arXiv:1206.5966v3 [hep-th] 7 Sep 2012

UT-12-17

5D SYM on 3D Sphere and 2D YM

Teruhiko Kawano and Nariaki Matsumiya

Department of Physics, University of Tokyo, Hongo, Tokyo 113-0033, Japan

It is shown by using localization that in five-dimensional N = 1 supersymmetric Yang- Mills theory on S^3, correlation functions in a sector are identical to correlation functions in two-dimensional bosonic Yang-Mills theory.

1 Introduction

It has been observed that a correlation function in a gauge theory gives the same result as the one in a matrix theory. The recent typical examples in our mind are four-dimensional N = 4 supersymmetric Yang-Mills theory on S^4 [1] and the ABJM model on S^3 [2], where the localization method was used to calculate the correlation functions exactly. A similar application of the localization method to five-dimensional supersymmetric Yang- Mills theory on S^5 has been attempted in [3].

Contrary to an application of the localization method to an n-dimensional supersymmetric gauge theory on an n-dimensional compact space, which has been seen to give rise to a matrix model, we will in this paper study five-dimensional N = 1 supersymmetric Yang-Mills theory put on Euclidean R^2 × S^3 by using the localization method.

To this end, one needs to pick up a supersymmetry as the BRST symmetry, and a correlation function of the BRST invariant operators can be calculated by using the localization method. In this paper, it will be seen that a correlation function of the BRST invariant operators in the supersymmetric Yang-Mills theory yields the one in two-dimensional bosonic Yang-Mills theory.

2 Five-Dimensional Super Yang-Mills Theory on R^2× S^3

A vector supermultiplet in the five-dimensional N = 1 Yang-Mills theory consists of a gauge field v_M , a real scalar field σ, an auxiliary field D^{α̇}˙_β, and a spinor field Ψ^{α̇}, where the indices α̇, β̇ label the components of the fundamental representation 2 of SU(2) R-symmetry. The spinor field obeys the symplectic Majorana condition

(Ψ^{β̇})^T C_5ϵ˙_{βα̇} = (Ψ_{α̇})^† ≡ Ψ̄_{α̇},

where T denotes the transpose, and ϵ_{α̇}˙_β is the invariant tensor of the SU(2) R-symmetry. The auxiliary field D^{α̇}˙_β is anti-Hermitian and in the adjoint representation of SU(2)

R-symmetry;

D^{α̇}˙_β = −(D^{β̇}_{α̇})^†, D^{α̇}_{γ̇} ϵ^{γ̇β̇} = D^{β̇}_{γ̇} ϵ^{γ̇α̇}, D^{α̇}_{α̇} = 0.

Our notations for the charge conjugation matrix C_5 and the gamma matrices Γ^M are explained in Appendix . We assume that the gauge group G is a simple Lie group. All the fields are in the adjoint representation of the gauge group G, and are denoted in the matrix notation as

Φ = Φ^AT^A

with the normalization tr [ T^AT^B ] = δ^{AB}.

On a flat Euclidean space R^5, the Lagrangian L_V is given by tr [ 1 4 v_{MN} v^{MN} − 1 2 D_M σD^M σ − iΨ̄_{α̇}Γ^M D_M Ψ^{α̇} + gΨ̄_{α̇} [ σ, Ψ^{α̇} ] + 1 4 D^{α̇}˙_βD^{β̇}_{α̇}, ] (1) where v_{MN} is the field strength

v_{MN} = ∂_M v_N − ∂_N v_M + ig [v_M , v_N ] ,

of the gauge field v_M , and the covariant derivatives D_M Φ is given by

D_M Φ = ∂_M Φ + ig [v_M , Φ] .

The Lagrangian L_V is left invariant under a supersymmetry transformation

δ^{(0)}v_M = −iΣ̄_{α̇}Γ_M Ψ^{α̇}, δ^{(0)}σ = iΣ̄_{α̇}Ψ^{α̇},

δ^{(0)}Ψ^{α̇} = − 1 2 ( 1 2 v_{MN} Γ^{MN} Σ^{α̇} + Γ^M D_M σΣ^{α̇} + D^{α̇}˙_βΣ^{β̇} ) , (2)

δ^{(0)}D^{α̇}˙_β = i [ D_MΨ̄˙_βΓ^M Σ^{α̇} + Σ̄˙_β Γ^M D_M Ψ^{α̇} + ig ([ σ, Ψ̄˙_β ] Σ^{α̇} + Σ̄˙_β [ σ, Ψ^{α̇} ])] , where the transformation parameter Σ^{α̇} is also a symplectic Majorana spinor;

Σ̄_{α̇} = (Σ^{β̇} )^T C_5ϵ_{β̇α̇}.

When the system is put on R^2 × S^3, it is convenient to give the gauge field v^M and the spinor Ψ^{α̇} in terms of three-dimensional tensors and spinors as

v^m (m = 1, 2, 3), v_z = 1 2 (v_4 − iv_5) , v_{z̄} = 1 2 (v_4 + iv_5) ,

Ψ^{α̇=1} = λ ⊗ χ_+ + ψ ⊗ χ_−, Ψ^{α̇=2} = C^{−1}_3 ψ^∗ ⊗ χ_+ + C^{−1}_3 λ^∗ ⊗ χ_−,

D = D^1_1 + 2 v_{z̄z}, F = 1 2 D^1_2, F̄ = 1 2 D^2_1,

where ∗ denotes the complex conjugation, and the complex coordinates z, z̄ for R^2 were introduced by z = x^4 + ix^5, z̄ = x^4 − ix^5. The two-dimensional spinors

χ_± = 1 √ 2 ( 1 ±i ) , are the eigenvectors of iΓ^4Γ^5; iΓ^4Γ^5χ_± = ±χ_±.

For the supersymmetry transformation (2), in going onto the R^2 × S^3, we will pick up one of the Killing spinors ϵ on S^3 obeying that ∇_mϵ = i 2 γ_mϵ, and set

Σ^{α̇=1} = ϵ ⊗ χ_+, Σ^{α̇=2} = C^{−1}_3 ϵ^∗ ⊗ χ_−.

On the R^2 × S^3, the supersymmetry transformation (2) no longer yields a closed algebra. Note here that the covariant derivative D_mλ contains the spin connection ω_m of the unit round S^3 as

D_mλ = ∂_mλ + 1 4 ω^{ab}_m γ^{ab}λ, where a, b = 1, 2, 3 denote the tangent indices. In order to obtain a closed algebra, we will modify the transformation law of D^{α̇}˙_β by adding δ^′_ϵD = − 1 2 ( ϵ̄λ − λ̄ϵ ) , δ^′_ϵF = 1 2 ϵ^T C_3ψ, to them, respectively.

One then finds that the modified transformation δ_ϵ = δ^{(0)}ϵ + δ^′_ϵ, δ_ϵv_m = −i [ ϵ̄γ_mλ − λ̄γ_mϵ ] , δ_ϵv_z = −ϵ̄ψ, δ_ϵσ = i [ ϵ̄λ − λ̄ϵ ] , δ_ϵλ = − 1 2 [ 1 2 v_{mn}γ^{mn} + γ^mD_mσ + D ] ϵ, δ_ϵψ = − [ −iv_{mz} γ^mϵ + iD_zσϵ + F C^{−1}_3 ϵ^∗ ] , (3) δ_ϵD = i [ D_mλ̄γ^mϵ + ϵ̄γ^mD_mλ + ig ([ σ, λ̄ ] ϵ + ϵ̄ [σ, λ] ) + i 2 ( ϵ̄λ − λ̄ϵ ) ] , δ_ϵF = i [ −ϵ^T C_3γ^mD_mψ^a + 2iϵ^T C_3D_zλ^a + igϵ^T C_3 [σ, ψ] − i 2 ϵ^T C_3ψ ] , yields the closed algebra [δ_η, δ_ϵ] v_m = −i (ξ^n∇_nv_m − D_mω) − (ϵ̄γ_{mn}η − η̄γ_{mn}ϵ) v^n, [δ_η, δ_ϵ] v_z = −i (ξ^n∇_nv_z − D_zω) , [δ_η , δ_ϵ] σ = −i (ξ^n∇_nσ + ig [ω, σ]) , [δ_η, δ_ϵ] λ = −i (ξ^n∇_nλ + ig [ω, λ]) − (ϵ̄η − η̄ϵ) λ − 1 4 (ϵ̄γ_{mn}η − η̄γ_{mn}ϵ) γ^{mn}λ, [δ_η, δ_ϵ] ψ = −i (ξ^n∇_nψ + ig [ω, ψ]) − (ϵ̄η − η̄ϵ) ψ − 1 4 (ϵ̄γ_{mn}η − η̄γ_{mn}ϵ) γ^{mn}ψ, [δ_η, δ_ϵ] D = −i (ξ^n∇_nD + ig [ω, D]) , [δ_η, δ_ϵ] F = −i (ξ^n∇_nF + ig [ω, F ]) − 2 (ϵ̄η − η̄ϵ) F, with the transformation parameters ξ^m = ϵ̄γ^mη − η̄γ^mϵ, ω = ξ^nv_n + (ϵ̄η − η̄ϵ) σ, where the covariant derivative ∇_mv_n includes the Levi-Civita connection Γ^k_{mn} as

∇_mv_n = ∂_mv_n − Γ^k_{mn}v_k.

On the R^2 × S^3, since the three-dimensional sphere S^3 is a curved space, one needs to replace all derivatives on spinors in the Lagrangian L_V by the covariant derivative with the spin connection ω_m. However, it isn’t enough to be invariant under the modified supersymmetry transformation (3). In fact, to the original Lagrangian L_V , tr [ 1 4 (v_{mn})^2 + 2 |v_{mz}|^2 − 1 2 (D_mσ)^2 − 2D_zσD_{z̄}σ + 1 2 D^2 − 2v_{z̄z} D + 2F̄ F −2iλ̄γ^mD_mλ + 2iψ̄γ^mD_mψ + 4ψ̄ D_zλ + 4D_{z̄}λ̄ ψ + 2g (¯ λ [σ, λ] + ψ̄ [σ, ψ] ) ]

one needs to add the two terms

L^′_V = −tr [¯ ψψ + λ̄λ + σσ + iσ (D − 4v_{z̄z}) ] , L_{CS} = −ϵ^{mnl}tr [ v_m∂_nv_l + i g 3 v_m [v_n, v_l] ] , to obtain the supersymmetric total Lagrangian

L = L_V + L^′_V + 1 2 L_{CS} . One can then verify that δ_ϵL = 0.

3 Localization

In this section, we will calculate the partition function of the five-dimensional supersymmetric Yang-Mills theory on the R^2 × S^3 by using the localization method. In order to make the path integral well-defined, the bosonic fields σ, D, F , and F̄ need to be analytically continued. Therefore, we will regard the scalar field σ as taking pure imaginary values, and the auxiliary field D as a real field. Further, F̄ = F^∗.

To carry out the localization method, we will define the BRST transformation by setting ϵ̄ to zero in the supersymmetric transformation (3) and by replacing the Grassmann odd parameter ϵ by a Grassmann even one. It yields δ_Qv_m = −iλ̄γ_mϵ, δ_Qv_z = 0, δ_Qv_{z̄} = ψ̄ϵ, δ_Qσ = iλ̄ϵ, δ_Qλ = − 1 2 [ 1 2 v_{mn}γ^{mn} + γ^mD_mσ + D ] ϵ, δ_Qλ̄ = 0, δ_Qψ = i [v_{mz}γ^m − D_zσ] ϵ, δ_Qψ̄ = F̄ ϵ^T C_3, (4) δ_QD = −i [ D_mλ̄γ^mϵ + ig [ σ, λ̄ ] ϵ − i 2 λ̄ϵ ] , δ_QF = iϵ^T C_3 [ −γ^mD_mψ^a + 2iD_zλ^a + ig [σ, ψ] − i 2 ψ ] , δ_QF̄ = 0, which is in fact nilpotent; δ^2_Q = 0, as it should be. Using the BRST transformation (4), we will modify the Lagrangian L into L + tL_Q with a parameter t, where

L_Q = δ_Qtr [ (δ_Qλ)^† λ + (δ_Qψ)^† ψ + ψ̄ ( δ_Qψ̄ )_†] .

The bosonic part of the extra Lagrangian L_Q gives

L^{(B)}_Q = 1 2 tr [ 1 4 (v_{mn})^2 + 2 |v_{mz} |^2 − 1 2 D_mσD_mσ − 2D_zσD_{z̄}σ + 1 2 D^2 +2 |F |^2 + 2k_m (v_{mz}D_{z̄}σ − v_{mz̄}D_zσ + iϵ_{mnk}v_{nz̄}v_{kz}) ]

where the Killing vector k_m was defined by k_m = ϵ̄γ_mϵ with the normalization (ϵ̄ϵ) = 1. On the other hand, the fermionic part of L_Q gives

L^{(F )}_Q = itr [ − λ̄γ^mD_mλ − i 2 λ̄λ − igλ̄ [σ, λ] + ψ̄γ^mD_mψ − i 2 ψ̄ψ − igψ̄ [σ, ψ] −ik_mψ̄γ^mψ + 2iλ̄D_{z̄}ψ − iψ̄D_zλ + ik_mψ̄γ^mD_zλ ] . In the large t limit, t → ∞, the fixed point, which is a solution to [ 1 2 v_{mn}γ^{mn} + γ^mD_mσ + D ] ϵ = 0, [v_{mz} γ^m − D_zσ] ϵ = 0, F = 0,

gives the dominant contribution to the partition function. In fact, the fixed point is given by v_m = 0, D = 0, F = 0, v_z = v_z(z, z̄), σ = σ(z, z̄), D_zσ = 0. (5)

Substituting the background (5) into the original Lagrangian L, one finds that the additional Lagrangian L^′_V only contributes and yields

L_{Y M} = tr[−σσ + 4iσ v_{z̄z}], (6)

which is the action of the two-dimensional Yang-Mills theory after eliminating the scalar field σ.

Around the fixed points, one needs to evaluate the path integral over the quantum fluctuations. Since the bosonic fields σ, v_z, and v_{z̄} have a non-trivial background as the fixed point, we will expand the fields as σ = σ(z, z̄) + 1 √ t σ̃(x^m, z, z̄), v_z = v_z(z, z̄) + 1 √ t ṽ_z(x^m, z, z̄), while the other fields are rescaled as Φ → (1/ √ t)Φ̃, as in [2].

One also needs the gauge-fixing procedure for the evaluation of the path integral. We will follow [2] and add to L_Q the gauge-fixing term and the ghost term tr[c̄∇_mD^mc + B∇^mv_m]. There remains the residual gauge symmetry, under which σ → σ + ig [ω(z, z̄), σ] , v_z → v_z − D_zω(z, z̄), (7) where the gauge transformation parameter ω is constant on the S^3. Following [4, 5], one can make use of the residual symmetry (7) and D_zσ = 0 in (5) to put the background σ(z, z̄), v_z(z, z̄) in the Cartan subalgebra of the Lie algebra of G such that σ(z, z̄) = r∑ i=1 σ_i H_i, v_z(z, z̄) = r∑ i=1 v^i_z(z, z̄)H_i, (8) where H_i (i = 1, · · · , r) are the generators of the Cartan subalgebra of rank r, and σ_i (i = 1, · · · , r) are constant with respect to z, z̄.

Therefore, for the residual gauge symmetry (7), we will follow the same BRST quantization procedure as for the two-dimensional Yang-Mills theory in [4, 5]. The path-integral measure of the scalar field σ(z, z̄) thus results in the finite-dimensional integral over σ_i (i = 1, · · · , r) and the determinant of the Fadeev-Popov ghosts.

One can thus see that the localization procedure has so far given the same Lagrangian (6), the same fixed points (8), and the same BRST gauge fixing procedure as for the Yang-Mills theory, - the exactly same results as in [4, 5], but, except for one point. In the two-dimensional Yang-Mills theory, for the two-dimensional gauge fields v_z, v_{z̄}, the root part ∑ α∈Λ v^α_z(z, z̄) E_α, ∑ α∈Λ v^α_{z̄}(z, z̄) E_α, (9)

where Λ is the set of all the root of the Lie algebra of G, and the root generators E_α satisfy the algebra

[H_i, E_α] = α_i E_α, [E_α, E_{−α}] = r∑ i=1 α_i H_i ≡ α · H, show up in the Lagrangian (6) as

4g (α · σ) |v^α_z|^2 , (10)

and yield the contributions to the partition function.

However, in our case, it no longer gives any contributions in the large t limit, t → ∞. One then proceeds to the evaluation of the one-loop determinants from the Lagrangian L_Q, which also contains the root part in (9) as the zero modes of v_z, v_{z̄} upon expanding them in terms of the harmonics on S^3. To this end, we will follow the same procedure as in [2, 6], - expanding all the fields in terms of the harmonics on S^3 and performing the Gaussian integration over them.

Up to an overall irrelevant normalization constant, the tedious calculation shows the exact cancellation between the bosonic degrees of freedom and fermionic ones, but, except for one pair. The zero modes of the scalar harmonics from v_z, v_{z̄} do not cancel out the contribution of one of the low-lying modes of the spinor harmonics from λ, ψ to yield the same contribution as the discrepancy, which would come from (10) in the two-dimensional Yang-Mills theory; ∫ [dΦ] e^{− ∫ d5x}(^{L+tLQ}) −→ ∫ ∏ α∈Λ [dv^α_zdv^α_{z̄} ] e^{− ∫ dzdz̄ 4g(α·σ)|vαz |2} . The partition function in the supersymmetric Yang-Mills theory on R^2 × S^3 thus exactly reduces into the one in the bosonic Yang-Mills theory on R^2, via the localization method.

4 Discussions

In the previous sections, we have seen that the five-dimensional N = 1 supersymmetric Yang-Mills theory can be put on the product space R^2 × S^3 with supersymmetry kept. Upon the localization, without losing any degrees of freedom, it reduces into the twodimensional Yang-Mills theory; namely, a correlation function in the BRST invariant sector of the five-dimensional supersymmetric theory is identical to a correlation function in the two-dimensional bosonic theory.

A conceivable extension of this work would be inclusion of hypermultiplets into the five-dimensional theory [7]. It would be interesting to see what would happen in the two-dimensional theory and to understand the relation to the proposal in [8].

Acknowledgement

The authors would like to thank Yasutaka Fukuda and Satoshi Yamaguchi for collaborations at the early stage of this work. We are grateful to Yuji Tachikawa for helpful discussions and for a careful reading of the manuscript. We are also grateful to Kazuo Hosomichi for helpful discussions and for giving us crystal clear lectures about the papers [2, 6], where we have learnt all the techniques we needed for this work. The work of T. K. was supported in part by a Grant-in-Aid #23540286 from the MEXT of Japan.

Appendix

The five-dimensional gamma matrices Γ^M (M = 1, · · · , 5) satisfy { Γ^M , Γ^N } = 2δ^{MN} , and they are given in terms of the three-dimensional gamma matrices γ^m = σ_m (m = 1, 2, 3) as

Γ^m = γ^m ⊗ σ_2, Γ^4 = 1 ⊗ σ_1, Γ^5 = 1 ⊗ σ_3,

where σ_{1,2,3} are the Pauli matrices.

The five-dimensional charge conjugation matrix C_5 satisfies ( Γ^M )_T = C_5 Γ^M C^{−1}_5 , (C_5)^T = −C_5,

where T denotes the transpose of the matrix, and it may be given in terms of the threedimensional charge conjugate matrix C_3 = iσ_2 as

C_5 = C_3 ⊗ 1.

References

[1] V. Pestun, “Localization of Gauge Theory on a Four-Sphere and Supersymmetric Wilson Loops,” Commun. Math. Phys. 313, 71 (2012), arXiv:0712.2824.

[2] A. Kapustin, B. Willett, and I. Yaakov, “Exact Results for Wilson Loops in Superconformal Chern-Simons Theories with Matter,” JHEP 1003, 089 (2010),

arXiv:0909.4559.

[3] K. Hosomichi, R. -K. Seong, and S. Terashima, “Supersymmetric Gauge Theories on the Five-Sphere,” arXiv:1203.0371.

[4] M. Blau and G. Thompson, “Derivation of the Verlinde Formula from Chern-Simons Theory and the G/G model,” Nucl. Phys. B 408, 345 (1993) hep-th/9305010; “Lectures on 2-d Gauge Theories: Topological Aspects and Path Integral Techniques,” hep-th/9310144.

[5] M. Aganagic, H. Ooguri, N. Saulina, and C. Vafa, “Black Holes, q-Deformed 2d Yang- Mills, and Non-Perturbative Topological Strings,” Nucl. Phys. B 715, 304 (2005),

hep-th/0411280.

[6] N. Hama, K. Hosomichi, and S. Lee, “Notes on SUSY Gauge Theories on Three- Sphere,” JHEP 1103, 127 (2011), arXiv:1012.3512.

[7] Y. Fukuda, T. Kawano and N. Matsumiya, work in progress.

[8] A. Gadde, L. Rastelli, S. S. Razamat and W. Yan, “The 4d Superconformal Index from q-Deformed 2d Yang-Mills,” Phys. Rev. Lett. 106, 241602 (2011),

arXiv:1104.3850.