arXiv:1207.1008v1 [gr-qc] 3 Jul 2012

Conserved Quantities in f(R) Gravity via Noether Symmetry

M. Farasat Shamir^∗, Adil Jhangeer^†and Akhlaq Ahmad Bhatti^‡

Department of Sciences & Humanities, National University of Computer & Emerging Sciences, Lahore Campus, Pakistan.

Tel: 92-42-111-128-128(Ext.229), Fax: 92-42-35165232.

Abstract This paper is devoted to investigate f(R) gravity using Noether symmetry approach. For this purpose, we consider Friedmann Robertson- Walker (FRW) universe and spherically symmetric spacetimes. The Noether symmetry generators are evaluated for some specific choice of f(R) models in the presence of gauge term. Further, we calculate the corresponding conserved quantities in each case. Moreover, the importance and stability criteria of these models are discussed.

Keywords: f(R) gravity; Noether symmetry; Conserved quantities.

PACS: 04.50.Kd, 98.80.-k, 02.20.Sv.

1 Introduction

Astrophysical data from different sources such as cosmic microwave background fluctuations [1], Supernovae Ia (SNIa) [2] experiments, X-ray experiments [3] and large scale structure [4] indicate that our universe is currently

∗farasat.shamir@nu.edu.pk †adil.jahangeer@nu.edu.pk ‡akhlaq.ahmad@nu.edu.pk

expanding with an accelerated rate. Higher dimensional theories [5] like Mtheory or string theory may explain this accelerated expansion. Another explanation comes from modification of Einstein’s theory with some inverse curvature terms which cause increase in gravity [6]. However, modified gravity with inverse curvature terms is known to be unstable and do not pass some solar system tests [7]. This discrepancy can be removed by including higher derivative terms. In particular, the viability [8] can be achieved with squared curvature terms. It is now thought that the current cosmic expansion can be justified if some suitable powers of curvature are added to the usual Einstein-Hilbert action [9]. Thus it would be interesting to investigate the universe in the context of modified or alternative theories of gravity. The f(R) theory of gravity, which involves a generic function of Ricci scalar in standard Einstein-Hilbert lagrangian, is an attractive choice.

In recent years, many authors investigated f(R) gravity in different contexts. Felice and Tsujikawa [10] gave a detailed review about f(R) theories of gravity. A similar work has been reported by Sotiriou and Faraoni [11]. Hendi and Momeni [12] explored black hole solutions in f(R) gravity. Moon and Myung [13] gave the stability analysis of the Schwarzschild black hole in this theory. Geodesic deviation equation in metric f(R) gravity is obtained by Guarnizo et al. [14]. Upadhye and Hu [15] investigated the existence of relativistic stars in f(R) gravity. The metric f(R) theories of gravity are generalized to five dimensional spacetimes by Huang et al. [16]. They showed that expansion and contraction of the extra dimension prescribed a smooth transition from deceleration phase to acceleration phase. The stability conditions for f(R) models have been discussed by Starobinsky [17]. Multamäki and Vilja [18, 19] explored spherically symmetric vacuum and non-vacuum solutions in f(R) theory of gravity. Shojai and Shojai [20] calculated exact spherically symmetric interior solutions in metric version of f(R) gravitational theory. Azadi et al. [21] investigated cylindrically symmetric vacuum solutions in this theory. Plane symmetric solutions are studied by Sharif and Shamir [22]. The same authors [23, 24] investigated the solutions for Bianchi types I and V models for both vacuum and non-vacuum case.

The field equations in f(R) gravity are fourth order partial differential equations (PDEs) when the function is assumed to have the terms like R^2. However, the order could be higher if the terms like R^3, R^4 etc. are included. On the other hand, Lie’s theory gives a systematic and mathematical way to investigate the solutions of differential equations. The application of Lie group theory for the solution of nonlinear ordinary differential equation is one of the most fascinating and significant area of research. It is mentioned here that from Lie’s theory one can not only construct a class of exact solutions but can also find new solutions using different invariant transformations. It also gives most widely applicable technique to find the closed form solution of differential equations. Investigation of these solutions plays a vital role for the understanding of the physical aspects of these differential equations.

Noether symmetry approach is an important aspect of Lie theory. This is the most elegant and systematic approach to compute conserved vectors, given by Noether in 1918. The conservation laws play a vital role in the study of physical phenomenon. The integrability for PDEs depends on number of conservation laws. Another important aspect of conservation laws is that they are helpful in the numerical integration of PDEs. There are number of methods developed for the construction of conservation laws such as Noether theorem [25, 26] for variational problems, partial Noether theorem for variational and non variational structures [27] and multiplier approach [28]. Computer packages for the construction of conserved quantities are reported by many authors. Some of them are: Wolf [29], Wolf et al. [30], Göktas et al. [31] and Hereman et al. [32, 33, 34]. The Maple code to compute conservation laws based on multipliers approach was introduced by Cheviakov [35].

Noether theorem states that any differentiable symmetry of the action of a physical system has a corresponding conservation law. The main feature of this theorem is that it may provide information regarding the conservation laws in theory of relativity. Conservation laws of linear and angular momentum can be well explained by the translational and rotational symmetries using Noether theorem [36]. It has many applications in theoretical physics. In recent years, many authors have used this theorem in different cosmological contexts. Capozziello et al. [37] discussed f(R) gravity for spherically symmetric spacetime using Noether symmetry. Flat FRW universe has been discussed in Palatini f(R) gravity by Kucukakca and Camci [38]. Jamil et al. [39] investigated f(R) Tachyon model via Noether symmetry approach. Hussain et al. [40] found Noether symmetries for flat FRW model using gauge term in metric f(R) gravity. Energy distribution of Bardeen model is given by Sharif and Waheed [41] using approximate symmetry method. The same authors [42] re-scaled the energy in the stringy charged black hole solutions using approximate symmetries. In a recent paper, we [43] have found a new class of plane symmetric solutions in metric f(R) gravity using Lie point symmetries.

In this paper, we focus our attention to investigate the Noether symmetries of FRW and spherically symmetric spacetimes in the context of metric f(R) gravity. The paper is organized as follows: In Section 2, we present some basics of f(R) theory of gravity. Sections 3 and 4 are used to calculate Noether symmetries of FRW and spherically symmetric spacetimes respectively. In the last section, we summarize the results.

2 f(R) Gravity and Field Equations

The action for four dimensional f(R) theory of gravity in gravitational units (8πG = 1) is given by [37]

S_{f(R)} = ∫ √ −g(f(R) + L_m)d^4x, (1)

where L_m is the matter Lagrangian and f(R) is a general function of the Ricci scalar. The standard Einstein-Hilbert action can be obtained by taking f(R) = R. Variation of this action with respect to the metric tensor yields the field equations f^′(R)R_{μν} − 1 2 f(R)g_{μν} − ∇_μ∇_ν f^′(R) + g_{μν} □f^′(R) = κT^m_{μν} , (2)

where prime denotes derivative with respect to R, κ is a coupling constant in gravitational units, T^m_{μν} is the standard standard matter energy-momentum tensor and □ ≡ ∇^μ∇_μ (3)

with ∇_μ defined as the covariant derivative. The field equations can be expressed in an alternative form familiar with General Relativity (GR) field equations as G_{μν} = R_{μν} − 1 2 g_{μν} R = T^c_{μν} + T̃^m_{μν} , (4)

where T̃^m_{μν} = T^m_{μν} /f^′(R) and energy-momentum tensor for gravitational fluid is given by

T^c_{μν} = 1 f^′(R) [1 2 g_{μν} ( f(R) − Rf^′(R) ) + f^′(R)^{;αβ} ( g_{αμ}g_{βν} − g_{μν} g_{αβ} )] . (5)

It is clear from Eq.(4) that energy-momentum tensor for gravitational fluid T^c_{μν} contributes matter part from geometric origin. This approach seems interesting as it may provide all the matter components which are required to investigate the dark part of our universe. Thus it is expected that f(R) theory of gravity may give fruitful results to understand the phenomenon of expansion of universe.

3 Noether FRW Symmetries

In this section, we shall find the Noether symmetries of FRW spacetime. The FRW metric is given by

ds^2 = dt^2 − a^2 [ dr2 1 − kr^2 + r^2dΩ^2 ] , (6)

where a is function of cosmic time t and known as scale factor of universe and dΩ^2 = r^2(dθ^2 + sin^2 θdϕ^2). The curvature parameter k is 0, 1 or −1, which represents flat, open or closed universe respectively. The corresponding Lagrangian is given by [44]

L = 6aȧ^2f^′ + 6a^2Ṙȧf^{′′} + a^3(f − Rf^′) − 6kaf^′ + a^3P. (7) Here dot denotes derivative with respect to t and the fluid pressure P is given by P = mωa^{−3(1+ω)}, (8) where m is an arbitrary real constant while ω is the equation of state parameter. Noether symmetry generator of Eq.(7) is given by X = τ(t, a, R) ∂ ∂t + ψ(t, a, R) ∂ ∂a + ϕ(t, a, R) ∂ ∂R · (9)

We can find Noether symmetries by using the following equation: X^{[1]}L + (Dτ)L = DB(t, a, R). (10) where X^{[1]} is the first prolongation [45] given by

X^{[1]} = X + ψ̇(t, a, R) ∂ ∂ȧ + ϕ̇(t, a, R) ∂ ∂Ṙ , (11)

where ψ̇ = ∂ψ ∂t + ȧ ∂ψ ∂a − ȧ ∂τ ∂t + Ṙ ∂ψ ∂R − ȧ^2 ∂τ ∂a − ȧṘ ∂τ ∂R , (12) ϕ̇ = ∂ϕ ∂t + ȧ ∂ϕ ∂a + Ṙ ∂ϕ ∂R − Ṙ ∂τ ∂t − Ṙ^2 ∂τ ∂R − ȧṘ ∂τ ∂a . (13)

B is called the gauge function with D defined as D ≡ ∂ ∂t + ȧ ∂ ∂a + Ṙ ∂ ∂R . (14)

The first integral is also known as conserved quantity associated with X and is defined as I = B − τL − (ψ − τȧ) ∂L ∂ȧ − (ϕ − τṘ) ∂L ∂Ṙ . (15)

Using (7) in Eq.(10), we obtain an over determined system of linear PDEs, i.e.

τ_a = 0, (16) τ_R = 0, (17) f^{′′}ψ_R = 0, (18) 6a^2f^{′′}ψ_t = B_R,(19) 12af^′ψ_t + 6a^2f^{′′}ϕ_t = B_a,(20) ψf^′ + ϕaf^{′′} + 2af^′ψ_a − af^′τ_t + a^2f^{′′}ϕ_a = 0, (21) 2af^{′′}ψ + a^2f^{′′′}ϕ + a^2f^{′′}(ψ_a + ϕ_R − τ_t) + 2af^′ψ_R = 0, (22) a^2(3ψ + aτ_t)(f − Rf^′) − a^3Rf^{′′}ϕ + τ_t(−6kaf^′ + ωma^{−3ω}) − ψ(6kf^′ + 3ω^2ma^{−3ω−1}) = B_t.(23)

We solve these equations using different assumptions. From Eq.(18), we have f^{′′} = 0 with ψ_R ≠ 0. This further gives f^′ = 0 by using Eq.(22). Solving determining equations with these conditions, we obtain trivial solution, i.e.

τ = 0, ψ = 0, ϕ = 0, (24)

with zero gauge term. Hence we investigate the solution of determining equations by taking ψ_R = 0 with f^{′′} ≠ 0. The solutions are discussed mainly for two different cases, namely flat vacuum universe and non-flat non-vacuum universe.

Case 1: Flat Vacuum Universe (k = 0 = ω)

Here we solve the determining equations for flat vacuum case. It is mentioned here that this case has already been discussed by Jamil et. al [40] but obtained results suggest that the gauge term is zero. However, we have explored a more general solution of the determining equations for f(R) = f_0R^{3/2} which gives a non-zero gauge term. The solution in this case is given by

τ = c_1t + c_2, (25) ψ = 2c_1a^2 + 3c_3t + 3c_4 3a , (26) ϕ = −2R c_1a^2 + c_3t + c_4

a^2

, (27)

B = 9c_3a √ R + c_5. (28)

The Noether symmetry generators turn out to be

X_1 = t ∂ ∂t + 2 3 a ∂ ∂a − 2R ∂ ∂R , (29)

X_2 = ∂ ∂t , (30)

X_3 = ta^{−1} ∂ ∂a − 2Rta^{−2} ∂ ∂R , (31)

X_4 = a^{−1} ∂ ∂a − 2Ra^{−2} ∂ ∂R . (32)

These generators form a four dimensional algebra with the following commutator table:

Table 1: Commutator Table

X_1 X_2 X_3 X_4 X_1 0 X_2^{X3}_3^{4X4}_3 X_2 −X_2 0 −X_4 0 X_3 −^{X3}_3 X_4 0 0 X_4^{−4X4}_3 0 0 0

where Lie bracket [X_i, X_j ] is defined by the following unique relation

[X_i, X_j] = X_j ( X_i ) − X_i ( X_j ) , where i, j = 1, 2, 3, 4. Moreover, the first integrals in this case are

I_1 = 9atȧ^2R^{12} + 1 2 a^3tR^{32} + 9 2 a^2tȧṘR^{−12} − 3a^2ȧR^{12} − 3a^3ṘR^{−12} ,

I_2 = −9aȧ^2R^{12} + 1 2 a^3tR^{32} − 9 2 a^2ȧṘR^{−12} ,

I_3 = 9aR^{12} − 9tȧR^{12} − 9 2 taṘR^{−12} , I_4 = −9ȧR^{12} − 9 2 aṘR^{−12} . Case 2: Non-Flat Non-Vacuum Universe (k ≠ 0, ω ≠ 0)

For this case, the determining equations yield a solution

τ = c_1, B = c_2, (33) ψ = 0, ϕ = 0. (34)

Here the gauge term turns out to be constant which can be taken zero. It is mentioned here that this solution is for an arbitrary f(R). The Noether symmetry generator turns out to be X = ∂ ∂t . (35)

The corresponding first integral becomes

I = 6aȧ^2f^′ + 6a^2ȧṘf^{′′} − a^3(f − Rf^′) + 6kaf^′ − mωa^{−3ω}. (36)

4 Noether Symmetries of Spherically Symmetric Spacetime

In this section, we shall find the Noether symmetries of static spherically symmetric spacetime [46]

ds^2 = Adt^2 − [dr2 A + r^2dΩ^2 ] , (37)

where dΩ^2 = r^2(dθ^2 +sin^2 θdϕ) and A is the function of r. The corresponding Lagrangian is given by

L = r^2(f − Rf^′) + 2f^′ ( 1 − A − r dA dr ) + f^{′′}r^2 (dR dr )(dA dr ) , (38) here prime denotes derivative with respect to R.

Corresponding Noether symmetry generator is given by X = τ(r, R, A) ∂ ∂r + ψ(r, R, A) ∂ ∂R + ϕ(r, R, A) ∂ ∂A . (39)

The Noether symmetries can be computed by using the following equation X^{[1]}L + (Dτ)L = DB(t, a, R), (40) where X^{[1]} is the first prolongation [45] given by

X^{[1]} = X + ψ́(r, R, A) ∂ ∂Ŕ + ϕ́(r, R, A) ∂ ∂Ȧ , (41)

in which´represents derivative with respect to r and ψ́ = ∂ψ ∂r + Ŕ ∂ψ ∂R − Ŕ ∂τ ∂r + Á ∂ψ ∂A − Ŕ^2 ∂τ ∂R − ŔÁ ∂τ ∂A , (42) ϕ́ = ∂ϕ ∂r + Ŕ ∂ϕ ∂R + Á ∂ϕ ∂A − Á ∂τ ∂r − Á^2 ∂τ ∂A − ŔÁ ∂τ ∂R . (43)

In Eq.(40), B is called the gauge function with D defined as D ≡ ∂ ∂t + ȧ ∂ ∂a + Ṙ ∂ ∂R . (44)

Substituting (38) in Eq.(40) and after some manipulations, we get an over determined system of linear PDEs, i.e.

τ_A = 0, (45) τ_R = 0, (46) ψ_A = 0, (47) ϕ_R = 0, (48) ϕ_r = B_R, (49) 2r(τf^{′′} + f^′τ_r) + r^2(ψf^{′′′} + ϕ_Af^{′′} + ψ_Rf^{′′} − τ_rf^{′′}) = 0, (50) −2τf^′ − 2r(ψf^{′′} + f^′ϕ_A) + r^2f^{′′}ψ_r = B_A, (51) 2rτ(f − Rf^′) − 2f^′ϕ − r^2Rf^{′′}ψ + 2f^{′′}ψ − 2f^{′′}ψA − 2rf^′ϕ_r + r^2τ_rf − r^2τ_rRf^′ + 2τ_rf^′ − 2τ_rAf^′ = B_r. (52)

When f(R) is arbitrary, we obtain trivial results, i.e.

τ = 0, ψ = 0, ϕ = 0, (53)

However we use a well known form of f(R), i.e.

f(R) = f_0R^n, n ≠ 0, 1. (54)

This function has been widely used in different cosmological context. The determining equations, using Eq.(54) yields

τ = c_1r, ψ = −3c_1 R n , ϕ = c_1 n (2An − 3A − 2n + 3), (55)

where the gauge term is zero in this case. Thus the Noether symmetry generator in this case is given by X = r ∂ ∂r − 3 R n ∂ ∂R + 1 n (2An − 3A − 2n + 3) ∂ ∂A , (56)

and the conserved quantity turns out to be I = r(n−1) [ r^2R^n+6(A−1)R^{n−1}+5rÁR^{n−1}−(2n−3)(A−1)rŔR^{n−2}+r^2ÁŔR^{n−2} ] . (57)

5 Summary and Conclusion

The main objective of this paper is to investigate the Noether symmetries in metric f(R) gravity. FRW and spherically symmetric spacetimes are considered for this purpose. We present a general solution of determining equations for FRW universe with gauge term. In fact, we get four Noether symmetry generators. A non-zero gauge term is obtained which depend on Ricci scalar R and scale factor a. It would be worthwhile to mention here that solution already obtained by Jamil et al. [40] is a subcase for the flat universe with zero gauge term. Moreover, in palatini f(R) gravity, a non-zero time dependent gauge term is obtained [38]. For non-flat universe, we obtain one symmetry generator which is translation of time coordinate. The first integrals are obtained in each case. The interesting feature of cosmological model for f(R) = f_0R^{3/2} is that it gives a negative deceleration parameter which is consistent with the recent experimental results to justify the accelerated expansion of universe. It has been shown [44] that for a = a_0t^2 and f(R) = f_0R^{3/2}, the deceleration parameter is −^1_2 for the flat universe.

The spherically symmetric spacetimes yields a set of eight linear PDEs. These equations are solved for two cases of f(R): First case involves an arbitrary function of Ricci scalar which gives a trivial solution. However, we obtain a non-trivial solution in second case when f(R) = f_0R^n. The corresponding conserved quantity is also obtained in this case. This cosmological model has been used extensively in the recent literature. In particular, the well known f(R) model with inverse curvature term, corresponding to n = −1, predicts late time accelerated expansion of the universe [47].

Moreover, the stability conditions for f(R) models are f^′(R) > 0 and f^{′′}(R) > 0 [17]. It would be worthwhile to mention here that the model f(R) = f_0R^{3/2} satisfy these conditions for f_0 > 0 and R > 0. These conditions are also satisfied by the model f(R) = f_0R^n when f_0 > 0, n − 1 > 0 and R > 0.

Acknowledgement

MFS is thankful to National University of Computer and Emerging Sciences (NUCES) Lahore Campus, for funding the PhD programme.

References

[1] Seprgel, D. N. et al.: Astrophys. J. Suppl. Ser. 148(2003)175; Bennett, C. L. et al.: Astrophys. J. 148(2003)1.

[2] Perlmutter, S. et al.: Astrophys. J. 517(1999)565; Riess, A.G. et al.: Astron. J. 116(1998)1009; Astier, P. et al.: Astron. Astrophys. 447(2006)31.

[3] Allen, S. W. et al.: Mon. Not. R. Astron. Soc. 353(2004)457.

[4] Tegmark, M. et al.: Phys. Rev. D69(2004)103501; Abazajian, K. et al.:

Astron. J. 129(2005)1755.

[5] Nojiri, S. and Odintsov, S.D.: Phys. Lett. B576(2003)5; Guenther, U., Zhuk, A., Bezerra, V. and Romero, C.: Class. Quant. Grav. 22(2005)3135.

[6] Carroll, S.M., Duvvuri, V., Trodden, M. and Turner, M.: Phys. Rev.

D70(2004)043528; Capozziello, S., Carloni, S. and Troisi, A.: Int. J. Mod. Phys. D12(2003)1969.

[7] Chiba, T., Phys. Lett. B575(2003)1; Soussa, M.E. and Woodard, R.P.:

Gen. Rel. Grav. 36(2004)855.

[8] Nojiri, S. and Odintsov, S.D.: Phys. Rev. D68(2003)123512; Abdalla, E., Nojiri, S. and Odintsov, S.D.: Class. Quant. Grav. 22(2005)L35.

[9] Nojiri, S. and Odintsov, S.D.: Phys. Rev. Nojiri, S. and Odintsov, S.D.:

Problems of Modern Theoretical Physics, A Volume in honour of Prof. Buchbinder, I.L. in the occasion of his 60th birthday, p.266-285, (TSPU Publishing, Tomsk), arXiv:0807.0685; Nojiri, S. and Odintsov, S.D.: Int. J. Geom. Meth. Mod. Phys. 115(2007)4.

[10] Felice, A.D and Tsujikawa, S.: Living Rev. Rel. 13(2010)3. [11] Sotiriou, T.P. and Faraoni, V.: Rev. Mod. Phys. 82(2010)451. [12] Hendi, S.H. and Momeni, D.: Eur. Phys. J. C71(2011)1823. [13] Moon, T. and Myung, Y.S.: Phys. Rev. D84(2011)104029. [14] Guarnizo, A., Castaneda, L. and Tejeiro, J.M.: Gen. Relativ. Gravit.

43(2011)2713.

[15] Upadhye, A. and Hu, W.: Phys. Rev. D80(2009)064002. [16] Huang, B.,Li, S. and Ma, Y.: Phys. Rev. D81(2010)064003. [17] Starobinsky, A.A.: JETP Lett. 86(2007)157. [18] Multamäki, T. and Vilja, I.: Phys. Rev. D74(2006)064022. [19] Multamäki, T. and Vilja, I.: Phys. Rev. D76(2007)064021. [20] Shojai, A. and Shojai, F.: Gen. Relativ. Gravit. 44(2011)211.

[21] Azadi, A., Momeni, D. and Nouri-Zonoz, M.: Phys. Lett.

B670(2008)210.

[22] Sharif, M. and Shamir, M.F.: Mod. Phys. Lett. A25(2010)1281. [23] Sharif, M. and Shamir, M.F.: Class. Quantum Grav. 26(2009)235020. [24] Sharif, M. and Shamir, M.F.: Gen. Relativ. Gravit. 42(2010)2643. [25] Bessel-Hagen, E.: Math. Ann. 84(1921)258.

[26] Noether, E.: Invariante Variationsprobleme Nachr. D. Knig. Gesellsch.

D. Wiss. Zu Gttingen, Math phys. Klasse (1918)235. [27] Kara, A.H. and Mahomed, F.M.: Nonl. Dyn. 45(2006)367. [28] Steudel, H.: Z Naturforsch 17A(1962)129. [29] Wolf, T.: Euor. J. Appl. Math. 13(2002)129.

[30] Wolf, T., Brand, A. and Mohammadzadeh, M.: J. Symb. Comput.

27(1999)221.

[31] Göktas, Ü. and Hereman, W.: J. Symb. Comput. 24(1997)591. [32] Hereman, W., Adams, P.J., Eklund, H.L., Hickman, M.S. and Herbst, B.M.: Advances of nonlinear waves and symbolic computation, New york, Nova Science p. 19-79 [chapter 2], 2009.

[33] Hereman, W.,Colagrosso, M., Sayers, R., Ringler, A., Deconinck, B.

and Nivala, M.: Differential equations with symbolic computation, Basel: Birkhäuser p. 249-285, 2005.

[34] Hereman, W.: Int. J. Quant. Chem. 106(2006)278. [35] Cheviakov, A.F.: Comp. Phys. Commun. 176(2007)48. [36] Hanc, J., Tuleja, S. and Hancova, M.: American J. Phys. 72(2004)428. [37] Capozziello, S., Stabile, A. and Troisi, A.: Class. Quantum Grav.

24(2007)2153.

[38] Kucukakca, Y. and Camci, U.: Astrophys. Space Sci. 338(2012)211.

[39] Jamil, M., Mahomed, F.M. and Momeni, D.: Phys. Lett.

B702(2011)315.

[40] Hussain, I., Jamil, M. and Mahomed, F. M.: Astrophys. Space Sci.

337(2011)373.

[41] Sharif, M. and Waheed, S.: Phys. Scripta 83(2011)015014. [42] Sharif, M. and Waheed, S.: Can. J. Phys. 88(2011)833. [43] Shamir, M.F., Jahangeer, A. and Bhatti, A.A.: A New Class of Plane Symmetric Solutions in f(R) Gravity, submitted for publication.

[44] Capozziello, S.: Int. J. Mod. Phys. D11(2002)483.

[45] Olver, P.J.: Applications of Lie Groups to Differential Equations ( Springer-Verlag, New York, 1986).

[46] Sebastiani, L. and Zerbini, S.: arXiv:1012.5230. [47] Vollick, D.N.: Phys. Rev. D68(2003)063510.