arXiv:1206.6370v2 [hep-th] 18 Jul 2012

A note on three-point functions of conserved currents

Alexander Zhiboedov Department of Physics, Princeton University, Princeton, NJ 08544

We find the form of three-point correlation functions of traceless symmetric conserved currents of arbitrary spin ⟨js_1 js_2 js_3 ⟩ in d-dimensional conformal field theory (CFT). These are fixed up to several constants by conformal symmetry and current conservation conditions. We present generating functionals for all structures in arbitrary d. In even dimensions we present an interpretation for each structure in terms of the corresponding free field. In odd dimensions d > 3 an infinite number of structures is found which are not generated by known CFTs.

INTRODUCTION

Three-point scattering amplitudes of massless particles in flat space are fixed up to a finite number of structures. One can wonder whether the same is true for AdS threepoint correlators, which are the AdS analogs of flat space scattering amplitudes. The answer is known and given by the possible structures appearing in three-point functions of conserved currents in CFT living on the boundary. This is the well-known dictionary of AdS/CFT [1–3] .

Recently there has been growing interest in the higher spin symmetric phase of the correspondence. Under scrutiny was Vasiliev theory in AdS_4 (see e.g. [4]) and it’s dual large N 3d free/critical O(N) model [5, 6]. Threepoint functions of conserved currents in the AdS_4/CF T_3 were found to have a very simple form [7, 8]. The natural question is whether similar formulas for three point functions exist in an arbitrary number of dimensions?

In this note we give an affirmative answer to this question and present explicit results for generating functionals of three-point functions of conserved currents. We use the notations of [9] (with minor modifications).

Recall that the idea is to introduce light-like polarization vector ϵ^μ, ϵ^2 = 0, and then consider the object j_s = j_{μ1 ...μs} ϵ^{μ1} ...ϵ^{μs} .

In the discussion below we do not consider the structures containing the epsilon tensor. These could only appear in d = 3, 4 [9] and would be mentioned separately in the correspondent sections. Then the most general structure of correlation functions of conserved currents is given by

⟨j_{s1} j_{s2} j_{s3} ⟩ =

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩ |x_{12}|^{d−2}|x_{13}|^{d−2}|x_{23}|^{d−2}

, (1)

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩ = ∑ i c_iH^{h(12)i}_{12} H^{h(13)i}_{13} H^{h(23)i}_{23} V^{v(1)i}_1 V^{v(2)i}_2 V^{v(3)i}_3 ,

where V_i and H_{ij} are conformal invariants (for their definition see appendix A) and

h^{(j j+1)} + h^{(j j+2)} + v^{(j)} = s_j .

In all dimensions higher than three conformal invariants are independent.

The problem is then to fix the coefficients c_i that appear in front of all possible combinations by imposing current conservation conditions. The straightforward approach to the problem is very messy and complicated [10]. One simplification is to work in the so-called embedding formalism. This was explained in [9]. However, even then imposing conservation of current is, in general, a rather cumbersome procedure.

The problem can be simplified drastically after noticing that for conserved currents ∂_μj^μ_{μ2 ...μs} is also a primary operator of the CFT. And the correlation function of ⟨∂.j_{s1} j_{s2} j_{s3} ⟩ can be again written as a known prefactor times the polynomial of the form discussed above but with s_1 → s_1 − 1. Thus, taking the divergence of the current j_s(x_i) can be thought as an operation in the space of polynomials of V_i’s and H_{ij} ’s D_i : f(H_{ij} , V_i) → g(H_{ij} , V_i). This point of view was taken in [11].

Moreover, since the explicit form of the divergence operator is known one can easily check that D_i can be at most a third order differential operator and moreover, it cannot contain the^∂_{∂Hi+1,i+2} derivatives. By writing the most general form of the operator and mapping it to the result of taking the divergence of the most general structure from (1) one can fix it completely. The result is given in the appendix A.

SOLUTION

Given the explicit form of D_i one can try to find the most general solution of the equation

D_i⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩(H_{ij} , V_i) = 0. (2)

For d = 3 the solutions corresponding to a free boson and free fermion were found in [7]. In [11] using the light cone limit it was proved that these are the only solutions.

To proceed to higher dimensions first notice that the solutions of (2) do exist in an arbitrary d and for arbitrary s_i’s. This follows from the existence of free boson and fermion theories in arbitrary dimensions. Moreover, the solution in d = 3 is known to have a factorized form

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩_{d=3} = 3∏ i=1 β(V_i) 3∏ i<j;1

γ(H_{ij} ) (3)

This serves as the natural starting point to guess the answer for an arbitrary d. One can check that, indeed, the solution of this form exists.

In d = 3 the conformal invariants are not independent, namely there is a relation between them − 1 2 H_{12}H_{13}H_{23} = ( V_1V_2V_3 + 1 2 [V_1H_{23} + V_2H_{13} + V_3H_{12}]

)_2 . (4) It is also instructive to recall the behavior of free field correlators with all minus components j_{−...−} when x^+_{ij} → 0 [32]. We expect conserved currents to have a schematic form j_{−s} = ψ_{−j} ←→ ∂^{s−2j}_− ψ_{−j} where ψ_{−j} is a field of spin j and the propagator is by Lorentz invariance

⟨ψ_{−j} (x)ψ_{−j} (0)⟩ ∝ (x^+)^{2j} . (5)

This guarantees that correlation functions of currents built using field ψ_{−j} will also have the limit lim x^+_{ij} →0

⟨⟨j_{−s1} j_{−s2} j_{−s3} ⟩⟩ ∝ (x^+_{ij} )^{2j} . (6)

To capture this limit it is useful to introduce the following combinations of conformal invariants

Λ_1 = V_1V_2V_3 + 1 2 [V_1H_{23} + V_2H_{13} + V_3H_{12}] , (7)

Λ_2 = H_{12}H_{13}H_{23}.

If we choose ϵ^μ_i = ϵ^− then the relation (4) holds in any number of dimensions Λ_2|_ϵ^μ_{i =ϵ}− = −2Λ^2_1|_ϵ^μ_{i =ϵ}− . Moreover, as one can check in this case

Λ_1|_ϵ^μ_{i =ϵ}− = 1 4 x^+_{12}x^+_{13}x^+_{23} x^2_{12}x^2_{13}x^2_3

(ϵ^−)^3. (8)

In this manner the most general prefactor that captures the limit (4) is

∑_{[j]}

i=0 c_iΛ^{2j−i}_1 Λ^i_2.

Below it will be useful to introduce the following function

G(α) = 3∏ i=1 e^{Vi} 3∏ i<j;1

0F_1(α, −

H_{ij} 2 ) (9)

where_0F_1 is a usual (0, 1) hypergeometric function.

The simplest solution that has factorized form and limit behavior (6) with j = 0 takes the form

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^{j=0}_d = G( d 2 − 1). (10)

Let us explain how one should understand this formula. To extract the three-point function for particular s_i one needs to pick up the ϵ^{s1}_1 ϵ^{s2}_2 ϵ^{s3}_3 component in the expansion of the RHS of (10). Formulas below should be understood in the same manner.

The answer for j =^1_2 should contain a Λ_1 factor. Again trying the factorized ansatz for the generating functional one finds the solution

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^{j= 12}_d = G( d 2 )Λ_1. (11)

The first case where both Λ_1 and Λ_2 appear is the case of j = 1. Again we find that the solution exists and is given by

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^{j=1}_d = G( d 2 + 1) [ Λ^2_1 +

Λ_2 2(d − 2) ] . (12)

As a trivial check notice that it becomes zero when d = 3 due to (4).

After considering simplest cases we can present the general integer or half-integer spin j solution. The spin here is defined by the light cone limit (6) and not by the existence of some actual elementary field in an abstract Lagrangian.

As one can easily check using the operator from appendix A the spin j solution takes the form

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^j_d = G( d 2 + 2j − 1)Λ^{2j}_1

×_2F_1( 1 2 − j, −j, 3 − d 2 − 2j, − 1 2 Λ_2 Λ^2_1

). (13)

Let us comment on some general features of the solution (13). First, in the light cone limit it has behavior (6). Secondly, each spin j structure contributes only to the correlation functions with s_i ≥ 2j [33]. Thirdly, for d = 3 all structures with j >^1_2 are zero.

Thus, we get that the most general form of the threepoint functions in general d is given by

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩_d =

min[s_1 ,s_2,s_3 ]/2 ∑ j=0 c_j ⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^j_d (14)

where j takes integer and half-integer values. Notice that we have in total min[s_1, s_2, s_3]+1 structures for d > 3. In [9] this number was conjectured as the number of possible structures. The uniqueness of the solutions presented above for j = 0 and j =^1_2 is proved in the appendix B. The fact that (14) is a complete set of solutions is also supported by the calculation of particular examples.

For completeness an appendix C we present the result for three-point functions of stress tensors.

INTERPRETATION

Above we introduced the basis of all three point functions governed by the limit (6) and inspired by the structure of free field theories. One can wonder what is the precise relation between the solutions above and the three point functions that appear in free field theories.

Given a free field of spin j^′ the three point functions of conserved currents in this theory by construction above will generate the j^′-structure. However, a priori the structures with j > j^′ could be also generated.

It is easy to check that for three point function of stress tensors each j solution corresponds to free field: j = 0 being a free scalar, j =^1_2 a free fermion and j = 1 in even dimensions d > 4 is generated by the free theory of d 2 − 1 form (see [12, 29]).

One can wonder whether this holds true for general spins, namely given a free field theory it generates three point functions with given j considered above. We do not have a proof of this statement but below we interpret different solutions assuming that this is true, namely each unitary free field theory generates only one j structure. It would be interesting to check it.

d = 3

For d = 3 the two structures correspond to the theory of a free boson (j = 0)

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^{boson}_3 = 3∏ i=1 e^{Vi} 3∏ i<k;1

cos( √ 2H_{ik}) (15)

and a free fermion (j =^1_2 )

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^{fermion}_3 = 3∏ i=1 e^{Vi} 3∏ i<k;1

sin( √ 2H_{ik}) (16)

The corresponding formulas were found in [7, 8].

For spins satisfying the triangle rule s_i ≤ s_{i+1} + s_{i+2} there is an additional structure containing the epsilon tensor discussed in [8, 30]. The integral expression for it could be found in the appendix B of [11].

d = 4

For d = 4 the answer can be written as follows [34]

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^j_4 = 3∏ i=1 e^{Vi} 3∏ i<k;1

J_{2j} ( √ 2H_{ik}) H^j_{ik}

Λ^{2j}_1

2F_1( 1 2 − j, −j, 1 − 2j, − 1 2 Λ_2 Λ^2_1

) (17)

where J_{2j} is an ordinary Bessel function. It is known that there is an infinite set of free CFT’s in d = 4 given by (j, 0) self-dual tensors [14, 15]. Thus, we conjecture that j labels the rank of the self-dual tensor. The equation of motions and conserved current operators for these fields were neatly described in [16]. From there it is clear that the correlation functions of currents in these theories will have the light cone limit as we described as well as the fact that conserved currents for rank j field exist starting from spin 2j.

The equivalent form of (17) as well as the identification with correspondent free fields were also presented in [31].

For completeness we present here a formula for the possible three point functions involving the epsilon tensor that were found in [31]. A generating functional equivalent to the one presented in [31] is

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩^j_{4,odd} = S 3∏ i=1 e^{Vi} 3∏ i<k;1

J_{2j} ( √ 2H_{ik}) H^j_{ik}

Λ^{2j}_1

2F_1( 1 2 − j, −j, −2j, − 1 2 Λ_2 Λ^2_1

) (18)

where S is the unique conformal invariant involving the epsilon tensor which is defined in appendix A. According to [31] j goes from 0 to^{min[s1 ,s2,s3 ]−1}_2 taking integer and half-integer values. In this way min[s_1, s_2, s_3] number of structures is generated.

Even d > 4

In this case we have again an infinite number of free fields labeled by their representation [14, 15]. We expect that our label j corresponds to the representation label for free field theories in even dimensions analogously to the case d = 4.

Odd d > 3

The situation in odd dimensions is more interesting. There are no free fields except a free scalar (j = 0) and free fermion (j =^1_2 ). Nevertheless, we have an infinite number of different structures. The natural question is: where do they come from [35]?

We would like to point out the class of free CFT’s that could be relevant for this question. The scenario we have in mind was considered in the [17] in the context of ddimensional Maxwell theory. In their case a non-unitary CFT contained operator F_{μν} which satisfies

□F_{μν} = 0, (19)

however, compared to the usual free field it is not a primary operator.

This theory being free has higher spin symmetry and, thus, higher spin currents. This is easy to see since the transformation [Q_s, F_{μν} ] = ∂^{s−1}F_{μν} is a symmetry of correlation functions [36].

One can wonder what are the correlation function of conserved currents in this exotic theory and which structures do they generate. We do not explore this question in the present note.

More general scenario would be to consider a field ψ such that

□ψ = 0 (20) K_μψ(0) ≠ 0 (21)

where K_μ is the special conformal generator.

One can also wonder whether there exist unitary conformal theories (non-Lagrangian) in odd dimensions such that they have correlation functions of conserved currents being given by j >^1_2 structure. We do not know the answer to this question. The bootstrap approach of [11] could be useful to clarify this point.

CASE OF ONE CONSERVED CURRENT

More generally, one can consider the problem of finding three-point function ⟨j_{s1} j_{τ2,s2} j_{τ3 ,s2} ⟩ where only j_{s1} is conserved (τ = Δ − s is the twist of the operator). To analyze this case we present at the end of the appendix A an extension of the differential operator that can be used for this general case.

From the form of the differential operator it is clear that in the case when τ_2 = τ_3 = τ we can use the solutions found for the case of conserved currents, namely we can write the following set of solutions

⟨j_{s1} j_{τ,s2} j_{τ,s3} ⟩ =

⟨⟨j_{s1} j_{τ,s2} j_{τ,s3} ⟩⟩ |x_{12}|^{d−2}|x_{13}|^{d−2}|x_{23}|^{2τ −(d−2)} ,

⟨⟨j_{s1} j_{τ,s2} j_{τ,s3} ⟩⟩ =

min[s_2,s_3 ] ∑ l=0 min[s_1 ,s_2−l,s_3 −l] ∑ k=0 c_{kl}

H^l_{23}⟨⟨j_{s1} j_{s2−l}j_{s3 −l}⟩⟩^{k2} , (22)

where each summand is annihilated by D_1. Notice that in this case a total number of possible structures is equal to 1 2 (min[s_1, s_2, s_3] + 1)(2 min[s_2, s_3] − min[s_1, s_2, s_3] + 2) (23) and grows quadratically with spin. We do not prove that these are all possible structures. However, for all particular examples we found that these are all possible structures [37].

THREE POINT FUNCTION OF STRESS TENSORS FROM THE GRAVITY DUAL

It is also instructive to present the result for the three point function of stress tensors computed using gravitational action in AdS S = 1 2κ^2_{d+1} ∫ d^{d+1}x √ g (R − 2Λ) . (24)

This problem was solved in [18]. Here we present the result of [18] using the solutions introduced above. It makes the answer more transparent and easier to understand. The relevant three point functions are written in appendix C. We get

⟨⟨T T T ⟩⟩^{gravity} = a_{j=0}⟨⟨j_2j_2j_2⟩⟩^{j=0}_d (25)

+ a_{j=} 1_2 ⟨⟨j_2j_2j_2⟩⟩^{j= 12}_d + a_{j=1}⟨⟨j_2j_2j_2⟩⟩^{j=1}_d

where

a_{j=0} = d − 2 2(d − 1)^2 s_d (26)

a_{j=} 1_2 = s_d (27) a_{j=1} = d s_d (28)

and s_d = −^{128d2Γ(d)}

(d−1)π^dκ^2_{d+1} . The formulas above are valid for

d ≥ 4.

For d = 4 the answer is very well known and corresponds to the computation in strongly coupled large N N = 4 SYM.

For d = 6 it corresponds to the three point function in large N A_{N−1} (2, 0) SCFT [19, 20].

For d = 5 interacting fixed points involving supergravity dual were described in [21–23]. It is interesting to notice that the structure j = 1 is generated in this case. It indicates non weakly coupled nature of these theories and serve as an example of the appearance of the j = 1 structure in unitary interacting 5d SCFTs.

CONCLUSIONS

The main result of this note are the formulas (13,14). Very likely they comprise all possible structures that can appear in the three-point functions of conserved currents. This is supported both by the general counting arguments of [9] as well as by “experimental” data of particular examples. In even dimensions each structure originates from a free field. In odd dimensions the situation is less clear. Namely we found an infinite number of structures which do not originate from any known CFT.

We see the following possible applications of these results.

First, they could be useful in extending the argument of [11] to higher dimensions. Secondly, this analysis could be thought of as the computation of possible on-shell structures that could appear in the higher spin gauge theories in AdS [25, 26]. Thirdly, they could be useful in looking for weakly coupled interacting fixed points in higher dimensions in the spirit of [24, 27]. Fourthly, this is an exercise in computing tree-level correlators of operators in any weakly coupled CFT.

It would be interesting to clarify the origin of the j >^1_2 structures in odd dimensions d > 3 as well as to understand the structure of correlation functions in the theories of the type considered in [17].

Another obvious extension is to consider the threepoint functions of the currents in more general representations of the Lorentz group.

Note: We became aware of [31] while this paper was in preparation. The result for three-point functions in d = 4 without the epsilon tensor found in [31] agrees with the formula (17) obtained in the present note.

To summarize, the results of [31], results of this note as well as results from previous papers comprise a complete classification of all possible structures for three point functions of symmetric traceless conserved currents in arbitrary d.

Acknowledgments: We are grateful to B. Basso, D. Mc- Gady for useful discussions. We thank A. Dymarsky, D. McGady and B.Safdi for comments on the manuscript. We thank D. Poland for providing us with the code to test the ideas considered in the note. We are especially grateful to J.Maldacena for discussions on this and related topics, comments, suggestions and reading of the manuscript.

The work of AZ was supported in part by the US National Science Foundation under Grant No. PHY- 0756966 and by the Department of Energy under Grant No.#DEFG02-91ER40671.

APPENDIX A

The conformal invariants used in the main text are given by the following formulas

V_i =

(ϵ_ix_{i,i+2})

x^2_{i,i+2} − (ϵ_ix_{i,i+1}) x^2_{i,i+1}

, (29)

H_{ij} =

(ϵ_iϵ_j )x^2_{ij} − 2(ϵ_ix_{ij} )(ϵ_j x_{ij} ) x^4_{ij}

, (30)

x_{ij} = x_i − x_j .

where under conformal mapping x → x̂ polarization tensors transform as ϵ^μ_i → ϵ̂^μ_i =^{∂x̂μ}_{∂xν} |_{x=xi} ϵ^ν_i .

In four dimensions there is an additional unique conformal invariant that contains the epsilon tensor ϵ_{μνρσ} . It can be written as follows S = ϵ_{μνρσ} x^2_{12}x^2_{13}x^2_3

[ϵ^μ_2 ϵ^ν_3 x^ρ_{13}x^σ_{23}(ϵ_1x_{13}) − ϵ^μ_1 ϵ^ν_3 x^ρ_{13}x^σ_{23}(ϵ_2x_{23}) + 1 2 ϵ^μ_1 ϵ^ν_2 ϵ^ρ_3x^σ_{23}x^2_{13} − 1 2 ϵ^μ_1 ϵ^ν_2 ϵ^ρ_3x^σ_{13}x^2_3 ] .

Here we present the form of the divergence differential operator. We write only D_1, other operators can be obtained by a cyclic change. Since the operator is rather cumbersome we split it into three parts according to the number of derivatives contained in it

D_1 =

D^{(3)}_1 d − 2

+ D^{(2)}_1 + (d − 2)D^{(1)}_1 (31)

D^{(1)}_1 = V_2∂_{H12} − V_3∂_{H13}

D^{(2)}_1 = 2H_{12}V_2∂^2_{H12} + 4H_{13}V_2∂_{H13} ∂_{H12} −(H_{23} + 2V_2V_3)∂_{V2} ∂_{H13} + V_2∂_{V1} ∂_{V2} +(H_{12} + 2V_1V_2)∂_{V1} ∂_{H12} − [2 → 3]

D^{(3)}_1 = 8H_{12}(H_{13}V_2 − Λ_1)∂^2_{H12} ∂_{H13} +4Λ_1∂_{V1} ∂_{V3} ∂_{H12} + 4H_{13}V_2∂_{V1} ∂_{V2} ∂_{H13} +2H_{12}(H_{23} + 2V_2V_3)∂_{V3} ∂^2_{H12} +2H_{12}(H_{12} + 2V_1V_2)∂_{V1} ∂^2_{H12} +(H_{12} + 2V_1V_2)∂^2_{V1} ∂_{V2} − [2 → 3],

where Λ’s were defined in (7) and [2 → 3] stands for the anti-symmetrization of the whole expression with respect to 2 and 3. One can check that (13) is annihilated by this differential operator.

In the case when we want to impose conservation of a current inside the three-point function ⟨j_{s1} j_{τ2,s2} j_{τ3,s2} ⟩ where τ = Δ − s is the twist of the field we get an additional piece in the differential operator

(τ_2 − τ_3) [ δD^{(1)} + δD^{(2)} d − 2 ]

δD^{(1)}_1 = ∂_{V1} − V_2∂_{H12} − V_3∂_{H13} (32)

δD^{(2)}_1 = V_1∂^2_{V1} − 4Λ_1∂_{H12} ∂_{H13} +2∂_{V1} (H_{12}∂_{H12} + H_{13}∂_{H13} ) −2 ( V_2H_{12}∂^2_{H12} + V_3H_{13}∂^2_{H13} ) The total differential operator is the sum of (31) and (32).

These expressions for the differential operator are not particularly elegant. One can wonder if these can be simplified with the different choice of the conformal basis for the three-point function.

APPENDIX B

Here we would like to argue that the solutions that we obtained above are unique for j = 0 and j =^1_2 . We are following the same route as in [11].

Recall that the guiding idea for finding the solutions was their behavior in the particular limit lim_x+_{ij →0} j_{−...−}(x_i)j_{−...−}(x_j ).

In this limit correlation functions simplify and one can hope to fix them in a easier way.

We would like to impose the conservation of current at point x_1 while taking the limit described above for point x^+_{23}. In terms of V ’s and H’s this limit corresponds to imposing the conservation condition in the space of polynomials around the point

H_{23} = 0,

V_1 = − 1 2 [ H_{13} V_3 + H_{12} V_2 ] . (33)

Then we arrange different structures according to their behavior around this point. The analysis is especially simple in the cases of j = 0 and j =^1_2 .

j = 0

In this case we have

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩ =

s_1∑

a=0 c(a)H^a_{12}H^{s1 −a}_{13}

V^{s2 −a}

2 V^{s3 −s1+a} 3 where powers were fixed to give the correct spin. Now we act on this function with D_1 to get

c(a + 1)

c(a) = (s_1 − a)(s_1 +^{d−4}_2 − a)(s_2 + a +^{d−2}_2 ) (a + 1)(a +^{d−2}_2 )(s_1 + s_3 +^{d−4}_2 − a)

. (34)

j =^1_2

In this case we have

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩ = Λ_1

s_1 −1∑

a=0 c(a)H^a_{12}H^{s1 −1−a} 13 V^{s2 −1−a}

2 V^{s3−s1 +a} 3 where powers were fixed to give the correct spin. Again we act on this function with D_1 to get

c(a + 1)

c(a) = (s_1 − 1 − a)(s_1 +^{d−4}_2 − a)(s_2 + a +^{d−2}_2 ) (a + 1)(a +^{d−2}_2 + 1)(s_1 + s_3 +^{d−4}_2 − 1 − a) . (35)

j = 1

Starting from j = 1 the limit is not enough to fix the structure completely for d > 3. It is related to the fact that we can have several Λ terms (Λ^2_1 and Λ_2 for j = 1) with different series in front of each term. We will get the recursion relation again, however, it is not enough to fix the solution completely.

However, for the ansatz

⟨⟨j_{s1} j_{s2} j_{s3} ⟩⟩ = (Λ^2_1 + γΛ_2)

s_1 −2∑

a=0 c(a)H^a_{12}H^{s1 −2−a} 13 V^{s2 −2−a}

2 V^{s3 −s1 +a} 3

it is possible to check that the solution is unique and is given by the one in the text.

For j > 1 we will get even more Λ terms and additional analysis would also be needed to argue the uniqueness of the solution.

APPENDIX C

Here we present the most general structure for the three-point function of stress tensors as it comes from the j = 0,^1_2 , 1 structures

⟨⟨j_2j_2j_2⟩⟩^{j=0}_d = Λ_1 [Λ_1 − (d + 2)V_1V_2V_3] − d (d − 2)^2

Λ_2 + 1 8 (d + 2)(d + 4)V^2_1 V^2_2 V^2_3 + d + 2 2(d − 2)

(V_1V_2H_{13}H_{23} + cyclic) ,

⟨⟨j_2j_2j_2⟩⟩^{j= 12}_d = Λ_1 [ Λ_1 −

(d + 2) 2 V_1V_2V_3 ] , ⟨⟨j_2j_2j_2⟩⟩^{j=1}_d = Λ^2_1 +

Λ_2 2(d − 2) . These are the only structures that contribute to the three-point function of stress tensors for d ≥ 4.

In d = 3 there is an additional structure that contains the epsilon tensor. It was originally found in momentum space in [30] (see [8] for it’s position space form). In d = 4 structures containing the epsilon tensor are not allowed by permutation symmetry.

For completeness we also present a relation between the structures above and answers obtained from free theories.

For a real scalar and a Dirac fermion in arbitrary d we get [28]

⟨⟨j_2j_2j_2⟩⟩^{scalar}_d = −

8d^2(d − 2)^2Γ(^d_2 )^3 (d − 1)^3π^{3d}2

⟨⟨j_2j_2j_2⟩⟩^{j=0}_d

⟨⟨j_2j_2j_2⟩⟩^{f ermion} d = −

8d^22^{[ d2 ]}Γ(^d_2 )^3

π^{3d}2

⟨⟨j_2j_2j_2⟩⟩^{j= 12}_d ,

in even d we can also have a theory of (^{d−2}_2 )-form [29]

⟨⟨j_2j_2j_2⟩⟩^{( d−22 )−f orm} d = −

16d^3(d − 2)Γ(^d_2 )Γ(d − 1) (d − 3)π^{3d}2 ⟨⟨j_2j_2j_2⟩⟩^{j=1}_d .

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231.

[arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys.

Lett. B 428 (1998) 105. [arXiv:hep-th/9802109].

[3] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253.

[arXiv:hep-th/9802150].

[4] M. A. Vasiliev, In *Shifman, M.A. (ed.): The many faces of the superworld* 533-610 [hep-th/9910096].

[5] E. Sezgin and P. Sundell, Nucl. Phys. B 644, 303 (2002) [Erratum-ibid. B 660, 403 (2003)] [hep-th/0205131].

[6] I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 550, 213 (2002) [hep-th/0210114].

[7] S. Giombi and X. Yin, JHEP 1104, 086 (2011) [arXiv:1004.3736 [hep-th]].

[8] S. Giombi, S. Prakash and X. Yin, arXiv:1104.4317 [hepth].

[9] M. S. Costa, J. Penedones, D. Poland and S. Rychkov, JHEP 1111, 071 (2011) [arXiv:1107.3554 [hep-th]].

[10] H. Osborn and A. C. Petkou, Annals Phys. 231, 311 (1994) [hep-th/9307010].

[11] J. Maldacena and A. Zhiboedov, arXiv:1112.1016 [hepth].

[12] D. Anselmi, Class. Quant. Grav. 17, 1383 (2000) [hep-th/9906167].

[13] S. Weinberg and E. Witten, Phys. Lett. B 96, 59 (1980). [14] S. Minwalla, Adv. Theor. Math. Phys. 2, 781 (1998) [hep-th/9712074].

[15] W. Siegel, Int. J. Mod. Phys. A 4, 2015 (1989). [16] O. A. Gelfond, E. D. Skvortsov and M. A. Vasiliev, Theor. Math. Phys. 154, 294 (2008) [hep-th/0601106].

[17] S. El-Showk, Y. Nakayama and S. Rychkov, Nucl. Phys.

B 848, 578 (2011) [arXiv:1101.5385 [hep-th]].

[18] G. Arutyunov and S. Frolov, Phys. Rev. D 60, 026004 (1999) [hep-th/9901121].

[19] N. Seiberg, Nucl. Phys. Proc. Suppl. 67, 158 (1998) [hep-th/9705117].

[20] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 323, 183 (2000) [hep-th/9905111].

[21] N. Seiberg, Phys. Lett. B 388, 753 (1996) [hep-th/9608111].

[22] A. Brandhuber and Y. Oz, Phys. Lett. B 460, 307 (1999) [hep-th/9905148].

[23] O. Bergman and D. Rodriguez-Gomez, arXiv:1206.3503 [hep-th].

[24] J. Maldacena and A. Zhiboedov, arXiv:1204.3882 [hepth].

[25] M. A. Vasiliev, Nucl. Phys. B 862, 341 (2012) [arXiv:1108.5921 [hep-th]].

[26] E. Joung and M. Taronna, Nucl. Phys. B 861, 145 (2012) [arXiv:1110.5918 [hep-th]].

[27] S. Giombi, S. Minwalla, S. Prakash, S. P. Trivedi, S. R. Wadia and X. Yin, arXiv:1110.4386 [hep-th].

[28] J. Erdmenger and H. Osborn, Nucl. Phys. B 483, 431 (1997) [hep-th/9605009].

[29] A. Buchel, J. Escobedo, R. C. Myers, M. F. Paulos, A. Sinha and M. Smolkin, JHEP 1003, 111 (2010) [arXiv:0911.4257 [hep-th]].

[30] J. M. Maldacena and G. L. Pimentel, JHEP 1109, 045 (2011) [arXiv:1104.2846 [hep-th]].

[31] Y. S. Stanev, arXiv:1206.5639 [hep-th]. [32] We use the metric ds^2 = dx^+dx^− +

∑_{d−2} i=1 dx^2_i .

[33] This is in accord with the Weinberg-Witten rule [13]: the existence of the field of spin j charged under symmetry generated by gauge invariant operator js implies s ≥ 2j.

[34] For any even d we can use the relation

0F1( d 2 + 2j − 1, − x 2 ) ∝ J d−4_{2 +2j} ( √ 2x) x^{j+ d−4}4 .

[35] The question about the origin of the third structure in the three-point function of stress tensors was pointed to us by Rob Myers.

[36] As well as [Qs, Aμ] = ∂^{s−1}Aμ by the same token. [37] For example, we checked that there are 42 solutions for s1 = 6, s2 = 8, s3 = 10.