arXiv:1207.0247v1 [hep-th] 1 Jul 2012

OCU-PHYS 370, DAMTP-2012-43, KUNS-2405 A Deformation of Sasakian Structure in the Presence of Torsion and Supergravity Solutions

Tsuyoshi Houri^{a,b},^∗ Hiroshi Takeuchi^c,^† and Yukinori Yasui^{d‡} aOsaka City University Advanced Mathematical Institute (OCAMI), Osaka 558-8585, JAPAN, bDAMTP, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, UK, cDepartment of Physics, Kyoto University, Kyoto 606-8502, JAPAN and dDepartment of Mathematics and Physics, Graduate School of Science, Osaka City University, Osaka 558-8585, JAPAN (Dated: July 3, 2012)

Abstract

We discuss a deformation of Sasakian structure in the presence of totally skew-symmetric torsion by introducing odd dimensional manifolds whose metric cones are Kähler with torsion. It is shown that such a geometry inherits similar properties to those of Sasakian geometry. As an example of them, we present an explicit expression of local metrics and see how Sasakian structure is deformed by the presence of torsion. We also demonstrate that our example of the metrics admits the existence of hidden symmetries described by non-trivial odd-rank generalized closed conformal Killing-Yano tensors. Furthermore, using these metrics as an ansatz, we construct exact solutions in five dimensional minimal (un-)gauged supergravity and eleven dimensional supergravity. Finally, we discuss the global structures of the solutions and obtain regular metrics on compact manifolds in five dimensions, which give natural generalizations of Sasaki–Einstein manifolds Y^{p,q} and L^{a,b,c}. We also discuss regular metrics on non-compact manifolds in eleven dimensions.

∗Electronic address: houri@sci.osaka-cu.ac.jp; T.Houri@damtp.cam.ac.uk †Electronic address: takeuchi@scphys.kyoto-u.ac.jp ‡Electronic address: yasui@sci.osaka-cu.ac.jp

I. INTRODUCTION

Sasakian geometry [1] has attracted intense interest in theoretical and mathematical physics since the application was found in higher-dimensional supergravity theories, string theories and Mtheory. Arguably, the most important examples are Sasaki–Eintstein manifolds which have been discussed in the context of the AdS/CFT correspondence, especially in the physically interesting dimensions five and seven. In five dimensions, the most simplest Sasaki–Eintstein manifold is the standard round 5-sphere, denoted by S^5, and it provides a supersymmetric background AdS_5 × S^5 of type IIB supergravity theory, on which D3-brane physics is conjectured to be dual of an N = 4 four dimensional superconformal field theory [2]. More general five dimensional Sasaki–Einstein manifolds M_5 provide a variety of supersymmetric backgrounds AdS_5 × M_5, which are in general dual of N = 1 superconformal field theories. Recently, it was proposed by [3] that N = 6 three dimensional Chern–Simons–matter theory is related to M2-brane physics on a background AdS_4 × S^7/Z_k of M-theory. This motivates us to extend S^7 to general seven dimensional Sasaki–Einstein manifolds M_7 and study the backgrounds AdS_4 × M_7 corresponding to N = 2 Chern–Simons theories. Thanks to such proposals, we have now a number of concrete examples of Sasaki–Einstein manifolds. Until recent years, the only explicit examples of Sasaki–Einstein manifolds were S^5 and T^{1,1} in five dimensions and M^{3,2}, Q^{1,1,1} and V^{5,2} in seven dimensions. Gauntlett, Martelli, Sparks and Waldram constructed the infinite families of inhomogeneous Sasaki–Einstein manifolds Y^{p,q} in five [4] and higher [5] odd dimensions. Further generalizations were constructed in all odd dimensions [6–8].

In the familiar story in type IIB supergravity theory, AdS_5 × M_5 backgrounds are given as supersymmetric solutions of ten dimensional Einstein’s equation with the only self-dual five-form flux. Then supersymmetry requires M_5 to admit the existence of Killing spinors so that M_5 is Sasaki–Einstein. However, there can be in general other supersymmetric solutions which provide dual field theories still having N = 1 supersymmetry. Since it is expected that on these backgrounds one has some non-trivial fluxes which contribute to the energy-momentum tensor, the effect of the fluxes should deform the Sasakian structure. Therefore, in order to discover such deformed backgrounds which, if exist, give generalizations of the Sasaki–Einstein manifolds, it might be useful to think how we can deform the Sasakian structure. In fact, Pilch and Warner [9] constructed a non-trivial supersymmetric background AdS_5 × M_5, where M_5 is deformed from S^5 because a non-trivial three-form is present. One interesting approach in this direction is so-called Hitchin’s generalized geometry [10]. By exploiting it, a notion of “generalized Sasaki–Einstein geometry” which provides general supersymmetric AdS_5 solutions of type IIB supergravity theory with nontrivial fluxes was introduced and it enables us to study the general structure of the AdS_5/CFT_4 correspondence [11, 12]. Unfortunately, however, few explicit examples have been realized.

Our aim is to deform the Sasakian structure by introducing a totally skew-symmetric torsion. The well-known fact is that pseudo-Riemannian manifolds with totally skew-symmetric torsions appear naturally in supergravity theories, where the torsions can be identified with a three-form or other-form fluxes occurring in the theories [13]. On the other hand, many kinds of torsion connections have been studied since old times, e.g., see [14]. Especially in Sasakian geometry, the torsion with which connection preserves the Sasakian structure has been studied for a long time [15–18]. It is known that such a torsion is totally skew-symmetric and is written in terms of the contact one-form: T = η ∧ dη. The uniqueness of the torsion was proven in [17]. However, since this kind of torsion connection doesn’t deform the Sasakian structure, we need to explore other possibilities.

In this paper, we propose one possible deformation of the Sasakian structure in the presence of totally skew-symmetric torsion. Our idea is the following: A Sasakian manifold is defined as a manifold whose metric cone in one higher dimensions is Kähler. In analogy with this, we demand the cone one dimensional upstairs to be Kähler with torsion. On a Kähler with torsion manifold there exists a unique torsion connection preserving the Hermitian structure, called a Bismut connection [19], and the presence of the torsion is deforming the Kähler structure. Thus, Sasakian structure one dimensional downstairs is also deformed as well. As far as we know, this attempt to deform the Sasakian geometry has never been thought and, we believe, it also differs from both the “generalized Sasakian geometry” discussed in [11, 12] and the Sasakian geometry with torsion connection studied in [15–18]. Accordingly, we study general properties of the deformed Sasakian structure.

We also have one other motivation to study this kind of geometry. It was pointed out in [7, 8, 20–22] that some toric Sasaki–Einstein metrics are obtained as the BPS limit of the Kerr-NUT- (A)dS metrics describing higher-dimensional vacuum rotating black holes [23–25]. Recently, it was demonstrated in [26] that the Kerr-Sen black hole solutions [27–29] in heterotic supergravity give rise to Kähler with torsion metrics. Furthermore, we will be able to see in Sec. IV the relationship in five dimensional (un-)gauged supergravity between the Chong-Cvetič-Lü-Pope black hole solution [30] and a certain Euclidean solution admitting the deformed Sasakian structure. Therefore, we are interested in this deformed Sasakian structure as a counterpart of Euclidean solutions which are obtained from higher-dimensional charged rotating black hole solutions.

This paper is organized as follows: In Sec. II, we begin with a brief review of torsion connections. After we define a notion of “Sasaki with torsion structure” in the presence of totally skew-symmetric torsion (see Def. II.1), we look into general properties of the deformed Sasakian structure while clarifying differences from the standard Sasakian structure and introducing some new notions (see Def. II.4). In Sec. III, we present an example of local metrics admitting the deformed Sasakian structure introduced in Sec. II in all odd dimensions, and elaborates curvature properties with respect to the metrics and the cone metrics in one higher dimensions. Hidden symmetry for the metrics is also discussed in this section. In Sec. IV, the solutions of five dimensional minimal (un)-gauged supergravity and eleven dimensional supergravity are obtained. In Sec. V, we discuss the global structure of these solutions briefly. The condition to obtain regular metrics on compact manifolds are argued about the five dimensional minimal gauged supergravity solutions. We study more on the global properties of five dimensional solutions in the special case. In this case, the metric has the enhanced isometry, then it can be regarded as the generalization of Y^{p,q}. Sec. VI is devoted to summary and discussions. In App. A, we give some calculations which are relevant to the notion introduced by Sec. II. In App. B, the Riemann, Ricci and scalar curvatures for our example of the metrics are computed. We get them with respect to not only the Levi–Civita connection but also the connection with the torsion. In App. C, Calabi-Yau with torsion metrics on the cone are obtained.

II. DEFORMATION OF SASAKIAN STRUCTURE

In the context of supergravity theories, it is natural to introduce a totally skew-symmetric torsion because it may be identified with three-form field occurring in the theories [13, 14]. Sasakian structure in the presence of torsion has been previously considered by introducing a connection with totally skew-symmetric torsion preserving the Sasakian structure [17, 18]. Given a Sasakian structure, such a connection always uniquely exists and then the torsion is written as T = η ∧ dη, where η is the contact one-form. On the other hand, we expect that the existence of torsion no longer preserves the Sasakian geometry because it is caused by the effect of the energy-momentum tensor which changes Einstein’s equation. Therefore, we shall discuss one possible deformation of the Sasakian structure in the presence of totally skew-symmetric torsion.

To fix our notation, we begin with a brief review of a connection with totally skew-symmetric torsion. Let (M, g) be a Riemannian manifold, T be a 3-form on M and {e_a} be an orthonormal frame on T M. We define a connection with totally skew-symmetric torsion, ∇^T , by g(∇^T_X Y, Z) = g(∇_X Y, Z) + 1 2 T (X, Y, Z) , (II.1) where X and Y denote vector fields on M and ∇ is the Levi-Civita connection of g. This connection satisfies a metricity condition, ∇^T g = 0, and has the same geodesics as ∇, ∇^T_{γ̇} γ̇ = ∇_{γ̇}γ̇ = 0 for a geodesic γ. Thus the commutators are related to the Lie brackets by

∇^T_X Y − ∇^T_Y X = [X, Y ] + T (X, Y ) , (II.2)

where T (X, Y ) = ∑ a T (X, Y, e_a)e_a. For a p-form Ψ a covariant derivative is calculated as

∇^T_X Ψ = ∇_X Ψ − 1 2 ∑ a (X_−| e_{a−}| T ) ∧ (e_{a−}| Ψ) , (II.3)

where_−| represents the inner product. Then, we have

d^T Ψ = ∑ a e^a ∧ ∇^T_{ea} Ψ =dΨ − ∑ a (e_{a−}| T ) ∧ (e_{a−}| Ψ) , (II.4)

δ^T Ψ = − ∑ a e_{a−}| ∇^T_{ea} Ψ =δΨ − 1 2 ∑ a,b (e_{a−}| e_{b−}| T ) ∧ (e_{a−}| e_{b−}| Ψ) , (II.5)

where {e^a} is a dual 1-form frame of {e_a}, e^a(e_b) = δ^a_b.

Suppose M is a Hermitian manifold equipped with a complex structure J and a Hermitian metric g obeying g(X, Y ) = g(J(X), J(Y )) for any vector field X and Y . Then it is known that there exists a unique Hermitian connection ∇^B with totally skew-symmetric torsion B, i.e., ∇^Bg = 0, ∇^BJ = 0. This connection ∇^B is known as a Bismut connection and the corresponding totally skew-symmetric torsion B is called a Bismut torsion [19], which is written in the form B(X, Y, Z) = dΩ(J(X), J(Y ), J(Z)) , (II.6) where Ω is the fundamental 2-form Ω(X, Y ) ≡ g(J(X), Y ). A Hermitian manifold M equipped with the Bismut torsion B is called a Kähler with torsion manifold.

A Riemannian manifold (M, g) is said to be Sasakian if its metric cone (C(M), ḡ) = (M×R_+, ḡ = dr^2 + r^2g) is Kähler, and it is demonstrated that the Sasakian structure is derived from the Kähler cone structure, see, e.g., reviews [31–33] and references therein. In analogy with this, we generalize the Sasakian structure to the case when torsion is present as follows:

Definition II.1 Let (M, g) be a Riemannian manifold and T be a 3-form on M. Then, we call (M, g, T ) a Sasaki with torsion (ST) manifold if its metric cone (C(M), ḡ) is a Kähler with torsion (KT) manifold whose Bismut torsion B is given by B = r^2T .

Let X and Y be vector fields on M, which can be also viewed as vector fields on C(M), and ¯∇B be the Bismut connection associated with the metric cone C(M). Then we have the following formulae:

¯∇^B_{∂r} ∂_r = 0 , ¯∇^B_{∂r} X = ¯∇^B_X ∂_r = 1 r X , ¯∇^B_X Y = ∇^T_X Y − rg(X, Y )∂_r , (II.7) where ∇^T_X Y is the connection on M with totally skew-symmetric torsion T . Making use of the complex structure J on the KT cone, we define a vector field ξ on C(M) by ξ = J(r∂_r) , (II.8) whose length is given by ḡ(ξ, ξ) = r^2. Since ¯∇^B_X J = 0 we have ḡ( ¯∇^B_X ξ, Y ) = ḡ(J( ¯∇^B_X (r∂_r)), Y ) = ḡ(J(X), Y ) . (II.9) which is anti-symmetric with respect to exchange of X and Y . Hence, it is shown that ξ is a Killing vector field, i.e., ḡ( ¯∇^B_X ξ, Y ) + ḡ( ¯∇^B_Y ξ, X) = 0. We identify M with M × {1} ⊂ C(M) and thus find that ξ is a Killing vector field of unit length on M. We also define on M a 1-form η and a (1, 1)-tensor Φ, respectively, by η(X) = g(ξ, X) , Φ(X) = ∇^T_X ξ . (II.10) Then we have J(X) = Φ(X) − rη(X)∂_r . (II.11) From the integrability condition of J, we now have a condition for the Bismut torsion given by B(X, Y, Z) = B(X, J(Y ), J(Z)) + B(J(X), Y, J(Z)) + B(J(X), J(Y ), Z) . (II.12) Making use of Eq. (II.11) and the relation B = r^2T , the condition (II.12) leads to the condition for the torsion T as

T (X, Y, Z) = T (X, Φ(Y ), Φ(Z)) + T (Φ(X), Y, Φ(Z)) + T (Φ(X), Φ(Y ), Z) . (II.13)

In the similar fashion to the Sasakian geometry [31–33], we thus have obtained a triple of (ξ, η, Φ) given by (II.8) and (II.10), and a totally skew-symmetric torsion T obeying (II.13), which can be interpreted as a generalization of the Sasakian structure. We call it a Sasaki with torsion (ST) structure on M. The following proposition provides four equivalent characterizations of the ST structure:

Proposition II.2 Let (M, g) be a Riemannian manifold and T be a 3-form on M obeying (II.13). Then the following conditions are equivalent:

(1) (M, g, T ) is an ST manifold.

(2) There exists a Killing vector field ξ of unit length on M so that the dual 1-form η satisfies ∇^T_X (d^T η) = −2X^♭ ∧ η (II.14) for any vector field X, where X^♭ = g(X, −).

(3) There exists a Killing vector field ξ of unit length on M so that the (1,1)-tensor field Φ defined by Φ(X) = ∇^T_X ξ satisfies (∇^T_X Φ)(Y ) = g(ξ, Y )X − g(X, Y )ξ (II.15) for any pair of vector fields X, Y .

(4) There exists a Killing vector field ξ of unit length on M so that the curvature satisfies R^T (X, Y )ξ = g(ξ, Y )X − g(ξ, X)Y + Φ(T (X, Y )) , (II.16) for any pair of vector fields X, Y , where the curvature R^T (X, Y ) is defined by R^T (X, Y )Z = ∇^T_X ∇^T_Y Z − ∇^T_Y ∇^T_X Z − ∇^T_{[X,Y ]}Z . (II.17) It is worth mentioning that a p-form ϕ is called a special Killing p-form with torsion if it satisfies the equations ∇^T_X ϕ = 1 p + 1

X_−| d^T ϕ , ∇^T_X (d^T ϕ) = k X ∧ ϕ (II.18) with a constant k. For ϕ = η, the first equation in (II.18) implies that its dual vector field ξ is a Killing vector field. Hence the 1-form η in Prop. II.2 is a special Killing 1-form with torsion. Furthermore, we find that the (2ℓ + 1)-forms η^{(ℓ)} = η ∧ (d^T η)^ℓ (II.19) for ℓ = 0, · · · , n, are also special Killing forms with torsion on an ST manifold. For general properties of the special Killing forms with torsion, we refer to App. A of [26]. In general, given a special Killing p-form with torsion ϕ on M, ϕ̂ = r^pdr ∧ ϕ + r^{p+1} p + 1 d^T ϕ (II.20)

is a parallel (p + 1)-form on C(M), i.e., ¯∇^Bϕ̂ = 0, see [34]. In particular, for the 1-form η in Prop. II.2 we have a parallel 2-form ϕ̂ = rdr ∧ η + r^2 2 d^T η = 1 2 d^T (r^2η), (II.21)

which is nothing but a fundamental 2-form Ω = ϕ̂ on C(M).

The following statement is an immediate consequence of Prop. II.2.

Proposition II.3 Let (M,g,T) be an ST manifold and (ξ, η, Φ) be a triple of its ST structure on M, given in Prop. II.2. Then we have

η(ξ) = 1 , (II.22) Φ(Φ(X)) = −X + η(X)ξ , (II.23) g(Φ(X), Φ(Y )) = g(X, Y ) − η(X)η(Y ) , (II.24) Φ(ξ) = 0 , η(Φ(X)) = 0 , (II.25) N_Φ(X, Y ) + dη(X, Y )ξ = 0 , (II.26) d^T η = 2ω , ξ_−| dω = 0 , (II.27)

where the fundamental 2-form ω is defined by ω(X, Y ) = g(Φ(X), Y ), and N_Φ is the Nijenhuis tensor of type-(1, 2) with respect to Φ, given by

N_Φ(X, Y ) ≡ [Φ(X), Φ(Y )] + Φ(Φ([X, Y ])) − Φ([X, Φ(Y )]) − Φ([Φ(X), Y ]) . (II.28)

A Riemannian manifold (M, g) equipped with a structure (ξ, η, Φ) satisfying (II.22)–(II.24) is known as an almost contact metric manifold. Eq. (II.25) is derived from such a structure, especially Eqs. (II.22) and (II.23). Furthermore, an almost contact metric structure (g, ξ, η, Φ) is called normal if it satisfies (II.26), and a contact metric structure if it satisfies dη = 2ω, respectively (e.g., see [31, 32]). A Sasakian manifold is also known as a normal contact metric manifold. On the other hand, although our ST manifold is an almost normal contact metric manifold, the contact metric structure is deformed by the torsion T as is seen in (II.27).

Definition II.4 Let (M, g, T ) be a Riemannian manifold with a 3-form T obeying (II.13). We call an almost contact metric structure satisfying d^T η = 2ω and ξ_−| dω = 0 a T-contact metric structure, and call (M, g, T, ξ, η, Φ) a T-contact metric manifold. We further call a T-contact metric manifold a TK-contact metric manifold if ξ is a Killing vector field.

The sub-bundle of codimension one, D =ker η ⊂ T M has an almost complex structure defined by J_D = Φ | | D . Hence, the sub-bundle D together with the endomorphism J_D provides M with an almost CR structure of codimension one. The normality condition yields that the almost CR structure is integrable, i.e., the Nijenhuis tensor with respect to J_D vanishes. Now we show the following proposition.

Proposition II.5 An ST manifold is a normal T-contact metric manifold whose torsion T_D = T | |_D is given by a Bismut torsion T_D(X, Y, Z) = dω(J_D(X), J_D (Y ), J_D(Z)) (II.29) for all X, Y, Z ∈ D. Proof. If (M, g, T ) is an ST manifold, then Prop. II.3 yields that M is a normal T-contact metric manifold. Hence, we have N^{(i)} = 0 (i = 1, 2), so that (A.1) reduces to 2g((∇^T_X Φ)Y, Z) = − dω(X, ΦY, ΦZ) + dω(X, Y, Z) + M(X, Y, Z) + d^T η(X, ΦZ)η(Y ) − d^T η(X, ΦY )η(Z) , (II.30) Noting that d^T η(X, ΦZ)η(Y ) − d^T η(X, ΦY )η(Z) =2ω(X, ΦZ)η(Y ) − 2ω(X, ΦY )η(Z) =2g(X, Z)g(ξ, Y ) − 2g(X, Y )g(ξ, Z) (II.31) in this equation and using ( II.15) we have dω(X, ΦY, ΦZ) − dω(X, Y, Z) − M(X, Y, Z) = 0 . (II.32) When X = ξ or Y, Z = ξ, the equation above is automatically satisfied from (II.27) and (A.5). Now it is easy to verify (II.32) is equivalent to (II.29). Conversely, the normality condition N^{(1)} = 0 leads to L_ξΦ = 0, see [32], so that using (A.9) we have a Killing vector field ξ. It is easy to see that (3) in Prop. II.2 is satisfied. □

Since an almost contact metric structure is normal if and only if the almost CR structure is integrable and L_ξΦ = 0, see [32], the following proposition immediately follows.

Proposition II.6 An ST manifold is a TK-contact metric manifold whose CR structure is integrable and torsion T_D = T | |_D is given by a Bismut torsion.

Let us close this section by mentioning about some curvature properties. It is known that the Ricci tensor of a Sasakian manifold of dimension 2n + 1 is given by Ric(X, ξ) = 2n η(X). In the ST manifold case, the Ricci curvature follows from Eq. (II.16) that

Ric^T (X, ξ) = − ∑ a g(R^T (X, e_a)ξ, e_a) =2n η(X) − ∑ a T (X, e_a, Φ(e_a)) . (II.33)

III. SASAKI WITH TORSION METRICS

A. Local metrics in all odd dimensions

We shall explicitly present an example of local metrics admitting the deformed Sasakian structure introduced in Sec. II, which we call Sasaki with torsion (ST) metrics. The ST metric in 2n + 1 dimensions is given in local coordinates (x^a)=(x_μ, ψ_k) where μ = 1, · · · , n and k = 0, · · · , n, by

g_{2n+1} = n∑ μ=1 dx^2_μ Q_μ + n∑ μ=1 Q_μ (^n∑ k=1 σ^{(k−1)} μ dψ_k )_2 + 4 (^n∑ k=0 σ^{(k)}dψ_k + A

)_2 , (III.1)

where

Q_μ = X_μ U_μ , U_μ = n∏ ν=1 ν≠μ (x_μ − x_ν ) , X_μ = X_μ(x_μ) . (III.2)

The functions σ^{(k)}_μ and σ^{(k)} are the k-th elementary symmetric polynomials in x_μ, which are generated by n∏ ν=1 ν≠μ (λ + x_ν ) = n−1∑ k=0 σ^{(k)}_μ λ^{n−k−1} , n∏ ν=1 (λ + x_ν ) = n∑ k=0 σ^{(k)}λ^{n−k} , (III.3)

and the 1-form A is given by A = n∑ μ=1 N_μ U_μ n∑ k=1 σ^{(k−1)} μ dψ_k , N_μ = N_μ(x_μ) . (III.4)

We should note that the metric (III.1) is an “off-shell” metric, that is, it contains 2n unknown functions X_μ(x_μ) and N_μ(x_μ) depending only on one variable x_μ. As we will see in Sec. IV, these metric functions are determined by considering EOMs of theories. If and only if N_μ are given by the polynomials in x_μ of the form

N_μ = n−1∑ i=0 a_ix^i_μ , (III.5)

where a_i (i = 0, · · · , n − 1) are arbitrary constants, the 1-form A becomes A = n−1∑ k=1 (−1)^{k−1}a_{n−k}dψ_k . (III.6)

This is equivalent to taking A = 0 because a_i are eliminated by gauge transformation of dψ_0. The metric (III.1) with A = 0 was studied in [7, 8, 20–22], where it was shown that the metric is obtained as an “off-shell”metric of the BPS limit of the odd-dimensional Kerr-NUT-(A)dS metric and leads to the toric Sasaki-Einstein metrics Y^{p,q} and L^{a,b,c} discovered by [4–6]. The metric (III.1) can be also regarded as a Kluza-Klein metric locally describing an S^1-bundle over 2n-dimensional base space B,

g = g_B + 4(dψ_0 + A)^2 . (III.7)

Although the definition (II.1) implies in general that the metric of 2n-dimensional base space (B, g_B ) is locally KT (see Prop. II.5 and II.6), the present metric is known as an orthotoric Kähler metric established in [35, 36].

Firstly we shall see the conditions in Prop. II.3. To do this, it is convenient to introduce an orthonormal frame {e^a} = {e^μ, e^{μ̂} = e^{n+μ}, e^0 = e^{2n+1}} and compute connection 1-forms from the first structure equation de^a + ∑ b ω^a_b ∧ e^b = 0 (III.8)

with ω_{ab} = −ω_{ba}. For the metric (III.1), we can choose the orthonormal frame as

e^μ = dx_μ √ Q_μ , e^{μ̂} = √ Q_μ n∑ k=1 σ^{(k−1)} μ dψ_k , e^0 = 2 (^n∑ k=0 σ^{(k)}dψ_k + A ) , (III.9)

and the connection 1-forms ω^a_b are calculated as

ω^μ_ν = − √ Q_ν 2(x_μ − x_ν ) e^μ − √ Q_μ 2(x_μ − x_ν ) e^ν , μ ≠ ν (III.10)

ω^μ_{μ̂} = − ∂_μ √ Q_μ e^{μ̂} + ∑ ν≠μ √ Q_ν 2(x_μ − x_ν ) e^{ν̂} − (1 + ∂_μH) e^0 , (III.11)

ω^μ_{ν̂} = √ Q_ν 2(x_μ − x_ν ) e^{μ̂} − √ Q_μ 2(x_μ − x_ν ) e^{ν̂} , μ ≠ ν (III.12) ω^{μ̂}_{ν̂} = − √ Q_ν 2(x_μ − x_ν ) e^μ − √ Q_μ 2(x_μ − x_ν ) e^ν , μ ≠ ν (III.13)

ω^μ_0 = − (1 + ∂_μH) e^{μ̂} , (III.14) ω^{μ̂}_0 =(1 + ∂_μH) e^μ , (III.15)

where H is defined by H = n∑ μ=1 N_μ U_μ . (III.16)

We introduce a 1-form η = e^0, vector field ξ = e_0 and (1, 1)-tensor Φ in Prop. II.3 as

Φ(e_μ) = e_{μ̂} , Φ(e_{μ̂}) = −e_μ , Φ(e_0) = 0 . (III.17)

For the triple (ξ, η, Φ) together with the metric g, the conditions (II.22)–(II.24) hold. Namely, the set (g, ξ, η, Φ) is an almost contact metric structure on M. Moreover, by using relations ∇_{ea} e^b(e_c) = −ω^b_c(e_a) we can compute the covariant derivatives as (B.1)–(B.13) in App. B, and the commutation relations [e_a, e_b] ≡ ∇_{ea} e_b − ∇_{eb} e_a are obtained. Eq. (II.26) is demonstrated from the obtained commutation relations, and implies that the almost contact metric structure is normal. However, we find that η is not in general a contact 1-form because we have dη = 2 n∑ μ=1 (1 + ∂_μH) e^μ ∧ e^{μ̂} , (III.18)

and hence there is a possibility that η ∧ (dη)^n = 0 at some points on the manifold. If H is constant, we have dη(X, Y ) = 2g(Φ(X), Y ) so that η is a contact 1-form. We further find that this example is a quasi-Sasakian metric [37], i.e., dω = 0 where ω is the fundamental 2-form given by ω(X, Y ) = g(Φ(X), Y ). In fact, we have ω = n∑ μ=1 e^μ ∧ e^{μ̂} = d [_n ∑ k=0 σ^{(k)}dψ_k ] . (III.19)

Next, let us see the conditions in Prop. II.2. We introduce the torsion T and compute the covariant derivatives with respect to the torsion connection ∇^T . Since the torsion T satisfying Eq. (II.27) is given by

T = 2 n∑ μ=1 ∂_μH e^μ ∧ e^{μ̂} ∧ e^0 , (III.20)

we can check that Eq. (II.13) holds. We emphasize again that the torsion (III.20) differs from the torsion preserving the Sasakian structure, η ∧ dη, discussed in [17]. Namely, ∇^T ξ ≠ 0 and

∇^T Φ ≠ 0. The covariant derivatives ∇^T_{ea} e_b are calculated as (B.29)–(B.41) in App. B. Using these expressions, we find that ∇^T_X ξ = Φ(X) . (III.21) It is also shown that for any vector field X, ∇^T_X η = 1 2 X_−| d^T η , ∇^T_X (d^T η) = −2X ∧ η , (III.22) which proves Eq. (II.18) with k = −2 so that η is a special Killing 1-form with torsion.

B. The cone metrics Let us consider the Riemannian cone of the metric (III.1), ḡ = dr^2 + r^2g_{2n+1} . (III.23) For the cone metric ḡ, we introduce an orthonormal basis {ē^α} as ē^r = dr , ē^a = re^a . (III.24) The connection 1-forms ω̄^α_β with respect to ḡ are calculated as ω̄^r_a = − 1 r ē^a , ω̄^a_b = ω^a_b , (III.25) where ω^a_b is given by (III.10)–(III.15), and the commutation relations [ē_α, ē_β ] are calculated in the similar manner to previous section. We introduce an almost complex structure J by J(ē_r) = ē_0 , J(ē_0) = −ē_r , J(ē_μ) = ē_{μ̂} , J(ē_{μ̂}) = −ē_μ . (III.26) Then it is directly checked that for the almost complex structure J, the Nijenhuis tensor vanishes so that J is integrable, and the cone metric ḡ is Hermitian, ḡ(X, Y ) = ḡ(J(X), J(Y )) . (III.27) The fundamental form Ω(X, Y ) = ḡ(J(X), Y ) can be written as Ω = ē^r ∧ ē^0 + n∑ μ=1 ē^μ ∧ ē^{μ̂} = 1 2 d^T (r^2e^0) . (III.28)

Since (M, g, J) is a Hermitian manifold, there exists the Bismut connection, a unique Hermitian connection ¯∇^B with totally skew-symmetric torsion B. From (II.6) the Bismut torsion is explicitly obtained as B = n∑ μ=1 2 r ∂_μH ē^μ ∧ ē^{μ̂} ∧ ē^0 = r^2T , (III.29)

where T is given by (III.20). We finally note that the Killing vector fields ∂/∂ψ_k (k = 0, 1, · · · , n) preserve the KT structure on the cone,

L_{∂k} Ω = 0, L_{∂k} B = 0. (III.30)

C. Hidden symmetry

Sasakian geometry is relevant to Killing-Yano symmetry. It was shown in [15, 16] that a Sasakian manifold of 2n + 1 dimensions has rank-(2p + 1) special Killing forms in the form η ∧ (dη)^p (0 ≤ p ≤ n). Killing–Yano symmetry was originally defined as Killing–Yano (KY) tensors [38] and conformal Killing–Yano (CKY) tensors [34, 39, 40] from a purely mathematical view point, and later has played an important role in the study of black hole physics. One of the features is that general metrics admitting a rank-2 closed CKY tensor were obtained in four [41, 42] and higher [43– 46] dimensions, and such metrics allow us to have remarkable properties in mathematical physics: For instance, separation of variables for the Hamilton–Jacobi, Klein–Gordon and Dirac equations. Since many higher-dimensional vacuum solutions of Einstein’s equation with cosmological constant describing rotating black holes with spherical horizon topology [23–25] are covered in this class of the metrics, they possess similar integrability structures due to Killing–Yano symmetry, e.g., see reviews [47–49].

By considering totally skew-symmetric torsions, Killing–Yano symmetry is naturally generalized. A generalized conformal Killing–Yano (GCKY) tensor k with respect to torsion T was introduced by [50] as a p-form satisfying for any vector field X and a 3-form T ,

∇^T_X k = 1 p + 1 X_−| d^T k − 1 D − p + 1 X^♭ ∧ δ^T k , (III.31)

where X^♭ is a dual 1-form of X. In particular, we call a GCKY tensor f obeying δ^T f = 0 a generalized Killing–Yano (GKY) tensor, and a GCKY tensor h obeying d^T h = 0 a generalized closed conformal Killing–Yano (GCCKY) tensor. It is known that the generalized Killing–Yano symmetry occurs in five-dimensional minimal supergravity [50], abelian heterotic supergravity and its higherdimensional generalization [51]. General properties of such a symmetry [51–53] and general metrics admitting a rank-2 GCCKY tensor have been studied in recent years [26]. Furthermore, it has been clarified by [26, 54, 56, 57] that geometry with the generalized Killing–Yano symmetry is related to Kähler geometry studied by [35, 36] and Sasakian geometry, which are obtained as a BPS limit of Euclideanized higher-dimensional black hole spacetimes.

As we have seen in previous sections, the metric (III.1) can be regarded as a natural generalization of Sasakian metrics in the presence of torsion. Thus it is natural to expect the existence of the generalized Killing–Yano symmetry. We also find that for the metric (III.1), the Hamilton-Jacobi equation for geodesics

∂_λS + g^{ab}(∂_aS)(∂_bS) = 0 (III.32)

can be solved by separation of variables. This implies the existence of not only Killing vector fields ∂/∂ψ_k, but rank-2 Killing-Stäckel tensors obeying

∇_{(a}K_{bc)} = 0 , K_{(ab)} = K_{ab} . (III.33)

In general, given a rank-p GKY tensor f, one can always generate a rank-2 Killing-Stäckel tensor K by K_{ab} = f_{ac1···cp−1} f_b^{c1···cp−1} . (III.34) Therefore, it is worth asking whether the metric (III.1) admits the existence of GKY tensors with respect to a torsion.

Exploring GKY tensors gives rise to the problem what the torsion is. The natural torsion is the 3-form T related to the ST structure, given by (III.20). Since the first equation in (II.18) is same as the GKY equation, a special Killing p-form with torsion is alternatively said to be a rank-p special GKY tensor. As was already seen in (II.19), η^{(ℓ)} ≡ η ∧ (d^T η)^ℓ for ℓ = 0, · · · , n are rank-(2ℓ + 1) special GKY tensors with respect to torsion T . Thus we have n + 1 GKY tensors. However, these GKY tensors η^{(ℓ)} do not give rise to non-trivial rank-2 Killing tensors. In fact, every GKY tensor generates the only metric essentially.

On the other hand, for the metric (III.1) we can find other GKY tensors f^{(j)}, which are not special, by introducing another torsion. We introduce a 2-form ĥ and 3-form G as

ĥ = ∑ μ=1 √ x_μ e^μ ∧ e^{μ̂} , (III.35)

G = ∑ μ≠ν 1 √x_μ + √x_ν √ Q_ν x_ν e^μ ∧ e^{μ̂} ∧ e^{ν̂} + n∑ μ=1 2(1 + ∂_μH) e^μ ∧ e^{μ̂} ∧ e^0 . (III.36)

Then it is demonstrated that for the metric (III.1), the (2j + 1)-forms

h^{(ℓ)} ≡ e^0 ∧ (ĥ)^j = e^0 ∧ ĥ ∧ · · · ∧ ĥ (III.37)

for j = 1, · · · , n, are rank-(2j + 1) GCCKY tensors with respect to torsion G, obeying for any vector field X

∇^G_X h^{(j)} = − 1 D − 2j X^♭ ∧ δ^Gh^{(j)} . (III.38)

From general properties of GCKY tensors (e.g., see [51]), GCCKY tensors h^{(j)} generate GKY tensors f^{(j)} by f^{(j)} = ∗h^{(j)}. These GKY tensors f^{(j)} generate rank-2 Killing tensors K^{(j)} by K^{(j)}_{ab} = [ℓ !^2(n − 2j − 1) !]^{−1} f^{(j)}_{ac1···cD−2ℓ−2} f^{(j)}_b^{c1···cD−2ℓ−2} , which are explicitly written as

K^{(j)} = n∑ μ=1 σ^{(j)}_μ (e^μ ⊗ e^μ + e^{μ̂} ⊗ e^{μ̂}) . (III.39)

IV. SUPERGRAVITY SOLUTIONS

A. Five-dimensional minimal (un-)gauged supergravity

In this section we investigate the Euclidean solutions of supergravity theories, which are written in the form (III.1). We consider the five-dimensional minimal gauged supergravity. The action is given by

L_5 = ∗(R − Λ) − 1 2 F_{(2)} ∧ ∗F_{(2)} + 1 3 √ 3 F_{(2)} ∧ F_{(2)} ∧ A_{(1)} , (IV.1)

where F_{(2)} = dA_{(1)} is a 2-form field strength of a Maxwell field A_{(1)}. The equations of motion are R_{ab} = −4g_{ab} + 1 2 ( F_{(2)ac}F_{(2)b}^c − 1 6 g_{ab}F_{(2)cd}F^{cd}_{(2)} ) , (IV.2) d ∗ F_{(2)} − 1 √ 3 F_{(2)} ∧ F_{(2)} = 0 , (IV.3)

where the cosmological constant is normalized as Λ = −12.

We should note that for the Euclidean solutions, we must consider the Euclidean action that is obtained by Wick rotation. Since this corresponds to changing the sign of the whole right-hand side in Eq. (IV.2), the cosmological constant can be interpreted as positive. Actually, we investigate the solutions of the Einstein equation for Euclidean signature, R_{ab} = 4g_{ab} − 1 2 ( F_{(2)ac}F_{(2)b}^c − 1 6 g_{ab}F_{(2)cd}F^{cd}_{(2)} ) . (IV.4)

As we will see later, our Wick rotation is achieved by making the fiber direction of solutions timelike, so as to satisfy the original Einstein equation (IV.2). We will also find that this transformation does not break the reality of the matter flux.

We assume the form of the gauge potential A_{(1)} and the metric functions N_μ so as to solve the Maxwell Chern-Simon equation (IV.3),

A_{(1)} =c_F 2∑ μ=1 q_μ U_μ 2∑ k=1 σ^{(k−1)} μ dψ_k , (IV.5)

N_μ =a_1x_μ + q_μ , (IV.6)

with c_F , a_1 and q_μ constant parameters. Then the field strength is

F_{(2)} = c_F ( ∂_1H e^1 ∧ e^{^1} + ∂_2H e^2 ∧ e^{^2} ) , (IV.7)

where we have ∂_1H = −∂_2H. Since F_{(2)} is closed and has the following properties

∗F_{(2)} = −F_{(2)} ∧ η , F_{(2)} ∧ ω = 0 , (IV.8)

where ω(X, Y ) = g(Φ(X), Y ), Eq. (IV.3) can be solved easily

d ∗ F_{(2)} = − F_{(2)} ∧ dη = − 2 c_F F_{(2)} ∧ F_{(2)} . (IV.9)

Therefore the constant c_F is determined as c_F = −2 √ 3. Eq. (IV.4) requires that X_μ(x_μ) takes the form

X_μ = − 4x^3_μ + 2∑ i=1 c_ix^i_μ + b_μ − 8q_μx_μ , (IV.10)

where c_i, b_μ and q_μ are constants.

This metric admits our torsion 3-form T , which preserves the KT structure of the cone. Note that the torsion can be constructed from the matter F_{(2)}. It is written as T = 1 √ 3 ∗ F_{(2)} . (IV.11)

In contrast, the torsion preserving the almost metric contact structure needs the additional term η ∧ ω. These solutions have a certain correspondence to the black hole solutions constructed by [30]. The black holes exist on the same theory, minimal gauged supergravity, and admit the similar torsion which can be written in the same form by their matter flux. It was founded that this torsion constructs a generalized closed conformal Killing Yano 2-form on the black holes [50]. However, the hidden symmetry exists on our solutions in the different form; the GCCKY tensors h^{(j)} are odd rank tensors with the torsion G, which cannot be written only by the matter flux.

We found the un-gauged minimal supergravity solutions in the similar way. The solutions are provided when (III.1) and (IV.5) take the form

X_μ = 2∑ i=1 c_ix^i_μ + b_μ , N_μ = −x^2_μ + a_1x_μ + q_μ . (IV.12)

The solutions can be changed into Lorentz signature as in the case of the gauged supergravity solutions. In the un-gauged case, Wick rotation changes only the metric in the form

g_L = 2∑ μ=1 dx^2_μ Q_μ + 2∑ μ=1 Q_μ (^2∑ k=1 σ^{(k−1)} μ dψ_k )_2 − 4 (^2∑ k=0 σ^{(k)}dψ_k + A

)_2 . (IV.13)

The gauged minimal supergravity solutions need to correct X_μ as

X_μ = 4x^3_μ + 2∑ i=1 c_ix^i_μ + b_μ + 8q_μx_μ . (IV.14)

This arises from the negativity of the cosmological constant. In both cases, the vector potential remains the form as (IV.5).

B. Eleven-dimensional supergravity

We consider the eleven-dimensional supergravity. The action is given by

L_{11} = ∗R − 1 2 F_{(4)} ∧ ∗F_{(4)} + 1 6 F_{(4)} ∧ F_{(4)} ∧ A_{(3)} (IV.15)

where F_{(4)} = dA_{(3)} is a 4-form flux of a 3-form gauge potential A_{(3)}. The equations of motion are R_{ab} = 1 12 ( F_{(4)acde}F_{(4)b}^{cde} − 1 12 g_{ab}F_{(4)abcd}F^{abcd}_{(4)} ) , (IV.16) d ∗ F_{(4)} − 1 2 F_{(4)} ∧ F_{(4)} = 0 . (IV.17)

As is the five-dimensional case, we examine the Euclidean solutions satisfying the Einstein equation which are obtained by changing the sign of the right-hand side in Eq. (IV.16).

We assume that the field strength F_{(4)} takes the form

F_{(4)} = 1 2 ∑ μ≠ν F_{μν} e^μ ∧ e^{μ̂} ∧ e^ν ∧ e^{ν̂} , (IV.18)

where

F_{μν} = 2ℓ_1 + ℓ_2(∂_μH + ∂_ν H) , (IV.19) and H is still given by (III.16) and ℓ_1, ℓ_2 are constant. Under this assumption, the field strength

becomes closed, dF_{(4)} = 0, and the co-derivative is given by

δF_{(4)} = − ∑ μ≠ν √ Q_μ ( ∂_μF_{μν} + ∑ ρ≠μ,ν F_{μν} − F_{ρν} x_μ − x_ρ ) e^{μ̂} ∧ e^ν ∧ e^{ν̂} + 2 ∑ μ≠ν F_{μν} (1 + ∂_μH) e^ν ∧ e^{ν̂} ∧ e^0 . (IV.20)

Substituting the expressions (IV.18) and (IV.20) into Eq. (IV.17), we obtain ℓ_1 = ℓ_2 = −2 and

N_μ = −x^5_μ + 4∑ i=1 a_ix^i_μ + q_μ . (IV.21)

Then we have

F_{(4)} = −2 ∑ μ≠ν (1 + ∂_μH) e^μ ∧ e^{μ̂} ∧ e^ν ∧ e^{ν̂} . (IV.22)

The Einstein equation (IV.16) reduces to

∂^2_μQ_T − 4 ∑ ν≠μ K_{μν} = 0 , (IV.23)

where K_{μν} ≡ − 1 4 ∂_μQ_T x_μ − x_ν + 1 4 ∂_ν Q_T x_μ − x_ν , Q_T ≡ n∑ μ=1 Q_μ . (IV.24)

This equation can be solved by

X_μ = 5∑ i=1 c_ix^i_μ + b_μ (IV.25)

with free parameters c_i and b_μ.

V. GLOBAL ANALYSIS

A. Compact manifolds in five dimensions

We briefly argue about the global structure of the five-dimensional minimal gauged supergravity

solution obtained in Sec. IV. Our aim in this section is to construct regular metrics on compact

manifolds.

1. Generalization of L^{a,b,c}

The metric is written in the form

g_5 = x − y X dx^2 + y − x Y dy^2 + X x − y (dψ_1 + ydψ_2)^2 + Y y − x (dψ_1 + xdψ_2)^2 + 4 ( dψ_0 + (x + y)dψ_1 + xydψ_2 + q_1 − q_2 x − y dψ_1 + q_1y − q_2x x − y dψ_2 )_2 , (V.1) where

X = −4x(x − α_1)(x − α_2) + b_1 − 8q_1x , Y = −4y(y − α_1)(y − α_2) + b_2 − 8q_2y . (V.2) and α_i (i = 1, 2), b_μ and q_μ (μ = 1, 2) are free parameters. However, not all the parameters are non-trivial. There is a scaling symmetry of the metric, under which we take x_μ → λx_μ , ψ_k → λ^{−k}ψ_k , α_i → λα_i , b_μ → λ^3b_μ , q_i → λ^2q_μ . (V.3) The metric also has a shift symmetry which is taken by

x_μ → x_μ + λ , ψ_0 → ψ_0 − λ^2 ψ_2 , ψ_1 → ψ_1 − λ ψ_2 , α_1 + α_2 → α_1 + α_2 − 3λ , α_1α_2 + 2q_μ → α_1α_2 + 2q_μ − 2(α_1 + α_2)λ + 3λ^2 , b_μ → b_μ − 4(α_1α_2 + 2q_μ)λ + 4λ^2 − 4λ^3 . (V.4) In order to obtain regular metrics on compact manifolds, we must impose appropriate regions of the coordinates which correspond to making an appropriate choice of the parameters. Let us assume that x_i and y_i (i = 1, 2, 3) are real roots of the equations X(x) = 0 and Y (y) = 0, and they are satisfying the inequalities x_1 < x_2 < x_3 and y_1 < y_2 < y_3. If we choose the region of the coordinates as x_1 ≤ x ≤ x_2 < y_2 ≤ y ≤ y_3, then the metric is positive definite, except for the boundaries x = x_1 and x_2 as well as y = y_2 and y_3. From the relationship between the coefficients and solutions, we have α_1 + α_2 = x_1 + x_2 + x_3 = y_1 + y_2 + y_3 , (V.5) α_1α_2 + 2q_1 = x_1x_2 + x_1x_3 + x_2x_3 , α_1α_2 + 2q_2 = y_1y_2 + y_1y_3 + y_2y_3 , (V.6) b_1 = 4x_1x_2x_3 , b_2 = 4y_1y_2y_3 . (V.7) Following [7, 8], we can extend the metric smoothly onto the boundaries: Since ∂/∂ψ_0, ∂/∂ψ_1 and ∂/∂ψ_2 are linearly independent Killing vector fields, the general Killing vector field is written as v = 2∑ k=0 ω_k ∂ ∂ψ_k , (V.8)

where ω_k are constants. The length of v is given by

v^2 = X(x) x − y (ω_1 + yω_2)^2 + Y (y) y − x (ω_1 + xω_2)^2 + 4 ( ω_0 + (x + y)ω_1 + xyω_2 + q_1 − q_2 x − y ω_1 + q_1y − q_2x x − y ω_2

)_2

. (V.9)

Using this expression, we can construct the associated normalized Killing vector fields v_i (i = 1, 2) and ℓ_j (j = 2, 3) such that their lengths are vanishing at the corresponding boundaries x = x_i and y = y_j, which are given by

v_i = 2 X^′(x_i) ( (q_1 + x^2_i ) ∂ ∂ψ_0 − x_i ∂ ∂ψ_1 + ∂ ∂ψ_2 ) , ℓ_j = 2 Y^′(y_j ) ( (q_2 + y^2_j ) ∂ ∂ψ_0 − y_j ∂ ∂ψ_1 + ∂ ∂ψ_2 ) . (V.10)

Their normalizations are taken in such a way that the surface gravity is equal to unity,

g^{ab}(∂_av^2_i )(∂_bv^2_i ) 4v^2_i | |_{x=xi} = g^{ab}(∂_aℓ^2_j )(∂_bℓ^2_j )

4ℓ^2_j | |_{y=yj} = 1 . (V.11)

Thus the metric extends smoothly onto the boundaries if Killing vector fields v_i and ℓ_j have period 2π. Since we have four vector fields v_i and ℓ_j , they must satisfy a linear relation

n_1v_1 + n_2v_2 + m_1ℓ_2 + m_2ℓ_3 = 0 (V.12)

for integral coefficients (n_1, n_2, m_1, m_2), which are assumed to be coprime. To avoid conical singularities, any three of the integers must be also coprime. Substituting (V.10) into Eq. (V.12), it can be solved as

n_1 (x_3 − x_1)[q + (x_2 − y_2)(x_2 − y_3)] = n_2 (x_3 − x_2)[q + (x_1 − y_2)(x_1 − y_3)] = m_1 (y_2 − y_1)[q − (x_1 − y_3)(x_2 − y_3)] = m_2 (y_3 − y_1)[q − (x_1 − y_2)(x_2 − y_2)]

, (V.13)

where

q ≡ q_1 − q_2 = x_1x_2 + x_1x_3 + x_2x_3 − y_1y_2 − y_1y_3 − y_2y_3 2 . (V.14)

Since we have degrees of freedom under the scaling symmetry (V.3) and the shift symmetry (V.4), the value of (V.13) can be set to 1 and we can take b_2 = 0 without loss of generality. Then we have y_1 = 0 and Eq. (V.13) leads to n_1 = (x_3 − x_1)[q + (x_2 − y_2)(x_2 − y_3)] , (V.15) n_2 = (x_3 − x_2)[q + (x_1 − y_2)(x_1 − y_3)] , (V.16) m_1 = y_2[q − (x_1 − y_3)(x_2 − y_3)] , (V.17) m_2 = y_3[q − (x_1 − y_2)(x_2 − y_2)] , (V.18) where q = x_1x_2 + x_1x_3 + x_2x_3 − y_2y_3 2 . (V.19) Thus the problem of constructing regular metrics on compact manifolds results in solving four coupled algebraic equations (V.15)–(V.18) for a set of coprime integers (n_1, n_2, m_1, m_2), under the conditions x_3 = y_2 + y_3 − x_1 − x_2, x_1 < x_2 < x_3, 0 < y_2 < y_3 and x_2 < y_2 for the real roots x_i and y_i. In particular, when we take q = 0, Eqs. (V.15)–(V.18) give rise to the condition n_1 + n_2 + m_1 + m_2 = 0 , (V.20) which leads to the toric Sasaki–Einstein metrics L^{n1,n2,m1} on S^2 × S^3, discussed in [6–8]. When the parameter q is non-zero, we find Sasaki with torsion metrics L^{n1,n2,m1,m2} parameterized by independent four integers.

n_1 n_2 m_1 m_2 x_1 x_2 x_3 y_1 y_2 y_3 q -4 -3 -1 -2 -1.32023 -1.25127 3.11486 0 0.167499 0.375858 -3.21042 -4 -2 -1 -3 -1.27727 -1.14007 3.17205 0 0.155888 0.59882 -3.15254 -4 -1 -2 -3 -1.25653 -1.04966 3.20068 0 0.329791 0.564696 -3.12434 -4 1 -2 -3 -1.18938 -0.78852 3.0232 0 0.372652 0.672647 -2.6462 -4 2 -1 -3 -1.11468 -0.543466 2.82041 0 0.188869 0.9734 -2.12735 -4 3 -1 -2 -1.11385 -0.202506 2.46249 0 0.263875 0.882254 -1.62438 -3 -2 -1 -4 -1.15876 -1.09101 3.24621 0 0.142997 0.853444 -3.08052 -3 -1 -2 -4 -1.14654 -1.00989 3.26472 0 0.302705 0.805588 -3.06305 -3 1 -2 -4 -1.05629 -0.741916 3.11358 0 0.3276 0.987783 -2.56939 -3 2 -1 -4 -0.899549 -0.461233 3.04032 0 0.146529 1.53301 -1.97347 -2 -1 -3 -4 -1.06256 -0.9939 3.29153 0 0.483516 0.751555 -3.0381 -2 1 -3 -4 -0.969754 -0.731764 3.13442 0 0.536657 0.896244 -2.55231 -1 2 -3 -4 -0.761789 -0.47932 2.987 0 0.578562 1.16732 -2.00871 -1 4 -3 -2 -0.358631 0.309102 2.83766 0 0.50795 2.28018 -0.704807 1 4 -3 -2 0.167966 1.36545 2.52543 0 1.90031 2.15854 0 2 1 -3 4 1.58023 2.19861 2.46249 0 2.66499 3.57634 1.62438 2 1 3 4 2.739 2.94736 3.11486 0 4.36613 4.43508 3.21042 2 3 -4 -1 0.36689 0.625118 2.52543 0 1.15997 2.35746 0 2 3 -4 1 0.557479 2.32971 2.83766 0 2.52855 3.19629 0.704807 3 1 -2 4 1.84701 2.63154 2.82041 0 3.36388 3.93509 2.12735 3 1 2 4 2.57323 3.01616 3.17205 0 4.31211 4.44931 3.15254 3 2 -1 4 2.35055 2.65055 3.0232 0 3.81172 4.21258 2.6462 3 2 1 4 2.63598 2.87089 3.20068 0 4.25033 4.45721 3.12434 4 1 -2 3 1.50731 2.8938 3.04032 0 3.50156 3.93987 1.97347 4 1 2 3 2.39276 3.10321 3.24621 0 4.33722 4.40497 3.08052 4 2 -1 3 2.1258 2.78598 3.11358 0 3.8555 4.16987 2.56939 4 2 1 3 2.45913 2.96201 3.26472 0 4.2746 4.41126 3.06305 4 3 -2 1 1.81967 2.40843 2.987 0 3.46631 3.74878 2.00871 4 3 -1 2 2.23817 2.59776 3.13442 0 3.86618 4.10417 2.55231 4 3 1 2 2.53997 2.80801 3.29153 0 4.28543 4.35409 3.0381 Numerical solutions of four coupled algebraic equations (V.15)–(V.18) for some sets of coprime integers (n_1, n_2, m_1, m_2), under the conditions x_3 = y_2 + y_3 − x_1 − x_2, x_1 < x_2 < x_3, 0 < y_2 < y_3 and x_2 < y_2 for the real roots x_i and y_i (i = 1, 2, 3).

2. Generalization of Y^{p,q}

Making use of the five-dimensional minimal gauged supergravity solution (V.1), we have discussed the global metrics on compact manifolds M_5 and it has been seen that they can be regarded as a generalization of L^{a,b,c}. In the special case, we can also, and this time rather precisely discuss the global properties of the metrics which can be regarded as a generalization of Y^{p,q} [4]. Taking a certain limit of the solution (V.1), we obtain the metric locally given by

g =(ξ − x)(dθ^2 + sin^2 θdϕ^2) + dx^2 Q(x) + Q(x)(dψ_1 + cos θdϕ)^2 + 4 ( dψ_0 + ( x + q x − ξ ) dψ_1 + ( x − ξ + q x − ξ ) cos θdϕ )_2 , (V.21)

where Q(x) = 4x^3 + (1 − 12ξ)x^2 + (8q − 2ξ + 12ξ^2)x + k ξ − x (V.22)

and q, ξ and k are free parameters. The metric is again a Sasaki with torsion metric and satisfies the equations of motion of five-dimensional minimal gauged supergravity with the Maxwell potential

A_{(1)} = − 2 √ 3q x − ξ (dψ_1 + cos θdϕ) . (V.23)

The torsion 3-form is given by T = ∗F_{(2)}/ √ 3. Following [4, 5], we study global properties of the metric (V.21). Before starting the analysis, we perform the following coordinate transformation

ψ_1 = −ψ + α , ψ_0 = ξψ . (V.24)

Then the metric is

g_5 =(ξ − x)(dθ^2 + sin^2 θdϕ^2) + dx^2 Q(x) + 4ξ^2Q(x) F (x) (dψ − cos θdϕ)^2 + F (x) ( dα − f(x)(dψ − cos θdϕ) )_2

, (V.25)

where

F (x) =Q(x) + 4 ( x + q x − ξ )_2

, (V.26)

f(x) = Q(x) + 4 ( x + q x − ξ ) ( x − ξ + q x − ξ )

F (x) . (V.27)

It should be noticed that when q = 0 and ξ = 1/6, the metric is the local form of the Sasaki-Einstein metric Y^{p,q}. In addition, we obtain the homogeneous Sasaki-Einstein metric T^{1,1} if we take the coordinate transformation x = c/6y and send c → 0. We also find that when k = −4ξ^3 + ξ^2 − 8qξ, the function Q(x) degenerates to a polynomial of degree 2 and we have Q = −4x^2 + (8ξ − 1)x − 4ξ^2 + ξ − 8q. Then the metric is the standard S^5 metric when q = 0. Otherwise, Q(x) is a rational function and henceforth we will focus on the case.

The metric g_5 is positive definite when there exist three distinct real roots x_1, x_2 and x_3 of the equation Q(x) = 0 such that

x_1 < x_2 < x_3 , x_2 < ξ , (V.28)

and the coordinate x takes the range x_1 ≤ x ≤ x_2. Although we will show later that the 5- dimensional space (M_5, g_5) is an S^1-bundle over 4-dimensional space B given by the metric

g_B = (ξ − x)(dθ^2 + sin^2 θdϕ^2) + dx^2 Q(x) + 4ξ^2Q(x) F (x) (dψ − cos θdϕ)^2 , (V.29)

we shall see first that g_B can extends globally on S^2-bundle over S^2. Fixing the coordinates θ and ϕ in (V.29) and introducing a new coordinate r = 2|x − x_i|^{1/2}/|Q^′(x_i)|^{1/2}, we can evaluate the behavior near x = x_i of the fiber metric as

dr^2 + ( ξ(x_i − ξ)Q^′(x_i) 2(x_i(x_i − ξ) + q)

)_2

r^2dψ^2 . (V.30)

Hence, avoiding conical singularities at x = x_i requires both of the condition ξ(x_i − ξ)Q^′(x_i) x_i(x_i − ξ) + q

= ±n (V.31)

and the range of ψ given by 0 ≤ ψ ≤ 4π/n with a constant n ≠ 0. Eq. (V.31) is explicitly written as (12ξ − n_i)x^2_i + ξ(2 − 24ξ + n_i)x_i + 2ξ(4q − ξ + 6ξ^2) − qn_i = 0 , (i = 1, 2) , (V.32)

where n_i take ±n, respectively. Thus, two of three parameters q, k and ξ are fixed by the regular condition (V.32). Since the Chern number is calculated as

c_1(B) = n 4π ∫ S^2

d(− cos θdϕ) = n , (V.33)

the 4-dimensional space B is a trivial bundle S^2 × S^2 for even integer n and a twisted S^2-bundle for odd integer n, respectively. For simplicity, we deal with the case n_1 = n_2 = n. We notice that Eq. (V.32) becomes trivial when q = 0, ξ = 1/6 and n = 2, which reproduces the Sasaki-Einstein metric Y^{p,q}. In the case ξ ≠ n/12 nor n/16, we obtain more general solutions of Eq. (V.32). q = (2 − n)ξ(−n + 4ξ + 4nξ) 4(n − 16ξ)(n − 12ξ) , k = ξ(−n + 4ξ + 8nξ − 48ξ^2)L(ξ) 4(n − 16ξ)(n − 12ξ)^3

, (V.34)

where

L(ξ) =2n^2 − n^3 + 4(n^3 − n^2 − 6n)ξ + 16(n^2 + 16n + 4)ξ^2 − 192(7n + 8)ξ^3 + 9216ξ^4 . (V.35)

Then the roots of the function Q(x), x_1, x_2 and x_3 are given by

x_{1,2} =

2ξ + nξ − 24ξ^2 ± √ (n − 2)nξ(−n + 5nξ10ξ − 48ξ^2) n − 16ξ 2(n − 12ξ)

, (V.36)

x_3 =

−n + 4ξ + 8nξ − 48ξ^2 4(n − 12ξ)

, (V.37)

where the choice of the sign in (V.36) depends on the sign of n − 12ξ. The reality condition of x_1 and x_2 and the inequalities (V.28) require the following ranges of ξ for each integer n: (a) n ≥ 4 , ξ_1 < ξ < n 4(n + 1)

, (V.38)

(b) n = 1 ,

15 − √ 33 96 < ξ < 1 8 , (V.39) (c) n ≤ −1 , n 8 < ξ < ξ_1 or ξ_2 < ξ < ξ_3 , (V.40)

where the quantities ξ_1, ξ_2 and ξ_3 are defined by

ξ_1 = 1 96 (10 + 5n − √ 100 − 92n + 25n^2) , (V.41) ξ_2 = 1 96 (10 + 5n + √ 100 − 92n + 25n^2) , (V.42) ξ_3 = 1 48 (5 + n + √ 25 − 14n + n^2) . (V.43)

The regular condition for five-dimensional metric g_5 gives rise to further constraint, under which we must choose the period of the fiber direction α in (V.25) so as to describe a principal S^1-bundle over B. Since the connection 1-form is given by

A = f(x)(dψ − cos θdϕ) (V.44)

the periods P_i (i = 1, 2) are calculated as [5],

P_1 = 1 2π ∫ C_1 dA = 2 n (f(x_2) − f(x_1)) ,

P_2 = 1 2π ∫ C_2

dA = 2f(x_2) (V.45)

where n is the Chern number given by (V.33) and C_1 and C_2 represent the basis for H_2(B, Z) = Z⊕Z [58]. Now we require f(x_1) f(x_2) = ℓ m , (V.46)

where ℓ, m ∈ Z. Then, κ^{−1}dA/2π has integral periods if we set κ = 2hf(x_2)/(mn) with h = gcd(ℓ − m, nm). Thus we take the range 0 ≤ α ≤ 2πκ. A numerical calculation shows that our solution (V.34) admits the parameter ξ satisfying the condition (V.46), and hence the 5- dimensional space M_5 becomes an S^1-bundle over B parameterized by three integers ℓ, m and n. It is straightforward to verify that the following four Killing vectors

v_1 = ∂ ∂ϕ + ∂ ∂ψ , v_2 = − ∂ ∂ϕ + ∂ ∂ψ , ℓ_1 = 2 n ( ∂ ∂ψ + f(x_1) ∂ ∂α ) , ℓ_2 = 2 n ( ∂ ∂ψ + f(x_2) ∂ ∂α ) , (V.47)

vanish with the surface gravity 1 on the sub-manifolds given by θ = 0, θ = π, x = x_1 and x = x_2, respectively, and they have a linear relation

(N_1 − N_2)(v_1 + v_2) + nN_2ℓ_1 − nN_1ℓ_2 = 0 (V.48)

with N_1 = nℓ/h ∈ Z, N_2 = nm/h ∈ Z ( cf. (V.12)). The volume is given by

Vol(M_5) = π^3 | | | 32ξκ(x_2 − x_1)(2ξ − x_1 − x_2) n | | | . (V.49)

Moreover, since B is a simply-connected manifold, it follows that M_5 is also simply-connected. Note also that M_5 is a spin manifold [5]. Smale’s theorem states that any simply-connected compact five-manifold which is spin and has no torsion in the second homology group is diffeomorphic to S^5♯k(S^2 × S^3) for some non-negative integer k. Thus, together with the analysis in App. A of [4], we see that M_5 is topologically S^2 × S^3.

B. Non-compact manifolds in eleven dimensions

Next, we turn to discussing the global structure of the eleven-dimensional supergravity solution. We assume that the functions X_μ(x_μ) take the form

X(x) ≡X_1(x_1) = c(x − a)P (x) ,

Y_k(y_k) ≡X_{k+1}(x_{k+1}) = c 5∏ i=1 (y_k − β_i) , k = 1, · · · , 4 , (V.50)

where P (x) is a positive definite polynomial of degree 4 and a, c, β_i are real constants satisfying

c > 0, β_1 < β_2 < · · · < β_5 < a. (V.51)

Then we choose the region of the coordinates x, y_k as

β_1 ≤ y_1 ≤ β_2 ≤ · · · ≤ y_4 ≤ β_5 < a ≤ x < ∞. (V.52)

The fact that the region of x is infinite corresponds to non-compactness of manifold. Then the metric is positive definite except for the boundaries y_k = β_k, y_k = β_{k+1} and x = a. From App. B we see that the curvature is finite at the points y_k = y_{k+1} = β_k. Some calculations analogous to the five-dimensional case yield that the following vector fields are Killing vector fields vanishing at the boundaries x = a, y_k = β_k and y_k = β_{k+1} (k=1,2,3,4), respectively,

v_0 = 2 X^′(a) ( (N_1(a) + a^5) ∂ ∂ψ_0 + 5∑ ℓ=1 (−1)^kℓa^{5−ℓ} ∂ ∂ψ_ℓ ) ,

v_k = 2 Y^′_k(β_k) ( (N_{k+1}(β_k) + β^5_k) ∂ ∂ψ_0 + 5∑ ℓ=1 (−1)^ℓβ^{5−ℓ}_k ∂ ∂ψ_ℓ ) ,

w_k = 2 Y^′_k(β_{k+1}) ( (N_{k+1}(β_{k+1}) + β^5_{k+1}) ∂ ∂ψ_0 + 5∑ ℓ=1 (−1)^ℓβ^{5−ℓ}_{k+1} ∂ ∂ψ_ℓ ) . (V.53)

These Killing vector fields have a unit surface gravity. If we impose the condition q_2 = q_3 = q_4 = q_5, then we have N_2 = N_3 = N_4 = N_5, which implies the relation v_k = w_{k−1}(k = 2, 3, 4). Hence we can use them as the new Killing coordinates ϕ_α with period 2π representing the canonical coordinate of torus T^6, ∂ ∂ϕ_0 = v_0 , ∂ ∂ϕ_1 = v_1 , ∂ ∂ϕ_k = v_k = w_{k−1} (k = 2, 3, 4) , ∂ ∂ϕ_5 = ω_4 . (V.54)

VI. SUMMARY AND DISCUSSIONS

We have discussed a deformation of Sasakian structure in the presence of totally skew-symmetric torsion by introducing odd dimensional manifolds whose metric cones are Kähler with torsion (KT) manifolds. We call such manifolds Sasaki with torsion (ST) manifolds. The ST manifolds admit a normal almost contact metric structure whose Reeb vector ξ is a Killing vector filed of unit length.

We have presented an example of the (2n + 1)-dimensional ST metric. The metric is quasi Sasakian and admits n + 1 Killing vector fields preserving the KT structure. We also have demonstrated that there exist two kinds of hidden symmetries; one is given by special Killing forms and other is given by GKY tensors which are related to non-trivial rank-2 Killing tensors. Although the former exists in the general ST manifold, the existence of the GKY tensors could not be always expected. Indeed, our metric is the first example admitting non-trivial odd-rank GCCKY tensors. It would be interesting to examine in this geometry whether the GKY tensors generate symmetry operators for the Klein-Gordon and Dirac operators.

Using the metric (III.1) as an ansatz, we have constructed exact solutions in five-dimensional minimal (un-)gauged supergravity and eleven-dimensional supergravity, and discussed the global structures of the solutions. In particular the ST metrics on the five-dimensional compact manifolds provide a natural generalization of the toric Sasaki-Einstein metrics Y^{p,q} and L^{a,b,c}. For these metrics there exists a T^3 action preserving the KT structure and the Einstein condition is replaced by the equations of motion of the minimal gauged supergravity.

Acknowledgments

We wish to thank Maciej Dunajski, Gary W. Gibbons, David Kubizňák and Martin Wolf for useful comments. T.H. also would like to thank DAMTP, University of Cambridge, for the hospitality. The work of T.H. is supported by the JSPS Strategic Young Researcher Overseas Visits Program for Accelerating Brain Circulation “Deeping and Evolution of Mathematics and Physics, Building of International Network Hub based on OCAMI.” The work of Y.Y. is supported by the Grant-in Aid for Scientific Research No. 23540317 and No. 21244003 from Japan Ministry of Education. The work of H.T. is supported by the Grant-in-Aid for the Global COE Program ”The Next Generation of Physics, Spun from Universality and Emergence” from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan.

Appendix A: Some properties of T-contact metric manifolds

We show some useful formulae in order to prove Propositions in Sec. II. Let us remind that (M, g, T, ξ, η, Φ) is an almost contact metric manifold equipped with a 3-form T satisfying (II.13) and define a fundamental 2-form ω by ω(X, Y ) = g(Φ(X), Y ). Then a straightforward calculation leads us to 2g((∇^T_X Φ)Y, Z) = − dω(X, ΦY, ΦZ) + dω(X, Y, Z) + M(X, Y, Z) + g(N^{(1)}(Y, Z), ΦX) + η(X)N^{(2)}(Y, Z) + d^T η(X, ΦZ)η(Y ) − d^T η(X, ΦY )η(Z) , (A.1) where we have introduced tensor fields N^{(i)} (i = 1, 2) defined in Sec. 6 of [32]:

N^{(1)}(X, Y ) =N_Φ(X, Y ) + dη(X, Y )ξ , (A.2) N^{(2)}(X, Y ) =(L_{ΦX} η)(Y ) − (L_{ΦY} η)(X) , (A.3)

and defined a tensor M by M(X, Y, Z) = T (X, ΦY, Z) + T (X, Y, ΦZ) − T (ξ, X, ΦY )η(Z) + T (ξ, X, ΦZ)η(Y ) . (A.4)

Note that M(ξ, X, Y ) = M(X, ξ, Y ) = M(X, Y, ξ) = 0 . (A.5) In the case of a T-contact metric manifold, this formula simplifies. Indeed, we have N^{(2)}(X, Y ) =dη(X, ΦY ) + dη(ΦX, Y ) =d^T η(X, ΦY ) + dη^T (ΦX, Y ) + T (ξ, X, ΦY ) + T (ξ, ΦX, Y ) = 0 , (A.6) where we have used (II.13), (II.25) and (II.27) at the last equality.

Furthermore, we have ξ_−| d^T η = ξ_−| dη = 0 , (A.7) which implies L_ξη = 0 and L_ξdη = 0. We also see L_ξd^T η = dξ_−| d^T η + ξ_−| dd^T = 2ξ_−| dω = 0 , (A.8) which leads to 2(L_ξg)(X, Y ) = d^T η(X, (L_ξ Φ)(Y )) . (A.9) Thus ξ is a Killing vector field if and only if L_ξΦ = 0.

Appendix B: Riemann, Ricci and scalar curvatures In this section we collect some technical results. 1. The Levi-Civita connection For the orthonormal frame (III.9) of the metric (III.1), we obtain the connection 1-forms (III.10)–(III.15). By using relation ∇_{ea} e^b(e_c) = −ω^b_c(e_a), we can compute the covariant derivatives as follows:

∇_{eμ} e_μ = ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_ρ , (B.1)

∇_{eμ} e_ν = − √ Q_ν 2(x_μ − x_ν ) e_μ , μ ≠ ν (B.2)

∇_{eμ} e_{μ̂} = ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_{ρ̂} − (1 + ∂_μH) e_0 , (B.3)

∇_{eμ} e_{ν̂} = − √ Q_ν 2(x_μ − x_ν ) e_{μ̂} , μ ≠ ν (B.4)

∇_{eμ̂} e_μ = ∂_μ √ Q_μ e_{μ̂} − ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_{ρ̂} + (1 + ∂_μH) e_0 , (B.5)

∇_{eμ̂} e_ν = − √ Q_ν 2(x_μ − x_ν ) e_{μ̂} + √ Q_μ 2(x_μ − x_ν ) e_{ν̂} , μ ≠ ν (B.6) ∇_{eμ̂} e_{μ̂} = −∂_μ √ Q_μ e_μ + ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_ρ , (B.7)

∇_{eμ̂} e_{ν̂} = √ Q_ν 2(x_μ − x_ν ) e_μ − √ Q_μ 2(x_μ − x_ν ) e_ν , μ ≠ ν (B.8)

∇_{eμ} e_0 = (1 + ∂_μH) e_{μ̂} , (B.9)

∇_{eμ̂} e_0 = −(1 + ∂_μH) e_μ , (B.10)

∇_{e0} e_μ = (1 + ∂_μH) e_{μ̂} , (B.11)

∇_{e0} e_{μ̂} = −(1 + ∂_μH) e_μ , (B.12)

∇_{e0} e_0 = 0 , (B.13)

where the function H is given by (III.16).

Since the curvature 2-form R^a_b is defined by the second structure equation

R^a_b = dω^a_b + ∑ c ω^a_c ∧ ω^c_b , (B.14)

we obtain

R^μ_ν =K_{μν} e^μ ∧ e^ν + ( K_{μν} − (1 + ∂_μH)(1 + ∂_ν H) ) e^{μ̂} ∧ e^{ν̂} − ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_ν e^{μ̂} ∧ e^0 + ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_μ e^{ν̂} ∧ e^0, (μ ≠ ν) (B.15)

R^μ_{μ̂} = − 1 2 ( ∂^2_μQ_T + 6(1 + ∂_μH)^2 ) e^μ ∧ e^{μ̂} + 2 ∑ ν≠μ ( K_{μν} − (1 + ∂_μH)(1 + ∂_ν H) ) e^ν ∧ e^{ν̂}

− √ Q_μ∂^2_μH e^μ ∧ e^0 − ∑ ν≠μ ∂_μH − ∂_ν H x_μ − x_ν √ Q_ν e^ν ∧ e^0 (B.16)

R^μ_{ν̂} =K_{μν} e^μ ∧ e^{ν̂} + ( K_{μν} − (1 + ∂_μH)(1 + ∂_ν H) ) e^ν ∧ e^{μ̂} − ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_ν e^μ ∧ e^0 − ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_μ e^ν ∧ e^0, (μ ≠ ν) (B.17)

R^{μ̂}_{ν̂} =K_{μν} e^{μ̂} ∧ e^{ν̂} + ( K_{μν} − (1 + ∂_μH)(1 + ∂_ν H) ) e^μ ∧ e^ν − ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_ν e^{μ̂} ∧ e^0 + ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_μ e^{ν̂} ∧ e^0 , (μ ≠ ν) (B.18)

R^μ_0 = − √ Q_μ∂^2_μH e^μ ∧ e^{μ̂} − ∑ ν≠μ ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_ν e^ν ∧ e^{μ̂}

− ∑ ν≠μ ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_ν e^μ ∧ e^{ν̂} − ∑ ν≠μ ∂_μH − ∂_ν H x_μ − x_ν √ Q_μ e^ν ∧ e^{ν̂} + (1 + ∂_μH)^2 e^μ ∧ e^0 (B.19)

R^{μ̂}_0 = − ∑ ν≠μ ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_ν e^μ ∧ e^ν − ∑ ν≠μ ∂_μH − ∂_ν H 2(x_μ − x_ν ) √ Q_μ e^{μ̂} ∧ e^{ν̂}

+ (1 + ∂_μH)^2 e^{μ̂} ∧ e^0, (B.20)

where K_{μν} ≡ −∂_μQ_T + ∂_ν Q_T 4(x_μ − x_ν ) , Q_T ≡ n∑ μ=1 Q_μ. (B.21)

The Ricci curvature is defined by Ric(e_a, e_b) = ∑ c R^c_a(e_c, e_b) . (B.22)

Thus nonzero components of the Ricci curvature are Ric(e_μ, e_μ) = − 1 2 ∂^2_μQ_T + 2 ∑ ν≠μ K_{μν} − 2(1 + ∂_μH)^2 , (B.23) Ric(e_{μ̂}, e_{μ̂}) = − 1 2 ∂^2_μQ_T + 2 ∑ ν≠μ K_{μν} − 2(1 + ∂_μH)^2 , (B.24)

Ric(e_0, e_0) =2 n∑ μ=1 (1 + ∂_μH)^2 . (B.25)

Note that the Ricci curvature is diagonalized. The scalar curvature is defined by scal = ∑ a Ric(e_a, e_a) . (B.26)

Thus we obtain scal = − n∑ μ=1 ∂^2_μQ_T + 4 ∑ μ≠ν K_{μν} − 2 n∑ μ=1 (1 + ∂_μH)^2 . (B.27)

2. The connection with totally skew-symmetric torsion

Next, we compute the curvature quantities with torsion with respect to the orthonormal frame (III.9) of the metric (III.1). Since we have obtained the covariant derivatives with respect to the Levi-Civita connection ∇, (B.1)–(B.13), hence we can compute from Eq. (II.1) the covariant derivatives with respect to the torsion connection ∇^T as

∇^T_{ea} e_b = ∇_{ea} e_b + 1 2 T (e_a, e_b) . (B.28)

Thus we obtain

∇^T_{eμ} e_μ = ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_ρ , (B.29)

∇^T_{eμ} e_ν = − √ Q_ν 2(x_μ − x_ν ) e_μ , (B.30)

∇^T_{eμ} e_{μ̂} = ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_{ρ̂} − e_0 , (B.31)

∇^T_{eμ} e_{ν̂} = − √ Q_ν 2(x_μ − x_ν ) e_{μ̂} , (B.32)

∇^T_{eμ̂} e_μ = ∂_μ √ Q_μ e_{μ̂} − ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_{ρ̂} + e_0 , (B.33)

∇^T_{eμ̂} e_ν = − √ Q_ν 2(x_μ − x_ν ) e_{μ̂} + √ Q_μ 2(x_μ − x_ν ) e_{ν̂} , (B.34) ∇^T_{eμ̂} e_{μ̂} = −∂_μ √ Q_μ e_μ + ∑ ρ≠μ √ Q_ρ 2(x_μ − x_ρ) e_ρ , (B.35)

∇^T_{eμ̂} e_{ν̂} = √ Q_ν 2(x_μ − x_ν ) e_μ − √ Q_μ 2(x_μ − x_ν ) e_ν , (B.36)

∇^T_{eμ} e_0 = e_{μ̂} , (B.37)

∇^T_{eμ̂} e_0 = −e_μ , (B.38)

∇^T_{e0} e_μ = (1 + 2∂_μH) e_{μ̂} , (B.39)

∇^T_{e0} e_{μ̂} = −(1 + 2∂_μH) e_μ , (B.40)

∇^T_{e0} e_0 = 0 , (B.41)

where the function H is again given by (III.16).

Appendix C: Calabi-Yau with torsion metric on a cone

We begin with the metric (III.23) and choose the same orthonormal frame as (III.24), then the

connection 1-forms are calculated as (III.25). For the Hermitian connection ¯∇^B with respect to

the Bismut torsion (III.29), the connection 1-form with torsion ω̄^{Bα}_β are calculated as

ω̄^{B α}_β = ω̄^α_β − 1 2 ∑ γ B^α_{βγ} ē^γ . (C.1)

That is, we have ω̄^{Br}_a = − ē^a r , (C.2) ω̄^{Bμ}_ν = − √ Q_ν 2(x_μ − x_ν ) ē^μ r − √ Q_μ 2(x_μ − x_ν ) ē^ν r , μ ≠ ν (C.3)

ω̄^{B μ}_{μ̂} = − ∂_μ √ Q_μ ē^{μ̂} r + ∑ ν≠μ √ Q_ν 2(x_μ − x_ν ) ē^{ν̂} r − (1 + 2∂_μH) ē^0 r , (C.4)

ω̄^{Bμ}_{ν̂} = √ Q_ν 2(x_μ − x_ν ) ē^{μ̂} r − √ Q_μ 2(x_μ − x_ν ) ē^{ν̂} r , μ ≠ ν (C.5)

ω̄^{Bμ̂}_{ν̂} = − √ Q_ν 2(x_μ − x_ν ) ē^μ r − √ Q_μ 2(x_μ − x_ν ) ē^ν r , μ ≠ ν (C.6)

ω̄^{B μ}_0 = − ē^{μ̂} r , (C.7)

ω̄^{B μ̂}_0 = ē^μ r . (C.8)

Note that if we restrict the connection 1-forms ω̄^{Bα}_β on the hyperplane of r = 1, then we obtain

the connection 1-form ω^{T a}_b = ω̄^{Ba}_b | |_{r=1} with respect to the original metric g_{2n+1} and the torsion

T . Since the curvature 2-form with torsion R̄^{B α}_β and the Ricci form with torsion ρ^B (X, Y ) are

calculated as [55]

R̄^{B α}_β(X, Y ) = g(R̄^B (X, Y )ē_α, ē_β ) , (C.9)

ρ^B (X, Y ) = 1 2 ∑ α R̄^B (X, Y, ē_α, J(ē_α)) , (C.10)

where R̄^B(X, Y ) is the curvature defined by (II.17) with respect to ¯∇^B, we have the curvature

2-form with torsion as

R̄^{B r}_0 = − 2^n ∑ μ=1 ∂_μH e^μ ∧ e^{μ̂} , (C.11)

R̄^{Bμ}_{μ̂} = − 1 2 ( ∂^2_μQ_T + 4 ) e^μ ∧ e^{μ̂} + 1 2 ∑ ν≠μ ( − ∂_μQ_T x_μ − x_ν + ∂_ν Q_T x_μ − x_ν ) e^ν ∧ e^{ν̂}

− 2 n∑ ν=1 √ Q_ν ∂_μ∂_ν H e^ν ∧ e^0 − 2 n∑ ν=1 (1 + 2∂_μH)(1 + ∂_ν H) e^ν ∧ e^{ν̂} , (C.12) and the non-zero components of the Ricci form as

ρ^B (e_μ, e_{μ̂}) = − 1 2 ∂^2_μQ_T + 1 2 ∑ ν≠μ ( − ∂_μQ_T x_μ − x_ν + ∂_ν Q_T x_μ − x_ν ) − 2(n + 1)(1 + ∂_μH) . (C.13)

Thus we find that ρ^B (X, Y ) = 0 for all vector fields X, Y , when provided that the functions X_μ and N_μ take the form

X_μ(x_μ) = − 4x^{n+1}_μ + n∑ j=1 c_j x^j_μ + b_μ − 4(n + 1)q_μx_μ , (C.14)

N_μ(x_μ) = n−1∑ i=1 a_ix^i_μ + q_μ , (C.15)

where a_i, b_j , m_μ and q_μ are constant parameters. This gives a Calabi-Yau with torsion metric on a cone. The function (C.14) in five dimensions is different from (IV.10).

[1] S. Sasaki, “On differentiable manifolds with certain structures which are closely related to almost contact structure. I,” Tohoku Math. J. (2) 12 (1960), 45976. MR 23 A591.

[2] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Adv. Theor.

Math. Phys. 2, 231 (1998) Int. J. Theor. Phys. 38, 1113 (1999) hep-th/9711200. [3] O. Aharony, O. Bergman, D. L. Jafferis and Juan Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810 (2008) 091; arXiv:0806:1218 [4] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Sasaki-Einstein metrics on S^2 × S^3,” Adv.

Theor. Math. Phys. 8, 711 (2004) hep-th/0403002.

[5] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “A New Infinite Class of Sasaki-Einstein Manifolds,” Adv. Theor. Math. Phys. 8, 711 (2004) hep-th/0403038.

[6] D. Martelli and J. Sparks, “Toric Sasaki-Einstein metrics on S^2 × S^3,” Phys. Lett. B621 (2005), 208-212; arXiv:hep-th/0505027.

[7] M. Cvetic, H. Lu, D. N. Page and C. N. Pope, “New Einstein-Sasaki spaces in five and higher dimensions,” Phys. Rev. Lett. 95, 071101 (2005) hep-th/0504225.

[8] M. Cvetič, H. Lü, D. N. Page and C. N. Pope, “New Einstein-Sasaki and Einstein Spaces from Kerr-de Sitter,” JHEP 0907 (2009), 082; hep-th/0505223.

[9] K. Pilch and N. P. Warner, “A New supersymmetric compactification of chiral IIB supergravity,” Phys.

Lett. B 487, 22 (2000) hep-th/0002192.

[10] N. Hitchin, “Generalized Calabi-Yau manifolds,” Quart. J. Math. Oxford Ser. 54 (2003) 281-308;

arXiv:math/0209099.

[11] M. Gabella, J. P. Gauntlett, E. Palti, J. Sparks and D. Waldram, “AdS5 Solutions of Type IIB Supergravity and Generalized Complex Geometry,” Commun. Math. Phys. 299 (2010) 365; arXiv:0906.4109.

[12] M. Gabella and J. Sparks, “Generalized Geometry in AdS/CFT and Volume Minimization,” Nucl.

Phys. B 861 (2012), 53; arXiv:1011.4296 [hep-th].

[13] A. Strominger, “Superstrings with torsion,” Nucl. Phys. B 274 (1986), no. 2, 253-284. [14] I. Agricola, “The Srni lectures on non-integrable geometries with torsion,” arXiv:math/0606705. [15] S. Yamaguchi, “On a conformal Killing tensor of degree 2 in a Sasakian space,” Tensor N.S. , 21 (1972), pp. 165-168.

[16] S. Yamaguchi, “On a horizontal conformal Killing tensor of degree p in a Sasakian space”, Ann. di Math pura ed appli. IV, 94 (1972), pp. 217-230.

[17] T. Friedrich and S. Ivanov, “Parallel spinors and connections with skew-symmetric torsion in string theory,” Asian J. Math. 6 (2002), 303-336; arXiv:math/0102142.

[18] T. Friedrich and S. Ivanov, “Almost contact manifolds, connections with torsion, and parallel spinors,” J. Reine Ang. Math. 559 (2003), 217-236; arXiv:math/0111131.

[19] J. M. Bismut, “Local index theorem for non-Kähler manifolds,” Math. Ann. 284 (1989), 681-699. [20] Y. Hashimoto, M. Sakaguchi and Y. Yasui, “Sasaki-Einstein Twist of Kerr-AdS Black Holes,” Phys.

Lett. B600 (2004), 270-274; arXiv:hep-th/0407114.

[21] W. Chen, H. Lü and C. N. Pope, “General Kerr-NUT-AdS Metrics in All Dimensions,” Class. Quant.

Grav. 23 (2006), 5323-5340; hep-th/0604125.

[22] D. Kubizňák, “On the supersymmetric limit of Kerr-NUT-AdS metrics,” Phys. Lett. B675 (2009), 110-115; arXiv:0902.1999.

[23] R. C. Myers and M. J. Perry, “Black holes in higher dimensional space-times,” Ann. Phys. (N.Y.), 172, 304-347 (1986).

[24] G. W. Gibbons, H. Lü, D. N. Page and C. N. Pope, “Rotating black holes in higher dimensions with a cosmological constant,” Phys. Rev. Lett., 93, 171102 (2004); hep-th/0409155.

[25] W. Chen, H. Lü and C. N. Pope, “General Kerr-NUT-AdS metrics in all dimensions,” Class. Quant.

Grav., 23, 5323-5340 (2006); hep-th/0604125.

[26] T. Houri, D. Kubizňák, C. M. Warnick and Y. Yasui, “Local metrics admitting a principal Killing-Yano tensor with torsion,” arXiv:1203.0393.

[27] A. Sen, Rotating charged black hole solution in heterotic string theory, Phys. Rev. Lett., 69, 1006-1009 (1992); hep-th/9204046.

[28] M. Cvetic and D. Youm, Near-BPS-Saturated Rotating Electrically Charged Black Holes as String States, Nucl. Phys. B477, 449-464 (1996); hep-th/9605051.

[29] D. D. K. Chow, Symmetries of supergravity black holes, Class. Quant. Grav., 27, 205009 (2010);

arXiv:0811.1264.

[30] Z. -W. Chong, M. Cvetic, H. Lu and C. N. Pope, “General non-extremal rotating black holes in minimal five-dimensional gauged supergravity,” Phys. Rev. Lett. 95, 161301 (2005) arXiv:0506029 [hep-th].

[31] D. E. Blair, “Contact manifolds in Riemannian geometry,” Lect. Notes. No. 50, Springer-Verlag 1976. [32] C. P. Boyer and K. Galicki, “Sasakian Geometry,” Oxford University Press (2008); “Sasakian Geometry,

Holonomy and Supersymmetry,” arXiv:math/0703231.

[33] J. Sparks, “Sasaki-Einstein Manifolds,” Surv. Diff. Geom. 16 (2011) 265-324; arXiv:1004.2461. [34] U. Semmelmann, “Conformal Killing forms on Riemannian manifolds,” math.DG/0206117. [35] V. Apostolov, D. M. J. Calderbank and P. Gauduchon, “Hamiltonian 2-forms in Kahler geometry, I General Theory,” J. Diff. Geom. 73 (2006) 359-412; arXiv:math/0202280.

[36] V. Apostolov, D. M. J. Calderbank, P. Gauduchon and C. W. Tonneson-Friedman, “Hamiltonian 2-forms in Kahler geometry, II Global Classification,” J. Diff. Geom. 68 (2004) 277-345; math.DG/0401320.

[37] D. E. Blair, “The theory of quasi-Sasakian structures,” J. Differential Geom. 1 (1967), 331-345. [38] K. Yano, “Some remarks on tensor fields and curvature,” Ann. Math. 55 (1952), 328-347. [39] S. Tachibana, “On conformal Killing tensor in a Riemannian space,” Tôhoku Math. J. 21 (1969), 56-64. [40] T. Kashiwada, “On conformal Killing tensor,” Nat. Sci. Rep. Ochanomizu Univ. 19 (1968), 67-74. [41] W. Dietz and R. Rüdiger, “Space-Times Admitting Killing–Yano Tensors. I,” Proc. R. Soc. London A375, 361-378 (1981).

[42] W. Dietz and R. Rüdiger, “Space-Times Admitting Killing–Yano Tensors. II,” Proc. R. Soc. London A381, 315-322 (1982).

[43] T. Houri, T. Oota and Y. Yasui, “Closed conformal Killing–Yano tensor and Kerr-NUT-de Sitter spacetime uniqueness,” Phys. Lett., B656, 214-216 (2007); arXiv:0708.1368.

[44] P. Krtouš, V. P. Frolov and D. Kubizňák, “Hidden Symmetries of Higher Dimensional Black Holes and Uniqueness of the Kerr-NUT-(A)dS Spacetime,” Phys. Rev., D78, 064022 (2008); arXiv:0804.4705.

[45] T. Houri, T. Oota and Y. Yasui, “Generalized Kerr-NUT-de Sitter metrics in all dimensions,” Phys.

Lett., B666, 391-394 (2008); arXiv:0805.0838.

[46] T. Houri, T. Oota and Y. Yasui, “Closed conformal Killing–Yano tensor and uniqueness of generalized Kerr-NUT-de Sitter spacetime,” Class. Quant. Grav., 26, 045015 (2009); arXiv:0805.3877.

[47] V. P. Frolov and D. Kubizňák, “Higher-Dimensional Black Holes: Hidden Symmetries and Separation of Variables,” Class. Quant. Grav., 25, 154005 (2008); arXiv:0802.0322.

[48] Y. Yasui and T. Houri, “Hidden Symmetry and Exact Solutions in Einstein Gravity,” Prog. Theor.

Phys. Suppl., 189, Chapter 5, 126-164 (2011); arXiv:1104.0852.

[49] O. P. Santillan, “Killing–Yano tensors and some applications,” arXiv:1108.0149 (2011). [50] D. Kubiznak, H. K. Kunduri and Y. Yasui, “Generalized Killing-Yano equations in D=5 gauged supergravity,” Phys. Lett. B678 (2009), 240-245; arXiv:0905.0722 [hep-th].

[51] T. Houri, D. Kubizňák, C. M. Warnick and Y. Yasui, “Generalized hidden symmetries and the Kerr-Sen black hole,” JHEP 07 (2010) 055; arXiv:1004.1032.

[52] T. Houri, D. Kubizňák, C. M. Warnick, and Y. Yasui, “Symmetries of the Dirac Operator with Skew- Symmetric Torsion,” Class. Quant. Grav. 27, 185019 (2010); arXiv:1002.3616 [53] D. Kubizňák, C.M. Warnick and P. Krtouš, “Hidden symmetry in the presence of fluxes,” Nucl.Phys.

B844, 185-198 (2011); arXiv:1009.2767.

[54] M. Visinescu and G. E. Vilcu, “Hidden symmetries of Euclideanised Kerr-NUT-(A)dS metrics in certain scaling limits,” arXiv:1205.6036.

[55] S. Ivanov and G. Papadopoulos, “Vanishing Theorems and String Backgrounds,” Class. Quant. Grav.

18 (2001), 1089-1110; arXiv:math/0010038 [56] G. Papadopoulos, “Killing-Yano equations with torsion, worldline actions and G-structures,” arXiv:1111.6744 [57] G. Papadopoulos, “Killing-Yano equations and G-structures,” Class. Quant. Grav. 25 (2008), 105016;

arXiv:0712:0542.

[58] The cycle C_1 is the S^2-fibre of B at some fixed point (θ, ϕ) on the base space. While, C_2 is the sub-manifold S^2 of B at x = x_2, where the length of ∂/∂ψ vanishes.