arXiv:1206.6622v3 [hep-ph] 21 Nov 2012

Twisted electron in a strong laser wave

Dmitry V. Karlovets^∗ Tomsk Polytechnic University, Lenina 30, 634050, Tomsk, Russian Federation (Dated: November 22, 2012)

Electrons carrying orbital angular momentum (OAM) have recently been discovered theoretically and obtained experimentally that opens up possibilities for using them in high-energy physics. We consider such a twisted electron moving in external field of a plane electromagnetic wave and study how this field influences the electron’s OAM. Being motivated by the development of high-power lasers, we focus our attention on a classically strong field regime for which −e^2Ā^2/m^2_ec^4 ≳ 1. It is shown that along with the well-known “plane-wave” Volkov solution, Dirac equation also has the “non-plane-wave” solutions, which possess OAM and a spin-orbit coupling, and generalize the free-electron’s Bessel states. Motion of the electron with OAM in a circularly polarized laser wave reveals a twofold character: the wave-packet center moves along a classical helical trajectory with some quantum transverse broadening (due to OAM) existing even for a free electron. Using the twisted states, we calculate the electron’s total angular momentum and predict its shift in the strongfield regime that is analogous to the well-known shifts of the electron’s momentum and mass (and to a less known shift of its spin) in intense fields. Since the electron’s effective angular momentum is conserved in a plane wave, as well as in some more general field configurations, we discuss several possibilities for accelerating non-relativistic twisted electrons by using the focused and combined electromagnetic fields.

PACS numbers: 12.20.Ds; 42.50.Tx; 41.85.-p

I. INTRODUCTION

In recent years, photons carrying orbital angular momentum (OAM) have become objects of an intensive study that led to creation of a new subfield in quantum optics (see a recent review in [1]). The beams of such twisted photons are no longer the plane waves, since their wavefront rotates around the propagation axis, and the Poynting vector looks like a corkscrew. The simplest objects revealing these properties were shown to be the focused laser beams, in particular, the Laguerre- Gaussian wave packets [2]. These photons have already found many different applications in condensed matter physics, atomic physics, biology, microscopy, etc. since they are used, for instance, as the optical tweezers for trapping and moving different nano- and micro-objects [3–5]. It has recently been shown that rotating black holes can produce OAM in the photons radiated near them [6, 7]. A way of obtaining the twisted photons with the energies up to GeV range via the Compton backscattering process has recently been proposed in [8].

It is evident that the massive particles, for example electrons, can also carry OAM being quantized along the propagation axis. Such non-plane-wave solutions for the Dirac equation, which describe an electron possessing some OAM along with the spin, were given, for example, in [9–11]. The method for creating such electrons was proposed by Bliokh et al. in [12] by analogy with the twisted photons, for which the spiral phase plates or diffraction gratings with an edge dislocation are of-

∗Electronic address: d.karlovets@gmail.com

ten used. Soon after this, the twisted electrons were obtained experimentally by several groups with the values of the OAM-projection m onto the direction of motion up to m ∼ 100ℏ [13–15] (see also more recent results in [16, 17]). Though the energies of these electrons are not high yet, ε_c ∼ 300 keV, their creation itself opens up possibilities for using twisted particles in highenergy physics. The simplest quantum processes with the twisted scalar particles were studied theoretically by Ivanov and Serbo in [18, 19].

The OAM as a fundamentally new quantum degree of freedom of massive particles leads to a number of intriguing effects, for instance, to some quantum broadening of the free electron’s classical rectilinear trajectory together with the appearance of a “doughnut” spatial structure in the transverse plane analogous to that of the focused laser beams [12]. Moreover, the gyromagnetic ratio for such twisted electrons is modified: the electron’s magnetic moment becomes proportional to the OAM (with a g-factor equal to 1) [20], whose values can be, in principle, arbitrary large. For electrons with m ∼ 100ℏ, the magnetic moment is, roughly speaking, 10^2 times larger than the Bohr magneton that can lead to the different phenomena in particle and nuclear physics, for instance, to the significant increase of all the radiation effects related to the magnetic moments. Whereas the ordinary magnetic moment’s radiation (the so-called “spin light” [21]) is usually too tiny to be measured, the radiation of the twisted electron’s magnetic moment (regardless the radiation type) is likely to be detected much easier, especially, in the coherent regime of a beam’s emission (see e.g. [22]).

However in order to make quantitative predictions on these effects, it is necessary in most cases to have the ultrarelativistic twisted electrons (e.g. in order to increase the radiated power) as well as to understand how the electron’s OAM is changed when some external electromagnetic field is applied. Since the direct experimental production of the ultrarelativistic twisted electrons seems to be impossible due to extremely small de Broglie wave length, the only way we are left with is to use some accelerating field.

In this paper, we consider a twisted electron moving in external field of a plane electromagnetic wave and present the corresponding exact solution of the Dirac equation. The study of twisted states in the background fields is important at least for two reasons:

• it allows one to describe motion of the particles in these fields as well as the conservation (nonconservation) of the OAM that, consequently, can suggest a way for accelerating twisted electrons up to GeV-energy range;

• it makes possible to bring these particles in the subject of high-energy physics and to calculate the corresponding quantum processes the simplest of which is the Compton scattering of a plane-wave photon by a twisted electron (or vice versa [8]).

The investigation of these collisions can be of both the fundamental and applied interest, since the value of OAM can be arbitrary large and its importance for different quantum processes may turn out to be much greater than that of the spin.

Thus, one of the paper’s main goals is to understand whether the external laser field changes the properties of the twisted electron or not. In particular, we shall demonstrate that the average angular momentum of a twisted electron is conserved in a plane wave appearing as an effective integral of motion. In fact, our main conclusion of the OAM’s conservation stays valid for even more general field configurations, since, as was demonstrated by Bagrov and Gitman, the problem with a combination of longitudinal electric and magnetic fields, E_z + H_z, together with the co-propagating laser field A (with a wave vector k = ke_z) can always be effectively reduced to the one with the longitudinal magnetic field H_z only by using the special transformation [10]. As is well-known, the electron OAM’s z-projection is an exact integral of motion in the last case (see e.g. [23, 24]) by analogy with a free twisted electron. These facts make the acceleration of the non-relativistic twisted electrons possible.

On the other hand, here we try to connect this newly developed physics of twisted particles together with the strong-field QED. The development of high-power lasers could allow one to achieve the laser intensities exceeding 10^{23} W cm^{−2} within the next few years (see, for example, Extreme Light Infrastructure project [25]). When being observed in the rest frame of a relativistic electron, the field strength of such a laser can approach to the Sauter- Schwinger limit E_c ≃ 1.3 × 10^{18} V m^{−1} that leads to the different non-linear quantum phenomena (see e.g. [26, 27] and the references cited therein). Being motivated by this fact, we focus our attention on the case of the strong laser wave, which is characterized with the wellknown “classical” parameter η^2 = −e^2Ā^2/m^2_ec^4 (see §101 in [28]).

The electron’s twisted states presented in this paper generalize the free-electron’s Bessel states recently obtained by Bliokh et al. in [20]. They are, in addition, the simplest example of the non-Volkov solutions for the Dirac equation with the external plane-wave field, as was demonstrated in [10]. Using these states, we calculate the electron’s effective angular momentum (OAM + spin) in a wave and predict its shift in the strong-field regime for which η ≳ 1. Such a shift appears due to the electron’s spin precession and it is analogous to the well-known change of the electron’s momentum and mass in a strong laser wave. Though this effect is negligible when m ≫ ℏ, it can lead to the effective reduction of spin (for helicity states: λ → 0 for η ≳ 1), or even to inversion of the one (λ → −λ for η ≫ 1), that can, consequently, influence some quantum processes such as the non-linear Compton scattering and the Breit-Wheeler pair production.

Finally, we discuss several possibilities for accelerating non-relativistic twisted electrons with the OAM conservation and show that such an acceleration is possible with the use of azimuthally symmetric electromagnetic fields such as the focused laser beams and the “combined” fields (plane wave + longitudinal electric and magnetic fields).

The paper is organized as follows. In Sec.II we consider a free twisted scalar particle and discuss some general moments in solving the Klein-Gordon equation and normalizing its solutions. The free twisted electron being described with the corresponding solution of the Dirac equation is considered in Sec.III. In Sec.IV we study the electron moving in the field of a plane circularly polarized electromagnetic wave and present the corresponding non- Volkov states. We also calculate the electron’s current density using these states and discuss the normalization. At each step we pay attention to the transformation of the twisted states to the well-known plane waves in the corresponding limiting case. Then in Sec.V we calculate the electron’s effective spin and study its shift in the strong wave regime. The total (OAM + spin) electron’s angular momentum in the laser wave is calculated in Sec.VI. We discuss in Sec.VII the possibilities for accelerating non-relativistic twisted electrons and also some new effects the OAM can bring into high-energy physics. We conclude in Sec.VIII. System of units ℏ = c = 1 and the metric with a signature (+−−−) are used throughout the paper.

II. FREE TWISTED SCALAR

Consider a quantum system described with a vector |ψ⟩ that obeys the Klein-Gordon equation. Let us expand this state over the plane waves: |ψ⟩ = ∫ d^4p (2π)^4 ψ(p)|p⟩ (1) with |p⟩ ∝ e^{−ipr}, p^2 = m^2_e. The projection onto the plane-wave state, ψ(p) = ⟨p|ψ⟩, determines the physical model the initial state |ψ⟩ corresponds to. In the simplest case, the choice

ψ(p) = (2π)^4δ^{(4)}(p − p̃)

gives the ordinary plane wave |ψ⟩ = |p̃⟩ usually utilized within the framework of high-energy physics. It is clear that such an expansion is possible only if the first state represents a complete set of functions that allows one to invert the expansion.

The free scalar state with a given projection of OAM onto the direction of average motion (z axis) is defined as a state with the definite energy ε, longitudinal momentum p_‖, and the absolute value of the transverse momentum κ. We shall call this the twisted state. According to this definition, one can choose:

ψ(p) = (2π)^3(−i)^mδ(p_0 − ε)δ(p_z − p_‖)δ(p_⊥ − κ) e^{imϕp} p_⊥ ,(2)

where ϕ_p is the azimuthal angle of the momentum p, and m = 0, ±1, ±2, ... can be called the azimuthal quantum number [46]. Inserting (2) into (1), we have the following state |ψ⟩ ≡ |ε, p_‖, κ, m⟩ = NJ_m(ρκ)e^{−iεt+ip‖ z+imϕr} . (3) Here, J_m is the Bessel function, ϕ_r is the azimuthal angle of the vector r = {ρ, z}, and N is a normalization constant. As can be seen, this state is an eigenfunction of the OAM’s z-projection operator:

l̂_z = [r̂ × p̂]_z = −i ∂ ∂ϕ_r . It can also be shown with the use of the Bessel functions recurrence relations that the transverse momentum of this state is ⟨ψ|p̂_⊥|ψ⟩/⟨ψ|ψ⟩ = κ. A transition to the plane-wave case is performed when κ → 0, so that J_m(ρκ) ≈ (ρκ)^m 2^mΓ(1 + m) → δ_{m,0}, |ψ⟩ → Ne^{−iεt+ip‖ z}. (4) Here and below one can put m ≥ 0 without a loss of generality. In what follows, we shall call the infinitesimal κs limiting case as the paraxial limit.

It can be easily checked that the states (3) represent an orthogonal and complete set of functions in the infinite volume: ∫ d^3r ψ^∗_{ε,p}′_{‖,κ}′_{,m}′ (r)ψ_{ε,p‖ ,κ,m}(r) = = N^2(2π)^2δ_{mm}′ δ(p_‖ − p^′_‖) 1 κ δ(κ − κ^′), ∑ m ∫ d^3p (2π)^3 ψ^∗_{ε,p‖,κ,m}(r^′)ψ_{ε,p‖ ,κ,m}(r) = = N^2δ(r − r^′). (5)

The normalization constant N can be chosen from the condition ∫ V d^3r j^0 = 1, j^μ = ψ^∗i∂^μψ + c.c. (6)

where the integration is carried out over the large, but finite cylindrical volume V = πR^2L. Taking into account Eq.(3), we have ∫ V d^3r j^0 = 2εN^2 2π∫ 0 dϕ L/2∫ −L/2 dz R∫ 0 dρ ρJ^2_m(κρ) =

= 2ε2πLN^2 R∫ 0 dρ ρJ^2_m(κρ). (7)

The integral over ρ is evaluated with the use of Lommel formula [29] (it can also be derived from Eq. 6.521.1 of [30]): R∫ 0 dρ ρJ^2_m(κρ) = = R^2 2 ( (J^′_m(κR))^2 + J^2_m(κR) ( 1 − m^2 κ^2R^2 )) , (8)

As a result, we find the following expression for the normalization constant N = 1 √ 2εV 1 √ (J^′_m(κR))^2 + J^2_m(κR) ( 1 −^{m2}_{κ2R2} ), (9)

For a given value of ρκ, the probability density j^0 of this scalar state as a function of m gets the maximum at m_c ≲ ρκ. In the limiting case when ρκ is greater than the Δm = 1 interval, the distribution over m becomes almost continuous, see Fig.1. Mathematically, such a behavior is somewhat similar to the spectral distribution of the synchrotron radiation (just due to the same J^2_m dependence; see e.g. [31]).

For the large values of the cylinder’s radius (R ≫ κ^{−1}), we have (compare with [8, 18]): R→∞∫ 0 dρ ρJ^2_m(κρ) → R πκ , N → √ κ 4εLR . (10)

We now return to the problem of transition from the twisted states |ψ⟩ to the plane-wave states in the limiting case κ → 0. As can be seen from the last expression, a correct transition can be performed when getting rid of √ κ from the numerator of N: |p⟩ := √ 2 πR 1 √ κ |ε, p_‖, κ → 0, m⟩ = = 1 √ 2επR^2L e^{−iεt+ip‖ z}. (11)

Figure 1: The probability density (in arbitrary units) of a scalar for a given ρκ as a function of the OAM value. The left panel: ρκ = 10; the central and right panels: ρκ = 200. The points are joined with the straight lines in order to illustrate the quasi-continuous limiting case ρκ ≳ mc ≫ Δm = 1. Everywhere R = 100ρ.

It is this approach, which was used in the papers [8, 18, 19]. Such a fact has appeared because the formula (10) itself is correct for non-zero transverse momenta κ ≫ R^{−1} only. When normalizing the twisted states in a finite volume (i.e. for the constant N from (9)), such an additional multiplication is superfluous. Indeed, expanding the Bessel function for the small values of momenta, κ ≪ R^{−1}, we have √ (J^′_m(κR))^2 + J^2_m(κR) ( 1 − m^2 κ^2R^2 ) ≈ δ_{m,0} + O(κ).(12)

Taking into account Eq.(4), we finally arrive at the ordinary plane-wave state

|ε, p_‖, κ, m⟩ = 1 √ 2ωV J_m(ρκ)e^{−iεt+ip‖ z+imϕr} √ (J^′_m(κR))^2 + J^2_m(κR) ( 1 −^{m2}_{κ2R2} ) → 1 √ 2εV e^{−iεt+ip‖z} . (13)

with the normalization constant being equal to N = 1/ √ 2εV .

We would like to stress that when considering the twisted photons, a somewhat “classical” interpretation of the transverse momentum spread (non-zero κs) is often given. Namely, they speak of rotation of the Poynting vector around the propagation axis (corkscrew-like energy trajectory). Whereas this may be useful for photon beams (see e.g. [32]), for a single particle (especially, for a massive electron) such an interpretation is somewhat misleading, because these rotations of the momentum vector in a free space should result in the radiation of electromagnetic waves (similar to the undulator radiation).

Actually no radiation is emitted by a free twisted electron, since when choosing the Fourier transform according to (2) the azimuthal angle of the momentum, ϕ_p, stays undetermined and we integrate over it. This implies some quantum broadening of the classical rectilinear trajectory in the transverse plane rather than rotations in the classical sense. We shall return to this discussion later.

III. FREE TWISTED ELECTRON

A free electron with a projection of OAM onto the propagation axis is described via solution of the Dirac equation (iγ∂ − m_e)ψ(r) = 0 that can be sought in the way analogous to (1): ψ(r) = ∫ d^4p (2π)^4 ψ(p)Nu(p)e^{−ipr}, (14) In the standard representation of Dirac matrices γ^μ, the bispinor u(p), which obeys the Lorentz-invariant normalization condition ūu = 2m_e (here: ū = u^†γ^0), can be written as follows (see, for example, [28]):

u(p) = ( √ ε + m_e w, √ ε − m_e(nσ)w)^T . (15)

Here, σ are the Pauli matrices. The two-component spinor w, which obeys the normalization condition w^†w = 1, can determine the helicity states of a free electron by the following equation: 1 2 (nσ)w^{(λ)} = λw^{(λ)}, λ ± 1/2, n = p/p = {sin θ_p cos ϕ_p, sin θ_p sin ϕ_p, cos θ_p}.

The solution for this equation can be written as follows:

w^{(λ)}(n) = 1 √ 2 ( 2λ √ 1 + 2λ cos θ_pe^{−iϕp/2}, √ 1 − 2λ cos θ_pe^{iϕp/2} )_T e^{iλϕp} , (16) where the common phase factor is chosen so that the azimuthal dependence vanishes in the paraxial limit θ_p → 0: w^{(1/2)}(θ_p → 0) = (1, 0)^T , w^{(−1/2)}(θ_p → 0) = (0, 1)^T .

Note that the bispinor u(p) can be represented in the following way

u(p) ≡ u^{(1/2)}e^{iϕp(λ−1/2)} + u^{(−1/2)}e^{iϕp(λ+1/2)}. (17)

Choosing the function ψ(p) in the form analogous to (2), but with the factors (−i)^{m+λ±1/2} instead of just (−i)^m, we get the Bessel states of the free electron, which were obtained in a bit different form in [11, 20]:

ψ(r) = Ne^{−iεt+ip‖z} ( u^{(1/2)}J_{m+λ−1/2}(ρκ)e^{iϕr (m+λ−1/2)} +u^{(−1/2)}J_{m+λ+1/2}(ρκ)e^{iϕr (m+λ+1/2)} ) . (18)

The bispinors

u^{(−1/2)} = 1 √ 2 ( 0, √ ε + m_e √ 1 − 2λ cos θ, 0, 2λ √ ε − m_e √ 1 − 2λ cos θ )_T , u^{(1/2)} = 1 √ 2 ( 2λ √ ε + m_e √ 1 + 2λ cos θ, 0, √ ε − m_e √ 1 + 2λ cos θ, 0 )_T (19)

are the eigenfunctions of the spin’s z-projection operator with the eigenvalues s_z = ±1/2:

ŝ_zu^{(±1/2)} := 1 2 Σ_3u^{(±1/2)} = ± 1 2 u^{(±1/2)}, (20) where in the standard representation Σ = diag(σ, σ). Here, θ is the polar cone angle: sin θ = κ/ √ p^2_‖ + κ^2.

The twisted state (18) can be re-written as follows

|ε, p_‖, κ, j_z = l_z + s_z = m + Λ⟩ = |...l_z = m + Λ − 1/2, s_z = +1/2⟩ + |...l_z = m + Λ + 1/2, s_z = −1/2⟩, (21)

that means the Bessel state (18) is an eigenfunction of ĵ_z = l̂_z + ŝ_z operator with an eigenvalue m + λ. Unlike the wave function of a scalar particle, this state represents a sum of two components that illustrates the spin-orbital connection of the free electron. Note that the operators l̂_z, ŝ_z do not commute separately with the Dirac Hamiltonian, but the sum of them ĵ_z = l̂_z + ŝ_z commutes that means the z-projection of the total angular momentum is an integral of motion. In the paraxial case, the operator ĵ_z transforms into the one of helicity.

In order to calculate the density of the probability current for twisted states, one needs to calculate the products of the form ū_{±1/2}γ^μu_{±1/2}. By the direct calculation in the standard representation of Dirac matrices one can obtain the following expressions:

ū_{1/2}γ^μu_{1/2} = {ε, 0, 0, 2λp}(1 + 2λ cos θ) ≡ p_{(λ)}(1 + 2λ cos θ), ū_{1/2}γ^μu_{−1/2} = κ{0, 1, −i, 0} ≡ κe_{(−)}, κ = p sin θ, ū_{−1/2}γ^μu_{1/2} = κ{0, 1, i, 0} ≡ κe_{(+)}, ū_{−1/2}γ^μu_{−1/2} = {ε, 0, 0, −2λp}(1 − 2λ cos θ) ≡ p_{(−λ)}(1 − 2λ cos θ). (22)

It is easy to check that

ūγ^μu ≡ ū_{1/2}γ^μu_{1/2} + ū_{1/2}γ^μu_{−1/2}e^{iϕp} +

+ū_{−1/2}γ^μu_{1/2}e^{−iϕp} + ū_{−1/2}γ^μu_{−1/2} =

= 2p^μ ≡ 2{ε, κ cos ϕ_p, κ sin ϕ_p, p cos θ}, (23)

as should be.

Thus, for the current density one obtains the following formula (arguments of the Bessel functions are omitted):

j^μ(ρ) ≡ ψ̄γ^μψ = N^2 ( J^2_{m+λ−1/2}p^μ_{(λ)}(1 + 2λ cos θ) + 2J_{m+λ−1/2}J_{m+λ+1/2}κ^μ + J^2_{m+λ+1/2}p^μ_{(−λ)}(1 − 2λ cos θ) ) , (24)

where

κ^μ = {0, κ cos ϕ_r, κ sin ϕ_r, 0}

is denoted.

This current density acquires the transverse components as well as a dependence upon the transverse coordinates. Due to the properties of the Bessel functions, the radial distribution of the probability density over ρ has an oscillating character with the central minimum resembling the doughnut spatial structure of the focused photon beams (see e.g. figures in the second article of [8]). Such a feature for the particle is a pure quantum effect and it is sometimes called the OAM-Zitterbewegung [12]. Nevertheless, in our view it is more correctly to speak of the OAM-induced quantum broadening of the classical trajectory than of the effective spiral trajectories of a free electron, because the last would mean the necessity of some undulator-like radiation, which is forbidden in actual fact. In addition, the current density (24) does not depend on time similar to a plane-wave free electron that does not allow one to interpret the current’s transverse components as some vibrations in the classical sense.

As can be checked, the set of functions (18) is also orthogonal and complete: ∫ d^3r ψ^∗_{ε,p}′_{‖,κ}′_{,m}′_{,λ}′ (r)ψ_{ε,p‖ ,κ,m,λ}(r) = = N^2(2π)^22εδ(p_‖ − p^′_‖) δ(κ − κ^′) κ δ_{λλ}′ δ_{mm}′ , ∑ m ∫ d^3p (2π)^3 ψ^∗_{ε,p‖,κ,m,λ}(r^′)ψ_{ε,p‖,κ,m,λ}(r) = = N^22εδ(r − r^′). (25)

We determine the normalization constant in (18) with the condition 1 = ∫ d^3r j^0, j^0 = |ψ(r)|^2 that leads to the following expression N = 1 √ εV ( (1 + 2λ cos θ)J_{m+λ−1/2}+

+(1 − 2λ cos θ)J_{m+λ+1/2} )_{−1/2} , (26)

where J_{m+λ±1/2} is defined as follows (see Eq.(8))

J_m(κR) := (J^′_m(κR))^2 + J^2_m(κR) ( 1 − m^2 κ^2R^2 ) (27)

Note also that in the paraxial limit (θ → 0) the twisted state transforms into the plane wave with m = 0, and the normalization constant in this case is N → 1/ √ 2εV .

IV. TWISTED ELECTRON IN A PLANE ELECTROMAGNETIC WAVE

The twisted states of fermions in external potentials were previously studied in [9–11]. For a field of a plane electromagnetic wave with a potential A^μ = A^μ(φ), φ = k^μr_μ, the so-called Volkov states are usually used (see e.g. [28, 33]), which can be called the plane-wave states, since they transform to the free electron’s plane-wave ones when the external field is switched off. Here we construct the twisted states of an electron moving in a plane electromagnetic wave. The existence of such “non-Volkov solutions” for the Klein-Gordon and Dirac equations was indicated in [10].

Let the wave move in the negative z-direction, k = {ω, 0, 0, −ω} ≡ ωn, n = {1, 0, 0, −1}, φ = kr = ω(t + z), and it is adiabatically switched off in the far past and future. Let the twisted electron move in the positive zdirection on average, whereas it does strictly along the z-axis in the paraxial case when κ → 0. We shall choose the potential of the laser wave in the usual way (see e.g. [28, 33]). Namely, we imply the Lorentz gauge that in the case under consideration means kA = ω(A^0 + A^3) = 0, and we also suppose that potential is a space-like fourvector: A^2 < 0. These suggestions completely fix the gauge.

The wave functions of electron with some z-projection of OAM can be sought as the integral over the plane-wave Volkov solutions of the Dirac equation: |ψ⟩ = ∫ d^4p (2π)^4 ψ(p)|p⟩, |p⟩ = ψ_V (r) = N ( 1 + e 2(pk) (γk)(γA) ) u(p)e^{iS} , S = −(pr) − e (pk) ∫ dφ ( (pA) − e 2 A^2 ) . (28)

Here, S is the classical action for the electron in the wave, while the bispinor ( 1 + e 2(pk) (γk)(γA) ) = exp { e 4(pk) ∫ dφ F_{μν} σ^{μν} } (29) takes into account an interaction of the electron’s spin with the wave’s field. Here, F^{μν} = ∂^μA^ν − ∂^ν A^μ and σ^{μν} = (γ^μγ^ν −γ^ν γ^μ)/2 are denoted. The constant vector p, which has all four components, in the limiting case κ → 0, A → 0 transforms to the 4-momentum of a free plane-wave electron {ε, 0, 0, p}.

Choosing the function ψ(p) is the form analogous to (2) (remember the factors (−i)^{±1/2}, which are hidden in u(p)), we obtain the following intermediate result:

ψ(r) = N(−i)^{m+λ} exp { − iεt + ip_‖z + i e^2 2(pk) ∫ dφ A^2 }( 1 + e 2(pk) (γk)(γA) )

× 2π∫ 0 dϕ_p 2π u(p) exp { imϕ_p + iκρ cos(ϕ_r − ϕ_p) − i e (pk) ∫ dφ (pA) } . (30)

Since p^μ has the transverse components, the product (pA) may depend upon the integration variable ϕ_p. Indeed, all the terms depending upon the azimuthal angle in the action (28) are: −(pr) − e (pk) ∫ dφ (pA) ≡ −(pR), R^μ = r^μ + e (pk) ∫ dφ A^μ. (31) Note that if the time averaging is applied, one has: R̄ = r. It is clear already from this ratio that the electron in the wave may not have a definite z-projection of the OAM (or even of the total momentum: OAM + spin) and it may have only the time-averaged “effective” angular momentum. This situation is analogous to the existance of the mean quasi-momentum of the electron without OAM in the wave’s field (see, for example, [28, 33] and below).

In order to evaluate the integrals in (30), (31), it is necessary to define the model of the plane wave. Let us consider for definiteness a 100 % circularly polarized laser wave with the following potential

A = a{0, cos φ, sin φ, 0}, A^2 = −a^2. (32)

Thus, we have:

imϕ_p + iκρ cos(ϕ_r − ϕ_p) − i e (pk) ∫ dφ (pA) = = imϕ_p + iκR_⊥ cos(ϕ_R − ϕ_p),

R^2_⊥ = ( r_⊥ + e (pk) ∫ dφ A_⊥ )_2 , R^μ_⊥ = {0, R_⊥ cos ϕ_R, R_⊥ sin ϕ_R, 0}. (33)

Inserting this into Eq.(30), one finally obtains the following wave function:

ψ(r) = N exp { − iεt + ip_‖z − i e^2a^2 2(pk) (kr) }( 1 + e 2(pk) (γk)(γA) )

× ( u^{(1/2)}J_{m+λ−1/2}(κR_⊥)e^{iϕR(m+λ−1/2)} + u^{(−1/2)}J_{m+λ+1/2}(κR_⊥)e^{iϕR(m+λ+1/2)} ) , (34)

which is in a close analogy with Eq.(18).

As can be seen, when the field of the wave vanishes, A → 0, we are left with the Bessel states of the free electron (18), whereas we have the ordinary Volkov solutions in the paraxial case (κ → 0) [47]. Thus, the twisted states obtained differ from the free-electron twisted states (18) in the replacement of the energy and the longitudinal momentum by the quasi-energy and the corresponding quasi-momentum (see their definitions below) and also in the replacement of the transverse coordinates: ρ → R_⊥.

Note that the orthogonality and completeness of the states (34) follow already from the adiabatic switchingon and -off of the laser wave at t → ±∞.

Before normalizing the states (34), let us calculate their current density. Calculation is performed with the use of Eq.(22) and the identity ( 1 + e 2(pk) (γA)(γk) ) γ^μ ( 1 + e 2(pk) (γk)(γA) ) = = γ^μ − eA^μ (γk) (pk) + k^μ e (pk) ( (γA) − eA^2(γk) 2(pk) ) . (35)

As a result, we obtain the following expression (argu- ments of the Bessel functions are not shown):

j^μ(r) = ψ̄γ^μψ = N^2 ( J^2_{m+λ−1/2}(1 + 2λ cos θ) ( p^μ_{(λ)} − eA^μ (kp_{(λ)}) (pk) − k^μ e^2A^2(kp_{(λ)}) 2(pk)^2 ) + 2J_{m+λ−1/2}J_{m+λ+1/2} ( κ^μ_R + ek^μ (κ_RA) (pk) ) + J^2_{m+λ+1/2}(1 − 2λ cos θ) ( p^μ_{(−λ)} − eA^μ (kp_{(−λ)}) (pk) − k^μ e^2A^2(kp_{(−λ)})

2(pk)^2 ) ) (36)

where

κ^μ_R = {0, κ cos ϕ_R, κ sin ϕ_R, 0}

is denoted.

This current density reveals a twofold character of the electron’s motion: the terms with A^μ(φ), which vanish on average, describe the helical quasi-classical motion of the wave-packet’s center, whereas the non-paraxial terms with κ^μ_R correspond to the purely quantum broadening of the classical trajectory due to OAM. In contrast to the free twisted electron, this current does depend on time, but this dependence has appeared solely due to the laser wave A. Thus, the electron’s effective trajectory in this case is a classical spiral with some OAM-induced transverse momentum spread. Note that such an effect is somewhat similar to the well-known quantum broadening of the classical trajectory in synchrotron radiation due to emission of hard photons [31], but the difference is that in this case this spreading has no relation to the radiation process, since it remains even for a free twisted particle.

The mean value of (35) gives the electron’s kinetic momentum in the wave π^μ. Its time average is called the quasi-momentum q^μ := π̄^μ (see [28, 33] in more detail): ū ( γ^μ − eA^μ (γk) (pk) + k^μ e (pk) ( (γA) − eA^2(γk) 2(pk) )) u = = 2 ( p^μ − eA^μ + k^μ e (pk) ( (pA) − eA^2 2 )) ≡ 2π^μ → → 2 ( p^μ − k^μ e^2Ā^2 2(pk) ) ≡ 2q^μ. (37)

It is clear from this expression that the terms at the Bessel functions in (36) represent the components of the electron’s kinetic momentum. Here Ā^2 denotes the time average of A^2. Note also that in terms of the vector q^μ, the common exponent in (34) can be represented simply as exp{−iq_0t + iq_‖z}.

We would like to stress the noticeable difference between the expressions obtained and the ones for a free twisted electron. Here, the arguments of the Bessel functions depend upon the plane wave’s phase and, consequently, on time: R_⊥ ≡ R_⊥(φ). On the face of it, if we normalized the twisted states in a way analogous to the Volkov electron as ∫ d^3r j̄^0 = 1 (see, for example, § 101 in [28]), this fact would forbid the time averaging simply by striking off all the terms linear on the wave’s phase φ. Nevertheless, thanks to the fact that φ = (kr) = (kR) = ω(R^0 + R^3), the Bessel functions standing under the integral over coordinates can be considered to be independent of R^0 that allows one to perform the time averaging in the usual way. Moreover, for the model of the laser wave (32) the time averaging is actually unnecessary, since A^2 = −a^2 does not depend on time and A^0 = 0. We shall return to this problem a bit later.

Finally, it is easy to check that in the case under consideration: d^3r = d^3R (the Jacobian equals unity), so for the normalization constant we get:

∫ V d^3r j^0 = ∫ V d^3R j^0 = N^22πL R∫ 0 dR_⊥ R_⊥ ( J^2_{m+λ−1/2}(1 + 2λ cos θ)q^0_{(λ)} + J^2_{m+λ+1/2}(1 − 2λ cos θ)q^0_{(−λ)} ) = 1 ⇒ N = 1 √ V ( J_{m+λ−1/2}(1 + 2λ cos θ)q^0_{(λ)} + J_{m+λ+1/2}(1 − 2λ cos θ)q^0_{(−λ)} )_{−1/2} . (38)

Here, J_m (which is not a Bessel function) is defined in (27) and we have also introduced the denotations:

q^0_{(λ)} = ε − ω e^2A^2(kp_{(λ)}) 2(pk)^2 , q^0_{(−λ)} = ε − ω e^2A^2(kp_{(−λ)}) 2(pk)^2

. (39)

In the paraxial limit (θ → 0), we have the ordinary Volkov state with m = 0 and the normalization constant is N → 1/ √ 2q^0V , as expected.

As in the case of a free twisted electron, the state (34) represents a sum of two functions. Each of these terms is an eigenfunction for the operator −i∂_{ϕR} , but the differentiation now is done over the azimuthal angle of the vector R_⊥ instead of the one of ρ. As easy to show, it is the operator L̂_z = −i∂_{ϕR} , which is an integral of motion for a scalar particle in the laser field instead of l̂_z = −i∂_{ϕr} [10]. Let us calculate for simplicity the mean value of these operators by using the corresponding solutions of the Klein-Gordon equation: ψ(r) = N exp{−iq_0t + iq_‖z}J_m(κR_⊥)e^{iϕRm}. (40) Note that this solution has a form of the one of a free twisted electron (compare with (3); see also [10] and discussion on this in Sec.VII hereinafter). After rewriting the operator l̂_z = −i∂_{ϕr} in terms of new variables l̂_z = −i ∂ ∂ϕ_r = −i ( 1 + ea (pk) sin(ϕ_R − φ) R_⊥ ) ∂ ∂ϕ_R + +i ea (pk) cos(ϕ_R − φ) ∂ ∂R_⊥ , (41) we arrive at: ⟨l̂_z⟩ = ∫ d^3R ψ^∗(r)l̂_z ψ(r) / ∫ d^3R |ψ(r)|^2 =

= m = ⟨L̂_z⟩. (42)

All the “superfluous” terms here have vanished after the integration over ϕ_R.

V. SPIN OF A PLANE-WAVE ELECTRON IN A STRONG LASER WAVE

The twisted state obtained describes the electron with an “almost” definite OAM due to the spin-orbit coupling. Let us take a closer look at the spin characteristics of this state. It is easy to see that when the free-electron bispinor u(p) is a helicity state with p = {0, 0, p}, the Volkov state is not:

Σ_zψ_V (r) ≠ 2λψ_V (r).

An analogous situation takes place for the twisted state (34): action of the Σ_z operator does not lead to the simple multiplication on ±1. To begin with, let us calculate the mean value of the spin’s z-projection over the ordinary Volkov states without OAM:

⟨ŝ_z ⟩ = ∫ d^3r ψ^∗_V (r) 1 2 Σ_zψ_V (r) = N^2 ∫ d^3r ū ( 1 + e 2(pk) (γA)(γk) ) γ^0 1 2 Σ_z ( 1 + e 2(pk) (γk)(γA) ) u (43)

Noting that for the wave model under consideration the spin exponential (29) contains only the matrices [48] Σ_{x,y}, α_{x,y}, which all anti-commute with Σ_z, we obtain the simple expression:

ŝ_z ψ_V (r) = λ exp { − e 2(pk) ∫ dφ F_{μν} σ^{μν} } ψ_V (r) = = λ ( 1 + e (pk) (γA)(γk) ) ψ_V (r). (44)

Multiplying this on ψ^∗_V from the left, then taking into account the following easily verifiable formulas (remember that α = −γ^5Σ, γ^5Σ = Σγ^5 [23, 28]) u^∗αu = 2p, u^∗Σ_zu = 4ελ, u^∗γ^5u = −4pλ, (45) and performing the time averaging, we arrive at the following expression for the mean value of the effective spin (remember that N^2 = 1/2q_0V ):

⟨^̄s_z ⟩ = N^2 ∫ d^3r λ ( 2ε − ω e^2a^2 (pk) ) = λ 2ε − ω^{e2 a2}_{(pk)} 2ε + ω^{e2 a2}_{(pk)}

.(46)

This formula means that the electron’s spin in a laser wave experiences precession with some mean value of the helicity, which is shifted due to the laser wave (in analogy with the quasi-momentum). It is interesting that such a shift occurs to the “wrong” direction resulting in reduction of the effective spin. In the formal limiting case of the strong laser wave with a^2 → ∞, we have a spin inversion (non-radiative spin-flip): ⟨^̄s_z⟩ → −λ.

A difference of ⟨^̄s_z ⟩ from λ may be caused by two reasons: the change of the electron polarization (the effective spin invariant s^2 stays to be equal to −1), or by the effective depolarization of the electron (|s^2| < 1). Therefore, let us study a similar shift for the invariant s^2 of the spin four-vector (by analogy with the mass shift). The general expression for the effective polarization vector in a laser wave is calculated as a mean value of γ^μγ^5 over the Volkov states [33]:

s_∗^μ = s^μ − e (pk) ( A^μ(sk) − k^μ(sA) ) − −k^μ e^2A^2 2(pk)^2

(sk). (47)

Indeed, without a time averaging the square of the electron’s kinetic momentum π^μ (see (37)) coincides with the square of the free-electron’s momentum and, consequently, with its “bare” mass: π^2 = p^2 = m^2_e. However after the time averaging one gets an effective mass:

π̄^μ =: q^μ, q^2 = m^2_∗ := m^2_e ( 1 − e^2Ā^2 m^2_e ) > m^2_e. An analogous situation takes place for the spin invariant: before the time averaging we have for helicity states just

s_∗^2 = s^2 = −ζ^2 = −(2λ)^2 = −1. (48)

However after the averaging we arrive at the following

s̄_∗^μ = s^μ − k^μ e^2Ā^2 2(pk)^2 (sk), s̄_∗^2 = s^2 − e^2Ā^2

(sk)^2 (pk)^2

. (49)

For a head-on collision of a longitudinally polarized electron with a circularly polarized wave, we have (see components of the spin 4-vector e.g. in [28])

(sk)^2 (pk)^2 = (2λ)^2 m^2_e ≡ − s^2 m^2_e

. (50)

As a result, we arrive at the following spin invariant’s shift, which is always negative (it is clear already from (49)):

s̄_∗^2 = s^2 ( 1 + e^2Ā^2 m^2_e ) ⇒ 1 2 √ −s̄_∗^2 = λ √ 1 − η^2, η^2 = − e^2Ā^2 m^2_e

. (51)

So in contrast to the mass shift, here

− s̄_∗^2 < −s^2

Actually, the shifts of the mass and spin occur in the different directions just because the momentum p^μ is a timelike four-vector, p^2 > 0, whereas the spin four-vector is space-like: s^2 < 0.

As follows from these formulas, the electron’s effective spin in a strong laser wave can formally turn into zero and, what is maybe even more unexpected, the invariant s̄_∗^2 changes its sign in the point η = 1. In fact, this means that in the classically strong laser fields with η ≳ 1 the electron (or the electron beam) can behave itself as being spontaneously depolarized. We would like to emphasize that such an effective reduction of spin is absolutely “kinematic” (because it appears due to precession) and it has no relation to the so-called radiative polarization (or the Sokolov-Ternov effect) arising due to the radiation of photons (see discussion on this process in a laser wave e.g. in [34]). In other words, in the case under consideration the electron in the laser wave is absolutely “stable”, so such a shift appears only when it moves in the wave.

On the other hand, for a realistic laser pulse of a finite duration the electron’s spin state after leaving the wave may not coincide with the one before entering the wave. In principal, this makes such a spin shift experimentally detectable (see also a recent discussion on the similar effects for a quantized laser wave in [35]). Investigating the effective spin’s z-component in the laboratory frame (see (46)), we find that its mean value ⟨^̄s_z ⟩ turns into zero under the following condition: ε = ω e^2a^2_0 2(pk) = η^2_0 m^2_e 2(p + ε)

, (52)

From this, we have (γ = ε/m_e):

η^2_0 = 2γ^2(1 + β) (53)

with the minimum value of η^2_0 equal to 2. Thus, for the lasers with η ≳ 1 such a shift may be distinguished for the non-relativistic electrons.

VI. TOTAL ANGULAR MOMENTUM OF THE ELECTRON IN A STRONG LASER WAVE

Consider now the twisted electron in a laser wave. Let us calculate the mean value of the total angular momentum’s operator

ĵ_z = −i∂_{ϕR} +^1_2 Σ_z

over the states (34). Taking into account Eqs.(22) and (35), we arrive at the following expression for the mean value of OAM: ⟨L̂_z⟩ = ∫ d^3R ψ^∗(r)(−i∂_{ϕR} )ψ(r) = = N^2 ∫ d^3R ( (m + λ − 1/2)q^0_{(λ)}(1 + 2λ cos θ)×

×J^2_{m+λ−1/2} + (m + λ + 1/2)q^0_{(−λ)}(1 − 2λ cos θ)× ×J^2_{m+λ+1/2} ) (54)

which is in a close analogy with the free twisted electron. Here, we have omitted the terms vanishing after the integration over the azimuthal angle ϕ_R. When calculating the mean value of the spin’s z-projection we use the following formula:

( 1 + e 2(pk) (γA)(γk) ) γ^0 ( 1 + e 2(pk) (γA)(γk) ) ≡ ≡ exp { − e 4(pk) ∫ dφ F_{μν} σ^{μν} } γ^0 exp { − e 4(pk) ∫ dφ F_{μν} σ^{μν} } = = γ^0 ( 1 − e^2a^2ω^2 2(pk)^2 − ie (pk) (H̃Σ) + ie^2 2(pk)^2

(H̃Σ)(Ẽα) ) , Ẽ := ∫ dφ E, H̃ := ∫ dφ H. (55)

When integrating the mean value of this expression over ϕ_R, the non-zero contribution comes solely from the terms independent of the azimuthal angle. Furthermore, the term (H̃Σ) does not make a contribution at all, since u^∗_{±1/2}Σ_{x,y}u_{±1/2} = 0, as easy to check. Finally, the contribution of the last term in (55) is reduced to the calculation of the following averages:

u^∗_{1/2}γ^5u_{1/2} = −2λp(1 + 2λ cos θ), u^∗_{−1/2}γ^5u_{−1/2} = −2λp(1 − 2λ cos θ), u^∗_{±1/2}γ^5u_{∓1/2} = 0. (56)

As a result, we have (arguments of the Bessel functions are not shown): 1 2 ⟨Σ_z⟩ = 1 2 N^2 ∫ d^3R ( (1 + 2λ cos θ)J^2_{m+λ−1/2}×

× ( ε − ω e^2a^2 2(pk)^2

(kp_{(λ)}) ) − (1 − 2λ cos θ)× ×J^2_{m+λ+1/2} ( ε − ω e^2a^2 2(pk)^2 (kp_{(−λ)}) )) . (57)

If the terms q^0_{(±λ)} = ε + ωe^2a^2(kp_{(±λ)})/2(pk)^2 took place in this expression instead of ε − ωe^2a^2(kp_{(±λ)})/2(pk)^2 (see Eq.(39)), we would obtain exactly ⟨ĵ_z ⟩ = m + λ (as for the free twisted electron) when summing Eq.(57) up with ⟨L̂_z⟩ from Eq.(54) (see the expression for the normalization constant in (38)). However, as stated above, the laser wave results in the shift of the electron’s spin in the direction opposite to the momentum. It leads to the following final expression for the z-projection of the total angular momentum:

⟨ĵ_z ⟩ = N^2 ∫ d^3R ( (1 + 2λ cos θ)J^2_{m+λ−1/2} ( (m + λ)ε + (m + λ − 1)ω e^2a^2 2(pk)^2

(kp_{(λ)}) ) + +(1 − 2λ cos θ)J^2_{m+λ+1/2} ( (m + λ)ε + (m + λ + 1)ω e^2a^2 2(pk)^2 (kp_{(−λ)}) )) . (58)

It is clear that the intensity-induced shift of ⟨ĵ_z ⟩ is negligible when m ≫ 1, so the total angular momentum in this case is ⟨ĵ_z ⟩ ≃ m + λ ≃ m being the “effective” integral of motion. In Fig.2 we represent this shift as a function of the laser intensity parameter η in two cases: non-relativistic electron with the Lorentz-factor γ = 2 and the relativistic one with γ = 10. As can be seen in Fig.2, in the formal limit η ≫ 1, which is known to correspond to a constant crossed field [28, 33], the electron’s effective helicity changes its sign (a nonradiative spin-flip due to precession) that can be significant for non-relativistic electrons with the small values of m only. It can also be shown that the plots for m ≠ 0 are almost independent of the κ’s value. Nevertheless, high-power lasers providing the values η ≫ 1 already exist (such as, for example, Vulcan [36]) and even more powerful facilities are under construction (such as ELI [25]). It means that such an angular momentum’s shift can, in principle, influence some quantum processes in the strong laser fields.

Finally, note that in the current model of the circularly polarized wave the time average in Eq.(58) was not performed. However, such an average, as easy to show, is equivalent to the integration over the azimuthal angle ϕ_R. In other words, the very same formulas for OAM and spin could be obtained a bit easier when initially performing the average over R^0 that would result in the striking out the terms like (H̃Σ) and in the replacement of (H̃Σ)(Ẽα) with ω^2a^2[α × Σ]_z /2 in Eq.(55). On the other hand, in the paraxial limit (κ → 0) Eq.(58) for ⟨ĵ_z ⟩ transforms into Eq.(46) for ⟨^̄s_z ⟩ multiplied by δ_{m,0}. This supports the claim that the time average used when deriving Eq.(46) is actually unnecessary for this model of

Figure 2: The electron’s effective total angular momentum (in units of ℏ) as a function of the laser wave’s intensity. Upper panel (a, b): m = 0, κ → 0, lower panel (c, d): m = 100, κ = 50 keV. Left panel (a, c): γ = 2, right panel (b, d): γ = 10. The angular momentum is shifted due to precession of the spin.

the laser wave: we just omitted from the very beginning the terms, which would anyway vanish after the integration over the azimuthal angle.

VII. DISCUSSION

Until now, only twisted electrons with the energies not higher than 300 keV are experimentally realized, so the crucial question is how to accelerate them up to relativistic energies without losing the OAM. Since the direct experimental production of the relativistic twisted electrons seems to be unrealizable due to extremely small de Broglie wave length, the simplest way is to apply some external field for which the angular momentum’s projection onto the direction of motion (z-axis) is conserved in time, at least, on average. Such a field is a plane wave, but it actually cannot accelerate particles effectively. In order to transmit some energy to the particle, it is preferable to have a non-zero z-component of electric field. We see two principal possibilities:

• One can use the focused laser beams whose TMmodes are known to have the non-zero z-components of electric field. It is also known that at least for the weakly focused (along z-axis) laser waves, the z-projection of the electron’s angular momentum is an integral of motion [37]. On the other hand, a tightly focused laser beam can acquire its intrinsic spin-orbit coupling that makes such a beam equivalent to a Bessel electromagnetic beam with the small (but non-zero!) value of m (see, for example,

Eq.(3) in [38]). The trapping of charged particles in such beams can be effective, as has recently been discussed in [24, 39], though a conservation of the electron’s OAM in this field is questionable for its not very high values. Nevertheless, this technique seems to be applicable for twisted electrons with m ≫ 1.

• Another possible way is to combine the longitudinal electric field, which will accelerate electrons, together with the co-propagating laser field and (or) the longitudinal magnetic field, which will trap and focus the electrons, by analogy with the usual electron gun. The conservation of the averaged angular momentum in such a scheme follows from the fact that both the electric field and the plane-wave field can always be effectively excluded from the equations of motion as well as from the Klein-Gordon equation [10]. In other words, the problem of motion in the so-called “combined” field (E_z + H_z + A with k = ke_z; see, for example, [10, 23, 24]) can be reduced to the well-known problem of motion in a constant z-directed magnetic field. The key fact here is that the electron OAM’s z-projection is an integral of motion for the constant magnetic field as for a free particle (see, for example, [23]). It allows one to effectively apply the “combined” field configuration for accelerating non-relativistic twisted electrons.

For the sake of convenience, we demonstrate here the simplest example of the effective excluding the laser wave from the twisted states. Firstly, one could expand the initial state |ψ⟩ in (28) over the |q⟩-states instead of |p⟩. For this purpose, one should rewrite the Volkov solution in terms of the quasi-momentum q. For the circularly polarized laser wave from Eq.(32), after the integration by parts one can present the action in the following way: S = −(pr) − e (pk) ∫ dφ ( (pA) − e 2 A^2 ) = −(qR).(59) This action has a form of the one for a free electron with replacements: p → q, r → R (compare with [10]). In addition, instead of the free-electron bispinor u(p), which enters the Volkov solution, it is necessary to take the bispinor u(q) obeying the equation (γq − m_e)u(q) = 0. As a result, we find the required |q⟩-states:

ψ_q (r) = N ( 1 + e 2(qk) (γk)(γA) ) u(q)e^{−i(qR)}, (60) Formally, this expression differs from the plane-wave state of the free electron only in the spin term and from the Volkov solution it does only in the replacement u(p) → u(q). Expanding now the twisted state over these |q⟩-states, as in (28), we obtain for ψ(r) the formula, which differs from Eq.(34) only in that the bispinors u^{(±1/2)} now depend on the polar angle of the vector q instead of the one of p, and also on q^0 instead of ε[49].

Thus, the field of a plane wave can be effectively excluded from the Volkov solution of the Klein-Gordon equation. The same trick can be applied to the longitudinal electric field as well [10]. It means the electron’s effective angular momentum is conserved in the “combined” field (neglecting the spin’s shift) that allows one to accelerate non-relativistic twisted electrons without a loss of OAM.

On the other hand, this conservation is justified only when neglecting the radiation of photons, which can take the electron’s OAM away. In order to estimate the OAM radiation losses, it is necessary to calculate the amplitude of the non-linear Compton effect with a twisted electron. For the weak laser fields with η ≪ 1 and the big values of OAM, m ≫ 1, one can use the “bare” QED with the scalar twisted particles, as was demonstrated in [18, 19].

Let us now discuss some new effects the electron’s OAM can bring into high-energy physics. Though an effective reduction of the spin (or even inversion of the one) in a strong laser field seems to be negligible for the twisted electron with m ≫ 1, it can bring about some changes in the quantum cascade processes in the strong fields of the modern lasers with η ≳ 1. Indeed, when propagating through a beam of the strong laser the plane-wave electron with m = 0 is known to produce an electron-positron avalanche via the nonlinear Compton scattering and the Breit-Wheeler pair production processes [26]. The parameters of such an avalanche were shown to be very sensitive to polarization of the laser beams [27]. It is clear that changes in the effective polarization state of the electrons and positrons (due to precession of their spins in a strong field) would lead to some variations in the scattering cross section that can, therefore, influence the avalanche-like process. More detailed calculations are required to see how strong this effect is.

On the other hand, the shift of the electron’s helicity just illustrates the obvious fact that the helicity is no longer an integral of motion for the electron in the plane-wave field. One can suppose that the choice of another spin quantum number, whose spin operator commutes with the Dirac Hamiltonian, would be more effective, since there will be no spin shift whatsoever in this case. Such spin operators, which are integrals of motion, are given, for example, in [23], however, their physical interpretation stays unclear.

Another possible effect is an increase of the electron’s magnetic moment due to OAM that can lead, in particular, to the substantial rise in the energy radiated by this moment in some external field. The question is far from being academic. Indeed, it is well known that the anomalous magnetic moment of electron, which is proportional to the fine structure constant and is almost 10^3 times smaller than the Bohr magneton, changes the radiation properties dramatically. In particular, it reduces the time of radiative polarization of the electron (positron) beams due to synchrotron radiation [21]. The similar “positive” effect may take place for the radiative polarization in a helical undulator [40]. On the contrary, the OAMinduced magnetic moment of electron is proportional to the OAM itself becoming approximately 10^2 times lager for a twisted electron with m ∼ 100ℏ experimental production of which seems to be not a problem, at least, for energies of 200 − 300 keV. Since in the lowest order of perturbation theory the radiated energy W ∝ μ^2, for a twisted electron with m ∼ 100ℏ the radiation power increases in ∼ 10^4 times. This estimate becomes even more optimistic when considering the coherent regime of emission of the electron beam, as was discussed for the planewave electrons by Gover in [22]. It seems that the most suitable process for observation of this effect is exactly the head-on collision of twisted electrons with the laser pulses, since the OAM stays almost stable in this case (in contrast to the synchrotron radiation scheme, in which the “longitudinal orbital polarization” will turn into the transverse one). Of course all the calculations of the radiation by magnetic moments can be performed within the framework of classical electrodynamics, as it is often done for plane-wave electrons (see e.g. [21]), that allows one to consider, in addition, such processes as Vavilov- Cherenkov radiation, transition radiation, etc.

Finally, another possible application of twisted electrons, positrons and other particles with m ≫ 1 is worth noting. It is well-known that the polarization states of particles are of the great importance for a number of processes to be studied at the future colliders such as the Compact Linear Collider and the International Linear Collider (see, for example, [41, 42]). Since the value of the particle’s OAM can be, in principal, arbitrary large, the influence of the OAM degree of freedom on the different quantum processes may turn out to be even more powerful than that of the spin. While a production of the highly polarized positron beams for the next generation colliders seems to be a serious problem, it can be reasonable to consider the alternative schemes with OAM-polarized twisted beams.

The production of twisted electrons in this case can be realized by analogy with the conventional source of the longitudinally polarized electrons based on the laserdriven photocathode (see e.g. [43]). Namely, one can expect that if the initial laser photons carry OAM, the resultant electrons will be twisted as well that can also be used as another way for creating twisted electrons.

VIII. CONCLUSION

In most cases, the plane-wave states of particles are used in calculations of high-energy physics. Nevertheless, the quantum processes where such states are inapplicable are well-known (see, for example, [44]). The massive particles carrying orbital angular momentum, which may be called the twisted particles by analogy with the photons [1], represent one of the simplest examples of the nonplane-wave states preserving the azimuthal symmetry. The experimental production of these particles (namely, electrons with m up to ∼ 100ℏ) by several groups at the almost same time opens up possibilities for studying a number of new physical effects, the simplest of which is an increase of the electron’s magnetic moment.

On the other hand, there exist some other non-plane wave states being explored nowadays in quantum optics including the azimuthally non-symmetric Airy electron beams recently obtained in [45]. An inclusion of all these states into research area of the high energy physics requires, along with the other topics, some adaptation of the S-matrix formalism developed mostly for the plane wave states.

The OAM, as a new degree of freedom, may turn out to be highly important for a number of processes in atomic physics, nuclear physics, particle physics, astrophysics, etc., since the values of OAM can be much higher than those of spin. In particular, the electron’s twisted states in external plane electromagnetic wave, which we have presented in this paper, allow one to calculate such quantum processes as the non-linear Compton scattering and the Breit-Wheeler pair production. On the other hand, the exact solutions of relativistic wave equations describing the twisted states enable the study of motion of these particles in external fields that can, consequently, suggest a way for accelerating non-relativistic electrons with OAM. As we have demonstrated, the special combination of fields makes the acceleration of twisted electrons possible.

Acknowledgments

Author is grateful to V.G. Bagrov, P.O. Kazinski, A.P. Potylitsyn, N.F. Shul’ga and, especially, to Igor Ivanov for stimulating criticism and fruitful discussions. This work is partially supported by the Russian Ministry for Education and Science within the program “Nauka”, under the contracts Nos. Π1199, 14.B37.21.0911, 14.B37.21.1298 and by the Russian Foundation for Basic Research under the contract No.12-02-31071-mol a.

[1] “Twisted photons (Application of light with orbital angular momentum)”, edited by J.P. Torres and L. Torner, Wiley-VCH (2011).

[2] L. Allen, M.W. Beijersbergen, R.J.C. Spreeuw, and J.P.

Woerdman, Phys. Rev. A 45, 8185 (1992).

[3] M.E.J. Friese, J. Enger, H. Rubinszteintein-Dunlop, et al., Phys. Rev. A 54, 1593 (1996).

[4] D.G. Grier, Nature 424, 810 (2003).

[5] M. Liu, T. Zentgraf, Y. Liu, et al., Nature Nanotechnology 5, 570 (2010).

[6] F. Tamburini, B. Thide, G. Molina-Terriza and G. Anzolin, Nature Physics 7, 195 (2011).

[7] M. Bojowald, Nature Physics 7, 188 (2011). [8] U.D. Jentschura, V.G. Serbo, Phys. Rev. Lett. 106, 013001 (2011); Eur. Phys. J. C 71, 1571 (2011).

[9] P. Ouyang, V. Mohta, R.L. Jaffe, Ann. Phys. (New York) 275, 297 (1999).

[10] V. Bagrov, D. Gitman, Ann. Phys. (Leipzig) 14, 467 (2005).

[11] C.C. Leary, D. Reeb, M.G. Raymer, New J. Phys. 10, 103022 (2008).

[12] K.Yu. Bliokh, Yu.P. Bliokh, S. Savel’ev, F. Nori, Phys.

Rev. Lett. 99, 190404 (2007).

[13] M. Uchida, A. Tonomura, Nature 464, 737 (2010). [14] J. Verbeek, H. Tian, P. Schattschneider, Nature 467, 301

(2010).

[15] B.J. McMorran, A. Agrawal, I.M. Anderson, et al., Science 331, 192 (2011).

[16] K. Saitoh, Y. Hasegawa, N. Tanaka, M. Uchida, J. Electron Microsc. 61, 171 (2012).

[17] P. Schattschneider, M. Stöger-Pollach, J. Verbeek, Phys.

Rev. Lett. 109, 084801 (2012).

[18] I.P. Ivanov, Phys. Rev. D 83, 093001 (2011). [19] I.P. Ivanov, V.G. Serbo, Phys. Rev. A 84, 033804 (2011). [20] K.Yu. Bliokh, M.R Dennis, F. Nori, Phys. Rev. Lett.

107, 174802 (2011).

[21] V.A. Bordovitsyn, I.M. Ternov, V.G. Bagrov, Phys.-Usp.

38, 1037 (1995).

[22] A. Gover, Phys. Rev. Lett. 96, 124801 (2006). [23] V.G. Bagrov, D.M. Gitman, Exact solutions of relativistic wave equations (Kluwer Academic Publ., 1990).

[24] V.G. Bagrov, M.C. Baldiotti, D.M. Gitman, J. Math.

Phys. 48, 082305 (2007).

[25] The Extreme Light Infrastructure (ELI) project:

www.eli-laser.eu (2012).

[26] E.N. Nerush, I.Yu. Kostyukov, A.M. Fedotov, et al., Phys. Rev. Lett. 106, 035001 (2011); N.V. Elkina, A.M. Fedotov, I.Yu. Kostyukov, et al., Phys. Rev. ST Accel. Beams 14, 054401 (2011).

[27] S.S. Bulanov, T.Zh. Esirkepov, A.G.R. Thomas, et al.,

Phys. Rev. Lett. 105, 220407 (2010).

[28] V.B. Berestetskii, E.M. Lifshitz, L.P. Pitaevskii, Quantum electrodynamics (Oxford, Pergamon, 1982).

[29] V.G. Bagrov, V.V. Belov, V.N. Zadorozhny, A.Yu. Trifonov, Methods of mathematical physics. Special functions (NTL, Tomsk, 2002) (in Russian).

[30] I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series, and Products (Academic Press, San Diego, 1994).

[31] A.A. Sokolov, I.M. Ternov, Radiation from relativistic electrons (AIP, New York, 1986).

[32] M.V. Berry, K.T. McDonald, J. Opt. A: Pure Appl. Opt.

10, 035005 (2008).

[33] V.I. Ritus, J. Russ. Laser Res. 6, 497 (1985). [34] D.V. Karlovets, Phys. Rev. A 84, 062116 (2011). [35] O.D. Skoromnik, I.D. Feranchuk, C.H. Keitel, e-print arXiv:1209.1939v2.

[36] The Vulcan laser: www.clf.rl.ac.uk [37] N.B. Narozhny, M.S. Fofanov, JETP 90, 753 (2000). [38] A.M. Fedotov, K.Yu. Korolev, M.V. Legkov, Proc. SPIE 6726, 672613 (2007).

[39] I. Bialynicki-Birula, Z. Bialynicki-Birula, N. Drozd, eprint arXiv:1110.2497v1.

[40] L.N. Hand, A. Skuja, Phys. Rev. ST Accel. Beams 15, 010701 (2012).

[41] R.W. Assmann, F. Zimmermann, CERN SL-2001-064-AP; http://clic-study.web.cern.ch/CLIC-study/Publications/2001.html [42] I.R. Bailey, Cockcroft-08-05;

www.cockcroft.ac.uk/research/papers2008.htm [43] J.E. Clendenin, Proc. PAC 2, 877 (1995). [44] G.L. Kotkin, V.G. Serbo, A. Schiller, Int. J. Mod. Phys.

A 7, 4707 (1992).

[45] N.V. Bloch, Y. Lereah, Y. Lilach, et al., e-print arXiv:1205.2112v1.

[46] Do not confuse this with the particle’s mass denoted as me! [47] The term with (pA) in the exponential vanishes because in this case p → {ε, 0, 0, p} and A = {0, Ax, Ay, 0}. [48] Fμν σ^{μν} = 2(αE) + 2i(ΣH) [49] Hence, the helicity states are defined as (σn)w = 2λw, n = q/q.