arXiv:1207.1208v1 [hep-th] 5 Jul 2012

KCL-MTH-12-09

Higher Derivative BLG: Lagrangian and Supersymmetry Transformations

Paul Richmond^∗ Department of Mathematics King’s College London The Strand London WC2R 2LS, UK

Abstract

Working to lowest non-trivial order in fermions, we consider the four-derivative order corrected Lagrangian and supersymmetry transformations of the Euclidean Bagger-Lambert- Gustavsson theory. By demonstrating supersymmetric invariance of the Lagrangian we determine all numerical coefficients in the system. In addition, the supersymmetry algebra is shown to close on the scalar and gauge fields. We also comment on the extension to Lorentzian and other non-Euclidean N = 8 3-algebra theories.

∗E-mail address: paul.richmond@kcl.ac.uk

Contents

1 Introduction 1

2 Overview of BLG 2

3 Higher Derivative Lagrangian and Supersymmetries 4 3.1 Invariance of the Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 Closure of the Superalgebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Summary of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Conclusions and Outlook 18

A Conventions and Useful Identities 19

1 Introduction

The bosonic effective action for a single M2-brane [1] in static gauge and in a flat background with zero flux, is given by the abelian DBI action

S_{M2} = − T_{M2} ∫ d^3x √ −det(η_{μν} + ∂_μx^I ∂_ν x^I ) . (1.1)

The terms in the integral can be expanded as a power series in (∂x)^2 that is, a higher derivative expansion. After canonically renormalising the eight scalars so that X^I = x^I √ T_{M2}, the leading order and next to leading order terms in the expansion are

S_{M2} = ∫ d^3x − 1 2 ∂_μX^I ∂^μX^I + ∫ d^3x 1 T_{M2} ( + 1 4 ∂_μX^I ∂^μX^J ∂_ν X^I ∂^ν X^J − 1 8 ∂_μX^I ∂^μX^I ∂_ν X^J ∂^ν X^J ) (1.2) + . . . , where we have ignored a constant and the ellipsis denotes terms O ( (1/T_{M2})^2 ) and higher.

The generalisation of the fully supersymmetric leading order M2-brane action to multiple M2-branes was first constructed by Bagger and Lambert [2][3][4] and independently by Gustavsson [5]. The Bagger- Lambert-Gustavsson (BLG) theory of M2-branes is an N = 8 supersymmetric field theory which is invariant under an SO(8) R-symmetry. The original formulation of the theory required the use of an algebraic structure called a Euclidean 3-algebra and is now known to describe, in some cases, two M2-branes [6][7][8]. Wider classes of Lorentzian and other non-Euclidean 3-algebra theories exist in the literature [9]-[14], however their status as multiple M2-brane theories is unclear. Subsequent research has shown that the appropriate generalisation of the leading order term to arbitrary numbers of M2-branes is given by the ABJM theory [15].

There have been several papers which aim to determine the next to leading order i.e. the 1/T_{M2} higher derivative corrections to multiple M2-branes. It is known [16][17][18] that in three dimensions a non-abelian 2-form is dual to a scalar field. In [19] this dualisation was applied to 3D super-Yang- Mills (the effective worldvolume theory of multiple D2-branes) and it was shown that it could be rewritten as an SO(8) invariant Lorentzian 3-algebra theory. Three-dimensional SYM arises simply by the appropriate dimensional reduction of 10D SYM and the higher derivative corrections to this have been uniquely determined (including quartic fermions in the Lagrangian) by superspace considerations in [20][21] and independently in [22] by calculating open-string scattering amplitudes. The first higher derivative corrections to the 10D SYM Lagrangian and supersymmetry transformations arise at order α^{′2} and the same is true in the reduction to three-dimensions. In [23] the authors applied the analysis of [19] to the α^{′2} corrections of the 3D SYM Lagrangian. The resulting SO(8) invariant, Lorentzian 3-algebra formulation features only 3-brackets and covariant derivatives of the scalar and fermion fields. This lead to the conjecture that higher derivative corrections to the Euclidean BLG theory would be structurally identical to the Lorentzian theory and only feature 3-brackets and covariant derivatives.

A different approach was considered in [24]. Here the most general 1/T_{M2} higher derivative M2-brane Lagrangian with arbitrary coefficients was considered. Then, using the ‘novel Higgs mechanism’ [25] this was reduced uniquely to the four-derivative order correction of the D2-brane effective worldvolume theory. The results of [24] applied both to the Euclidean BLG theory and Lorentzian 3-algebra theories and confirmed the conjecture of [23]. Other attempts to construct the full non-linear action for multiple M2-branes include [26][27][28].

The higher derivative corrected 3-algebra Lagrangians of [23][24] are expected to possess maximal supersymmetry although this was not verified in either case. An attempt to determine next order corrections to the supersymmetry transformations was made in [29]. Here Low applied the analysis of [19] and [23] at the level of the multiple D2-brane supersymmetry transformations. It was found that the α^{′2} corrections to the fermion supersymmetry could be written in an SO(8) fashion but that the scalar transformation could not be. The gauge field supervariation was not considered. By taking an abelian truncation of the higher derivative Lorentzian 3-algebra action and showing it was supersymmetric, Low was able to partially determine the higher derivative scalar supersymmetry transformation.

As it is not possible to derive higher derivative SO(8) invariant 3-algebra valued supersymmetries from the multiple D2-brane ones by the 2-form/scalar dualisation approach, it seems the only way to unequivocally determine them is to examine the full supervariation of the higher derivative Lagrangian and by closing the superalgebra. This is the approach we will take here, focussing solely on the Euclidean BLG theory of [24].

The rest of the paper is as follows. In Section 2 we will give a brief overview of the BLG model of M2-branes. Our results are contained in Section 3; here we revisit the higher derivative action of [24] and introduce our ansatz for the 1/T_{M2} corrections to the Euclidean BLG supersymmetry transformations. We determine all arbitrary coefficients in the system by examining the supervariation of the higher derivative Lagrangian for Euclidean BLG. In addition the supersymmetry algebra is shown to close on the scalar and gauge fields for the coefficients we find. Our conclusions can be found in Section 4 where we also comment on the extension to non-Euclidean theories and offer suggestions for further work.

2 Overview of BLG

We begin with a brief overview^1 of the BLG worldvolume theory of multiple M2-branes as presented in Ref. [3]. As we have already noted, the BLG theory is a three-dimensional SCFT with N = 8 supersymmetry and an SO(8) R-symmetry. Its field content consists of eight scalar fields, X^I , which parameterise directions transverse to the M2-brane worldvolume, fermions ψ and a non-dynamical gauge field A_μ. The fields take values in an n-dimensional real 3-algebra which we take to be spanned by a basis T^a, a = 1, . . . , n. The 3-algebra is equipped with a totally anti-symmetric 3-bracket which defines the structure constants f^{abc}_d:

[T^a, T^b, T^c] = f^{abc}_dT^d . (2.1)

The structure constants inherit the total anti-symmetry of the 3-bracket so that

f^{abc}_d = f^{[abc]}_d . (2.2)

1Detailed reviews of multiple M2-brane theories can be found in [30] and [31].

The 3-bracket generates a gauge symmetry whose action on an arbitrary 3-algebra element Y = Y_aT^a is δY = [α, β, Y ] , (2.3) where α and β are two other elements of the 3-algebra. Requiring that this gauge symmetry acts as a derivation leads to the fundamental identity

f^{ef g}_df^{abc}_g = f^{ef a}_g f^{bcg}_d + f^{ef b}_g f^{cag}_d + f^{ef c}_gf^{abg}_d i.e. f^{[abc}_gf^{d]ef g} = 0 . (2.4)

There is also an inner product on the 3-algebra which is symmetric and linear in both its entries and acts as a metric on the gauge indices. It is defined by

h^{ab} = Tr(T^aT^b) . (2.5)

For any two 3-algebra elements Y and Z their inner product Tr(Y Z) is required to be invariant under the gauge transformation (2.3). In basis form this leads to

Tr([T^a, T^b, T^c]T^d) = −Tr(T^a[T^b, T^c, T^d]) i.e. h^{e(d}f^{a)bc}_e = 0 , (2.6)

which together with Eq. (2.2) implies f^{[abcd]} = 0.

Real 3-algebras may to classified according to the signature of h^{ab}. When the inner product has one or more time-like directions there exist infinite families of 3-algebras. These are the Lorentzian 3-algebras of [9][10][11] and the multiple time-like 3-algebras of [12][13][14]. For Euclidean signature where h^{ab} ∝ δ^{ab}, there is a unique (up to direct sums) finite-dimensional 3-algebra [32][33][34]. In this case the structure constants are given by [3]

f^{abcd} =^{2π}_k ε^{abcd} , (2.7)

with a, b, c, d ∈ {1, 2, 3, 4} and k is the integer Chern-Simons level [4]. Hence the gauge algebra is su(2) × su(2) = so(4). Whilst there is a single 3-algebra and Lagrangian associated with the Euclidean theory there are two inequivalent gauge groups given by either SU(2) × SU(2) = Spin(4) or (SU(2) × SU(2))/Z_2 = SO(4) [8]. We will refer to this 3-algebra as A_4 and the theory as the A_4 or Euclidean BLG theory. Investigation of the moduli space of the Euclidean BLG theory [6][7][8] identifies it as the worldvolume theory for a pair of M2-branes propagating in an orbifold characterised by the level k.

The lowest order multiple M2-brane supersymmetry transformations are,

δX^I_a = iϵ̄Γ^I ψ_a , (2.8)

δÃ_μ^b_a = iϵ̄Γ_μΓ_I X^I_c ψ_df^{cdb}_a , (2.9)

δψ_a = Γ^μΓ^I ϵD_μX^I_a −^1_6 Γ^{IJK} ϵX^I_b X^J_c X^K_d f^{cdb}_a , (2.10)

where Ã_μ^b_a = A_{μ cd}f^{cdb}_a and D_μX^I_a = ∂_μX^I_a − Ã_μ^b_aX^I_b . The commutator of two supersymmetries on the fields gives

[δ_1, δ_2]X^I_a = − 2i(ϵ̄_2Γ^μϵ_1)D_μX^I_a − i(ϵ̄_2Γ_{JK} ϵ_1)X^J_c X^K_d X^I_b f^{cdb}_a , (2.11)

[δ_1, δ_2]Ã_μ^b_a = + 2i(ϵ̄_2Γ^ν ϵ_1)ε_{μνλ} ( X^I_c D^λX^I_d +^i_2 ψ̄_cΓ^λψ_d ) f^{cdb}_a − 2i(ϵ̄_2Γ_{IJ} ϵ_1)X^I_c D_μX^J_d f^{cdb}_a , (2.12)

[δ_1, δ_2]ψ_a = − 2i(ϵ̄_2Γ^μϵ_1)D_μψ_a − i(ϵ̄_2Γ_{IJ} ϵ_1)X^I_c X^J_d ψ_bf^{cdb}_a + i(ϵ̄_2Γ_ν ϵ_1)Γ^ν ( Γ^μD_μψ_a +^1_2 Γ_{IJ} X^I_c X^J_d ψ_bf^{cdb}_a ) −^i_4 (ϵ̄_2Γ_{KL}ϵ_1)Γ^{KL} ( Γ^μD_μψ_a +^1_2 Γ_{IJ} X^I_c X^J_d ψ_bf^{cdb}_a ) . (2.13)

Hence the supersymmetries close on to translations and gauge transformations after imposing the following equations of motion E_{Aλ}a_b =^1_2 ε^{μνλ}F̃_{μν}^b_a − ( X^I_c D^λX^I_d +^i_2 ψ̄_cΓ^λψ_d ) f^{cdb}_a = 0 , (2.14)

E¯_ψa = Γ^μD_μψ_a +^1_2 Γ_{IJ} X^I_c X^J_d ψ_bf^{cdb}_a = 0 , (2.15)

where F̃_{μν}^b_a = ∂_νÃ_μ^b_a − ∂_μÃ_ν^b_a + Ã_ν^b_cÃ_μ^c_a − Ã_μ^b_cÃ_ν^c_a is a gauge field strength. The scalar equation of motion:

E_X Ia = D^2X^I_a −^i_2 ψ̄_cΓ^{IJ} X^J_d ψ_bf^{cdb}_a +^1_2 f^{bcd}_af^{ef g}_dX^J_b X^K_c X^I_e X^J_f X^K_g = 0 , (2.16) can be identified by taking the supervariation of the fermion equation of motion. The supersymmetric Lagrangian which gives rise to these field equations is L_{BLG} =Tr ( −^1_2 D_μX^I D^μX^I −^1_{12} [X^I , X^J , X^K ][X^I , X^J , X^K ] +^i_2 ψ̄Γ^μD_μψ +^i_4 ψ̄Γ_{IJ} [X^I , X^J , ψ] ) +^1_2 ε^{μνλ} ( f^{abcd}A_{μab}∂_ν A_{λcd} +^2_3 f^{cda}_g f^{ef gb}A_{μab}A_{νcd}A_{λef} ) . (2.17)

3 Higher Derivative Lagrangian and Supersymmetries

We begin with the most general four-derivative order Lagrangian as considered in [24], to lowest nontrivial order in fermions L_T −1_{M 2} =^1_{TM 2} STr { + a D^μX^I D_μX^J D^ν X^J D_ν X^I + b D^μX^I D_μX^I D^ν X^J D_ν X^J + c ε^{μνλ} X^{IJK} D_μX^I D_ν X^J D_λX^K + d X^{IJK} X^{IJL}D^μX^K D_μX^L + e X^{IJK} X^{IJK} D^μX^LD_μX^L + f X^{IJK} X^{IJK} X^{LMN} X^{LMN} + g X^{IJK} X^{IJL}X^{KMN} X^{LMN} + id̂ ψ̄Γ^μΓ^{IJ} D^ν ψD_μX^I D_ν X^J + iê ψ̄Γ^μD^ν ψD_μX^I D_ν X^I + if̂ ψ̄Γ^{IJKL}D^ν ψ X^{IJK} D_ν X^L + iĝ ψ̄Γ^{IJ} D^ν ψ X^{IJK} D_ν X^K + iĥ ψ̄Γ^{IJ} [X^J , X^K , ψ]D^μX^I D_μX^K + iî ψ̄Γ^{μν} [X^I , X^J , ψ]D_μX^I D_ν X^J + iĵ ψ̄Γ^{μν} Γ^{IJ} [X^J , X^K , ψ]D_μX^I D_ν X^K + ik̂ ψ̄Γ^μΓ^{IJ} [X^K , X^L, ψ]D_μX^I X^{JKL} + il̂ ψ̄Γ^μ[X^I , X^J , ψ]D_μX^K X^{IJK} + im̂ ψ̄Γ^μΓ^{IJKL}[X^L, X^M , ψ]D_μX^M X^{IJK} + in̂ ψ̄Γ^μΓ^{IJ} [X^K , X^L, ψ]D_μX^LX^{IJK} + iô ψ̄Γ^{IJKL}[X^M , X^N , ψ]X^{IJL}X^{KMN} + ip̂ ψ̄Γ^{IJ} [X^K , X^L, ψ]X^{IJM} X^{KLM} } . (3.1)

We have adopted the notation X^{IJK} := [X^I , X^J , X^K ] which we will use to save space wherever possible. Let us make some comments on this Lagrangian. The symmetrised trace of four basis elements of the A_4 3-algebra is given by STr { T^aT^bT^cT^d } = d^{abcd} and is totally symmetric and linear in its four entries.

Next, we require that each term within this higher derivative Lagrangian is gauge invariant. Acting on a generic four-derivative order term with the gauge transformation (2.3) we see that this requirement leads to STr { [α, β, Y_1]Y_2Y_3Y_4 + Y_1[α, β, Y_2]Y_3Y_4 + Y_1Y_2[α, β, Y_3]Y_4 + Y_1Y_2Y_3[α, β, Y_4] } = 0 , (3.2) where Y_1, . . . , Y_4 are arbitrary fields. In basis form this symmetrised trace invariance condition reads d^{abcd}f^{ef g}_a + d^{aecd}f^{bf g}_a + d^{abed}f^{cf g}_a + d^{abce}f^{df g}_a = 0 i.e. d^{a(bcd}f^{e)f g}_a = 0 , (3.3) and can be seen as a generalisation of the trace invariance property: h^{a(b}f^{e)f g}_a = 0.

There are further identities we can construct using the symmetrised trace. To start with we note that due to their simple nature the structure constants of the A_4 3-algebra satisfy f^{[abcd}f^{e]f gh} = 0 i.e. f^{abcd}f^{ef gh} = +f^{bced}f^{af gh} − f^{cead}f^{bf gh} + f^{eabd}f^{cf gh} − f^{eabc}f^{df gh} . (3.4) We can combine this identity with the symmetrised trace to find STr { T_dT_hT_iT_j } f^{abcd}f^{ef gh} =STr { T_dT_hT_iT_j } (f^{bced}f^{af gh} − f^{cead}f^{bf gh} + f^{eabd}f^{cf gh}) , (3.5) where the final term, STr { T_dT_hT_iT_j } f^{eabc}f^{df gh}, vanishes because of symmetry/anti-symmetry under d ↔ h. Contracting the gauge indices with the fields leads to the following identities STr { αβ X^{I1I2I3} X^{J1J2J3} } = STr { αβ ( X^{J1I2 I3} X^{I1J2 J3} + X^{I1J1 I3} X^{I2J2J3} + X^{I1I2J1} X^{I3J2J3} ) } , (3.6)

STr { αβ [X^{I1} , X^{I2} , γ]X^{J1J2J3} } = STr { αβ ( [X^{J1} , X^{I2} , γ]X^{I1J2J3} +[X^{I1} , X^{J1} , γ]X^{I2J2 J3}

+[X^{J2} , X^{J3} , γ]X^{I1I2 J1} )} , (3.7)

where α, β and γ are arbitrary fields and I_1, J_1, . . . are transverse Lorentz indices.

The starting ansatz for the four-derivative order Lagrangian can be simplified using these identities. Equation (3.6) shows that the f and g terms in L_{1/TM 2} are proportional to each other. The same equation, together with anti-symmetry in the Γ-matrix indices, tells us that the term in L_{1/TM 2} with coefficient ô is identically zero. Similarly, the term with coefficient m̂ is identically zero through the use of Eq. (3.7). We subsequently drop the terms with coefficients g, m̂ and ô to leave

L_T −1_{M 2} =^1_{TM 2} STr { + a D^μX^I D_μX^J D^ν X^J D_ν X^I + b D^μX^I D_μX^I D^ν X^J D_ν X^J

+ c ε^{μνλ} X^{IJK} D_μX^I D_ν X^J D_λX^K

+ d X^{IJK} X^{IJL}D^μX^K D_μX^L + e X^{IJK} X^{IJK} D^μX^LD_μX^L + f X^{IJK} X^{IJK} X^{LMN} X^{LMN} + id̂ ψ̄Γ^μΓ^{IJ} D^ν ψD_μX^I D_ν X^J + iê ψ̄Γ^μD^ν ψD_μX^I D_ν X^I + if̂ ψ̄Γ^{IJKL}D^ν ψ X^{IJK} D_ν X^L + iĝ ψ̄Γ^{IJ} D^ν ψ X^{IJK} D_ν X^K + iĥ ψ̄Γ^{IJ} [X^J , X^K , ψ]D^μX^I D_μX^K

+ iî ψ̄Γ^{μν} [X^I , X^J , ψ]D_μX^I D_ν X^J + iĵ ψ̄Γ^{μν} Γ^{IJ} [X^J , X^K , ψ]D_μX^I D_ν X^K

+ ik̂ ψ̄Γ^μΓ^{IJ} [X^K , X^L, ψ]D_μX^I X^{JKL} + il̂ ψ̄Γ^μ[X^I , X^J , ψ]D_μX^K X^{IJK}

+ in̂ ψ̄Γ^μΓ^{IJ} [X^K , X^L, ψ]D_μX^LX^{IJK} + ip̂ ψ̄Γ^{IJ} [X^K , X^L, ψ]X^{IJM} X^{KLM} } . (3.8)

We now give the general starting point for the 1/T_{M2} higher derivative corrections to the N = 8 supersymmetry transformations which are consistent with mass dimension, 3-algebra index structure, parity under Γ_{012} and Lorentz invariance. We assume that the higher derivative scalar and fermion supersymmetry transformations are built out of ψ, DX and [X, X, X] only. In particular, as the Chern- Simons term in L_{BLG} does not receive higher derivative corrections, the gauge field strength is not present in the 1/T_{M2} supersymmetries. The gauge field variation additionally requires the presence of a ‘bare’ scalar field.

Our ansatz for the scalar supersymmetry transformation, to lowest order in fermions, is

δ^′X^I_a =^1_{TM 2} ( δ^′_{2DX} X^I_a + δ^′_{1DX} X^I_a + δ^′_{0DX} X^I_a ) , (3.9) where δ^′_{2DX} X^I_a = + is_1(ϵ̄Γ^{IJK} Γ^{μν} ψ_b)D_μX^J_c D_ν X^K_d d^{bcd}_a + is_2(ϵ̄Γ^J Γ^{μν} ψ_b)D_μX^I_c D_ν X^J_d d^{bcd}_a + is_3(ϵ̄Γ^J ψ_b)D_μX^I_c D^μX^J_d d^{bcd}_a + is_4(ϵ̄Γ^I ψ_b)D_μX^J_c D^μX^J_d d^{bcd}_a , (3.10)

δ^′_{1DX} X^I_a = + is_5(ϵ̄Γ^{IJKLM} Γ^μψ_b)D_μX^J_c X^{KLM}_d d^{bcd}_a + is_6(ϵ̄Γ^{KLM} Γ^μψ_b)D_μX^I_c X^{KLM}_d d^{bcd}_a + is_7(ϵ̄Γ^{JLM} Γ^μψ_b)D_μX^J_c X^{ILM}_d d^{bcd}_a + is_8(ϵ̄Γ^{ILM} Γ^μψ_b)D_μX^J_c X^{JLM}_d d^{bcd}_a + is_9(ϵ̄Γ^M Γ^μψ_b)D_μX^J_c X^{IJM}_d d^{bcd}_a , (3.11)

δ^′_{0DX} X^I_a = + is_{10}(ϵ̄Γ^I ψ_b)X^{JKL}_c X^{JKL}_d d^{bcd}_a + is_{11}(ϵ̄Γ^Lψ_b)X^{JKL}_c X^{JKI}_d d^{bcd}_a . (3.12) The ansatz for the fermion supersymmetry transformation is δ^′ψ_a =^1_{TM 2} (δ^′_{3DX} ψ_a + δ^′_{2DX} ψ_a + δ^′_{1DX} ψ_a + δ^′_{0DX} ψ_a) , (3.13) where δ^′_{3DX} ψ_a = + f_1Γ^{JKL}Γ^{μνλ}ϵD_μX^J_b D_ν X^K_c D_λX^L_d d^{bcd}_a

+ f_2Γ^K Γ^μϵD_μX^J_b D_ν X^J_c D^ν X^K_d d^{bcd}_a + f_3Γ^K Γ^μϵD_μX^K_b D_ν X^J_c D^ν X^J_d d^{bcd}_a , (3.14)

δ^′_{2DX} ψ_a = + f_4Γ^{JKLMN} Γ^{μν} ϵD_μX^J_b D_ν X^K_c X^{LMN}_d d^{bcd}_a

+ f_5Γ^{KLM} Γ^{μν} ϵD_μX^J_b D_ν X^K_c X^{JLM}_d d^{bcd}_a + f_6Γ^M Γ^{μν} ϵD_μX^J_b D_ν X^K_c X^{JKM}_d d^{bcd}_a + f_7Γ^{KLM} ϵD_μX^J_b D^μX^J_c X^{KLM}_d d^{bcd}_a + f_8Γ^{KLM} ϵD_μX^J_b D^μX^K_c X^{JLM}_d d^{bcd}_a , (3.15)

δ^′_{1DX} ψ_a = + f_9Γ^J Γ^μϵD_μX^J_b X^{KLM}_c X^{KLM}_d d^{bcd}_a

+ f_{10}Γ^M Γ^μϵD_μX^J_b X^{JKL}_c X^{KLM}_d d^{bcd}_a , (3.16)

δ^′_{0DX} ψ_a = + f_{11}Γ^{NOP} ϵX^{JKL}_b X^{JKL}_c X^{NOP}_d d^{bcd}_a . (3.17) Finally, the ansatz for the gauge field variation, again to lowest order in fermions, is

δ^′Ã_μ^b_a =^1_{TM 2} ( δ^′_{2DX}Ã_μ^b_a + δ^′_{1DX}Ã_μ^b_a + δ^′_{0DX}Ã_μ^b_a ) , (3.18)

where δ^′_{2DX}Ã_μ^b_a = + ig_1(ϵ̄Γ_μΓ^I ψ_e)D_ν X^J_f D^ν X^J_g X^I_c d^{ef g}_df^{cdb}_a + ig_2(ϵ̄Γ^ν Γ^I ψ_e)D_μX^J_f D_ν X^J_g X^I_c d^{ef g}_df^{cdb}_a

+ ig_3(ϵ̄Γ^ν Γ^J ψ_e)D_μX^J_f D_ν X^I_g X^I_c d^{ef g}_df^{cdb}_a + ig_4(ϵ̄Γ^ν Γ^J ψ_e)D_μX^I_f D^ν X^J_g X^I_c d^{ef g}_df^{cdb}_a + ig_5(ϵ̄Γ_μΓ^J ψ_e)D_ν X^J_f D^ν X^I_g X^I_c d^{ef g}_df^{cdb}_a + ig_6(ϵ̄Γ_{μνλ}Γ^J ψ_e)D^ν X^J_f D^λX^I_g X^I_c d^{ef g}_df^{cdb}_a + ig_7(ϵ̄Γ_{μνλ}Γ^{IJK} ψ_e)D^ν X^J_f D^λX^K_g X^I_c d^{ef g}_df^{cdb}_a + ig_8(ϵ̄Γ^ν Γ^{IJK} ψ_e)D_μX^J_f D^ν X^K_g X^I_c d^{ef g}_df^{cdb}_a , (3.19)

δ^′_{1DX}Ã_μ^b_a = + ig_9(ϵ̄Γ_{μν} Γ^{KLM} ψ_e)D^ν X^I_f X^{KLM}_g X^I_c d^{ef g}_df^{cdb}_a + ig_{10}(ϵ̄Γ_{μν} Γ^{JLM} ψ_e)D^ν X^J_f X^{ILM}_g X^I_c d^{ef g}_df^{cdb}_a + ig_{11}(ϵ̄Γ_{μν} Γ^M ψ_e)D^ν X^J_f X^{IJM}_g X^I_c d^{ef g}_df^{cdb}_a + ig_{12}(ϵ̄Γ^{KLM} ψ_e)D_μX^I_f X^{KLM}_g X^I_c d^{ef g}_df^{cdb}_a + ig_{13}(ϵ̄Γ^{JLM} ψ_e)D_μX^J_f X^{ILM}_g X^I_c d^{ef g}_df^{cdb}_a + ig_{14}(ϵ̄Γ^M ψ_e)D_μX^J_f X^{IJM}_g X^I_c d^{ef g}_df^{cdb}_a , (3.20)

δ^′_{0DX}Ã_μ^b_a = + ig_{15}(ϵ̄Γ_μΓ^I ψ_e)X^{JKL}_f X^{JKL}_g X^I_c d^{ef g}_df^{cdb}_a . (3.21) There are other terms which are consistent with mass dimensions etc. that could be added to the δ^′ variations however, we can apply the A_4 identity f^{[abcd}f^{e]f gh} = 0 at the level of the supersymmetry transformations to find α_bX^{I1I2 I3} c X^{J1J2J3} d d^{bcd}_a = α_b ( X^{J1I2 I3} c X^{I1J2 J3}_d + X^{I1J1 I3}_c X^{I2J2J3}_d + X^{I1I2J1}_c X^{I3J2J3}_d ) d^{bcd}_a , (3.22) α_eβ_f X^{J1J2 J3} g X^I_c d^{ef g}_df^{cdb}_a = α_eβ_f ( X^{IJ2J3} g X^{J1}_c + X^{J1IJ3}_g X^{J2}_c + X^{J1J2I}_g X^{J3}_c ) d^{ef g}_df^{cdb}_a , (3.23) where α and β are either ψ, DX or [X, X, X]. Using these identities it is possible to show that the additional terms are either identically zero or proportional to terms we have already listed.

3.1 Invariance of the Lagrangian

We want to determine the coefficients for which the BLG Lagrangian together with its 1/T_{M2} correction given in Eq. (3.8) is maximally supersymmetric. As the BLG Lagrangian is invariant under the lowest order supersymmetries i.e. δL_{BLG} = 0, the full corrected Lagrangian varies into δ̃L = δ^′L_{BLG} + δL_{1/TM 2} + O (_1

(T_{M 2})^2 ) = δ̃L_4 + δ̃L_3 + δ̃L_2 + δ̃L_1 + δ̃L_0 , (3.24)

where we ignore O ( 1/(T_{M2})^2 ) terms. The subscript in δ̃L_n enumerates the total number of covariant derivatives acting on the fields and because the terms in δ̃L_n are independent of those in any other δ̃L_m, invariance of the full Lagrangian means each δ̃L_n must be invariant up to total derivatives.^2 When we insert the higher derivative supersymmetries which are of the form δ^′χ_a = α_bβ_cγ_d d^{bcd}_a, into the varied kinetic terms in δ^′L_{BLG} we find Tr is promoted to STr because Tr(ϕδ^′χ) = ϕ^aδ^′χ_a = ϕ^aα_bβ_cγ_d d^{bcd}_a = ϕ_aα_bβ_cγ_d d^{abcd} = STr{ϕαβγ} . (3.25) Inserting the higher derivative supersymmetries into the varied bosonic potential and Yukawa terms in δ^′L_{BLG} requires more manipulation: Tr(ϕ[λ, φ, δ^′χ]) = ϕ_g λ_eφ_f δ^′χ_af^{ef ag} = ϕ_g λ_eφ_f α_bβ_cγ_d d^{bcd}_af^{ef ag} = −ϕ_gλ_eφ_f α_bβ_cγ_d d^{abcd}f^{ef g}_a . (3.26) 2There is the possibility that δ̃L = 0 only after terms are removed using 1/T_{M2} × lowest order equations of motion (which are O(1/T^2_{M2} )), in which case the different δ̃L_n are not independent. However, we find for the Euclidean theory that invariance does not require use of the lowest order field equations.

Using the gauge invariance condition in Eq. (3.2) we can write this as Tr(ϕ[λ, φ, δ^′χ]) = STr{ϕβγ[λ, φ, α] + ϕαγ[λ, φ, β] + ϕαβ[λ, φ, γ]} =: STr{ϕ[λ, φ, αβγ]} . (3.27) We are now in a position where we can proceed to compute δ̃L. We start by investigating the terms in the variation of the full corrected Lagrangian which contain four covariant derivatives. These come from

δ̃L_4 =^1_{TM 2} STr { − D_μ(δ^′_{2DX} X^I )D^μX^I +^i_2 δ^′_{3DX}ψ̄Γ^μD_μψ +^i_2 ψ̄Γ^μD_μ(δ^′_{3DX} ψ) +^1_2 ε^{μνλ}F_{νλ}δ^′_{2DX}Ã_μ + 4a D^μ(δX^I )D_μX^J D^ν X^J D_ν X^I + 4b D^μ(δX^I )D_μX^I D^ν X^J D_ν X^J + id̂ δ_{1DX} ψ̄Γ_μΓ^{IJ} D_ν ψD^μX^I D^ν X^J + id̂ ψ̄Γ_μΓ^{IJ} D_ν (δ_{1DX} ψ)D^μX^I D^ν X^J + iê δ_{1DX}ψ̄Γ_μD^ν ψD^μX^I D_ν X^I + iê ψ̄Γ_μD^ν (δ_{1DX} ψ)D^μX^I D_ν X^I } . (3.28)

Note that the gauge field strength contributes two derivatives through its definition as the commutator of covariant derivatives. We have also split the lowest order fermion supersymmetry into δψ = δ_{0DX} ψ + δ_{1DX} ψ with δ_{0DX} ψ = Γ^μΓ^I ϵ D_μX^I and δ_{0DX} ψ = −^1_6 Γ^{IJK} ϵ X^{IJK} . The next steps in the calculation are to insert the appropriate supersymmetry transformations, canonically reorder ψ̄ and ϵ using the spinor flip condition Eq. (A.7) and then commute the worldvolume Γ-matrices through the transverse ones. Doing all this gives

δ̃L_4 =^1_{TM 2} STr { − is_1ϵ̄Γ^{IJK} Γ^{λμ}D_ν (ψD_λX^J D_μX^K )D^ν X^I − is_2ϵ̄Γ^I Γ^{λμ}D_ν (ψD_λX^J D_μX^I )D^ν X^J − is_3ϵ̄Γ^I D_μ(ψD_ν X^J D^ν X^I )D^μX^J − is_4ϵ̄Γ^I D_μ(ψD_ν X^J D^ν X^J )D^μX^I −^i_2 f_1ϵ̄Γ^{IJK} Γ^{νλρ}Γ^μD_μψD_ν X^I D_λX^J D_ρX^K +^i_2 f_1ϵ̄Γ^{IJK} Γ^{νλρ}Γ^μψD_μ(D_ν X^I D_λX^J D_ρX^K ) −^i_2 f_2ϵ̄Γ^I Γ^λΓ^μD_μψD_λX^J D_ν X^J D^ν X^I +^i_2 f_2ϵ̄Γ^I Γ^λΓ^μψD_μ(D_λX^J D_ν X^J D^ν X^I ) −^i_2 f_3ϵ̄Γ^I Γ^λΓ^μD_μψD_λX^I D_ν X^J D^ν X^J +^i_2 f_3ϵ̄Γ^I Γ^λΓ^μψD_μ(D_λX^I D_ν X^J D^ν X^J ) −^i_2 g_1ε^{μρσ}ϵ̄Γ^I Γ_μψD_ν X^J D^ν X^J (F̃_{ρσ} X^I ) −^i_2 g_2ε^{μρσ}ϵ̄Γ^I Γ^ν ψD_μX^J D_ν X^J (F̃_{ρσ} X^I ) −^i_2 g_3ε^{μρσ}ϵ̄Γ^J Γ^ν ψD_μX^J D_ν X^I (F̃_{ρσ} X^I ) −^i_2 g_4ε^{μρσ}ϵ̄Γ^J Γ^ν ψD_μX^I D_ν X^J (F̃_{ρσ} X^I ) −^i_2 g_5ε^{μρσ}ϵ̄Γ^J Γ_μψD_ν X^J D^ν X^I (F̃_{ρσ} X^I ) −^i_2 g_6ε^{μρσ}ϵ̄Γ^J Γ_{μνλ}ψD^ν X^J D^λX^I (F̃_{ρσ} X^I ) −^i_2 g_7ε^{μρσ}ϵ̄Γ^{IJK} Γ_{μνλ}ψD^ν X^J D^λX^K (F̃_{ρσ} X^I ) −^i_2 g_8ε^{μρσ}ϵ̄Γ^{IJK} Γ^ν ψD_μX^J D_ν X^K (F̃_{ρσ} X^I ) + 4ia ϵ̄Γ^I D^μψD_μX^J D^ν X^J D_ν X^I + 4ib ϵ̄Γ^I D^μψD_μX^I D^ν X^J D_ν X^J + id̂ ϵ̄Γ^K Γ^{IJ} Γ^λΓ^μD_ν ψD_μX^I D^ν X^J D_λX^K + id̂ ϵ̄Γ^K Γ^{IJ} Γ^λΓ^μψD^ν (D_λX^K )D_μX^I D_ν X^J + iê ϵ̄Γ^J Γ^λΓ^μD^ν ψD_μX^I D_ν X^I D_λX^J − iêϵ̄Γ^J Γ^λΓ^μψD^ν (D_λX^J )D_μX^I D_ν X^I } . (3.29)

After using worldvolume Γ-matrix duality (A.4) wherever ε^{μρσ} occurs and then expanding out the Γmatrices (this has been aided by use of Cadabra [35][36]) we find the appearance of four distinct and independent types of Γ-matrix terms; Γ^{IJK} Γ^{λμ}, Γ^{IJK} , Γ^I Γ^{λμ} and Γ^I . We consider each of these types in turn.

We find the Γ^{IJK} Γ^{λμ} terms to be 1 T_{M 2} STr { + i ( −^3_2 f_1 − s_1 + d̂ ) ϵ̄Γ^{IJK} Γ^{λμ}D^ν ψD_μX^I D_ν X^J D_λX^K + i ( +^3_2 f_1 ) ϵ̄Γ^{IJK} Γ^{λμ}ψD^ν (D_μX^I D_ν X^J D_λX^K ) + i ( −2s_1 + d̂ ) ϵ̄Γ^{IJK} Γ^{λμ}ψD^ν (D_μX^I )D_ν X^J D_λX^K

+ i (−g_8) ϵ̄Γ^{IJK} Γ^{λμ}ψD_μX^I D^ν X^J (F̃_{νλ}X^K ) } . (3.30)

The first two lines combine to form a total derivative if they share the same coefficient. Hence we require −^3_2 f_1 − s_1 + d̂ = +^3_2 f_1. The two remaining terms are invariant if s_1 = +^1_2 d̂ and g_8 = 0. The value for s_1 allows us to identify f_1 = +^1_6 d̂.

The Γ^{IJK} terms are 1 T_{M 2} STr { − id̂ ϵ̄Γ^{IJK} ψD^μ(D^ν X^K )D_μX^I D_ν X^J + ig_7 ϵ̄Γ^{IJK} ψD^ν X^J D^λX^K (F̃_{νλ}X^I ) } (3.31)

=^1_{TM 2} STr { + i(−d̂ + 2g_7)ϵ̄Γ^{IJK} ψD^μ(D^ν X^K )D_μX^I D_ν X^J } , (3.32)

where we have made use of the definition F̃_{μν} X = [D_μ, D_ν ]X and relabelled dummy Lorentz indices. Invariance of the Γ^{IJK} terms then follows if g_7 = +^1_2 d̂.

After some manipulation the Γ^I Γ^{λμ} terms are 1 T_{M 2} STr { + i ( −^1_2 f_2 ) ϵ̄Γ^I Γ^{λμ}D_μψD_λX^J D_ν X^J D^ν X^I + i ( −^1_2 f_2 ) ϵ̄Γ^I Γ^{λμ}ψD_μ(D_λX^J )D_ν X^J D^ν X^I + i ( +^1_2 f_2 − d̂ ) ϵ̄Γ^I Γ^{λμ}ψD_λX^J D_μ(D_ν X^J )D^ν X^I + i ( +^1_2 f_2 + ê − s_2 ) ϵ̄Γ^I Γ^{λμ}ψD_λX^J D_ν X^J D_μ(D^ν X^I ) + i ( −^1_2 f_3 ) ϵ̄Γ^I Γ^{λμ}D_μψD_λX^I D_ν X^J D^ν X^J + i ( −^1_2 f_3 ) ϵ̄Γ^I Γ^{λμ}ψD_μ(D_λX^I )D_ν X^J D^ν X^J + i ( +^1_2 f_3 +^1_2 d̂ +^1_2 s_2 ) ϵ̄Γ^I Γ^{λμ}ψD_λX^I D_μ(D_ν X^J D^ν X^J ) + i ( −d̂ − ê − s_2 ) ϵ̄Γ^I Γ^{λμ}D^ν ψD_μX^I D_ν X^J D_λX^J + i ( +^1_2 f_2 +^1_2 g_3 +^1_2 g_4 +^1_2 g_5 ) ϵ̄Γ^I Γ^{λμ}ψ(F̃_{μλ}X^J )D^ν X^I D_ν X^J + i ( +^1_2 f_3 +^1_2 g_1 +^1_2 g_2 ) ϵ̄Γ^I Γ^{λμ}ψ(F̃_{μλ}X^I )D_ν X^J D^ν X^J + i ( −d̂ − s_2 − g_3 ) ϵ̄Γ^I Γ^{λμ}ψ(F̃_{μν} X^J )D_λX^I D^ν X^J

+ i (−ê + s_2 − g_2) ϵ̄Γ^I Γ^{λμ}ψ(F̃_{μν} X^I )D_λX^J D^ν X^J + i ( +d̂ − g_4 ) ϵ̄Γ^I Γ^{λμ}ψ(F̃_{μν} X^J )D^ν X^I D_λX^J } . (3.33)

The first seven lines can be written as two distinct total derivatives provided

−^1_2 f_2 = +^1_2 f_2 − d̂ = +^1_2 f_2 + ê − s_2 , (3.34)

−^1_2 f_3 = +^1_2 f_3 +^1_2 d̂ +^1_2 s_2 . (3.35)

The remaining terms vanish if

0 = − d̂ − ê − s_2 , (3.36)

0 = +^1_2 f_2 +^1_2 g_3 +^1_2 g_4 +^1_2 g_5 , (3.37)

0 = +^1_2 f_3 +^1_2 g_1 +^1_2 g_2 , (3.38)

0 = − d̂ − s_2 − g_3 , (3.39) 0 = − ê + s_2 − g_2 , (3.40)

0 = + d̂ − g_4 . (3.41)

The solution to these simultaneous equations is

f_2 = +d̂ , f_3 = −^1_2 d̂ , s_2 = 0 , ê = −d̂ , (3.42) g_1 = −^1_2 d̂ , g_2 = +d̂ , g_3 = −d̂ , g_4 = +d̂ , g_5 = −d̂ . (3.43) Finally, the Γ^I terms can be manipulated to arrive at 1 T_{M 2} STr { + i ( −^1_2 f_2 − s_3 + 4a − d̂ + ê ) ϵ̄Γ^I D^μψD^ν X^I D_μX^J D_ν X^J + i ( +^1_2 f_2 − s_3 − ê ) ϵ̄Γ^I ψD^μ(D^ν X^I )D_μX^J D_ν X^J + i ( +^1_2 f_2 ) ϵ̄Γ^I ψD^ν X^I D^μ(D_μX^J )D_ν X^J + i ( +^1_2 f_2 − s_3 − g_6 − d̂ ) ϵ̄Γ^I ψD^ν X^I D_μX^J D^μ(D_ν X^J ) + i ( −^1_2 f_3 − s_4 + 4b + d̂ ) ϵ̄Γ^I D^μψD_μX^I D_ν X^J D^ν X^J + i ( +^1_2 f_3 ) ϵ̄Γ^I ψD^μ(D_μX^I )D_ν X^J D^ν X^J + i ( +^1_2 f_3 − s_4 +^1_2 g_6 +^1_2 d̂ ) ϵ̄Γ^I ψD_μX^I D^μ(D_ν X^J D^ν X^J ) } . (3.44)

We see that the first four lines combine to form a total derivative if −^1_2 f_2 − s_3 + 4a − d̂ + ê = +^1_2 f_2 − s_3 − ê = +^1_2 f_2 = +^1_2 f_2 − s_3 − g_6 − d̂ . (3.45) The last three lines form another total derivative provided −^1_2 f_3 − s_4 + 4b + d̂ = +^1_2 f_3 = +^1_2 f_3 − s_4 +^1_2 g_6 +^1_2 d̂ . (3.46) Using the values for f_2, f_3 and ê in Eq. (3.42) we can solve these latest simultaneous equations to discover s_3 = +d̂ , s_4 = −^1_2 d̂ , g_6 = −2d̂ , a = +d̂ , b = −^1_2 d̂ . (3.47)

To summarise, the four covariant derivative terms L̃_4 are invariant up to boundary terms if the coefficients in the Lagrangian and supersymmetry transformations are given by a = +d̂ , b = −^1_2 d̂ , ê = −d̂ , (3.48)

f_1 = +^1_6 d̂ , f_2 = +d̂ , f_3 = −^1_2 d̂ , (3.49) s_1 = +^1_2 d̂ , s_2 = 0 , s_3 = +d̂ , s_4 = −^1_2 d̂ , (3.50) g_1 = −^1_2 d̂ , g_2 = +d̂ , g_3 = −d̂ , g_4 = +d̂ , g_5 = −d̂ , g_6 = −2d̂ , g_7 = +^1_2 d̂ , g_8 = 0 . (3.51) The coefficients in Eqs. (3.49) and (3.50) satisfy the relations previously found by Low [29].

We now consider the terms in δ^′L_{BLG} + δL_{1/TM 2} which contain a total of three covariant derivatives. These are,

δ̃L_3 =^1_{TM 2} STr { − D_μ(δ^′_{1DX} X^I )D^μX^I + δ^′_{2DX}Ã_μX^I D^μX^I +^i_2 δ^′_{2DX} ψ̄Γ^μD_μψ +^i_2 ψ̄Γ^μD_μ(δ^′_{2DX} ψ) +^i_4 δ^′_{3DX} ψ̄Γ_{IJ} [X^I , X^J , ψ] +^i_4 ψ̄Γ_{IJ} [X^I , X^J , δ^′_{3DX} ψ] +^1_2 ε^{μρσ} F_{ρσ} δ^′_{1DX}Ã_μ − 4a δÃ^μX^I D_μX^J D^ν X^J D_ν X^I − 4b δÃ^μX^I D_μX^I D^ν X^J D_ν X^J + 3c ε^{μνλ} [δX^I , X^J , X^K ]D_μX^I D_ν X^J D_λX^K + 3c ε^{μνλ} X^{IJK} D_μ(δX^I )D_ν X^J D_λX^K + id̂ δ_{0DX}ψ̄Γ_μΓ^{IJ} D_ν ψD^μX^I D^ν X^J + id̂ ψ̄Γ_μΓ^{IJ} D_ν (δ_{0DX} ψ)D^μX^I D^ν X^J

+ iê δ_{0DX}ψ̄Γ_μD^ν ψD^μX^I D_ν X^I + iê ψ̄Γ_μD^ν (δ_{0DX} ψ)D^μX^I D_ν X^I + if̂ δ_{1DX}ψ̄Γ^{IJKL}D_ν ψ X^{IJK} D^ν X^L + if̂ ψ̄Γ^{IJKL}D_ν (δ_{1DX} ψ)X^{IJK} D^ν X^L + iĝ δ_{1DX}ψ̄Γ^{IJ} D_ν ψ X^{IJK} D^ν X^K + iĝ ψ̄Γ^{IJ} D_ν (δ_{1DX} ψ)X^{IJK} D^ν X^K + iĥ δ_{1DX}ψ̄Γ^{IJ} [X^J , X^K , ψ]D^μX^I D_μX^K + iĥ ψ̄Γ^{IJ} [X^J , X^K , δ_{1DX} ψ]D^μX^I D_μX^K + iî δ_{1DX}ψ̄Γ^{μν} [X^I , X^J , ψ]D_μX^I D_ν X^J + iî ψ̄Γ^{μν} [X^I , X^J , δ_{1DX} ψ]D_μX^I D_ν X^J + iĵ δ_{1DX}ψ̄Γ_{μν} Γ^{IJ} [X^J , X^K , ψ]D^μX^I D^ν X^K + iĵ ψ̄Γ_{μν} Γ^{IJ} [X^J , X^K , δ_{1DX} ψ]D^μX^I D^ν X^K } . (3.52)

Once again we insert the appropriate supersymmetry transformations, canonically reorder ψ̄ and ϵ using the spinor flip condition Eq. (A.7) and then commute the worldvolume Γ-matrices through the transverse ones. The result is 1 T_{M 2} STr { − is_5ϵ̄Γ^{IJKLM} Γ^μD^ν (ψD_μX^J X^{KLM} )D_ν X^I − is_6ϵ̄Γ^{KLM} Γ^μD^ν (ψD_μX^I X^{KLM} )D_ν X^I − is_7ϵ̄Γ^{JLM} Γ^μD^ν (ψD_μX^J X^{ILM} )D_ν X^I − is_8ϵ̄Γ^{ILM} Γ^μD^ν (ψD_μX^J X^{JLM} )D_ν X^I − is_9ϵ̄Γ^M Γ^μD^ν (ψD_μX^J X^{IJM} )D_ν X^I − ig_1ϵ̄Γ^J Γ^μψ[X^J , X^I , D^μX^I ]D_ν X^K D^ν X^K − ig_2ϵ̄Γ^J Γ^ν ψ[X^J , X^I , D^μX^I ]D_μX^K D_ν X^K − ig_3ϵ̄Γ^J Γ^ν ψ[X^K , X^I , D^μX^I ]D_μX^J D_ν X^K − ig_4ϵ̄Γ^J Γ^ν ψ[X^K , X^I , D^μX^I ]D_μX^K D_ν X^J − ig_5ϵ̄Γ^J Γ^μψ[X^K , X^I , D_μX^I ]D_ν X^J D^ν X^K − ig_6ϵ̄Γ^J Γ^{μνλ}ψ[X^K , X^I , D_μX^I ]D_ν X^J D_λX^K − ig_7ϵ̄Γ^{JKL}Γ^{μνλ}ψ[X^J , X^I , D_μX^I ]D_ν X^K D_λX^L − ig_8ϵ̄Γ^{JKL}Γ^ν ψ[X^J , X^I , D^μX^I ]D_μX^K D_ν X^L +^i_2 f_4ϵ̄Γ^{IJKLM} Γ^{νλ}Γ^μD_μψD_ν X^I D_λX^J X^{KLM} −^i_2 f_4ϵ̄Γ^{IJKLM} Γ^{νλ}Γ^μψD_μ(D_ν X^I D_λX^J X^{KLM} ) −^i_2 f_5ϵ̄Γ^{KLM} Γ^{νλ}Γ^μD_μψD_ν X^J D_λX^K X^{JLM} +^i_2 f_5ϵ̄Γ^{KLM} Γ^{νλ}Γ^μψD_μ(D_ν X^J D_λX^K X^{JLM} ) +^i_2 f_6ϵ̄Γ^M Γ^{νλ}Γ^μD_μψD_ν X^J D_λX^K X^{JKM} −^i_2 f_6ϵ̄Γ^M Γ^{νλ}Γ^μψD_μ(D_ν X^J D_λX^K X^{JKM} ) +^i_2 f_7ϵ̄Γ^{KLM} Γ^μD_μψD_ν X^J D^ν X^J X^{KLM} −^i_2 f_7ϵ̄Γ^{KLM} Γ^μψD_μ(D_ν X^J D^ν X^J X^{KLM} ) +^i_2 f_8ϵ̄Γ^{KLM} Γ^μD_μψD_ν X^J D^ν X^K X^{JLM} −^i_2 f_8ϵ̄Γ^{KLM} Γ^μψD_μ(D_ν X^J D^ν X^K X^{JLM} ) −^i_4 f_1ϵ̄Γ^{KLM} Γ^{IJ} Γ^{μνλ}[X^I , X^J , ψ]D_μX^K D_ν X^LD_λX^M +^i_4 f_1ϵ̄Γ^{KLM} Γ^{IJ} Γ^{μνλ}ψ[X^I , X^J , D_μX^K D_ν X^LD_λX^M ] −^i_4 f_2ϵ̄Γ^K Γ^{IJ} Γ^μ[X^I , X^J , ψ]D_μX^LD_ν X^LD^ν X^K +^i_4 f_2ϵ̄Γ^K Γ^{IJ} Γ^μψ[X^I , X^J , D_μX^LD_ν X^LD^ν X^K ] −^i_4 f_3ϵ̄Γ^K Γ^{IJ} Γ^μ[X^I , X^J , ψ]D_μX^K D_ν X^LD^ν X^L +^i_4 f_3ϵ̄Γ^K Γ^{IJ} Γ^μψ[X^I , X^J , D_μX^K D_ν X^LD^ν X^L] +^i_2 g_9ε^{μρσ}ϵ̄Γ^{KLM} Γ_{μν} ψD^ν X^I X^{KLM} (F̃_{ρσ} X^I ) +^i_2 g_{10}ε^{μρσ}ϵ̄Γ^{JLM} Γ_{μν} ψD^ν X^J X^{ILM} (F̃_{ρσ} X^I ) +^i_2 g_{11}ε^{μρσ}ϵ̄Γ^M Γ_{μν} ψD^ν X^J X^{IJM} (F̃_{ρσ} X^I ) +^i_2 g_{12}ε^{μρσ}ϵ̄Γ^{KLM} ψD_μX^I X^{KLM} (F̃_{ρσ} X^I ) +^i_2 g_{13}ε^{μρσ}ϵ̄Γ^{JLM} ψD_μX^J X^{ILM} (F̃_{ρσ} X^I ) +^i_2 g_{14}ε^{μρσ}ϵ̄Γ^M ψD_μX^J X^{IJM} (F̃_{ρσ} X^I ) − 4ia ϵ̄Γ^K Γ^μ[X^K , X^I , ψ]D_μX^J D^ν X^J D_ν X^I − 4ib ϵ̄Γ^K Γ^μ[X^K , X^I , ψ]D_μX^I D^ν X^J D_ν X^J + 3ic ε^{μνλ} ϵ̄Γ^I [ψ, X^J , X^K ]D_μX^I D_ν X^J D_λX^K + 3ic ε^{μνλ} ϵ̄Γ^I D_μψD_ν X^J D_λX^K X^{IJK} −^{id̂}_6 ϵ̄Γ^{KLM} Γ^{IJ} Γ^μD_ν ψD_μX^I D^ν X^J X^{KLM} −^{id̂}_6 ϵ̄Γ^{KLM} Γ^{IJ} Γ^μψD_ν (X^{KLM} )D_μX^I D^ν X^J −^{iê}_6 ϵ̄Γ^{KLM} Γ^μD^ν ψD_μX^I D_ν X^I X^{KLM} +^{iê}_6 ϵ̄Γ^{KLM} Γ^μψD^ν (X^{KLM} )D_μX^I D_ν X^I + if̂ ϵ̄Γ^M Γ^{IJKL}Γ^μD_ν ψX^{IJK} D^ν X^LD_μX^M + if̂ ϵ̄Γ^M Γ^{IJKL}Γ^μψD_ν (D_μX^M )X^{IJK} D^ν X^L + iĝ ϵ̄Γ^LΓ^{IJ} Γ^μD_ν ψX^{IJK} D^ν X^K D_μX^L − iĝ ϵ̄Γ^LΓ^{IJ} Γ^μψD_ν (D_μX^L)X^{IJK} D^ν X^K + iĥ ϵ̄Γ^LΓ^{IJ} Γ^μ[X^J , X^K , ψ]D^ν X^I D_ν X^K D_μX^L − iĥ ϵ̄Γ^LΓ^{IJ} Γ^μψ[X^J , X^K , D_μX^L]D^ν X^I D_ν X^K + iî ϵ̄Γ^K Γ^λΓ^{μν} [X^I , X^J , ψ]D_μX^I D_ν X^J D_λX^K − iî ϵ̄Γ^K Γ^λΓ^{μν} ψ[X^I , X^J , D_λX^K ]D_μX^I D_ν X^J

+ iĵ ϵ̄Γ^LΓ^{IJ} Γ^λΓ^{μν} [X^J , X^K , ψ]D_μX^I D_ν X^K D_λX^L

+ iĵ ϵ̄Γ^LΓ^{IJ} Γ^λΓ^{μν} ψ[X^J , X^K , D_λX^L]D_μX^I D_ν X^K } . (3.53)

We have omitted the calculations due to their length however, after using worldvolume dualisation and performing the Γ-matrix algebra to we find all the terms in δ̃L_3 can be assembled into total derivatives or made to vanish through the gauge invariance condition in Eq. (3.2). As in δ̃L_4, this requires the coefficients to satisfy certain constraints. Using the coefficient data from δ̃L_4 we can solve these additional simultaneous equations to find that δ̃L_3 is invariant if

c = +^2_3 d̂ , f̂ = +^1_6 d̂ , ĝ = −^1_2 d̂ , ĥ = +d̂ , î = −d̂ , ĵ = −d̂ , (3.54)

f_4 = +^1_{12} d̂ , f_5 = 0 , f_6 = −^3_2 d̂ , f_7 = −^1_{12} d̂ , f_8 = +^1_2 d̂ , (3.55)

s_5 = +^1_6 d̂ , s_6 = 0 , s_7 = 0 , s_8 = 0 , s_9 = +d̂ , (3.56)

g_9 = 0 , g_{10} = +^1_2 d̂ , g_{11} = 0 , g_{12} = 0 , g_{13} = 0 , g_{14} = +d̂ . (3.57)

Demonstrating invariance of the terms δ̃L_2, δ̃L_1 and δ̃L_0 proceeds analogously to δ̃L_4 and δ̃L_3 only now the presence of two or more 3-brackets means we can manipulate terms using the fundamental identity Eq. (2.4) as well as the A_4 identities in Eqs. (3.6) and (3.7). We find invariance of δ̃L_2 is achieved if, d = +d̂ , e = −^1_6 d̂ , k̂ = +^1_2 d̂ , l̂ = −^1_2 d̂ , n̂ = −^1_2 d̂ , (3.58)

f_9 = −^1_{12} d̂ , f_{10} = +^1_2 d̂ , (3.59)

s_{10} = −^1_{12} d̂ , s_{11} = +^1_2 d̂ , (3.60)

g_{15} = −^1_{12} d̂ . (3.61)

The additional constraints from invariance of the δ̃L_1 terms are p̂ = −^1_4 d̂ and f_{11} = +^1_{72} d̂ whilst the δ̃L_0 terms require f = +^1_{72} d̂.

We have been able to determine all the arbitrary coefficients in the order 1/T_{M2} Lagrangian and supersymmetry transformations up to a scale factor parametrised by d̂. The numerical value for d̂ can be fixed by reference to the action for a single M2-brane in Eq. (1.2). We have seen in moving from a single M2-brane to multiple M2-branes the lowest order scalar kinetic terms are generalised as

−^1_2 ∂_μX^I ∂^μX^I → Tr ( −^1_2 D_μX^I D^μX^I ) . (3.62)

It seems reasonable that the 1/T_{M2} corrections in Eq. (1.2) have a similar generalisation so that 1 T_{M 2} ( +^1_4 ∂_μX^I ∂^μX^J ∂_ν X^I ∂^ν X^J −^1_8 ∂_μX^I ∂^μX^I ∂_ν X^J ∂^ν X^J )

→^1_{TM 2} STr ( +^1_4 D_μX^I D^μX^J D_ν X^I D^ν X^J −^1_8 D_μX^I D^μX^I D_ν X^J D^ν X^J ) . (3.63)

Thus, comparing with the 1/T_{M2} ansatz in Eq. (3.8) we find a = +d̂ = +^1_4 and b = −^1_2 d̂ = −^1_8 which implies d̂ = +^1_4 . Having fixed the scale parameter the remaining numerical values of the coefficients are^3,

s_1 = +^1_8 , f_1 = +^1_{24} , g_1 = −^1_8 , a = +^1_4 , s_2 = 0 , f_2 = +^1_4 , g_2 = +^1_4 , b = −^1_8 ,

3In comparing our results for the Lagrangian coefficients to those of [24] we find some differences: although the values for the coefficients a, b, d-f and d̂-ĝ match, in [24] non-zero values are assigned to m̂ and ô whereas we have found they should be dropped from the A_4 Lagrangian. For the remaining coefficients, c and ĥ-p̂, we find the absolute values match but that there is disagreement over signs.

s_3 = +^1_4 , f_3 = −^1_8 , g_3 = −^1_4 , c = +^1_6 , s_4 = −^1_8 , f_4 = +^1_{48} , g_4 = +^1_4 , d = +^1_4 , s_5 = +^1_{24} , f_5 = 0 , g_5 = −^1_4 , e = −^1_{24} , s_6 = 0 , f_6 = −^3_8 , g_6 = −^1_2 , f = +^1_{288} , s_7 = 0 , f_7 = −^1_{48} , g_7 = +^1_8 , d̂ = +^1_4 , s_8 = 0 , f_8 = +^1_8 , g_8 = 0 , ê = −^1_4 , s_9 = +^1_4 , f_9 = −^1_{48} , g_9 = 0 f̂ = +^1_{24} , (3.64) s_{10} = −^1_{48} , f_{10} = +^1_8 , g_{10} = +^1_8 , ĝ = −^1_8 , s_{11} = +^1_8 , f_{11} = +^1_{288} , g_{11} = 0 , ĥ = +^1_4 , g_{12} = 0 , î = −^1_4 , g_{13} = 0 , ĵ = −^1_4 , g_{14} = +^1_4 , k̂ = +^1_8 , g_{15} = −^1_{48} , l̂ = −^1_8 , n̂ = −^1_8 , p̂ = −^1_{16} .

3.2 Closure of the Superalgebra

We have seen that the higher derivative corrected Euclidean BLG theory is invariant under our supersymmetry ansatz. However, for a truly supersymmetric theory the supersymmetry transformations must close on-shell on to translations and gauge transformations. In this section we show the superalgebra does indeed close for the coefficients listed in Eq. (3.64). In the absence of cubic fermion terms in δ^′X^I_a and δ^′Ã_μ^b_a and quadratic fermions in δ^′ψ_a we are unable to close on the fermion field.

We present only our results as the detailed calculations are long. Our methodology in the closure calculations is the same for both the scalar and gauge fields and we detail it here. We first separate out certain terms according to their number of covariant derivatives and then insert the relevant supersymmetry transformations. Next, we use the relation {Γ^μ, Γ^I } = 0 to group all worldvolume Γ-matrices together and then expand them out using the Clifford algebra relation. Following this, we perform the (1 ↔ 2) anti-symmetrisation in the supersymmetry parameters making heavy use of Eq. (A.8). The transverse Γ-matrix algebra is performed next and our calculations have again been helped by using the symbolic computer package Cadabra [35][36]. Finally, we simplify the remaining expressions wherever possible using the identities in Eqs. (3.22) and (3.23).

3.2.1 Closure on the Scalar Fields

The full supersymmetry transformations can be written as δ̃ = δ + δ^′ where δ are the lowest order variations and δ^′ are the 1/T_{M2} corrections. Closure on the scalars then takes the form

[δ̃_1, δ̃_2]X^I_a = [δ_1, δ_2]X^I_a + (δ_1δ^′_2 + δ^′_1δ_2)X^I_a − (δ_2δ^′_1 + δ^′_2δ_1)X^I_a + [δ^′_1, δ^′_2]X^I_a . (3.65)

The lowest order commutator, [δ_1, δ_2]X^I_a , closes on to translations and gauge transformations [3] as we have seen previously. The commutator [δ^′_1, δ^′_2]X^I_a is O(T^{−2}_{M2}) and can be ignored because we are not considering the T^{−2}_{M2} corrections to the supersymmetry transformations. The remaining mixed terms, (δ_1δ^′_2 + δ^′_1δ_2)X^I_a − (δ_2δ^′_1 + δ^′_2δ_1)X^I_a , are the focus of this section and must be zero for the algebra to close. As closing on the scalar field does not involve use of the equation of motion the mixed terms must be zero either through symmetry arguments or by constraining the coefficients to be zero. Performing the supervariations we find that the resulting terms can be grouped according to the number of covariant derivatives they contain. To begin, we consider terms which involve three covariant derivatives, T_{M2} (δ_1δ^′_2X^I_a + δ^′_1δ_2X^I_a )_{3DX} − (1 ↔ 2) = + i(6f_1 − 2s_1 − 2s_2)(ϵ̄_2Γ^{JK} Γ^{μνλ}ϵ_1)D_μX^I_b D_ν X^J_c D_λX^K_d d^{bcd}_a + i(2f_2 + 2s_2 − 2s_3)(ϵ̄_2Γ^μϵ_1)D_μX^J_b D_ν X^I_c D^ν X^J_d d^{bcd}_a + i(2f_3 − 2s_2 − 2s_4)(ϵ̄_2Γ^μϵ_1)D_μX^I_b D_ν X^J_c D^ν X^J_d d^{bcd}_a . (3.66) Closure requires each of these terms is zero. Hence, f_1 = +^1_3 s_1 +^1_3 s_2 , f_2 = −s_2 + s_3 , f_3 = +s_2 + s_4 . (3.67) Next, we consider terms which involve two covariant derivatives,

T_{M2} (δ_1δ^′_2X^I_a + δ^′_1δ_2X^I_a )_{2DX} − (1 ↔ 2) = + i(6f_4 − s_1 + 2s_7)(ϵ̄_2Γ^{JKLM} Γ^{μν} ϵ_1)D_μX^J_b D_ν X^K_c X^{ILM}_d d^{bcd}_a + i(4f_4 −^1_3 s_2 − 2s_5 − 2s_6)(ϵ̄_2Γ^{JKLM} Γ^{μν} ϵ_1)D_μX^I_b D_ν X^J_c X^{KLM}_d d^{bcd}_a + i(2f_5 + 2s_1 − 6s_5 + 2s_8)(ϵ̄_2Γ^{IKLM} Γ^{μν} ϵ_1)D_μX^J_b D_ν X^K_c X^{JLM}_d d^{bcd}_a + i(2f_6 + 2s_1 + 2s_9)(ϵ̄_2Γ^{μν} ϵ_1)D_μX^J_b D_ν X^K_c X^{IJK}_d d^{bcd}_a + i(6f_7 − s_4 + 2s_7)(ϵ̄_2Γ^{JK} ϵ_1)D_μX^L_b D^μX^L_c X^{IJK}_d d^{bcd}_a + i(2f_8 − s_3 + 6s_6 + 2s_8)(ϵ̄_2Γ^{KL}ϵ_1)D_μX^I_b D^μX^J_c X^{JKL}_d d^{bcd}_a + i(−4f_8 + 4s_7 + 2s_9)(ϵ̄_2Γ^{KL}ϵ_1)D^μX^J_b D_μX^L_c X^{IJK}_d d^{bcd}_a . (3.68) These two derivatives terms are then zero if f_4 =^1_6 s_1 −^1_3 s_7 , f_4 =^1_{12} s_2 +^1_2 s_5 +^1_2 s_6 , (3.69) f_5 = −s_1 + 3s_5 − s_8 , f_6 = −s_1 − s_9 , f_7 =^1_6 s_4 −^1_3 s_7 , (3.70) f_8 =^1_2 s_3 − 3s_6 − s_8 , f_8 = s_7 +^1_2 s_9 . (3.71) The terms which involve a single covariant derivative are

T_{M2} (δ_1δ^′_2X^I_a + δ^′_1δ_2X^I_a )_{1DX} − (1 ↔ 2) = + i(2f_9 − 2s_6 − 2s_{10})(ϵ̄_2Γ^μϵ_1)D_μX^I_b X^{JKL}_c X^{JKL}_d d^{bcd}_a

+ i(2f_{10} − 2s_7 − 2s_8 − 2s_{11})(ϵ̄_2Γ^μϵ_1)D_μX^J_b X^{IKL}_c X^{JKL}_d d^{bcd}_a . (3.72) Closure requires f_9 = s_6 + s_{10} , f_{10} = s_7 + s_8 + s_{11} . (3.73) Finally, we consider those terms which contain no covariant derivatives, T_{M2} (δ_1δ^′_2X^I_a + δ^′_1δ_2X^I_a )_{0DX} − (1 ↔ 2) = + i ( 6f_{11} − s_{10} −^1_3 s_{11} ) (ϵ̄_2Γ^{JK} ϵ_1)X^{IJK}_b X^{LMN}_c X^{LMN}_d d^{bcd}_a , (3.74) and we require f_{11} =^1_6 s_{10} +^1_{18} s_{11} . (3.75) It is easily verified that the conditions for closure are satisfied when the f and s coefficients take the values found in Eq. (3.64).

3.2.2 Closure on the Gauge Fields Closing the algebra on Ã_μ gives

[δ̃_1, δ̃_2]Ã_μ^b_a = [δ_1, δ_2]Ã_μ^b_a + (δ_1δ^′_2 + δ^′_1δ_2)Ã_μ^b_a − (δ_2δ^′_1 + δ^′_2δ_1)Ã_μ^b_a + [δ^′_1, δ^′_2]Ã_μ^b_a . (3.76)

As for the scalar field, the terms in [δ^′_1, δ^′_2]Ã_μ^b_a can be ignored. The lowest order terms may be written as [δ_1, δ_2]Ã_μ^b_a = + 2i(ϵ̄_2Γ^ν ϵ_1)ε_{μνλ}

(_1 2 ε^{ρσλ}F̃_{ρσ}^b_a + E_{Aλ}a_b ) − 2i(ϵ̄_2Γ_{IJ} ϵ_1)X^I_c D_μX^J_d f^{cdb}_a , (3.77)

where E_{Aλ}a_b is the lowest order gauge field equation of motion. From the presence of covariant derivatives in the higher derivative Lagrangian it follows that the gauge field equation of motion picks up 1/T_{M2} corrections. Hence for on-shell closure we require the mixed terms make the following contribution to the higher order equation of motion

(δ_1δ^′_2 + δ^′_1δ_2)Ã_μ^b_a − (1 ↔ 2) = +^{2i}_{TM 2} (ϵ̄_2Γ^ν ϵ_1)ε_{μνλ}E^′_{Aλ}a_b (3.78) = +^{2i}_{TM 2} (ϵ̄_2Γ^ν ϵ_1)ε_{μνλ} ( + 4a D^λX^J_e D^ρX^J_f D_ρX^I_g X^I_c + 4bD^λX^I_e D^ρX^J_f D_ρX^J_g X^I_c ) d^{ef g}_df^{cdb}_a +^{2i}_{TM 2} (ϵ̄_2Γ^ν ϵ_1)ε_{μνλ} ( + 3c ε^{ρσλ}D_ρX^J_e D_σX^K_f X^{IJK}_g X^I_c ) d^{ef g}_df^{cdb}_a +^{2i}_{TM 2} (ϵ̄_2Γ^ν ϵ_1)ε_{μνλ} ( + (_2 3 d + 2e ) D^λX^I_e X^{JKL}_f X^{JKL}_g X^I_c ) d^{ef g}_df^{cdb}_a + O(ψ^2) , (3.79)

with all others terms in (δ_1δ^′_2 + δ^′_1δ_2)Ã_μ^b_a − (1 ↔ 2) being zero. Once again, the closure terms can be neatly split according to their number of covariant derivatives. We first consider terms which involve three covariant derivatives,

T_{M2} (δ_1δ^′_2Ã_μ^b_a + δ^′_1δ_2Ã_μ^b_a)_{3DX} − (1 ↔ 2) = + i(2f_2 − 2g_5 − 2g_6)ε_{μνλ}(ϵ̄_2Γ^ν ϵ_1)X^I_c D^ρX^I_e D^λX^J_f D_ρX^J_g d^{ef g}_df^{cdb}_a + i(2f_3 − 2g_1 + 2g_6)ε_{μνλ}(ϵ̄_2Γ^ν ϵ_1)X^I_c D^λX^I_e D_ρX^J_f D^ρX^J_g d^{ef g}_df^{cdb}_a + i(−2g_2 + 2g_3 − 2g_6)ε_{νλρ}(ϵ̄_2Γ^ν ϵ_1)X^I_c D^λX^I_e D_μX^J_f D^ρX^J_g d^{ef g}_df^{cdb}_a + i(−2g_3 + 2g_5 − 2g_8)(ϵ̄_2Γ^{JK} ϵ_1)D_μX^J_e D_ν X^K_f D^ν X^I_g X^I_c d^{ef g}_df^{cdb}_a + i(−6f_1 + 2g_7 + 2g_8)ε^{νλρ}(ϵ̄_2Γ^{IJKL}Γ_ρϵ_1)X^I_c D_μX^J_e D_ν X^K_f D_λX^L_g d^{ef g}_df^{cdb}_a + i(2f_3 − 2g_1 − 2g_8)(ϵ̄_2Γ^{IJ} ϵ_1)X^I_c D_μX^J_e D_ν X^K_f D^ν X^K_g d^{ef g}_df^{cdb}_a + i(2f_2 − 2g_2 + 2g_8)(ϵ̄_2Γ^{IK} ϵ_1)X^I_c D_μX^J_e D_ν X^J_f D^ν X^K_g d^{ef g}_df^{cdb}_a . (3.80) The first and second terms form part of the higher derivative equation of motion and after comparing with Eq. (3.79) we find 2f_2 − 2g_5 − 2g_6 = 8a , 2f_3 − 2g_1 + 2g_6 = 8b . (3.81) The remaining coefficients must be zero for closure of the superalgebra. Hence, f_1 =^1_3 g_7 +^1_3 g_8 , f_2 = g_2 − g_8 , f_3 = g_1 + g_8 , (3.82) g_2 − g_3 + g_6 = 0 , g_3 − g_5 + g_8 = 0 . (3.83) Next we consider terms which involve two covariant derivatives,

T_{M2} (δ_1δ^′_2Ã_μ^b_a + δ^′_1δ_2Ã_μ^b_a)_{2DX} − (1 ↔ 2)

= + i(4f_6 + 2g_8 − 2g_{11} − 2g_{14})(ϵ̄_2Γ^ν ϵ_1)X^I_c D_μX^J_e D_ν X^K_f X^{IJK}_g d^{ef g}_df^{cdb}_a + i(2f_5 + 2f_6 − g_6 + 2g_7 + 6g_9)ε_{μνλ}(ϵ̄_2Γ^{KL}ϵ_1)X^I_c D^ν X^I_e D^λX^J_f X^{JKL}_g d^{ef g}_df^{cdb}_a + i(4f_5 + 4g_7 − 4g_{10} + 2g_{11})ε_{μνλ}(ϵ̄_2Γ^{KL}ϵ_1)X^I_c D^ν X^J_e D^λX^L_f X^{IJK}_g d^{ef g}_df^{cdb}_a + i(2f_8 + g_5 − 6g_9)(ϵ̄_2Γ_μΓ^{IJKL}ϵ_1)X^I_c D^ν X^J_e D_ν X^M_f X^{KLM}_g d^{ef g}_df^{cdb}_a + i(12f_4 − 2f_5 + g_3 − g_8 + 6g_9)(ϵ̄_2Γ^ν Γ^{IJLM} ϵ_1)X^I_c D_μX^J_e D_ν X^K_f X^{KLM}_g d^{ef g}_df^{cdb}_a + i(−12f_4 + 2f_5 + g_4 + g_8 − 6g_{12})(ϵ̄_2Γ^ν Γ^{IJKL}ϵ_1)X^I_c D_ν X^J_e D_μX^M_f X^{KLM}_g d^{ef g}_df^{cdb}_a + i(12f_4 − g_8 − 2g_{10} − 2g_{13})(ϵ̄_2Γ^ν Γ^{JKLM} ϵ_1)X^I_c D_μX^J_e D_ν X^K_f X^{ILM}_g d^{ef g}_df^{cdb}_a . (3.84) The first term contributes to the gauge field equation of motion. After multiplying out the ε-tensors in Eq. (3.79) we find that closure on-shell requires 4f_6 + 2g_8 − 2g_{11} − 2g_{14} = −12c . (3.85) The remaining terms are zero provided f_4 =^1_{12} g_8 +^1_6 g_{10} +^1_6 g_{13} , (3.86) 6f_4 − f_5 = −^1_2 g_3 +^1_2 g_8 − 3g_9 , 6f_4 − f_5 =^1_2 g_4 +^1_2 g_8 − 3g_{12} , (3.87) f_5 = −g_7 + g_{10} −^1_2 g_{11} , (3.88) f_5 + f_6 =^1_2 g_6 − g_7 − 3g_9 , f_8 = −^1_2 g_5 + 3g_9 . (3.89) The terms which involve a single covariant derivative are

T_{M2} (δ_1δ^′_2Ã_μ^b_a + δ^′_1δ_2Ã_μ^b_a)_{1DX} − (1 ↔ 2) = + i(2f_9 +^2_3 f_{10} + 2g_9 +^2_3 g_{10} − 2g_{15})(ϵ̄_2Γ^ν ϵ_1)ε_{μνλ}D^λX^I_e X^{JKL}_f X^{JKL}_g X^I_c d^{ef g}_df^{cdb}_a + i(2f_9 −^2_3 g_{13} − 2g_{15})(ϵ̄_2Γ^{IJ} ϵ_1)D_μX^J_e X^{KLM}_f X^{KLM}_g X^I_c d^{ef g}_df^{cdb}_a + i(2f_{10} + 2g_{13} − g_{14})(ϵ̄_2Γ^{LM} ϵ_1)D_μX^J_e X^{IJK}_f X^{KLM}_g X^I_c d^{ef g}_df^{cdb}_a .

The first term forms part of the gauge field equation of motion. Comparing with Eq. (3.79) we see that 2f_9 +^2_3 f_{10} + 2g_9 +^2_3 g_{10} − 2g_{15} = +^4_3 d + 4e . (3.90) The remaining coefficients must be zero hence, f_9 =^1_3 g_{13} + g_{15} , f_{10} = −g_{13} +^1_2 g_{14} . (3.91) Next we consider terms which involve no covariant derivatives,

T_{M2} (δ_1δ^′_2Ã_μ^b_a + δ^′_1δ_2Ã_μ^b_a)_{0DX} − (1 ↔ 2) = + i ( 2f_{11} −^1_3 g_{15} ) (ϵ̄_2Γ_μΓ^{IJKL}ϵ_1)X^{JKL}_e X^{MNO}_f X^{MNO}_g X^I_c d^{ef g}_df^{cdb}_a . (3.92) At first sight we should take the coefficient to be zero however, using the identity (3.23) we can show that the term is zero independently of its coefficient and consequently this part of algebra closes automatically.

Once more it is easy to verify that all the gauge field closure conditions are satisfied by the coefficients listed in Eq. (3.64).

3.3 Summary of Results

In summary, we have found that the maximally supersymmetric higher derivative corrected Lagrangian of the A_4 BLG theory, to lowest non-trivial order in fermions, is

L = L_{BLG} +^1_{TM 2} STr { +^1_4 D^μX^I D_μX^J D^ν X^J D_ν X^I −^1_8 D^μX^I D_μX^I D^ν X^J D_ν X^J +^1_6 ε^{μνλ} X^{IJK} D_μX^I D_ν X^J D_λX^K +^1_4 X^{IJK} X^{IJL}D^μX^K D_μX^L −^1_{24} X^{IJK} X^{IJK} D^μX^LD_μX^L +^1_{288} X^{IJK} X^{IJK} X^{LMN} X^{LMN} +^i_4 ψ̄Γ^μΓ^{IJ} D^ν ψD_μX^I D_ν X^J −^i_4 ψ̄Γ^μD^ν ψD_μX^I D_ν X^I +^i_{24} ψ̄Γ^{IJKL}D^ν ψ X^{IJK} D_ν X^L −^i_8 ψ̄Γ^{IJ} D^ν ψ X^{IJK} D_ν X^K +^i_4 ψ̄Γ^{IJ} [X^J , X^K , ψ]D^μX^I D_μX^K −^i_4 ψ̄Γ^{μν} [X^I , X^J , ψ]D_μX^I D_ν X^J −^i_4 ψ̄Γ^{μν} Γ^{IJ} [X^J , X^K , ψ]D_μX^I D_ν X^K +^i_8 ψ̄Γ^μΓ^{IJ} [X^K , X^L, ψ]D_μX^I X^{JKL} −^i_8 ψ̄Γ^μ[X^I , X^J , ψ]D_μX^K X^{IJK} −^i_8 ψ̄Γ^μΓ^{IJ} [X^K , X^L, ψ]D_μX^LX^{IJK} −^i_{16} ψ̄Γ^{IJ} [X^K , X^L, ψ]X^{IJM} X^{KLM} } . (3.93)

The preceding Lagrangian is invariant under the following N = 8 supersymmetry transformations; δX^I_a = i(ϵ̄Γ^I ψ_a) +^1_{TM 2} { +^i_8 (ϵ̄Γ^{IJK} Γ^{μν} ψ_b)D_μX^J_c D_ν X^K_d d^{bcd}_a +^i_4 (ϵ̄Γ^J ψ_b)D_μX^I_c D^μX^J_d d^{bcd}_a −^i_8 (ϵ̄Γ^I ψ_b)D_μX^J_c D^μX^J_d d^{bcd}_a +^i_{24} (ϵ̄Γ^{IJKLM} Γ^μψ_b)D_μX^J_c X^{KLM}_d d^{bcd}_a +^i_4 (ϵ̄Γ^M Γ^μψ_b)D_μX^J_c X^{IJM}_d d^{bcd}_a −^i_{48} (ϵ̄Γ^I ψ_b)X^{JKL}_c X^{JKL}_d d^{bcd}_a +^i_8 (ϵ̄Γ^Lψ_b)X^{JKL}_c X^{JKI}_d d^{bcd}_a } , (3.94)

δψ_a = Γ^μΓ^I ϵ D_μX^I_a −^1_6 Γ^{IJK} ϵ X^{IJK}_a +^1_{TM 2} { +^1_{24} Γ^{JKL}Γ^{μνλ}ϵ D_μX^J_b D_ν X^K_c D_λX^L_d d^{bcd}_a +^1_4 Γ^K Γ^μϵ D_μX^J_b D_ν X^J_c D^ν X^K_d d^{bcd}_a −^1_8 Γ^K Γ^μϵ D_μX^K_b D_ν X^J_c D^ν X^J_d d^{bcd}_a +^1_{48} Γ^{JKLMN} Γ^{μν} ϵ D_μX^J_b D_ν X^K_c X^{LMN}_d d^{bcd}_a −^3_8 Γ^M Γ^{μν} ϵ D_μX^J_b D_ν X^K_c X^{JKM}_d d^{bcd}_a −^1_{48} Γ^{KLM} ϵ D_μX^J_b D^μX^J_c X^{KLM}_d d^{bcd}_a +^1_8 Γ^{KLM} ϵ D_μX^J_b D^μX^K_c X^{JLM}_d d^{bcd}_a −^1_{48} Γ^J Γ^μϵ D_μX^J_b X^{KLM}_c X^{KLM}_d d^{bcd}_a +^1_8 Γ^M Γ^μϵ D_μX^J_b X^{JKL}_c X^{KLM}_d d^{bcd}_a +^1_{288} Γ^{NOP} ϵ X^{JKL}_b X^{JKL}_c X^{NOP}_d d^{bcd}_a } , (3.95)

δÃ_μ^b_a = iϵ̄Γ_μΓ_I X^I_c ψ_df^{cdb}_a +^1_{TM 2} { −^i_8 (ϵ̄Γ_μΓ^I ψ_e)D_ν X^J_f D^ν X^J_g X^I_c d^{ef g}_df^{cdb}_a +^i_4 (ϵ̄Γ^ν Γ^I ψ_e)D_μX^J_f D_ν X^J_g X^I_c d^{ef g}_df^{cdb}_a −^i_4 (ϵ̄Γ^ν Γ^J ψ_e)D_μX^J_f D_ν X^I_g X^I_c d^{ef g}_df^{cdb}_a

+^i_4 (ϵ̄Γ^ν Γ^J ψ_e)D_μX^I_f D^ν X^J_g X^I_c d^{ef g}_df^{cdb}_a

−^i_4 (ϵ̄Γ_μΓ^J ψ_e)D_ν X^J_f D^ν X^I_g X^I_c d^{ef g}_df^{cdb}_a

−^i_2 (ϵ̄Γ_{μνλ}Γ^J ψ_e)D^ν X^J_f D^λX^I_g X^I_c d^{ef g}_df^{cdb}_a

+^i_8 (ϵ̄Γ_{μνλ}Γ^{IJK} ψ_e)D^ν X^J_f D^λX^K_g X^I_c d^{ef g}_df^{cdb}_a

+^i_8 (ϵ̄Γ_{μν} Γ^{JLM} ψ_e)D^ν X^J_f X^{ILM}_g X^I_c d^{ef g}_df^{cdb}_a

+^i_4 (ϵ̄Γ^M ψ_e)D_μX^J_f X^{IJM}_g X^I_c d^{ef g}_df^{cdb}_a

−^i_{48} (ϵ̄Γ_μΓ^I ψ_e)X^{JKL}_f X^{JKL}_g X^I_c d^{ef g}_df^{cdb}_a } . (3.96)

4 Conclusions and Outlook

In this paper we have determined the four-derivative order corrections to both the supersymmetry transformations and Lagrangian of the A_4 Bagger-Lambert-Gustavsson theory. Supersymmetric invariance of the Lagrangian requires that the arbitrary coefficients in the system are fixed up to an overall scale parameter and by reference to the abelian DBI action for a single M2-brane, the scale parameter is itself fixed leading to definite numerical values for all the coefficients. We have also shown that the supersymmetry algebra closes on-shell on to the scalar and gauge fields at linear order in the fermions.^4 In establishing these results we have made use of the identity f^{[abcd}f^{e]f gh} = 0, which is trivially satisfied by the structure constants of the A_4 3-algebra as f^{abcd} ∝ ϵ^{abcd} and a, b, c, d ∈ {1, 2, 3, 4}. However, the Lorentzian and other non-Euclidean 3-algebras of [9]-[14] do not necessarily satisfy this identity and it is clear that our results do not hold for these wider classes of theories. Therefore, to extend our results to the non-Euclidean BLG theories we must abandon use of the identities which follow from f^{[abcd}f^{e]f gh} = 0 i.e. Eqs. (3.6), (3.7), (3.22) and (3.23). Consequently, we should reinstate the g, m̂ and ô terms in L_{1/TM 2} (3.1) as well as adding terms to the order 1/T_{M2} supersymmetry transformations. The coefficients of the new terms would then be determined by repeating the analysis in this paper. We hope to report on the extension of this work to real, non-Euclidean 3-algebras in the future.

This work is incomplete in the sense that we have only worked to lowest order in fermions. The quartic fermion terms in the action, which coincide for the Lorentzian [23] and Euclidean [24] BLG theories, are known. Incorporating higher fermions in the supersymmetry transformations would, in principle, allow us to verify that the entire theory at O(1/T_{M2}) is maximally supersymmetric and additionally, to close the superalgebra on all the fields. To proceed at this level would require the addition of supersymmetry transformations of the form

T_{M2} δ^′X = + (ϵ̄Γψ)(ψ̄ΓDψ) + (ϵ̄Γψ) ψ̄Γ[ψ, X, X] , (4.1)

T_{M2} δ^′Ã = + (ϵ̄Γψ)(ψ̄ΓDψ)X + (ϵ̄Γψ) ψ̄Γ[ψ, X, X]X , (4.2) T_{M2} δ^′ψ = + Γϵ(ψ̄ΓDψ)DX + Γϵ(ψ̄ΓDψ)[X, X, X] + Γϵ ψ̄Γ[ψ, X, X]DX + Γϵ ψ̄Γ[ψ, X, X][X, X, X] . (4.3) The most general starting point would then involve taking all independent Lorentz invariant combinations. However, the presence of two sets of Γ-matrices in the supersymmetries allows for many ways of contracting Lorentz indices and also brings into play the transverse duality relation ⋆Γ^{(n)} ∝ ε_{(8)}Γ^{(8−n)}. In addition, the cubic fermions in Eqs. (4.1) and (4.2) can be rearranged using the Fierz relation. The impact of these features is to obscure which terms are independent so that even the starting point is difficult to determine. Moreover, the subsequent invariance and closure calculations would involve heavy

4With the coefficients we have determined, it can also be demonstrated that the presence of higher derivative corrections in the fermion supersymmetry does not modify the BPS equation [2]:^{dXa}_{d(x2)} = −^i_6 ε^{abcd}X^{bcd}.

use of the Fierz rearrangement and consequently represent a formidable computational challenge which we leave for the time being.

In certain circumstances, the Euclidean BLG theory has a spacetime interpretation of describing two M2-branes. The theory which describes N M2-branes is the ABJM theory [15] with gauge group U(N) × U(N). This theory has manifest N = 6 supersymmetry^5 together with an SU(4) R-symmetry and can be formulated using complex 3-algebras [38]. With the exception of the abelian U(1) × U(1) theory [39], the order 1/T_{M2} higher derivative extension of the ABJM model has not been examined.

Possible methods of approaching the ABJM higher derivative extension have been discussed in [24] and [29]. A separate brute force approach is simply to consider the most general action and supervariations which are consistent with all symmetries of the system and try to demonstrate invariance and closure as we have done here for the A_4 BLG theory. It is conceivable that the arbitrary coefficients in the 1/T_{M2} extension of ABJM can likewise be determined up to an overall scaling parameter. It would then remain to fix this scale parameter and there are at least two possible ways of doing this. First, we could directly compare against multiple D2-branes written in a suitable complex format by using the ‘novel Higgs mechanism’ for ABJM [26][27] or perhaps by taking an infinite periodic array of M2-branes [40]. Secondly we could re-write the results of this paper in complex SU(2) × SU(2) form [41] and exploit the equivalence, at levels k = 1 and 2, of the U(2) × U(2) ABJM and A_4 BLG theories.

Acknowledgements

We thank Neil Lambert and Costis Papageorgakis for insightful discussions. We are also grateful to the Isaac Newton Institute for Mathematical Sciences, Cambridge and the organisers of the “Mathematics and Applications of Branes in String and M-theory” programme for providing a stimulating environment in which to work. PR is supported by the STFC studentship grant ST/F007698/1.

A Conventions and Useful Identities

All spinorial quantities are those of the eleven-dimensional Clifford algebra with mostly plus metric, and are taken to be real. We denote the M2-brane worldvolume indices by μ, ν, . . . = 0, 1, 2 and transverse indices by I, J, . . . = 3, 4, . . . , 10. The unbroken supersymmetry parameters, which are 16 component Majorana-Weyl spinors, satisfy the following chirality conditions

Γ_{012}ϵ = + ϵ , (A.1) Γ_{012}ψ = − ψ . (A.2)

From the chirality conditions and the choice ε_{012} = −1, we deduce the following M2-brane worldvolume Γ-matrix duality relations

Γ_{μνλ}ϵ = −ε_{μνλ}ϵ , Γ_{νλ}ϵ = −ε_{μνλ}Γ^μϵ , Γ_λϵ = +^1_2 ε_{μνλ}Γ^{μν} ϵ , (A.3)

Γ_{μνλ}ψ = +ε_{μνλ}ψ , Γ_{νλ}ψ = +ε_{μνλ}Γ^μψ , Γ_λψ = −^1_2 ε_{μνλ}Γ^{μν} ψ . (A.4)

The Γ-matrices have transposes given by; ( Γ^{(μn)}

)_T

= (−1)^{12 n(n+1)}CΓ^{(μn)}C^{−1} = { −CΓ^{(μn)}C^{−1} if n = 1 or 2, +CΓ^{(μn)}C^{−1} if n = 3,

(A.5)

( Γ^{(Im)}

)_T

= (−1)^{12 m(m+1)}CΓ^{(Im )}C^{−1} = { −CΓ^{(Im)}C^{−1} if m = 1, 2, 5 or 6, +CΓ^{(Im)}C^{−1} if m = 3, 4, 7 or 8,

(A.6)

5This is enhanced to N = 8 when the Chern-Simons level takes the values k = 1, 2 [15][37].

where C = Γ_0 is the anti-symmetric charge conjugation matrix and we denote by Γ^{(μn)} and Γ^{(Im )} the totally anti-symmetric product of n worldvolume and m transverse Γ-matrices respectively. Using the transpose properties (A.5) and (A.6) together with {Γ^I , Γ^μ} = 0 we find for any two spinors χ and λ

χ̄Γ^{(Im )}Γ^{(Jn)}Γ^{(μp)}λ =(−1)^{θ(m,n,p)}λ̄Γ^{(Jn)}Γ^{(Im)}Γ^{(μp)}χ , (A.7)

where θ(m, n, p) = p(m + n) +^1_2 m(m + 1) +^1_2 n(n + 1) +^1_2 p(p + 1). Hence for χ = ϵ_2 and λ = ϵ_1

ϵ̄_2Γ^{(Im )}Γ^{(Jn)}Γ^{(μp)}ϵ_1 − (1 ↔ 2) = ϵ̄_2 [ Γ^{(Im )}, Γ^{(Jn)} ] Γ^{(μp )}ϵ_1 if (−1)^{θ(m,n,p)} = +1,

ϵ̄_2 { Γ^{(Im )}, Γ^{(Jn)} } Γ^{(μp)}ϵ_1 if (−1)^{θ(m,n,p)} = −1.

(A.8)

References

[1] E. Bergshoeff, E. Sezgin and P. K. Townsend, “Supermembranes and Eleven-Dimensional Supergravity,” Phys. Lett. B 189 (1987) 75.

[2] J. Bagger and N. Lambert, “Modeling Multiple M2’s,” Phys. Rev. D 75 (2007) 045020 [hepth/0611108].

[3] J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes”, Phys.

Rev. D 77 (2008) 065008, [arXiv:0711.0955 [hep-th]].

[4] J. Bagger and N. Lambert, “Comments on multiple M2-branes,” JHEP 0802 (2008) 105 [arXiv:0712.3738 [hep-th]].

[5] A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. B 811 (2009) 66 [arXiv:0709.1260 [hep-th]].

[6] N. Lambert and D. Tong, “Membranes on an Orbifold,” Phys. Rev. Lett. 101 (2008) 041602 [arXiv:0804.1114 [hep-th]].

[7] J. Distler, S. Mukhi, C. Papageorgakis and M. Van Raamsdonk, “M2-branes on M-folds,” JHEP 0805 (2008) 038 [arXiv:0804.1256 [hep-th]].

[8] N. Lambert and C. Papageorgakis, “Relating U(N)xU(N) to SU(N)xSU(N) Chern-Simons Membrane theories,” JHEP 1004 (2010) 104 [arXiv:1001.4779 [hep-th]].

[9] J. Gomis, G. Milanesi and J. G. Russo, “Bagger-Lambert Theory for General Lie Algebras,” JHEP 0806 (2008) 075 [arXiv:0805.1012 [hep-th]].

[10] S. Benvenuti, D. Rodriguez-Gomez, E. Tonni and H. Verlinde, “N=8 superconformal gauge theories and M2 branes,” JHEP 0901 (2009) 078 [arXiv:0805.1087 [hep-th]].

[11] P. -M. Ho, Y. Imamura and Y. Matsuo, “M2 to D2 revisited,” JHEP 0807 (2008) 003 [arXiv:0805.1202 [hep-th]].

[12] P. de Medeiros, J. M. Figueroa-O’Farrill and E. Mendez-Escobar, “Metric Lie 3-algebras in Bagger- Lambert theory,” JHEP 0808 (2008) 045 [arXiv:0806.3242 [hep-th]].

[13] P. -M. Ho, Y. Matsuo and S. Shiba, “Lorentzian Lie (3-)algebra and toroidal compactification of M/string theory,” JHEP 0903 (2009) 045 [arXiv:0901.2003 [hep-th]].

[14] P. de Medeiros, J. Figueroa-O’Farrill, E. Mendez-Escobar and P. Ritter, “Metric 3-Lie algebras for unitary Bagger-Lambert theories,” JHEP 0904 (2009) 037 [arXiv:0902.4674 [hep-th]].

[15] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810 (2008) 091 [arXiv:0806.1218 [hep-th]].

[16] H. Nicolai and H. Samtleben, “Chern-Simons versus Yang-Mills gaugings in three-dimensions,” Nucl. Phys. B 668 (2003) 167 [hep-th/0303213].

[17] B. de Wit, I. Herger and H. Samtleben, “Gauged locally supersymmetric D = 3 nonlinear sigma models,” Nucl. Phys. B 671 (2003) 175 [hep-th/0307006].

[18] B. de Wit, H. Nicolai and H. Samtleben, “Gauged supergravities in three-dimensions: A Panoramic overview,” hep-th/0403014.

[19] B. Ezhuthachan, S. Mukhi and C. Papageorgakis, “D2 to D2,” JHEP 0807 (2008) 041 [arXiv:0806.1639 [hep-th]].

[20] M. Cederwall, B. E. W. Nilsson and D. Tsimpis, “The Structure of maximally supersymmetric Yang- Mills theory: Constraining higher order corrections,” JHEP 0106 (2001) 034 [hep-th/0102009].

[21] M. Cederwall, B. E. W. Nilsson and D. Tsimpis, “D = 10 superYang-Mills at O(alpha-prime**2),” JHEP 0107 (2001) 042 [hep-th/0104236].

[22] E. A. Bergshoeff, A. Bilal, M. de Roo, and A. Sevrin, “Supersymetric non-abelian Born-Infeld revisited”, JHEP 07 (2001) 029, [arXiv:hep-th/0105274v1].

[23] M. Alishahiha, S. Mukhi, “Higher-derivative 3-algebras,” JHEP 0810 (2008) 032. [arXiv:0808.3067 [hep-th]].

[24] B. Ezhuthachan, S. Mukhi, C. Papageorgakis, “The Power of the Higgs Mechanism: Higher- Derivative BLG Theories,” JHEP 0904 (2009) 101. [arXiv:0903.0003 [hep-th]].

[25] S. Mukhi, C. Papageorgakis, “M2 to D2,” JHEP 0805 (2008) 085. [arXiv:0803.3218 [hep-th]]. [26] T. Li, Y. Liu and D. Xie, “Multiple D2-Brane Action from M2-Branes,” Int. J. Mod. Phys. A 24 (2009) 3039 [arXiv:0807.1183 [hep-th]].

[27] Y. Pang and T. Wang, “From N M2’s to N D2’s,” Phys. Rev. D 78 (2008) 125007 [arXiv:0807.1444 [hep-th]].

[28] R. Iengo and J. G. Russo, “Non-linear theory for multiple M2 branes,” JHEP 0810 (2008) 030 [arXiv:0808.2473 [hep-th]].

[29] A. M. Low, “Comments on Higher Order BLG Supersymmetry Transformations,” [arXiv:1012.0910 [hep-th]].

[30] J. Bagger, N. Lambert, S. Mukhi and C. Papageorgakis, “Membranes in M-theory,” arXiv:1203.3546 [hep-th].

[31] N. Lambert, “M-Theory and Maximally Supersymmetric Gauge Theories,” arXiv:1203.4244 [hepth].

[32] P.-A. Nagy, “Prolongations of Lie algebras and applications,” arXiv:0712.1398 [math.DG]. [33] G. Papadopoulos, “M2-branes, 3-Lie Algebras and Plucker relations,” JHEP 0805 (2008) 054 [arXiv:0804.2662 [hep-th]].

[34] J. P. Gauntlett and J. B. Gutowski, “Constraining Maximally Supersymmetric Membrane Actions,” JHEP 0806 (2008) 053 [arXiv:0804.3078 [hep-th]].

[35] K. Peeters, “A Field-theory motivated approach to symbolic computer algebra,” Comput. Phys.

Commun. 176 (2007) 550 [cs/0608005 [cs.SC]].

[36] K. Peeters, “Introducing Cadabra: A Symbolic computer algebra system for field theory problems,” hep-th/0701238 [hep-th].

[37] A. Gustavsson and S. -J. Rey, “Enhanced N=8 Supersymmetry of ABJM Theory on R**8 and R**8/Z(2),” arXiv:0906.3568 [hep-th].

[38] J. Bagger and N. Lambert, “Three-Algebras and N=6 Chern-Simons Gauge Theories,” Phys. Rev.

D 79 (2009) 025002 [arXiv:0807.0163 [hep-th]].

[39] S. Sasaki, “On Non-linear Action for Gauged M2-brane,” JHEP 1002 (2010) 039 [arXiv:0912.0903 [hep-th]].

[40] I. Jeon, N. Lambert and P. Richmond, “Periodic Arrays of M2-Branes,” arXiv:1206.6699 [hep-th]. [41] M. Van Raamsdonk, “Comments on the Bagger-Lambert theory and multiple M2-branes,” JHEP 0805 (2008) 105 [arXiv:0803.3803 [hep-th]].