arXiv:1206.6925v2 [hep-ph] 11 Jul 2012

Description of a domain by a squeezed state in a scalar field theory

Masamichi Ishihara^∗ (Dated: July 12, 2012)

The author attempted to describe a domain by using a squeezed state in quantum field theory. An extended squeeze operator was used to construct the state. In a scalar field theory, the author described a domain that the distributions of the condensate and of the fluctuation are Gaussian. The momentum distribution, chaoticity and correlation length were calculated. It was found that the typical value of the momentum is about the inverse of the domain size, and that the chaoticity reflects the ratio of the size of the squeeze region to that of the coherent region. The results indicate that the quantum state of a domain is surmised by these quantities under the assumption that the distributions are Gaussian. As an example, this method was applied to a pion field, and the momentum distribution and the chaoticity were shown.

PACS numbers: 25.75.Gz, 03.75.Nt

∗ Electric address: m isihar@koriyama-kgc.ac.jp

I. INTRODUCTION

Squeezing is a basic concept for various branches of physics and is applicable for many subjects. This concept is used in quantum optics [1–3], quantum field theory, etc. The squeezed state is a good base to study the non-perturbative nature in quantum mechanics and quantum field theory. For example, this state appears in particle creation [4, 5] and is used to calculate effective potential [6–9]. The important property is the relation of fluctuations of conjugate variables. Only a coherent state does not minimize the uncertainty relation, but a squeezed state also does.

Domains will be formed in some processes. For instance, it is expected that a domain is formed in a chiral phase transition. The condensate is a spatial dependent in such a phenomenon, and the spatial dependence indicates a domain formation. The condensate is described by a coherent state which is constructed by a displacement operator[10].

Fluctuation is also an important quantity and is related to mass modification. It was pointed out that mass modification is related to particle correlation [11–13]. The fluctuation will be spatial dependent on a domain like condensate in some systems, and a squeezed state is a candidate to describe the fluctuation. The naive extension of one mode squeeze operator in quantum mechanics does not work well in quantum field theory, because of infinite volume. The divergence is easily shown when the state constructed by the squeeze operator is used. This divergence is removed by introducing smeared creation and annihilation operators [14]. It is worthwhile to find the squeezed state that describes a spatial dependent fluctuation without the divergence caused by infinite volume, because this state is related directly to observables. Physical quantities will be calculated when the squeezed state is given.

In this paper, we attempt to describe a domain by a squeezed state without the divergence. We use an extended squeeze operator, and construct the squeezed state to describe a spherical domain: the distributions of the condensate and of the fluctuation are Gaussian. The momentum distribution, chaoticity and correlation length are calculated by using the obtained squeezed state. It is demonstrated that the momentum distribution reflects the size of the domain, and that the chaoticity reflects the ratio of the size of the squeezed region to that of the coherent region. Contrarily, the results imply that the quantum state describing a domain is surmised by studying the momentum distribution and the chaoticity under the assumption that the distributions of the condensate and the fluctuation are Gaussian.

This paper is organized as follows. In Sec. II, an extended squeeze operator is introduced and a basic relation (Bogoliubov transformation) is derived. In Sec. III, we describe a spherical domain by a squeezed state. The spatial configuration of the condensate and that of the fluctuation are taken to be Gaussian. The momentum distribution, chaoticity, and correlation length are calculated. Section IV is assigned for conclusion and discussion.

II. SQUEEZE OPERATOR

A coherent state is a useful tool to represent electro-magnetic field in quantum optics. The state is an eigenstate of an annihilation operator and is a minimum uncertain state. A squeezed state is also an minimum uncertainty state and is characterized by its fluctuation and shows non-classical behaviors. This state is applied to many topics in quantum field theory like particle production in early universe. Only two modes, ⃗p and −⃗p, couple each other, when the squeezing occurs in an infinite system. Then two mode squeeze operator is the enough tool to represent the state. However, it is difficult to represent the state of squeezing for a finite object by two mode squeeze operator, because many mode couples.

The displacement operator is used to describe a coherent state and is defined as follows:

D(α) = exp (∫ d⃗k [ α(k)a^†(k) − α^∗(k)a(k) ]) , (1)

where ⃗k represents momentum, a(⃗k) is an annihilation operator which satisfies the commutation relation: [a(⃗k), a^†(⃗l)] = δ(⃗k − ⃗l) and [a(⃗k), a(⃗l)] = 0. It seems that a squeeze operator is naively extended by referring to one mode squeeze operator:

S̃(ϵ) = exp ( 1 2 ∫ d⃗k { ϵ^∗(⃗k) [ a(⃗k) ]_2 − ϵ(⃗k) [ a^†(⃗k) ]_2}) . (2)

However this does not work well because the squeezed state constructed with this operator generates divergence [14]: ⟨0|S̃^†(ϵ) (∫ d⃗k ω(⃗k)a^†(⃗k)a(⃗k) ) S̃(ϵ)|0⟩ = δ(0) ∫ d⃗k ω(⃗k) sinh^2 (| |ϵ(⃗k) | | | ) , (3)

where ω(⃗k) is the energy of a free particle and the state |0⟩ is the vacuum that is defined by a(⃗k)|0⟩ = 0. Eq. (3) is apparently diverge except for sinh (| |ϵ(⃗k) | |) ≡ 0.

Therefore we adopt the following squeeze operator by referring to two mode squeeze operator:

S(G) = exp ( 1 2 ∫ d⃗kd⃗l [ G^∗(⃗k,⃗l)a(⃗k)a(⃗l) − G(⃗k,⃗l)a^†(⃗k)a^†(⃗l) ]) , (4)

where a(⃗k) is the annihilation operator and G(⃗k,⃗l) is symmetric: G(⃗k,⃗l) = G(⃗l, ⃗k). The displacement operator, eq.(1), and the squeeze operator, eq.(4), have following relations: D^†(α)a(⃗p)D(α) = a(⃗p) + α(⃗p), (5a) S^†(G)a(⃗p)S(G) = a(⃗p) + ∞∑ n=1 1 (2n)! ∫ d⃗k_{2n}A_{2n}(⃗p, ⃗k_{2n})a(⃗k_{2n})

− ∞∑ n=0 1 (2n + 1)! ∫ d⃗k_{2n+1}B_{2n+1}(⃗p, ⃗k_{2n+1})a^†(⃗k_{2n+1}), (5b)

where A_{2n} and B_{2n+1} are A_{2n}(⃗p, ⃗k_{2n}) := ∫ d⃗k_1 · · · d⃗k_{2n−1}G(⃗p, ⃗k_1)G^∗(⃗k_1, ⃗k_2)G(⃗k_2, ⃗k_3) · · · G^∗(⃗k_{2n−1}, ⃗k_{2n}), (6a) B_{2n+1}(⃗p, ⃗k_{2n+1}) := ∫ d⃗k_1 · · · d⃗k_{2n}G(⃗p, ⃗k_1)G^∗(⃗k_1, ⃗k_2) · · · G(⃗k_{2n}, ⃗k_{2n+1}). (6b) The squeezed state |sq⟩ is defined with D(α) and S(G): |sq⟩ = D(α)S(G) |0⟩ . (7) It is difficult to deal with this squeezed state, eq. (7), without any assumption. Therefore we use a decoupling type of G(⃗k,⃗l) in this study: G(⃗k,⃗l) = g(⃗k)g(⃗l). (8) The functions A_{2n} ( ⃗p, ⃗k_{2n} ) and B_{2n+1} ( ⃗p, ⃗k_{2n+1} ) are given as follows: A_{2n} ( ⃗p, ⃗k_{2n} ) = L^{2n−1}g(⃗p)g^∗(⃗k_{2n}), (9a)

B_{2n+1} ( ⃗p, ⃗k_{2n+1} ) = L^{2n}g(⃗p)g(⃗k_{2n+1}), (9b)

where L = ∫ d⃗k g(⃗k)g^∗(⃗k). The transformation of the annihilation operator by the squeeze operator is

S^†(G)a(⃗p)S(G) = a(⃗p) + ( cosh(L) − 1 L ) g(⃗p) (∫ d⃗kg^∗(⃗k)a(⃗k) ) − ( sinh(L) L ) g(⃗p) (∫ d⃗kg(⃗k)a^†(⃗k) ) . (10)

Clearly, the squeeze operator given above is similar to two mode squeeze operator in quantum mechanics. Other examples of squeeze operator are shown in appendix A.

III. DESCRIPTION OF A DOMAIN

In this section, we attempt to describe a domain by a squeezed state. For instance, a domain will be formed in a high energy heavy ion collision. In such a situation, the possibility of the formation of a squeezed state was pointed out [15–18]. A certain squeezed state is constructed by using the squeezed operator defined in the previous section, and momentum distribution, chaoticity and correlation length, are calculated.

A. The State of a Domain

A coherent state which describes a domain [10] is constructed with the displacement operator, eq. (1): |co⟩ = D(α)|0⟩, (11) where the vacuum state |0⟩ is defined by a(k)|0⟩ = 0. A squeezed state is constructed with the squeeze operator defined by eq. (4): |sq⟩ = D(α)S(G)|0⟩. (12) The squeezed state is called ’squeezed vacuum’ when α(⃗k) is equal to 0.

We attempt to obtain the state of a domain: the spatial distribution of the condensate is spherical and Gaussian, ⟨ϕ(0, ⃗x)⟩ = Q exp ( − |⃗x|^2 2R^2 ) , (13)

where ⟨· · · ⟩ represents the expectation value. The quantity Q is the value of the condensates at the center of the domain and R represents the size of the domain. The expectation value of ϕ̇(0, ⃗x), which is the time derivative of ϕ, should be approximately zero for the domain to survive for a long time. These requirements lead to α(⃗k) = √ ω(⃗k) 2 QR^3 exp ( −⃗k^2R^2/2 ) . (14)

A squeezed states is related to the fluctuation which is measured by the following quantity: D(t, ⃗x) = ⟨: ( ϕ^2(t, ⃗x) ) :⟩ − ⟨ϕ(t, ⃗x)⟩^2, (15) where the symbol : O(a, a^†) : represents the normal ordering for the operators, a(⃗k) and a^†(⃗k).

We attempt to determine the squeeze operator. The squeeze operator introduced by Eq. (4) is too general. We use the decoupling type of G shown in the previous section. The transformation of annihilation operator a(⃗k) is already given by Eq. (10) .

The distribution of the fluctuation is assumed as follows:

D(0, ⃗x) = P exp ( − |⃗x|^2 2H^2 ) , (16)

where P is the magnitude of squeezing at |⃗x| = 0 and H represents the size of the squeezed region. If P is equal to zero, the state is a coherent state. The quantity dD(t, ⃗x)/dt|_{t=0} should be nearly equal to zero in order that the squeezed region survives for a long time.

The equation for g(⃗k) is given by Fourier transformation to Eq. (16): ∫ d⃗q √ ω(⃗q + ⃗p/2) ω(⃗q − ⃗p/2) { 2 sinh^2 L L g(⃗q + ⃗p/2)g^∗(⃗q − ⃗p/2) − cosh L sinh L L [ g(⃗q + ⃗p/2)g(−(⃗q − ⃗p/2)) + g^∗(⃗q − ⃗p/2)g^∗(−(⃗q + ⃗p/2)) ]}

= 8P H^6 ∫ d⃗q exp ( − ( ⃗q + ⃗p 2 )_2

H^2 ) exp ( − ( ⃗q − ⃗p 2 )_2

H^2 ) , (17)

where L is defined by

L := ∫ d^3⃗kg(⃗k)g^∗(⃗k). (18) The following functions satisfy Eq. (17) clearly:

g(⃗k) = 2H^3 √ −2P L sinh(L) (cosh(L) − sinh(L)) √ ω(⃗k) exp ( −k^2H^2 ) P ≤ 0 (19a)

2H^3i √ 2P L sinh(L) (cosh(L) + sinh(L)) √ ω(⃗k) exp ( −k^2H^2 ) P ≥ 0, (19b) where ω(⃗k) is the free particle energy of the field ϕ.

These functions g have the constraint, Eq. (18). The quantity L is obtained by substituting Eq. (19a) into Eq. (18) for P ≤ 0 and Eq. (19b) into Eq. (18) for P ≥ 0: L = sgn(P ) 2 ln [ 1 + 64πP H^6χ(H) ] , (20)

where sgn(P ) is 1 for P ≥ 0 and −1 for P < 0, and the function χ(H) is defined by

χ(H) := ∫_∞ 0 dk k^2ω(k) exp(−2k^2H^2). (21)

We note that P has the lower bound, because L is positive from Eq. (18): − 1 64πH^6χ(H) < P. (22) It is easily shown that the functions, (19a) and (19b), satisfy dD(t, ⃗x)/dt|_{t=0} = 0. The state with Eqs. (19a) or (19b) is surely the state of the long-lived domain with the distributions.

B. Observables

In this subsection, momentum distribution, correlation function and correlation length are calculated and discussed. The momentum distribution in a spherical system is characterized by the absolute value of the momentum k = |⃗k|.

That is, dN dk = 4πk^2⟨sq|n(⃗k)|sq⟩, (23) where n(⃗k) = a^†(⃗k)a(⃗k). This is easily evaluated by using eq. (10): dN dk = 4πk^2 [| | |α(⃗k) | | |^2 + sinh^2 L L | | |g(⃗k) | | |^2 ] (24)

Chaoticity λ(⃗k) is defined by

λ(⃗k) := ⟨ : ( n(⃗k) )_2 : ⟩ ⟨ n(⃗k) ⟩_2 − 1. (25)

In the present case, the chaoticity is given by λ(⃗k) = 1 L^2⟨n(⃗k)⟩^2 { sinh^2 L ( cosh^2 L + sinh^2 L ) | |g(⃗k) | |^4 + 2L sinh2 | |α(⃗k) | |^2 | |g(⃗k) | |^2

−L cosh L sinh L [( α(⃗k) )_2 ( g^∗(⃗k) )_2 + ( α^∗(⃗k) )_2 ( g(⃗k) )_2]} . (26)

The correlation function ⟨sq| : ϕ(t, ⃗x)ϕ(t, ⃗y) : |sq⟩|_{t=0} is calculated by using the functions α(⃗k) and g(⃗k):

⟨sq| : ϕ(0, ⃗x)ϕ(0, ⃗y) : |sq⟩ = Q^2 exp ( − (|⃗x|^2 + |⃗y|^2) 2R^2 ) + P exp ( − (|⃗x|^2 + |⃗y|^2) 4H^2 ) , (27)

where the first term is the contribution of the coherent part and the second term is the contribution of the squeezed part. We define the correlation length ξ by replacing |⃗x|^2 + |⃗y|^2 by ξ^2. The length ξ_s that is defined by ξ/R satisfies exp ( − 1 2 ξ^2_s ) + ( P Q^2 ) exp ( − ( R^2 4H^2 ) ξ^2_s ) = ( 1 + P Q^2 ) exp (−1) . (28)

Clearly, ξ is √ 2R for the coherent state and 2H for the squeezed vacuum. The length ξ_s is √ 2 and is independent of P/Q^2, when R equals √ 2H. For strong squeezing (P ≫ Q^2), ξ_s is approximately equal to 2H/R.

FIG. 1. Momentum distribution dN/dμ and chaoticity λ for ρ = 1.0, η = 1.0, σ = 2.0 and mR = 10.0 . The solid line is the momentum distribution caused by the coherent part, the dotted line is that caused by the squeezed part, the dashed line is the total momentum distribution, and the long-dashed line is the chaoticity.

C. Numerical Examples

In this subsection, the expectation values of physical quantities by the squeezed state are shown numerically. We define dimensionless quantities: ⃗μ := R⃗k, ρ := P/Q^2, σ := QR, η := H/R and m_R := mR, where m is the mass of the field ϕ. We calculate the momentum distribution, dN/dμ, and the chaoticity λ for various values of the parameters, where μ is the absolute value of ⃗μ.

An example is shown in Figure 1. This figure shows the momentum distribution and the chaoticity for ρ = 1.0, η = 1.0, σ = 2.0 and m_R = 10.0. The momentum distribution is divided into two parts, coherent and squeezed parts, in Eq. (24). The typical momentum is approximately the inverse of the domain size: R^{−1} or H^{−1}. The quantity dN/dμ caused by the coherent part is larger than that caused by squeezed part for large μ. Therefore the chaoticity approaches zero as μ approaches infinity.

Figure 2 shows the momentum distribution and the chaoticity for (a) η = 0.6, (b) η = 0.7 and (c) η = 0.8. The other parameters are ρ = 1.0, σ = 2.0 and m_R = 1.0. As shown in Fig. 2, the chaoticity depends strongly on η in the vicinity of η = 0.7. In Fig. 2(a), the quantity dN/dμ caused by the squeezed part is larger than that caused by coherent part for large μ. Therefore the chaoticity does not approach zero as μ approach infinity. In Fig. 2(b), the quantity dN/dμ caused by the squeezed part is approximately equal to that caused by coherent part in the wide range of μ. Therefore the chaoticity is approximately constant. In Fig. 2(c), the quantity dN/dμ caused by coherent part is larger than that caused by the squeezed part for large μ. The chaoticity approaches zero as μ approaches infinity. These figures indicate that the chaoticity notifies us of the size of the squeezing region compared with the size of coherent region. The chaoticity will be a signal of the squeezing, while the momentum distribution will not.

Figure 3 shows the density plot of the correlation length ξ_s with contour lines. The value ξ_s is given by Eq. (28). From the figure, the η dependence is strong for large ρ and weak for small ρ. The correlation length is determined by η in the case of strong squeezing (ρ ≫ 1).

The quantities for negative ρ are calculated in the same manner. Figure 4 shows the momentum distribution and the chaoticity for ρ = −0.02, η = 0.50, σ = 1.00 and m_R = 10.00. Clearly, the chaoticity defined by Eq. (25) is negative in the region where the distribution caused by squeezed part is not zero.

Finally, we deal with a pion field to give an concrete example. We assume that the distribution of the pion condensate and of the fluctuation are Gaussian. In these numerical calculations, we set the parameters: Q = f_π, P = f^2_π and m = 135MeV, where f_π is pion decay constant. This constant is taken to be 90MeV in the present calculations. The remaining parameters are set to (a) R = H = 5fm, and (b) R = 5fm and H = 3fm.

Figure 5 shows the momentum distribution of pions when the domain decays instantaneously. The distribution for the squeezed part reflects the size of the squeezed region, the parameter H. The distributions in the case of H = 5fm are depicted in Fig. 5(a) and those in the case of H = 3fm in Fig. 5(b). Figure 5(a) is resemble to Fig. 2(c), because η

FIG. 2. Momentum distribution dN/dμ and chaoticity λ for (a) η = 0.6, (b) η = 0.7 and (c) η = 0.8. The other parameters are ρ = 1.0, σ = 2.0 and mR = 1.0. The solid line is the momentum distribution caused by the coherent part, the dotted line is that caused by the squeezed part, the dashed line is the total momentum distribution, and the long-dashed line is the chaoticity.

FIG. 3. Length ξs on the ρ-η plane.

is equal to 1. On the contrary, Fig. 5(b) is resemble to Fig. 2(a), because η is equal to 0.6. The chaoticity approaches zero in the case of H = 5fm, and does not equal zero for large μ in the case of H = 3fm. The chaoticity should be a signal of squeezing when the state of the pion field is squeezed in high energy collisions.

IV. CONCLUSION AND DISCUSSION

In this paper, we attempted to describe the quantum state of a domain in quantum field theory. We used the extended squeeze operator and assumed that the distributions of the condensate and of the fluctuation are Gaussian. The state of a domain was given explicitly by using displacement and squeezing operators. The momentum distribution, the chaoticity and the correlation length were calculated. As an example, we dealt with a pion field.

The order of the momentum distribution is clearly given by the inverse of the domain size: R^{−1} or H^{−1}. The behavior of the chaoticity changes markedly as a function of η that is defined by H/R. Therefore we can evaluate η by the chaoticity: the quantity η is less than, equal to, or greater than about 0.7, because the behavior changes in the vicinity of η = 0.7. This behavior is explained by the behaviors of the function that describes the condensate, α(⃗k), and of the function that describes the fluctuation, g(⃗k). The function α(⃗k) behaves roughly exp(−k^2R^2/2) and

FIG. 4. Momentum distribution dN/dμ and chaoticity λ for ρ = −0.02, η = 0.50, σ = 1.00 and mR = 10.00.

FIG. 5. Momentum distribution emitted instantaneously from a domain of pions. The parameters, R and H, are (a) R = H = 5fm and (b) R = 5fm, H = 3fm. The other parameters are Q = fπ = 90MeV, P = f^2_π and m = 135MeV. The dimensionless variable μ describes the magnitude of the momentum and λ is chaoticity. The solid line is the momentum distribution caused by the coherent part, the dotted line is that by the squeezed part, the dashed line is the total momentum distribution, and the long-dashed line is the chaoticity.

g(⃗k) behaves roughly exp(−k^2H^2). Therefore the behavior of α(⃗k) is similar to that of g(⃗k) when R is close to √ 2H: η = H/R ∼ 1/ √ 2 ∼ 0.7.

The correlation function is not translational invariant in the present system. Therefore we defined the correlation length that is measured from the center of the domain. The η dependence of this correlation length is weak for small ρ and is strong for large ρ, where ρ is P/Q^2. The correlation length ξ is √ 2R and is independent of ρ when η = 1/ √ 2. The correlation length is long when the squeezed region is large (large η) and the strength of the squeezing is strong (large ρ).

In summary, the quantum state of a domain are constructed by using the extended squeeze operator, when the distributions of the condensate and of the fluctuation are Gaussian. Momentum distribution, chaoticity are calculated by using the state. Inversely, the approximate size of the domain is inferred by the momentum distribution. The ratio of the size of the squeezed region to that of the coherent region is inferred by the chaoticity.

We hope that this work is helpful to describe domains in quantum field theories.

[1] D. F. Walls and G. J. Milburn, Quantum Optics (Springer, 1994). [2] H. P. Yuen, Phys. Rev. A 13, 2226 (1976). [3] D. F. Walls, Nature 306, 141 (1983). [4] L. Parker, Phys. Rev. 183, 1057 (1969).

[5] D. Boyanovsky, H. J. de Vega and R. Holman, Phys. Rev. D 49, 2769 (1994). [6] H. Mishra and A. R. Panda, J. Phys. G 18, 1301 (1992).

[7] A. Mishra, P. K. Panda, S. Schramm, J. Reinhardt and W. Greiner, Phys. Rev. C 56, 1380 (1997). [8] A. Mishra and H.Mishra, J. Phys. G 23, 143 (1997).

[9] T.del Ríogaztelurrutia and A.C.DAVIS, Nucl. Phys. B 347, 319 (1990). [10] M. Ishihara, M. Maruyama and F. Takagi, Phys. Rev. C 57, 1440 (1998). [11] M. Asakawa, T. Csörgő and M. Gyulassy, Phys. Rev. Lett. 83, 4013 (1999). [12] S. S. Padula, G. Krein, T. Csörgő, Y. Hama, and P. K. Panda, Phy. Rev. C 73, 044906 (2006). [13] T. Csörgő and Sandra S. Padula, Brazillian Journal of Physics 37, 949 (2007). [14] I. V. Andreev and R. M. Weiner, Phys. Lett. B 373, 159 (1996). [15] R. D. Amado and I. I. Kogan, Phys. Rev. D 51, 190 (1995). [16] H. Hiro-Oka and H. Minakata, Phys. Lett. B 425, 129 (1998). [17] H. Hiro-Oka and H. Minakata, Phys. Lett. B 434, 461(E) (1998). [18] H. Hiro-Oka and H. Minakata, Phys. Rev. C 61, 044903 (2000).

Appendix A: Examples of squeeze operator

In this appendix, we give three examples of the squeeze operator.

The first example is given by the following G(⃗k,⃗l): G(⃗k,⃗l) = g(⃗k) δ(⃗k − ⃗l). The squeeze operator is obtained by substituting G(⃗k,⃗l) directly:

S = exp ( 1 2 ∫ d⃗k [ g^∗(⃗k) ( a(⃗k) )_2 − g(⃗k) ( a^†(⃗k) )_2]) . (A1)

This is just the operator given by Eq. (2). The function G(⃗k,⃗l) is represented as G(⃗k,⃗l) = | |g(⃗k) | | e_{iθ(}⃗_{k)}δ(⃗k − ⃗l). The (Bogoliubov) transformation is easily obtained by using Eq. (5b): S^†(G)a(⃗p)S(G) = (cosh |g(⃗p)|) a(⃗p) − e^{iθ(⃗p)} (sinh |g(⃗p)|) a^†(⃗p). (A2) The second example is given by the following G(⃗k,⃗l): G(⃗k,⃗l) = g(⃗k) δ(⃗k + ⃗l). The function G(⃗k,⃗l) is represented as | |g(⃗k) | | e^{iθ(⃗k)}δ(⃗k + ⃗l). The condition, G(⃗k,⃗l) = G(⃗l, ⃗k), requires g(⃗k) = g(−⃗k). The squeeze operator is

S = exp ( 1 2 ∫ d⃗k [ g^∗(⃗k)a(⃗k)a(−⃗k) − g(⃗k)a^†(⃗k)a^†(−⃗k) ]) . (A3)

The coefficients A_{2n} ( ⃗p, ⃗k_{2n} ) and B_{2n+1} ( ⃗p, ⃗k_{2n+1} ) are A_{2n} ( ⃗p, ⃗k_{2n} ) = |g(⃗p)|^{2n} δ(−⃗p + ⃗k_{2n}), (A4a) B_{2n+1} ( ⃗p, ⃗k_{2n+1} ) = |g(⃗p)|^{2n+1} e^{iθ(⃗p)}δ(⃗p + ⃗k_{2n+1}). (A4b) The transformation of the annihilation operator by the squeeze operator is S^†(G)a(⃗p)S(G) = (cosh |g(⃗p)|) a(⃗p) − e^{iθ(⃗p)} (sinh |g(⃗p)|) a^†(−⃗p). (A5) The final example is the squeeze operator described by smeared annihilation and creation operators. We use the smeared operators introduced by Andreev and Weiner [14]:

ã_A(⃗p) = ∫ d⃗k (2π)^3 f_A(⃗k − ⃗p)a_A(⃗k), (A6) where a_A(⃗k) satisfies [a_A(⃗k), a_A(⃗l)] = (2π)^3δ(⃗k − ⃗l). The smearing function f_A(⃗x) is the Fourier transformation of f_A(⃗k). The integral of |f_A(⃗x)|^2 is called the effective volume of particle source.

We attempt to construct the squeeze operator that is described by ã_A(⃗p) and ã^†_A(⃗p). We take G(⃗k,⃗l) as follows: G(⃗k,⃗l) = ∫ d⃗p (2π)^3 h(⃗p)f^∗_A(⃗k − ⃗p)f^∗_A(⃗l − ⃗p). (A7) The squeeze operator is obtained by substituting eq. (A7) into the expression of the squeezed operator:

S = exp ( 1 2 ∫ d⃗p [ h^∗(⃗p) [ã_A(⃗p)]^2 − h(⃗p) [ ã^†_A(⃗p) ]_2]) . (A8)

Clearly, the operator is obtained by replacing a(⃗k) and a^†(⃗k) in Eq. (A1) by ã_A(⃗k) and ã^†_A(⃗k) respectively.

Appendix B: Equivalence of two squeezed states

A squeezed state is defined as |sq⟩ = D(α)S(G)|0⟩. Contrarily, another definition exists, |sq⟩ = S(G)D(β)|0⟩. In this section, we attempt to show the relation between these two states when G(⃗k,⃗l) = g(⃗k)g(⃗l).

We prove here that the state |sq⟩ is an eigen state of the operator b(⃗p) that is defined by b(⃗p) = S(G)a(⃗p)S^†(G). By operating b(⃗p) to the state |sq⟩, we obtain b(⃗p)|sq⟩ = b(⃗p)S(G)D(β)|0⟩ = S(G)a(⃗p)D(β)|0⟩. (B1) It is shown that |sq⟩ is an eigen state of the operator b(⃗p) by using the relation, D^†(β)a(⃗p)D(β) = a(⃗p) + β(⃗p): b(⃗p)|sq⟩ = β(⃗p)|sq⟩. (B2) Next, we consider the state b(⃗p)|sq⟩: b(⃗p)|sq⟩ = [ α(⃗p) + ( cosh L − 1 L ) g(⃗p) (∫ d^3⃗k g^∗(⃗k)α(⃗k) ) + ( sinh L L ) g(⃗p) (∫ d^3⃗k g(⃗k)α^∗(⃗k) )] |sq⟩. (B3)

Therefore |sq⟩ is identical to |sq⟩, when the following condition is satisfied: β(⃗p) = α(⃗p) + ( cosh L − 1 L ) g(⃗p) (∫ d^3⃗k g^∗(⃗k)α(⃗k) ) + ( sinh L L ) g(⃗p) (∫ d^3⃗k g(⃗k)α^∗(⃗k) ) . (B4)