A : B)−J(A : B) by letting θ = π/2. If we assume that the total correlation is a mutual information I(A : B), it is possible to compute the classical correlation C(A : B) by C(A : B) = I(A : B) − D(A : B). (15)

FIG. 2: The Hawking temperature-dependence of total correlation, quantum discord, and classical correlation. All correlations show a decreasing behavior with increasing the temperature and reduce to 50%, 60%, and 40% of the corresponding values in the flat space limit at T_H = ∞.

In Fig. 2 we plot the Hawking temperature-dependence of the total correlation, quantum discord, and classical correlation. As Fig. 2 shows, all correlations exhibit a decreasing behavior with increasing T_H . In the T_H → 0 limit all correlations approach to the values in the absence of the black hole. In the opposite limit, i.e. T_H → ∞, I(A : B), D(A : B), and C(A : B) approach to 1.0, 0.6, and 0.4, respectively. The remarkable fact is that the classical correlation is less than the quantum discord in the full range of Hawking temperature. Similar behavior was derived when the classical correlation and quantum discord sharing of Dirac field are discussed in the non-inertial frame[12]. In next section we will discuss on the tripartite entanglement in the presence of the black hole (1).

IV. TRIPARTITE ENTANGLEMENT DEGRADATION

The most well-known measure for the tripartite entanglement is a three-tangle[28]. Since, however, the three-tangle is not defined in the qudit system, we cannot use it because of Eq. (2) and Eq. (3). Thus, instead of the three-tangle, we will use π-tangle[29] in this paper as a measure of the tripartite entanglement.

A. Greenberger-Horne-Zeilinger state

Let Alice, Bob, and Charlie share the Greenberger-Horne-Zeilinger (GHZ) state |GHZ⟩_{ABC} = 1 √ 2 [|000⟩ + |111⟩]_{ABC} (16)

in the asymptotic flat region. If Charlie moves to the near-horizon region with his own particle detector, Eq. (2) and Eq. (3) with tracing over the Charlie’s in-state imply |GHZ⟩_{ABC} (17) → ρ_{ABC} = 1 2 ∞∑ n=0 e^{−nω/TH} [ ν|00n⟩⟨00n|+ν^2(n + 1)|11(n + 1)⟩⟨11(n + 1)|

+ν^{3/2} √ n + 1 { |00n⟩⟨11(n + 1)|+|11(n + 1)⟩⟨00n| }] , where ν = 1 − e^{−ω/TH} . Since the Charlie’s out-state is a qudit state, it is impossible to compute the genuine tripartite entanglement measure called the three-tangle[28]. As we commented before, therefore, we choose the π-tangle[29] as a tripartite measure defined as π = 1 3 (π_A + π_B + π_C ) (18)

due to more tractable computation. In Eq. (18) π_A, π_B , and π_C are defined by

π_A = N^2_{A(BC)} −N^2_{AB} −N^2_{AC} π_B = N^2_{B(AC)} −N^2_{AB} −N^2_{BC} π_C = N^2_{C(AB)} −N^2_{AC} −N^2_{BC} , (19)

where N_{α(βγ)} = ||ρ^{Tα}_{ABC} ||−1 and N_{αβ} = ||(Tr_γ ρ^{Tα}_{ABC} ||−1 with T_α being a partial transposition over α-state and ||A|| = Tr √ AA^†. It is easy to show π_{GHZ} = 1 in the absence of the black hole background.

Now, let us compute the one-tangle N_{A(BC)}. From Eq. (17) it is easy to show that ( ρ^{TA}_{ABC} ) ( ρ^{TA}_{ABC} )_† is a diagonal. Therefore, the eigenvalues of ( ρ^{TA}_{ABC} ) ( ρ^{TA}_{ABC} )_† can be computable easily. Since ||ρ^{TA}_{ABC} || is a sum of square root of the eigenvalues, one can derive N_{A(BC)}, whose final expression is N_{A(BC)} = ν^{3/2}e^{ω/TH} Li_{−1/2} ( e^{−ω/TH} ) , (20)

where Li_n(z) is a polylogarithm function defined as Li_n(z) ≡ ∞∑ k=1 z^k k^n = z 1^n + z^2 2^n + z^3 3^n

+ · · · . (21)

Using a property of the polylogarithm function one can show that N_{A(BC)} approaches to √ π/2 when T_H → ∞. From a symmetry of the GHZ state it is also easy to show N_{B(AC)} = N_{A(BC)}. Now, let us compute the last one-tangle N_{C(AB)}. Since ( ρ^{TC}_{ABC} ) ( ρ^{TC}_{ABC} )_† becomes ( ρ^{TC}_{ABC} ) ( ρ^{TC}_{ABC} )_† = D + F, (22)

where D and F are D = 1 4 ∞∑ n=0 e^{−2nω/TH} [ ν^2|00n⟩⟨00n|+ν^4(n + 1)^2|11(n + 1)⟩⟨11(n + 1)| (23)

+ν^3(n + 1) { |00(n + 1)⟩⟨00(n + 1)|+|11n⟩⟨11n| }]

F = 1 4 ∞∑ n=0 e^{−(2n+1)ω/TH} [ ν^{5/2} √ n + 1 { |11n⟩⟨00(n + 1)|+|00(n + 1)⟩⟨11n| }

+ν^{7/2}(n + 1) √ n + 2 { |11(n + 1)⟩⟨00(n + 2)|+|00(n + 2)⟩⟨11(n + 1)| }] , the off-diagonal part F makes it difficult to compute the eigenvalues of ( ρ^{TC}_{ABC} ) ( ρ^{TC}_{ABC} )_† . However, one can make ( ρ^{TC}_{ABC} ) ( ρ^{TC}_{ABC} )_† block-diagonal by ordering the basis as

{|000⟩, |110⟩, |001⟩, |111⟩, |002⟩, |112⟩, · · ·}. Thus, one can compute the eigenvalues of ( ρ^{TC}_{ABC} ) ( ρ^{TC}_{ABC} )_† analytically, which are { ν^2/4, Λ^±_n | | | |_{n=0,1,2,···} } . Here, Λ^±_n are eigenvalues of

each block given by

Λ^±_n = ν^2 8 e^{−2nω/TH} [ (μ^2_n + 2ν) ± μ_n √ μ^2_n + 4ν ] , (24)

where μ_n = ne^{ω/TH} ν + e^{−ω/TH} . Therefore, N_{C(AB)} reduces to N_{C(AB)} = ν 2 + ∞∑ n=0 (√ Λ^+_n + √ Λ^−_n ) − 1. (25)

Finally, one can show that all two tangles N_{AB}, N_{AC} , and N_{BC} are identically zero.

FIG. 3: The Hawking temperature-dependence of one tangles and π_{GHZ} . The π-tangle decreases

with increasing T_H , and eventually reduces to π/6 ∼ 0.524 at T_H = ∞.

The one-tangles and π-tangle are plotted in Fig. 3 as a function of Hawking temperature.

As this figure shows, the π-tangle decreases with increasing the Hawking temperature, and

eventually reduces to π/6 ∼ 0.524 at T_H → ∞. At T_H = 0 the π-tangle exactly coincides

with that in the absence of the black hole. Thus, as expected, the tripartite entanglement

is degraded when Charlie moves to the near-horizon region from the asymptotic region with

his own particle detector.

B. W state

Let Alice, Bob, and Charlie share the W-state[30] |W ⟩_{ABC} = 1 √ 3 [|001⟩ + |010⟩ + |100⟩]_{ABC} (26)

in the asymptotic flat region. It is easy to show that the π-tangle for the W-state is π_W = 4( √ 5 − 1)/9 ∼ 0.55 in the flat space limit.

By following similar calculation to the case of GHZ state, one can compute the Hawking temperature-dependence of π_W in the presence of the black hole background. We do not want to repeat the computational procedure again in this paper. Instead, we present Fig. 4, which shows one-tangles, two-tangles, and π_W as a function of Hawking temperature. In Fig. 4 (a) we plot the one- and two-tangles. All tangles exhibit decreasing behavior with increasing Hawking temperature except N_{AB} , which is independent of T_H . At T_H → ∞ N_{A(BC)} and N_{B(AC)} approaches to 0.659 while N_{C(AB)} has a vanishing limit. The remarkable fact is that the two-tangles N_{AC} and N_{BC} becomes abruptly zero in the region T_H > 1.45ω. This reminds us of the concurrence, one of the bipartite entanglement measure. In Fig. 4 (b) we plot π_W as a function of T_H . At T_H = 0 π_W in the flat space is recovered. However, it exhibits a decreasing behavior with increasing T_H , and eventually reduces to 0.18 at T_H = ∞ limit.

FIG. 4: (a) The Hawking temperature-dependence of one- and two-tangles. (b) The Hawking temperature-dependence of π_W . As a case of GHZ state π_W decreases with increasing the temperature, and eventually reduces to 0.18 at T_H = ∞.

V. CONCLUSION

In this paper we discussed the quantum discord and tripartite entanglement in the presence of the asymptotically flat static black holes. Both the quantum discord and the tripartite entanglement exhibit decreasing behavior with increasing Hawking temperature. This implies that the presence of the black holes reduces the quantum correlation when one party moves from asymptotic to near-horizon regions with his (or her) own particle detector.

Although we have not commented here, the tripartite entanglement of Alice, Bob, and Charlie’s in state (or AntiCharlie) does not completely vanish. Probably, this fact implies that some quantum information processes can be performed partially across the black hole horizon. To confirm this it seems to be important to compute the teleportation fidelity by making use of the tripartite teleportation scheme[31, 32]. If the tripartite teleportation is possible, even if incompletely, across the horizon, what this means in the context of causality? The answer may be important in the context of quantum gravity. We would like to explore this issue in the future.

Acknowledgement: This work was supported by the Kyungnam University Research Fund, 2012.

[1] A. Peres and D. R. Terno, Quantum information and relativity theory, Rev. Mod. Phys. 76 (2004) 93 [quant-ph/0212023].

[2] A. Peres and D. R. Terno, Quantum Information and Special Relativity, Int. J. Quant. Info.

1 (2003) 225 [quant-ph/0301065].

[3] A. Peres, Quantum information and general relativity, Fortsch. Phys. 52 (2004) 1052 [quant-ph/0405127].

[4] M. Czachor, Einstein-Podolsky-Rosen-Bohm experiment with relativistic massive particles, Phys. Rev. A 55 (1997) 72 [quant-ph/9609022].

[5] A. Peres, P. F. Scudo and R. Terno, Quantum Entropy and Special Relativity, Phys. Rev. Lett.

88 (2002) 230402 [quant-ph/0203033].

[6] P. M. Alsing and G. J. Milburn, Lorentz invariance of entanglement, Quantum Inf. Comput.

2 (2002) 487 [quant-ph/0203051].

[7] R. M. Gingrich and C. Adami, Quantum Entanglement of Moving Bodies, Phys. Rev. Lett.

89 (2002) 270402 [quant-ph/0205179].

[8] I. Fuentes-Schuller and R. B. Mann, Alice Falls into a Black Hole: Entanglement in Noninertial Frames, Phys. Rev. Lett. 95 (2005) 120404 [quant-ph/0410172].

[9] Y. Ling, S. He, W. Qiu and H. Zhang, Quantum entanglement of electromagnetic field in non-inertial reference frames, J. Phys: Math. Theor. A40 (2007) 9025 [quant-ph/0608029].

[10] Q. Pan and J. Jing, Degradation of nonmaximal entanglement of scalar and Dirac fields in noninertial frames, Phys. Rev. A 77 (2008) 024302 [arXiv:08021238 (quant-ph)].

[11] A. Datta, Quantum discord between relatively accelerated obserbers, Phys. Rev. A 80 (2009) 052304 [arXiv:0905.3301 (quant-ph)].

[12] J. Wang, J. Deng, and J. Jing, Classical correlation and quantum discord sharing of Dirac fields in noninertial frames Phys. Rev. A 81 (2010) 052120 [arXiv:0912.4129 (quant-ph)].

[13] M. R. Hwang, D. K. Park, and E. Jung, Tripartite entanglement in a noninertial frame, Phys.

Rev. A 83 (2011) 012111 [arXiv:1010.6154 (hep-th)].

[14] E. Martin-Martinez and I. Fuentes, Redistribution of particle and antiparticle entanglement in noninertial frames, Phys. Rev. A 83 (2011) 052306 [arXiv:1102.4759 (quant-ph)].

[15] M. Montero and E. Martin-Martinez, Fermionic entanglement ambiguity in noninertial frames, Phys. Rev. A 83 (2011) 062323 [arXiv:1104.2307 (quant-ph)].

[16] M. Montero, J. Leon, and E. Martin-Martinez, Fermionic entanglement extinction in noninertial frames, Phys. Rev. A 84 (2011) 042320 [arXiv:1108.1111 (quant-ph)].

[17] A. Smith and R. B. Mann, Persistence of Tripartite Nonlocality for Non-inertial observers, arXiv:1107.4633 (quant-ph).

[18] D. K. Park, Tripartite Entanglement-Dependence of Tripartite Non-locality in Non-inertial Frame, arXiv:1201.1335 (quant-ph).

[19] Mi-Ra Hwang, Eylee Jung, and DaeKil Park, Three-Tangle in Non-inertial Frame, arXiv:1203.5594 (quant-ph).

[20] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev. D 14 (1976) 870. [21] N. D. Birrel and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, England, 1982).

[22] D. E. Bruschi et al Unruh effect in quantum information beyond the single-mode approximation, Phys. Rev. A 82 (2010) 042332 [arXiv:1007.4670 (quant-ph)].

[23] Q. Pan and J. Jing, Hawking radiation, entanglement, and teleportation in the background of an asymptotically flat static black hole, Phys. Rev. D 78 (2008) 065015 [arXiv:0809.0811 (gr-qc)].

[24] E. Martín-Martínez, L. J. Garay, and J. León, Unveiling quantum entanglement degradation near a Schwarzschild black hole, Phys. Rev. D 82 (2010) 064006 [arXiv:1006.1394 (quant-ph)].

[25] H. Ollivier and W. H. Zurek, Quantum Discord: A Measure of the Quantumness of Correlations, Phys. Rev. Lett. 88 (2002) 017901 [quant-ph/0105072].

[26] L. Henderson and V. Vedral, Classical, quantum, and total correlations, J. Phys. A: Math.

Theor. 34 (2001) 6899 [quant-ph/0105028].

[27] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information (Cambridge University Press, Cambridge, England, 2000).

[28] V. Coffman, J. Kundu and W. K. Wootters, Distributed entanglement, Phys. Rev. A 61 (2000) 052306 [quant-ph/9907047].

[29] Y. U. Ou and H. Fan, Monogamy inequality in terms of negativity for three-qubit states, Phys.

Rev. A 75 (2007) 062308 [quant-ph/0702127].

[30] W. Dür, G. Vidal, and J. I. Cirac, Phys. Rev. A62 (2000) 062314 [quant-ph/0005115]. [31] A. Karlsson and M. Bourennane, Quantum teleportation using three-particle entanglement, Phys. Rev. A 58 (1998) 4394.

[32] E. Jung, M. R. Hwang, D. K. Park, and S. Tamaryan, Three-Party Entanglement in Tripartite Teleportation Scheme through Noisy Channels Quantum Inf. Comput. 10 (2010) 0377 [arXiv:0904.2807 (quant-ph)].