arXiv:1207.1079v3 [hep-th] 4 Nov 2012

FIAN-TD-2012-10 ESI-preprint 2374

Mixed-symmetry tensor conserved currents and AdS/CFT correspondence

Konstantin Alkalaev

I.E. Tamm Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky ave. 53, 119991 Moscow, Russia

Abstract

We present the full list of conserved currents built of two massless spinor fields in Minkowski space and their derivatives multiplied by Clifford algebra elements. The currents have particular mixed-symmetry type described by Young diagrams with one row and one column of arbitrary lengths and heights. Along with Yukawa-like totally antisymmetric currents the complete set of constructed currents exactly matches the spectrum of AdS mixed-symmetry fields arising in the generalized Flato-Frønsdal theorem for two spinor singletons. As a by-product, we formulate and study general properties of primary fields and conserved currents of mixed-symmetry type.

1 Introduction

The AdS_{d`1}{CF T_d correspondence establishes a dictionary between bulk gauge fields and boundary conserved currents that in the case of totally symmetric massless fields of arbitrary spin is guaranteed by the generalized Flato-Frønsdal theorem for two scalar singletons [1, 2]. Boundary conserved currents describe then composite excitations of two massless scalar fields (see, e.g., [3] for reviews and more references).

It is remarkable that the above picture extends beyond the case of totally symmetric bulk fields and boundary currents to include tensors of mixed-symmetry type on both sides of the correspondence. The generalized Flato-Frønsdal theorem plays the central role once again but now it involves two spinor singletons. Indeed, as shown by Vasiliev the tensor product of two opd, 2q spinor singletons decomposes into an infinite direct sum of bosonic massless AdS_{d`1} fields of mixed-symmetry ”hook” type and a finite set of massive totally antisymmetric fields including massive scalar [2].^1

The problem we solve in this paper is to explicitly construct conserved currents of mixedsymmetry type that underlie boundary field-theoretical realization of the generalized Flato- Frønsdal theorem. The corresponding currents that we further refer to as Flato-Frønsdal

1The Flato-Frønsdal theorem has been originally established in d “ 3 dimensions, where only totally symmetric op3, 2q modules appear. Mixed-symmetry type opd, 2q modules arise in higher dimensions, d ě 4.

currents are built of two massless spinors on Minkowski space and a finite number ps´1q ě 0 of spacetime derivatives multiplied by Clifford algebra elements of rank p ď rd{2s. Their conformal dimensions given by Δ_{crit} “ s ` d ´ 2 , (1.1) saturate the unitary bound of opd, 2q infinite-dimensional highest weight modules of mixedsymmetry ”hook” type [4]. The currents are opd, 2q primary fields of mixed-symmetry type and their conservation conditions are conformally invariant, i.e., these are primary fields as well.

The paper is organized as follows. We start our analysis in section 2 with discussion of conformal primary fields of mixed-symmetry type described by Young diagrams with one row and one column. Studying conformal invariance in Section 2.1 we find two types of conformally invariant conditions with one derivative to be identified later on with current conservation laws, and fix corresponding conformal dimensions. In Section 2.2 we build conformally invariant two-point correlation functions. Making use of the fact that any conformal transformation is a combination of Poincare transformations and inversions, we express two-point correlator in terms of a single matrix proportional to Jacobi matrix of the inversion. More precisely, the correlator is written in terms of two particular symmetry combinations of the matrix with symmetric and antisymmetric indices. Section 3 considers advertised mixed-symmetry conserved currents in CFT. In Section 3.1 we develop a general theory of conserved mixed-symmetry currents, paying particular attention to trivially conserved currents, the so-called ”improvements”. In the following sections we give particular realization of mixed-symmetry primary fields and build conserved currents of scale dimensions and symmetry types that exactly match the Flato-Frønsdal spectrum. So, in Section 3.2 a convenient bi-local generating formulation is considered that produces conserved currents as expansion coefficients in auxiliary commuting and anticommuting variables. It is worth noting that using bi-local functions makes sense from the holographic perspective (see, e.g., the second item in [3]). In Section 3.3, using the generating formulation we build traceful Flato-Fronsdal conserved currents. In Section 3.4 we consider an example of building a traceless conserved current described by three cell hook Young diagram. Conclusions and outlooks are collected in Section 4.

In the rest of the introduction section we briefly review opd, 2q infinite-dimensional modules identified with mixed-symmetry ”hook” massless fields in AdS_{d`1} and their realization via the generalized Flato-Frønsdal theorem in the sector of two spinor singletons.

1.1 Review of the generalized Flato-Frønsdal theorem

We consider AdS_{d`1} bosonic massless fields with particular spins organized as Young diagrams with one row of length s and one column of height p.^2 Corresponding unitary infinite-dimensional highest weight modules of opd, 2q algebra are denoted as DpE_0| s, pq, where op2q weight is the energy E_0 is computed by Metsaev [4]

E_0 “ s ` d ´ 2 , (1.2)

2Field-theoretical description of AdS_{d`1} mixed-symmetry free fields is available now within various approaches [4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. Also, some cubic interaction vertices between mixed-symmetry AdS fields and the gravity are known [14].

and opdq spin weights ps, p´1 hkkkkikkkkj 1, 1, ..., 1, 0, ..., 0q, where s ą 1, p ď rd{2s, are depicted as a couple of numbers s, p. In the sequel, tensors of such ”hook” symmetry type are referred to as ts, pu-type tensors. The case s “ 1, p ě 1 of totally antisymmetric massless fields is special, the respective energy is given by formula (1.3) below. Note that the same value of energy holds for totally symmetric massless fields Dps ` d ´ 2| sq because E_0 for unitary fields of general mixed-symmetry type depends on the size of the uppermost rectangular block only [4]. For instance, a simplest ”hook” s “ 2, p “ 2 field has the energy E_0 “ d, which value coincides with that of the AdS_{d`1} graviton field.

Non-unitary massless modules DpE_0| s, pq of the same symmetry type have values of the energy given by [4]^3 E_0 “ d ´ p . (1.3) Note that the same value of energy holds for unitary totally antisymmetric massless fields. As a consequence, values of E_0 for height p ”hook” non-unitary fields and p-form massless unitary fields coincide. For instance, a simplest ”hook” s “ 2, p “ 2 field has the energy E_0 “ d ´ 2, which value coincides with that of the AdS_{d`1} Kalb-Ramond field.

The remarkable fact about unitary mixed-symmetry modules DpE_0| s, pq of arbitrary spins is that all of them appear in the tensor product of two Dirac spinor singletons. This statement is the content of the Flato-Frønsdal theorem that has been originally established for op3, 2q algebra (in this case p “ 1, so only totally symmetric representations appear) [1]. More recently, the theorem has been extended by Vasiliev to the case of opd, 2q algebras with any d and it has been shown that the whole scope of unitary ”hook” representations with all admissible values of spins s and p appears [2].^4

To formulate the theorem we consider Dirac spinor singleton defined as opd, 2q infinitedimensional highest weight unitary module with quantum numbers

E_0 “ d ´ 1 2 , and s “ p 1 2 , 0, ..., 0q , (1.4) and introduce notation Di “ Dp^{d´1}_2 ,^1_2 q. According to Ref. [2], the tensor product of two spinor singletons decomposes into a direct sum of mixed-symmetry ”hook” opd, 2q modules discussed above

Di b Di “ Dpd ´ 1, 0q ‘ 8ÿ s“1 ‘ rd{2sÿ

p“1 ‘ ´ Dps ` d ´ 2 | s, pq‘

‘D_`ps ` d ´ 2 | s, d{2q ‘ D_´ps ` d ´ 2 | s, d{2q ¯ , (1.5)

where (anti-)selfdual modules D_˘ps ` d ´ 2 | s, d{2q appear in even dimension only. Note that modules Dpd ´ 1, 0q and Dpd ´ 1 | 1, mq, m “ 2, 3, ... correspond to unitary scalar and

3Massless fields with energies below the unitary limit (1.1) = (1.2) correspond to non-unitary opd, 2q modules. Their gauge symmetries have different structure compared to that of unitary massless fields, see [4, 5]. For instance, a unitary ”hook” field s “ 2, p “ 2 has the only gauge parameter given by antisymmetric Lorentz tensor, while its non-unitary cousin has the only gauge parameter given by symmetric Lorentz tensor. On the other hand, spin s “ 2, p “ 2 massless field in Minkowski space has both gauge symmetries.

4In d “ 4 case op4, 2q modules of arbitrary mixed-symmetry type arise in the tensor product of two (super)doubletons [15].

antisymmetric fields which are massive because their energies are above the critical values (1.3). All other fields in the above decomposition are unitary massless fields.

In the following sections we develop a realization of the generalized Flato-Fronsdal theorem (1.5) via conserved currents built of conformal spinor fields. To this end we first describe non-symmetric opd, 2q primary fields and respective conformally-invariant conditions to be identified with currents and their conservation laws.

2 Conformal primary fields of mixed-symmetry type

We consider the conformal algebra opd, 2q acting on d-dimensional Minkowski spacetime R^{d´1,1} in a standard fashion by coordinate transformations leaving the interval ds^2 “ η_{mn}dx^mdx^n invariant up to an x-dependent positive scale factor, m, n “ 0, ..., d ´ 1. The respective Killing vector can be represented in the form

ξ_mpxq “ P_m ` Λ_{mn}x^n ` Dx_m ` K_mx^2 ´ 2x_mpKxq , (2.1)

where P_m, Λ_{mn} “ ´Λ_{nm}, D, and K_m are constant opd ´ 1, 1q tensors that parameterize elements of the conformal group under consideration.

One of the main goals of the present section is to formulate conformally invariant conditions that can be imposed on a given mixed-symmetry primary field. This classification problem has been exhaustively solved in Ref. [16] by using a powerful technique based on the unfolded formulation originally elaborated to describe higher spin dynamics. Conformal operators and invariant conditions for SU^˚p4q group were also studied in Ref. [17], while Op4, 2q conformal operators realized as basis elements of an OPE decomposition for matter fields in R^{3,1} were discussed in Refs. [18]. However, for our present purposes of considering particular symmetry type primary fields more efficient and immediate way is to use the standard field-theoretical construction elaborated for lower-spin cases (see, e.g., [19]).

The main idea behind the search for conformally invariant equations is to study secondaries for a given primary state and find out when the secondary becomes primary again so that conformal invariance remains unbroken. From a group-theoretical perspective, such states are singular vectors in modules generated from primary states. In the conformal field theory under consideration primary states and their singular secondaries are realized as currents and conservation conditions.

2.1 Primary fields and conformally invariant conditions

Conformal primary field O^Apxq, where x P R^{d´1,1} and A collectively denotes components of opd ´ 1, 1q irreducible representation transforms with respect to conformal Killing vector (2.1) as [20]

δ_ξO^Apxq “´ ` L^Δ_ξ O

˘_A pxq , L^Δ_ξ “ ξ^mB_m ` Δσ_ξ´ 1 4 pB_mξ_n ´ B_nξ_mqΣ^{mn} , (2.2) where ` Σ^{mn} ˘_{AB} “´ ` Σ^{nm} ˘_{AB} are opd ´ 1, 1q matrices, derivative B_m “ B{Bx^m, parameter σ_ξ is a combination σ_ξ “ D ´ 2pKxq, and Δ is a conformal dimension.

Let us consider particular primary field which is a traceless rank-3 opd ´ 1, 1q tensor O_{m|n|k}pxq, where slashes mean that indices are not related to each other by any type of permutation symmetry. Its transformation law (2.2) is given by

δ_ξO_{m|n|k}pxq “´ ` ξ^lB_l ` Δσ_ξ qO_{m|n|k}pxq ` ` Λ_{mp} ` 2pK_mx_p ´ K_px_mq ˘ O^p_{|n|k}pxq ` ` Λ_{np} ` 2pK_nx_p ´ K_px_nq ˘ O_{m|}^p_{|k}pxq ` ` Λ_{kp} ` 2pK_kx_p ´ K_px_kq ˘ O_{m|n|}^ppxq ,

(2.3)

where we used opd ´ 1, 1q rank-3 representation matrices, ` Σ^{mn} ˘ αi|βj|γk “ ` Σ^{mn} ˘ αiη_{βj}η_{γk}` ` Σ^{mn} ˘ βjη_{αi}η_{γk}` ` Σ^{mn} ˘ γkη_{αi}η_{βj} , (2.4) and ` Σ^{mn} ˘ αi “ δ^m_α δ^n_i ´ δ^n_αδ^m_i are opd ´ 1, 1q vector representation matrices, α, β, γ, i, j, k “ 0, ..., d ´ 1. Obviously, taking the divergences on the primary field gives rise to additional inhomogeneous terms in the transformation law. For the case at hand, one obtains

δ_ξB^mO_{m|n|k}pxq “ ´L^{Δ`1}_ξ ` B^mO_{m|n|k}pxq ˘

`2K^α ´ pΔ ´ d ` 1qO_{α|n|k}pxq ´ O_{n|α|k}pxq ´ O_{k|n|α}pxq ¯ . (2.5)

As indicated in the first term above, a conformal weight of the secondary field B^mO_{m|n|k}pxq increases by one compared to that of the primary field. Generally, inhomogeneous terms in the second line are non-vanishing, but for particular symmetry type of indices these may cancel that results in special values of conformal weight Δ. Traceless tensor O_{m|n|k}pxq can be decomposed into three irreducible components according to their symmetry type. Namely, these are a totally symmetric traceless component O_{pmnkq}pxq, a totally antisymmetric component O_{rmnks}pxq, and a ”hook” traceless component O_{mn,k}pxq symmetric in first two indices and satisfying Young symmetry condition O_{pmn,kq}pxq ” 0.

For totally symmetric and antisymmetric components we conclude that secondary fields transform homogeneously provided dimensions take values Δ “ d ` 1 and Δ “ d ´ 3, which are recognized as critical conformal weights, cf. (1.2), (1.3). It means precisely that one may impose conditions B^mO_{pmnkq}pxq “ 0 or B^mO_{rmnks}pxq “ 0 that define invariant subspaces in modules generated from the corresponding primary fields.

For the ”hook” component O_{mn,k}pxq the situation is slightly more subtle. According to general formula (2.5) secondary field B^mO_{mn,k}pxq does not transform homogeneously and only its symmetric or antisymmetric parts do. For special values of conformal dimension

Δ one can impose just one of the following constraints at once,^5

Δ “ d : B^mO_{mrn,ks}pxq “ 0 ,

Δ “ d ´ 2 : B^mO_{mpn,kq}pxq “ 0 .

(2.6)

Note that the last constraint is equivalent to B^mO_{nk,m}pxq “ 0 by virtue of Young symmetry property. From the AdS_{d`1}{CF T_d correspondence perspective the first value of conformal weight in (2.6) equals to energy E_0 “ d of a unitary ”hook” field in AdS_{d`1}, see (1.2), while the second one equals to the energy E_0 “ d ´ 2 of a non-unitary ”hook” field, see (1.3).

The above discussion can be easily generalized to the case of primary fields of more general symmetry type O_{m1...ms,n1...np´1} pxq, where the first group of indices is totally symmetric, the second group is totally antisymmetric, while their mixed symmetry is described by permutation condition corresponding to ts, pu-type Young diagram, O_{m1 ...ms, n1...np´1} pxq : O_{pm1 ...ms, ms`1qn2...np´1} pxq ” 0 , (2.7) along with the tracelessness condition, η^{nk}O_{nkm3...ms, n1...np´1} pxq “ 0 . (2.8) Note that taking a cross-trace yields zero by virtue of Young symmetry (2.7).

The analysis of secondary field conformal transformations reveals the following conformally invariant conditions and conformal weights Δ “ s`d´2 : B^kO_{ka2...as´1as, m1m2...mp´1} pxq´B^kO_{kpa2...as´1rm1,asq m2...mp´1s}pxq “ 0 , (2.9) Δ “ d ´ p : B^kO_{m1...ms,n1...np´2k}pxq “ 0 , (2.10) where particular symmetrizations used above correspond to ts ´ 1, pu-type and ts, p ´ 1utype Young diagrams.

It is worth noting that conformally invariant condition (2.9) is valid provided that conformal weight takes its critical value (1.1), or (1.2); conformally invariant condition (2.10) is valid provided that the conformal weight is equal to energy (1.3).

2.2 Two-point correlation functions

Conformal invariance guarantees that two-point correlation function of two primary fields of coinciding dimensions Δ is completely fixed modulo a prefactor. The general analysis of Ref. [19] shows that the form of two-point correlator can be concisely described in terms of matrix I_{mn} “ η_{mn} ´ 2 x_mx_n x^2

, (2.11)

which is proportional to Jacobi matrix for the inversion transformation x^i Ñ x^i{x^2. The construction heavily relies upon the fact that any conformal transformations can be generated by Poincare transformations and inversions. Then, the answer for two primary

5From now on both symmetrization and antisymmetrization denoted respectively by p...q and r...s come with a unit weight.

operators of ts, pu mixed-symmetry type (2.7) is given in terms of two (anti)symmetric tensors, S_{i1...is|j1...js} “ I_{pi1j1} ¨ ¨ ¨ I_{isqjs} , A_{m1 ...mp´1|n1...np´1} “ I_{rm1n1} ¨ ¨ ¨ I_{mp´1snp´1} , (2.12) where (anti)symmetrizations are performed with respect to the first groups of indices, while the second groups of indices are automatically (anti)symmetrized. Therefore, S_{i1...is|j1...js} “ S_{pi1...isq|pj1...jsq} and A_{m1...mp´1|n1...np´1} “ A_{rm1...mp´1s|rn1...np´1s}. These tensors are building blocks for the searched-for two-point correlation functions. Up to terms with traces, the answer is given by xO_{i1...is, m1...mp´1} pxq O_{j1...js, n1...np´1} p0qy “ C Π_{i1...is, m1...mp´1|j1...js, n1...np´1} pxq |x|^{2Δ}

, (2.13)

where C is a normalization, Δ is a conformal weight, and projector Π_{...|...}pxq in the numerator is realized in terms of building blocks of ranks s ´ 1 and p, respectively, Π_{i1...is, m1...mp´1|j1...js, n1...np´1} “ S_{pi1...is´1|pj1...js´1} A_{isqm1...mp´1|jsqn1...np´1} ` η-terms . (2.14) Note that the projector admits another realization in terms of building blocks of ranks s and p ´ 1 by way of a different symmetrization. However, blocks (2.12) are composed in terms of symmetric matrix (2.11) so both realizations coincide up to a normalization constant. A trace contribution can be uniquely fixed by adjusting Young symmetry and trace properties of both sides.^6 The correlation function can be represented in a standard fashion with explicit x-dependence as a linear combination of terms η_{b1b2} ...η_{c1c2} x^{a1} ¨ ¨ ¨ x^{a2n} |x|^{2Δ`2n} . As an explicit example we give two-point function for primary conformal fields of simplest ”hook” symmetry type read off from general formula (2.13), xO_{ij, k}pxqO_{mn, l}p0qy “ 2C Π_{ij, k|mn, l}pxq |x|^{2Δ}

, (2.15)

where C is a normalization, and projector Π_{ij, k|mn, l}pxq has the form Π_{ij, k|mn, l} “ ` I_{im}I_{jn} ` I_{in}I_{jm} ˘ I_{kl} ´ 1 2 ` I_{im}I_{kn} ` I_{in}I_{km} ˘ I_{jl}´ 1 2 ` I_{jm}I_{kn} ` I_{jn}I_{km} ˘ I_{il}´ 2 d ´ 1 T_{ij, k|mn, l} , (2.16)

where trace part T_{ij, k|mn, l} is given by T_{ij, k|mn, l} “ η_{ij}η_{mn}I_{kl}´ 1 2 η_{mn} ` η_{ik}I_{jl} ` η_{jk}I_{il} ˘

´ 1 2 η_{ij} η_{ml}I_{kn}` 1 4 η_{ml} ` η_{ik}I_{jn} ` η_{jk}I_{in} ˘

´ 1 2 η_{ij} η_{nl}I_{km}` 1 4 η_{nl} ` η_{ik}I_{jm} ` η_{jk}I_{im} ˘ .

(2.17)

6Let us comment that the holographic effective action depends on traceless shadow fields, while twopoint correlators appear as the second variation. It implies that though the first contribution in (2.14) is directly obtained, the trace terms are reconstructed by adjusting Young symmetry and trace properties of the shadow fields and the correlator. In the presence of the conformal anomaly, trace contributions are to be considered more carefully, see, e.g., [21].

An equivalent form with explicit x-dependence involves 60 terms.

3 Mixed-symmetry type conserved currents

We assume that currents under consideration are composed of elementary fields in R^{d´1,1} and their derivatives. If constituent fields are chosen to be conformal (e.g., these are massless matter fields considered in the present paper), then the resulting current may be a primary field of definite conformal (scale) dimension. As discussed in the previous section, currents with special conformal dimensions may satisfy conservation laws that correspond to conformally-invariant conditions, namely (2.9) or (2.10). For arbitrary conformal dimensions conservation conditions may still hold but special conformal invariance breaks down, leaving intact invariance with respect to Poincare and scale transformations only, cf. (2.5). In the general case of non-conformal constituent fields (e.g., these are massive matter fields) it is still possible to impose one or two types of conservation conditions but underlying conformal invariance is obviously missing.

Note that totally symmetric conserved currents of any spin composed of massless matter fields in in R^{d´1,1} were built in the context of higher spin gauge theory in Refs. [22, 23]. For more discussion of totally symmetric currents on maximally symmetric spacetimes see, e.g., [24, 25, 26, 27, 28]. Conformal operators in R^{3,1} with p “ 2 were considered in Ref. [29], though an explicit check of conservation conditions has not been demonstrated therein (see, however, [17, 18, 29] for more discussion).

3.1 General formulation

Let us consider tensor currents J_{a1...as, m1...mp´1} pxq, where x P R^{d´1,1} , a, m “ 0, ..., d ´ 1. The first group of indices is totally symmetric, the second group is totally antisymmetric, while their mixed symmetry is described by Young condition J_{a1...as, m1...mp´1} pxq : J_{pa1...as, as`1qm2...mp´1} pxq ” 0 , (3.1) i.e., the current has ts, pu symmetry type, cf. (2.7). Imposing tracelessness condition is optional.

In order to formulate the first type conservation condition it is convenient to introduce auxiliary constant tensor ξ^{a1...as´1,m1...mp´1}

1 of ts ´ 1, pu-type so that currents J_npx|ξ_1q “ ξ^{a2...as´1,m1...mp´1} 1 J_{na2...as, m1...mp´1} pxq (3.2) satisfy conservation law

B^nJ_npx|ξ_1q “ 0 , B^n “ B Bx_n . (3.3)

Demanding constant parameters ξ^{a1...as´1,m1...mp´1}

1 to be traceless with respect to Minkowski metric η_{ab} makes current (3.2) double traceless, while the conservation condition (3.3) remains intact. Unless otherwise stated, parameter ξ_1 is assumed to be traceful. From

(3.3) it follows that currents are defined up to ”improvements”, i.e., trivially conserved terms, J_npx|ξ_1q „ J_npx|ξ_1q ` B^mI_{nm}px|ξ_1q , (3.4) where I_{nm}px|ξ_1q are local (finite number of derivatives of composite fields) antisymmetric tensor, I_{nm} “ ´I_{mn}.^7 Note that improvements for a given current J_npx|ξ_1q with a scale dimension Δ have scale dimension Δ ´ 1.

Conserved currents (3.2), (3.3) define global symmetries with mixed-symmetry constant parameters ξ_1, generated by conserved charges built in a standard fashion as

Qpξ_1q “ ż R^{d´1} J^˚px|ξ_1q , (3.5)

where the star label denotes pd ´ 1q-from dual to the original current,

J^˚px|ξ_1q “ J^˚_{n1...nd´1} px|ξ_1q dx^{n1} ^ ... ^ dx^{nd´1} , J^˚_{n1...nd´1} px|ξ_1q “ ϵ_{n1...nd´1m}J^mpx|ξ_1q . (3.6)

Provided the original current is conserved, the dual form is obviously closed

dJ^˚px|ξ_1q “ 0 , d “ dx^n B Bx^n , (3.7)

that defines the current cohomology. Trivial cohomology class is given by zero charges that are produced by improvement currents.

To formulate the second type conservation condition one introduces auxiliary constant parameter ξ^{a1...as,m1...mp´2} 2 of ts, p ´ 1u type so that currents J_npx|ξ_2q “ ξ^{a1...as,m1...mp´2} 2 J_{a1...as, m1...mp´2n}pxq (3.8) satisfy conservation law B^nJ_npx|ξ_2q “ 0 , B^n “ B Bx_n . (3.9)

Demanding constant parameters ξ^{a1...as´1,m1...mp´2}

2 to be traceless with respect to Minkowski metric η_{ab} makes current (3.8) double traceless, while the conservation condition (3.9) remains intact. Quite analogously to (3.5) - (3.7), one introduces dual currents J^˚px|ξ_2q and conserved charges Qpξ_2q. It follows that that original currents J_npx|ξ_2q satisfy the following equivalence relation

J_npx|ξ_2q „ J_npx|ξ_2q ` B^mK_{nm}px|ξ_2q , (3.10)

where K_{nm}px|ξ_2q are local (finite number of derivatives of composite fields) antisymmetric tensor, K_{nm} “ ´K_{mn}.

7It is interesting to note that conserved currents in AdS spacetime can also be treated as improvements in the class of pseudolocal expansions in inverse powers of the cosmological constant [24]. Apparently, for massless constituent fields in Minkowski space this phenomenon is unparalleled, though massive theories may exhibit analogous behavior.

A given mixed-symmetry current (3.1) may satisfy either or both types of conservation conditions. Using one or another conservation law makes no essential complications compared to totally symmetric case. Therefore, it is useful to study the current cohomology when both equivalence relations (3.4) and (3.10) are imposed. In particular, we describe the trivial cohomology class. To this end we introduce the following quantities, P_{k|n}px|ξ_1q “ ξ^{a1...as´1,m1...mp´1} 1 P_{ka1...as´1,m1...mp´1n}pxq , P_{k|n}px|ξ_2q “ ξ^{a1...as,m1...mp´2} 2 P_{a1...as,m1...mp´2kn}pxq , (3.11)

and P_npx|ξ_3q “ ξ^{a2...as,m1...mp} 3 P_{na2...as,m1...mp} pxq . (3.12) Here P_{a1...as,m1...mp} pxq is some ts, p ` 1u-type traceful tensor, and parameters ξ_1, ξ_2, and ξ_3 are constant tensors of types ts ´ 1, pu, ts, p ´ 1u, and ts ´ 1, p ` 1u, respectively. Note that P_{k|n}px|ξ_2q “ ´P_{n|k}px|ξ_2q, while P_{k|n}px|ξ_1q has no definite symmetry type with respect to indices k and n.

Lemma 3.1. Let a given ts, pu-type current satisfy both conservation conditions (3.3) and (3.9). The current represents the trivial current cohomology class iff it has the form J_npx|ξ_1q “ B^mI_{nm}px|ξ_1q and J_npx|ξ_2q “ B^mK_{nm}px|ξ_2q, with

B^mI_{nm}px|ξ_1q “ B^kP_{k|n}px|ξ_1q ´ B^kP_{n|k}px|ξ_1q , B^mK_{nm}px|ξ_2q “ B^kP_{k|n}px|ξ_2q , (3.13)

where P_{k|n}px|ξ_1q and P_{k|n}px|ξ_2q are defined by relations (3.11), while P_npx|ξ_3q (3.12) satisfies

B^nP_npx|ξ_3q “ 0 . (3.14)

To prove the lemma one notice that all glpdq irreducible components contained in I_{nm}px|ξ_1q and K_{nm}px|ξ_2q are in the tensor products of an antisymmetric 2-tensor and parameters ξ_1 and ξ_2, respectively. Then, one observes that the only common component is given by ts, p ` 1u type tensor denoted by P_{a1...as,m1...mp} pxq above. Formulas (3.13) describe then two possible ts, pu-type projections of P_{a1...as,m1...mp} pxq contracted with one derivative. Constraint (3.14) is a consistency condition for (3.13).

It is worth noting that due to (3.14) quantity P_npx|ξ_3q can be treated as a conserved current. This observation allows one to reformulate Lemma 3.1 in the following useful way: any ts, p ` 1u-type current with the first type conservation law defines a trivial cohomology class of ts, pu-type currents subject to conservation laws of both types.

3.2 Generating function in auxiliary variables

In what follows, we discuss conserved currents built of massless spinor fields in d-dimensional Minkowski space. To this end, let us consider Dirac spinor field ψ_αpxq, α “ 1, ..., 2^{rd{2s} on spacetime R^{d´1,1} . Clifford algebra is defined a set of antisymmetrized combinations ! Γ_{m1...mk} “ γ_{mr1} ...γ_{mks} , k “ 0, 1, ..., d ) (3.15) of matrices pγ_mq^α_β satisfying anticommutation relations γ_mγ_n ` γ_nγ_m “ 2η_{mn}I_d, where η_{mn} is Minkowski metric. By definition, k “ 0 gives the unity matrix I_d. Dirac conjugate is defined as ψ̄ “ ψ^:γ_0, where : denotes a hermitian conjugation operation. The spinor field fulfills Dirac massless equation pγ_mq^β_α B^mψ_βpxq “ 0 and B^mψ̄^βpxqpγ_mq^α_β “ 0 for the conjugated field.

It is convenient to describe mixed-symmetry tensor currents as expansion coefficients of some generating function with respect to auxiliary variables. The analogous generating function for totally symmetric conserved currents built of complex scalar fields has been described in [28]. Introduce commuting auxiliary variables u^mu^n “ u^nu^m, m, n “ 0, ..., d´1 and define a bi-local function in x-variables and u-variables, J_{m1...mk} px, uq “ ψ̄px ´ uqΓ_{m1...mk} ψpx ` uq , k “ 0, ..., d , (3.16) where spinor indices are implicit and Γ_{m1...mk} are given by (3.15). A conjugated spinor is defined in such a way that the contraction ψ̄^αψ_α is invariant under Lorentz transformations, therefore functions J_{m1...mk} px, uq transform as rank-k antisymmetric Lorentz tensors. Then, introducing auxiliary anticommuting variables θ^mθ^n “ ´θ^nθ^m, m, n “ 0, ..., d ´ 1 one can define extended generating function J px, u|θq “ dÿ k“0 J_{m1...mk} px, uqθ^{m1} ¨ ¨ ¨ θ^{mk} , (3.17) such that functions (3.16) appear as expansion coefficients with respect to anticommuting θ-variables.

Differentiating functions (3.16) one obtains

B^2 Bx^nBu_n J_{m1...mk} px, uq “ “ ´lψ̄px ´ uqΓ_{m1...mk} ψpx ` uq ` ψ̄px ´ uqΓ_{m1...mk} lψpx ` uq « 0 , (3.18)

where the weak equality symbol « means that spinor fields satisfy massless Dirac equation, and, as a consequence, its quadrated version lψ_α “ 0, lψ̄^α “ 0, where l “ B^mB_m. Another differentiation yields the following expression B Bx_n J_{nm1...mk} px, uq « « ´2k B_{rm1}ψ̄px ´ uqΓ_{m2...mks}ψpx ` uq ` 2k ψ̄px ´ uqΓ_{rm1...mk´1} B_{mk s}ψpx ` uq . (3.19) To prove the formula one uses the gamma-matrix anticommutation relations and pulls γ_n to the the left and the right sides of Γ_{nm1...mk} in order to contract with x-derivatives and thereby produce respective Dirac equations.

We conclude that the generating function (3.17) fulfills the conditions

B^2 Bx^mBu_m J px, u|θq « 0 , B^2 Bx^mBθ_m J px, u|θq ff 0 . (3.20)

The above expressions are reminiscent of current conservation conditions. In the cases k “ 0, 1 of totally symmetric currents we see that the right-hand-side of (3.19) is weakly zero what precisely corresponds to a conservation condition. For k ě 2 the right-hand-side of (3.19) does not vanish. However, an educated guess is that computing derivatives and contracting indices should be supplemented by proper Young symmetrizations. In what follows, we show that conservation conditions of one or another type are valid for particular symmetry components contained in (3.16).

3.3 Flato-Frønsdal conserved currents

Expanding (3.16) in power series of auxiliary bosonic u-variable, J_{m1...mp} px, uq “ 8ÿ s“0 1 s! J_{a1...as|m1...mp} pxq u^{a1} ...u^{as} , (3.21) one obtains J_{a1...as|m1...mp} pxq “ sÿ t“0 p´q^{p`t}B_{pa1} ...B_{at}ψ̄pxqΓ_{m1...mp} B_{at`1} ...B_{asq}ψpxq . (3.22)

Combinations J_{a1...as|m1...mk} pxq are reducible tensors and their glpdq irreducible components are contained in a tensor product of length s symmetric row and height k antisymmetric column. A list of irreducible components is given by the following tensors: (I) type ts`1, pu tensor, (II) type ts, p ` 1u tensor. Namely,^8 J^{pIq}_{a1...as`1, m1...mp´1} pxq “ J_{pa1 ...as|as`1qm1...mp´1} pxq ; (3.23) J^{pIIq}_{a1...as, m1...mp} pxq “ J_{a1...as|m1...mp} pxq ´ J_{pa1...as´1rm1|asqm2...mp´1s}pxq . (3.24) It is crucial that representatives of two families (3.23) and (3.24) with equal spins s have different scale dimensions. Indeed, a spinor field in R^{d´1,1} has a scale dimension given by Δ_0 “ d ´ 1 2 , (3.25)

while that of B_a is always 1. Then, scale dimensions of the same spin currents J^{pIq}a_1...a_s, m_1...m_p pxq and J^{pIIq}a_1...a_s, m_1...m_p pxq are given by^9

Δ_1 “ s ` d ´ 2 , (3.26)

Δ_2 “ s ` d ´ 1 . (3.27)

Our main conclusion here is that generating function J px, u|θq (3.17) yields two families of mixed-symmetry currents with different scale dimensions. Currents (3.23) have dimensions

8We assume that a height p does not exceed rd{2s. The case p ą rd{2s requires a separate consideration that presumably leads to dual current formulations.

9The other way around, a scale dimension of J_{a1...as|m1...mk} pxq equals s ` d ´ 1 and hence its two irreducible components (3.23), (3.24) with spins shifted by one have equal dimensions.

coinciding with the unitarity bound value Δ_1 “ Δ_{crit} (1.1). Currents (3.24) have bigger scale dimensions, Δ_2 ą Δ_1.

To deal with multi-index tensors it is convenient to introduce the following differential operators, S “ θ^m B Bu^m , S^˚ “ u^m B Bθ^m ,

D “ B^2 Bx^mBu_m , D^˚ “

B^2 Bx^mBθ_m . (3.28)

These operators satisfy simple relations which will be given where appropriate. Then, currents (3.23) and (3.24) can be represented as

J^{F F} px, u|θq “ S^˚J px, u|θq , (3.29) J^{imp}px, u|θq “ S^˚SJ px, u|θq , (3.30) where generating function J px, u|θq is given by (3.17). By expanding these functions in auxiliary variables one obtains component forms (3.23) and (3.24), respectively. Young symmetry conditions S^˚J^{F F} px, u|θq “ 0 and S^˚J^{imp}px, u|θq “ 0 are now obvious as a consequence of S^˚S^˚ “ 0.

Below we formulate and prove three Lemmas that elucidate the difference between families of currents (3.29) and (3.30). We study whether or not currents are on-shell annihilated by differential operators S^˚SD and D^˚ to be identified with two different types of conservation conditions discussed in Section 3.1.

Lemma 3.2. Currents (3.29) satisfy the conditions

S^˚SDJ^{F F} px, u|θq « 0 , (3.31)

D^˚J^{F F} px, u|θq ff 0 . (3.32)

To proof the lemma one uses relation (3.18) represented as DJ px, u|θq « 0, and relation (3.19) represented as D^˚J px, u|θq « α SJ px, u|θq, where α “ αpN_θq is some function of the Euler operator counting a number of θ-variables. Then, using definition (3.29), (anti)commutation relations S^˚D^˚ `D^˚S^˚ “ 0 and DS^˚ ´S^˚D “ D^˚, one derives relations (3.31) and (3.32) by a direct computation.

Lemma 3.2 says that currents (3.29) satisfy the first type conservation condition (3.3) only. Indeed, component form of (3.31) reads B^nJ^{pIq}_{na2...as´1as, m1m2...mp´1} pxq ´ B^nJ^{pIq}_{npa2...as´1rm1,asq m2...mp´1s}pxq « 0 , (3.33) and contracting above relation with auxiliary constant parameter ξ_1 of ts ´ 1, pu-type reproduces (3.3). Another type of conservation law is not supported. Also, it is worth noting that the first type conservation law is consistent with imposing (anti-)selfdual conditions in even dimensions d, so currents with p “ d{2 can be decomposed into their (anti-)selfdual components.

Conservation condition (3.33) trivializes for particular subclass of (3.29) identified with totally antisymmetric Yukawa-like currents

J^{pIq}_{m1...mp} pxq “ ψ̄pxqΓ_{m1 ...mp} ψpxq , p ‰ 1 , Δ_1 “ d ´ 1 , (3.34)

that generalize conventional Yukawa current ψ̄ψ and may be considered as currents coupled to massive k-form fields. The case p “ 1 is exceptional, the corresponding current is the well-known electromagnetic current J^{pIq}m_1 pxq “ ψ̄pxqγ_{m1} ψpxq.

Lemma 3.3. Currents (3.30) satisfy the conditions

S^˚SDJ^{imp}px, u|θq « 0 , D^˚J^{imp}px, u|θq « 0 . (3.35)

The proof of Lemma 3.3 goes along the same lines as the proof of Lemma 3.2. Note that by virtue of Young symmetry both conditions in (3.35) are algebraic consequences of DJ^{imp}px, u|θq « 0. Lemma 3.3 says that currents J^{imp}px, u|θq satisfy conservation laws of both types.

Lemma 3.4. Currents (3.29) and (3.30) are related as

J^{imp}px, u|θq « D^˚J^{F F} px, u|θq , (3.36)

up to a normalization constant dependent on spins.

To proof the lemma one uses relation (3.19) represented as D^˚J px, u|θq « α SJ px, u|θq, where α “ αpN_θq is some function of the Euler operator counting a number θ-variables. By a direct computation one obtains D^˚J^{F F} px, u|θq “ D^˚S^˚J px, u|θq “ ´S^˚D^˚J px, u|θq “ ´α_`S^˚SJ px, u|θq “ ´α_`J^{imp}px, u|θq, where α_` “ αpN_θ ` 1q; the last equality reproduces definition (3.30). In particular, Lemma 3.4 justifies the reason why scale dimensions (3.26) and (3.27) are shifted by one.^{10}

Four Lemmas 3.1 - 3.4 taken together enable us to formulate the following propositions that play the central role in this paper.

Proposition 3.5. Currents (3.30) are improvements.

To prove the proposition it is sufficient to note that according to Lemma 3.4 and Lemma 3.1 conserved currents J^{F F} px, u|θq are used to identify conserved currents J^{imp}px, u|θq with trivial cohomology class .

Proposition 3.6. Currents (3.29) are Flato-Frønsdal currents.

The proposition is obvious because currents (3.29) have scale dimensions and symmetry types that exactly match the spectrum of the generalized Flato-Frønsdal theorem (1.5),

10By way of example consider current J^{pIIq}_a “ B_aψ̄ψ ´ ψ̄B_aψ of dimension Δ_2 “ d. The current can be represented as a derivative of Yukawa-like current J^{pIq}_{rabs} (3.34) of dimension Δ_1 “ d ´ 1 as 2J^{pIIq}_a « B^bJ^{pIq}_{rabs} ” B^bpψ̄Γ_{ab}ψq. In particular, the last equality demonstrates that Yukawa-like currents do not satisfy the conservation condition.

where the energies are equal to scale dimensions E_0 “ Δ_1 “ s ` d ´ 2 for massless fields (conserved currents), and E_0 “ Δ_1 “ d ´ 1 for massive fields (Yukawa-like currents).

It is worth noting here that one-particle states of massless Dirac particle in R^{d´1,1} form opd, 2q module identified with singleton Di. In particular, their quantum weights (1.4) and (3.25) coincide. It guarantees that all currents built of two spinors and finitely many derivatives should have critical dimensions (1.1), while any other possible conserved combinations should come as on-shell improvements. Propositions 3.5 and 3.6 clearly confirm this observation.

In particular, it follows that true conformal primary operators correspond to traceless conserved currents of critical dimensions J̃^{F F} that can be constructed as J̃^{F F} “ J^{F F} `..., where the dots stand for the improvement terms.^{11} Note that conservation and tracelessness, as well as adding improvements are to be on-shell.^{12} To support the above suggestion we mention that any trace of the traceful conserved current J^{F F} is an on-shell improvement. Indeed, any trace of the traceful conserved current is also conserved as can be seen by taking traces on the conservation condition (3.33).^{13} Then it follows that all traces are on-shell improvements because their spin numbers are smaller than those of the original current, while their conformal dimensions are higher than corresponding critical value.

3.4 Traceless conserved currents: s “ 2, p “ 2 example

As an example of the above discussion we consider the simplest case of three cell hook conserved current. An explicit expression for the traceful Flato-Frønsdal current read off from (3.29) is given by (up to an overall factor)

J_{a1a2,m1} pxq “ ´B_{a1}ψ̄pxqΓ_{a2m1} ψpxq ` ψ̄pxqΓ_{a2m1} B_{a1} ψpxq

´B_{a2}ψ̄pxqΓ_{a1m1} ψpxq ` ψ̄pxqΓ_{a1m1} B_{a2} ψpxq .

(3.37)

Its scale dimensions is Δ “ d and Lemma 3.2 guarantees that this current is conserved,

B^{a1} J_{a1ra2,m1s}pxq « 0 . (3.38)

Traceless component of (3.37) denoted by J̃_{a1a2,m1} is given by

J̃_{a1a2,m1} pxq “ J_{a1a2,m1} pxq ` 1 2pd ´ 1q ` η_{a1m1} J_{a2} pxq ` η_{a2m1} J_{a1} pxq ´ 2η_{a1a2} J_{m1} pxq ˘ , (3.39)

where J_apxq “ η^{mn}J_{mn,a}pxq. One observe that on-shell the trace is a total derivative of the Yukawa current, J_apxq « 2B_apψ̄pxqψpxqq and thereby the trace part in (3.39) is an

11Some examples of this procedure for totally symmetric currents built of two spinors had been analyzed by Anselmi in [23].

12One can also add trivially conserved quantities proportional to the projector matrix π_{μν} “ B_μB_ν ´δ_{μν} l in such a way that both conservation and traceless remain intact.

13This is true for s ą 2 currents. For s “ 2 case the situation is different because the conservation condition either has just one index (p “ 1), or has antisymmetric indices only (p ě 2). For spin-2 current the trace vanishes on-shell. For mixed-symmetry spin-t2, pu currents the traces are not conserved and do not vanish on-shell and but all trace terms are organized into on-shell improvements, see next section.

improvement. Indeed, going on-shell the trace part can be cast into the form B^nF_{a1a2,m1n}pxq, where F_{a1 a2,m1n}pxq “^1_{pd´1q} pη_{a1m1} η_{a2 n} ` η_{a2m1} η_{a1n} ´ 2η_{a1a2} η_{m1n}qJpxq, where J is the Yukawa current Jpxq “ ψ̄pxqψpxq, while the expression in the brackets has symmetries of the window Young diagram. The conservation law is then easily obtained as B^{a1}J̃_{a1ra2,m1s}pxq « ´^3_{2pd´1q} pB_{a2} J_{m1} pxq ´ B_{m1} J_{a2} pxqq « 0.

A few comments are in order. First, it is important that proving conservation of the traceless current is based both on an algebraic subtraction of a trace from the traceful current, and the on-shell realization of a trace as a divergence of Yukawa current. Second, the above example can be directly generalized to arbitrary hooks of t2, pu-type; here the trace is a derivative of the Yukawa-like current ψ̄pxqΓ_{m1...mp´2} ψpxq so that trace contributions are again on-shell improvements. Third, it may also be worth noting that as the current J_{a1a2,m1} pxq has only three indices it follows that the double tracelessness condition is trivially satisfied anyway.

Finally, traceless mixed-symmetry conserved currents with arbitrary spins s and p can be constructed by inserting some differential operator in between two spinors in the basic formula (3.16). This operation should be analogous to that one in the totally symmetric case [30, 28]. Note, however, that choosing the traceless current cohomology representative is not unique and different choices are related to each over by adding on-shell improvements, see (3.5), (3.7).

4 Summary and discussion

In this paper we introduced conserved tensor currents of ”hook” mixed-symmetry type in d-dimensional Minkowski space and investigated their basic properties. For special class of currents identified with opd, 2q conformal primary fields of critical dimensions we proposed an explicit realization via massless spinor fields. On the other hand, we discussed primary fields of mixed-symmetry type for which we classified conformally-invariant conditions with one derivative and described two-point correlation functions. Our analysis of conserved currents supplemented by the generalized Flato-Frønsdal theorem of [2] ensures the validity of the AdS_{d`1}{CF T_d correspondence for ”hook” mixed-symmetry fields on the kinematical level. However, its dynamical realization may crucially depend on particular field-theoretical formulation used to describe bulk fields [31].

It would be interesting to investigate the following applications of mixed-symmetry conserved currents.

First, an explicit realization of conserved currents via matter spinor fields allows one to analyze global symmetry algebra generated via conserved charges (3.5). Indeed, constant opd ´ 1, 1q parameters of ts ´ 1, pu type can be identified with a part of parameters of higher spin global symmetry algebra hup1| p1, 2q:rd, 2sq introduced by Vasiliev [2]. To make the correspondence complete one should proceed along the lines of Ref. [32] and using Flato-Frønsdal currents found in this paper construct a full set of conserved currents with explicit x-dependence. It is expected that respective constant parameters are described by opd, 2q traceless tensors with symmetry type corresponding to two-row rectangular block with one column added.

Also, once a higher spin theory in AdS_{d`1} governed by hup1| p1, 2q : rd, 2sq algebra is formulated it is interesting to investigate its holographic dual in the spirit of the Klebanov- Polyakov and Sezgin-Sundell conjecture in d “ 3 case [33, 30]. It is tempting to speculate that hup1| p1, 2q:rd, 2sq higher spin theory is holographically dual to the Gross-Neveu model in d dimensions. The mixed-symmetry Flato-Fronsdal currents built in this paper along with the AdS_4{CF T_3 case provide a strong support in favor of such a duality. Of course, the conjecture crucially depends on parity/higher spin symmetry violating and choosing either regular Δ_` “ d ´ 1 or irregular Δ_´ “ 1 boundary conditions for massive antisymmetric bulk fields (including a scalar). All these important issues are to be clarified in as yet unknown higher spin theory for hook fields.

One further direction concerns both string theory and higher spin theory interactions in Minkowski space. It would be interesting to compute n-point correlation functions of mixedsymmetry conserved currents along the lines of Refs. [19, 34, 35, 36, 37, 38, 39, 40, 41].

Finally, there remains an important task to describe and give particular realizations of conserved currents of arbitrary mixed-symmetry type in terms of dynamical fields.

Acknowledgements. I am grateful to M. Grigoriev, V. Didenko, R. Metsaev, E. Skvortsov and M.A. Vasiliev for useful discussions and comments. I would like to thank the Erwin Schrodinger Institute, Vienna for hospitality during my staying at ESI Workshop on Higher Spin Gravity, where the main part of this work has been done. I am thankful to the Dynasty foundation for the financial support of the visit. The work is supported in part by RFBR grant 11-01-00830 and RFBR grant 12-02-31838.

References

[1] M. Flato and C. Fronsdal, Lett. Math. Phys. 2 (1978) 421–426.

[2] M. A. Vasiliev, JHEP 12 (2004) 046, hep-th/0404124.

[3] S. Ferrara and C. Fronsdal, Phys. Lett. B 433 (1998) 19, hep-th/9802126.

A. Jevicki, K. Jin and Q. Ye, J. Phys. A A 44 (2011) 465402, arXiv:1106.3983.

[4] R. R. Metsaev, Phys. Lett. B354 (1995) 78–84.

[5] L. Brink, R. R. Metsaev, and M. A. Vasiliev, Nucl. Phys. B586 (2000) 183–205,

hep-th/0005136.

[6] R. R. Metsaev, Phys. Lett. B531 (2002) 152–160, hep-th/0201226.

[7] Y. M. Zinoviev, “On massive mixed symmetry tensor fields in Minkowski space and (A)dS,” hep-th/0211233; Y. M. Zinoviev, “Towards frame-like gauge invariant formulation for massive mixed symmetry bosonic fields. II. General Young tableau with two rows,” arXiv:0907.2140.

[8] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, Nucl. Phys. B 692 (2004) 363

hep-th/0311164; K. B. Alkalaev, Theor. Math. Phys. 140 (2004) 1253–1263,
hep-th/0311212; K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, “Frame-like

formulation for free mixed-symmetry bosonic massless higher-spin fields in AdS(d),”

hep-th/0601225.

[9] N. Boulanger, C. Iazeolla, and P. Sundell, JHEP 0907 (2009) 013,

arXiv:0812.3615; JHEP 0907 (2009) 014, arXiv:0812.4438.

[10] E. D. Skvortsov, J. Phys. A42 (2009) 385401, arXiv:0904.2919. [11] K. Alkalaev and M. Grigoriev, Nucl. Phys. B 835 (2010) 197, arXiv:0910.2690;

Nucl.Phys. B853 (2011) 663–687, arXiv:1105.6111.

[12] C. Burdik and A. Reshetnyak, J.Phys.Conf.Ser. 343 (2012) 012102,

arXiv:1111.5516.

[13] A. Campoleoni and D. Francia, “Maxwell-like Lagrangians for higher spins,”

arXiv:1206.5877.

[14] K. Alkalaev, JHEP 1103 (2011) 031, arXiv:1011.6109.

N. Boulanger, E. Skvortsov, and Y. Zinoviev, J.Phys.A A44 (2011) 415403,

arXiv:1107.1872.

[15] M. Gunaydin and N. Marcus, Class.Quant.Grav. 2 (1985) L11.

E. Sezgin and P. Sundell, JHEP 0109 (2001) 025, hep-th/0107186. N. Boulanger and E. D. Skvortsov, JHEP 1109 (2011) 063, arXiv:1107.5028.

[16] O. Shaynkman, I. Y. Tipunin, and M. Vasiliev, Rev.Math.Phys. 18 (2006) 823–886,

hep-th/0401086.

J. Erdmenger and H. Osborn, Nucl.Phys. B483 (1997) 431–474, hep-th/9605009. [17] V. K. Dobrev and V. B. Petkova, Rept. Math. Phys. 13 (1978) 233. [18] V. K. Dobrev, E. K. Khristova, V. B. Petkova and D. B. Stamenov, Bulg. J. Phys. 1 (1974) 42.

V. K. Dobrev, A. K. Ganchev and O. I. Iordanov, Phys. Lett. B 119 (1982) 372. [19] H. Osborn and A. Petkou, Annals Phys. 231 (1994) 311–362, hep-th/9307010. [20] G. Mack and A. Salam, Annals Phys. 53 (1969) 174–202. [21] M. Henningson and K. Skenderis, JHEP 9807 (1998) 023, hep-th/9806087. [22] F. A. Berends, G. Burgers, and H. van Dam, Nucl.Phys. B271 (1986) 429. [23] D. Anselmi, Class.Quant.Grav. 17 (2000) 1383–1400, hep-th/9906167; Nucl. Phys.

B 541 (1999) 323 hep-th/9808004.

[24] S. F. Prokushkin and M. A. Vasiliev, Theor.Math.Phys. 123 (2000) 415–435,

hep-th/9907020.

[25] M. A. Vasiliev, “Higher spin gauge theories: Star-product and AdS space,” contributed article to Golfand’s Memorial Volume, M.Shifman ed., World Scientific,

hep-th/9910096.

[26] O. A. Gelfond and M. A. Vasiliev, Theor. Math. Phys. 145 (2005) 1400 [Teor. Mat.

Fiz. 145 (2005) 35], hep-th/0304020.

[27] R. Manvelyan and W. Ruhl, Phys.Lett. B593 (2004) 253–261, hep-th/0403241.

R. Manvelyan and K. Mkrtchyan, Mod.Phys.Lett. A25 (2010) 1333–1348,

arXiv:0903.0058.

[28] X. Bekaert, E. Joung, and J. Mourad, JHEP 05 (2009) 126, arXiv:0903.3338;

JHEP 1102 (2011) 048, arXiv:1012.2103.

X. Bekaert and E. Meunier, JHEP 1011 (2010) 116, arXiv:1007.4384. [29] V. K. Dobrev and A. K. Ganchev, JINR Dubna preprint E2-82-881 (1981). [30] S. Giombi and X. Yin, JHEP 1009 (2010) 115, arXiv:0912.3462. [31] K. Alkalaev, “Massless hook field in AdS_{d`1} from the holographic perspective,” preprint FIAN–TD–2012–13, arXiv:1210.0217.

[32] S. Konstein, M. Vasiliev, and V. Zaikin, JHEP 0012 (2000) 018, hep-th/0010239. [33] I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 550 (2002) 213 hep-th/0210114.

E. Sezgin and P. Sundell, JHEP 0507 (2005) 044 hep-th/0305040. [34] R. Metsaev, Phys.Rev. D78 (2008) 106010, arXiv:0805.3472; Phys. Rev. D 81, 106002 (2010) arXiv:0907.4678.

[35] A. Sagnotti and M. Taronna, Nucl. Phys. B 842 (2011) 299, arXiv:1006.5242. [36] R. Manvelyan, K. Mkrtchyan and W. Ruhl, Nucl. Phys. B 836 (2010) 204,

arXiv:1003.2877; Phys. Lett. B 696 (2011) 410, arXiv:1009.1054.

K. Mkrtchyan, “On generating functions of Higher Spin cubic interactions,

arXiv:1101.5643.

[37] A. Fotopoulos and M. Tsulaia, JHEP 1011 (2010) 086, arXiv:1009.0727. [38] S. Giombi, S. Prakash, and X. Yin, “A Note on CFT Correlators in Three Dimensions,” arXiv:1104.4317.

[39] M. S. Costa, J. Penedones, D. Poland, and S. Rychkov, “Spinning Conformal Correlators,” JHEP 1111 (2011) 071, arXiv:1107.3554.

[40] J. Maldacena and A. Zhiboedov, “Constraining Conformal Field Theories with A Higher Spin Symmetry,” arXiv:1112.1016; “Constraining conformal field theories with a slightly broken higher spin symmetry,” arXiv:1204.3882.

[41] Y. S. Stanev, “Correlation Functions of Conserved Currents in Four Dimensional Conformal Field Theory,” arXiv:1206.5639.

A. Zhiboedov, “A note on three-point functions of conserved currents,”

arXiv:1206.6370.