arXiv:1207.1503v3 [astro-ph.CO] 24 Sep 2012

Energy conditions bounds on f(T ) gravity

Di Liu^1 and M.J. Rebouças^2 1Center for Nonlinear Science and Department of Physics, Ningbo University, Ningbo, Zhejiang, 315211 China 2Centro Brasileiro de Pesquisas Físicas, Rua Dr. Xavier Sigaud 150, 22290-180 Rio de Janeiro – RJ, Brazil (Dated: September 25, 2012)

In the standard approach to cosmological modeling in the framework of general relativity, the energy conditions play an important role in the understanding of several properties of the Universe, including singularity theorems, the current accelerating expansion phase, and the possible existence of the so-called phantom fields. Recently, the f(T ) gravity has been invoked as an alternative approach for explaining the observed acceleration expansion of the Universe. If gravity is described by a f(T ) theory instead of general relativity, there are a number of issues that ought to be reexamined in the framework of f(T ) theories. In this work, to proceed further with the current investigation of the limits and potentialities of the f(T ) gravity theories, we derive and discuss the bounds imposed by the energy conditions on a general f(T ) functional form. The null and strong energy conditions in the framework of f(T ) gravity are derived from first principles, namely the purely geometric Raychaudhuri equation along with the requirement that gravity is attractive. The weak and dominant energy conditions are then obtained in a direct approach via an effective energy-momentum tensor for f(T ) gravity. Although similar, the energy condition inequalities are different from those of general relativity, but in the limit f(T ) = T , the standard forms for the energy conditions in general relativity are recovered. As a concrete application of the derived energy conditions to locally homogeneous and isotropic f(T ) cosmology, we use the recent estimated values of the Hubble and the deceleration parameters to set bounds from the weak energy condition on the parameters of two specific families of f(T ) gravity theories.

PACS numbers: 98.80.-k, 98.80.Jk, 04.20.-q

I. INTRODUCTION

A diverse set of cosmological observations coming from different sources, including the supernovae-type Ia (SNe Ia) [1], the cosmic microwave background radiation (CMBR) [2], and the large-scale structure (LSS) [3] clearly indicate that the Universe is currently expanding with an accelerating rate. A number of alternative models and different frameworks have been proposed to account for this observed late-time accelerated expansion of the Universe. These approaches can be classified into two broad groups. In the first, the framework of general relativity is kept unchanged and an unknown form of matter sources, the so-called dark energy, is invoked. In this regard, the simplest way to describe the accelerated expanding Universe is by introducing a cosmological constant into the general relativity field equations. Although this is entirely consistent with the available observational data, it faces difficulties, including the microphysical origin and the order of magnitude of the cosmological constant. In the second group, modifications of Einstein’s gravitation theory are assumed as an alternative for describing the accelerated expansion.^1

1 An interesting member of this group arises by assuming extra dimensions and by taking the Lagrangian of the theory as function

Examples of the latter group include generalized theories of gravity based upon modifications of the Einstein- Hilbert action by taking nonlinear functions f(R) of the Ricci scalar R or other curvature invariants (for reviews see Ref. [5]).

An alternative modification of general relativity, known as f(T ) gravity, has been examined recently as a possible way of describing the current acceleration of the Universe [6–8]. The origin of f(T ) gravity theory goes back to 1928 with Einstein’s attempt to unify gravity and electromagnetism through the introduction of a tetrad (vierbein) field along with the concept of absolute parallelism or teleparallelism [9]. In the teleparallel gravity (TG) theories the dynamical object is not the metric g_{μν} but a set of tetrad fields e_a(x^μ), and rather than the familiar torsionless Levi-Civita connection of general relativity, a Weitzenböck connection (which has no curvature but only torsion) is used to define the covariant derivative. The gravitational field equation of TG is then described in terms of the torsion instead of the curvature [10–12]. In formal analogy with the f(R), the f(T ) gravity theory was suggested by extending the Lagrangian of teleparallel gravity to a function f(T ) of a

of the higher-dimensional Ricci scalar. This approach gives rise to the brane-world cosmology [4].

torsion scalar T [6, 7]. In comparison with f(R) gravity in the metric formalism, whose field equations are of the fourth order, f(T ) gravity has the advantage that the dynamics are governed by second-order field equations.

The fact that f(T ) theories can potentially be used to explain the observed accelerating expansion along with the relative simplicity of their field equations has given birth to a number of papers on these gravity theories, in which several features of f(T ) gravity have been discussed, including observational cosmological constraints [13–15], solar system constraints [16], cosmological perturbations [17–19], dynamical behavior [20], spherically symmetric solutions [21], the existence of relativistic stars [22], the possibility of quantum divide crossing [23], cosmographic constraints [24], and the lack of local Lorentz invariance [25, 27, 28] which may give rise to undesirable outcomes from f(T ) gravity [29, 30], although suitable tetrad fields can be chosen [31]. For some further references on several aspects of f(T ) gravity theories we refer the readers to Ref. [32].

In the framework of general relativity the so-called energy conditions have been used to derive remarkable results in a number of contexts. For example, the famous Hawking-Penrose singularity theorems invoke the strong energy condition (SEC) [33], whose violation allows for the observed accelerating expansion, and the proof of the second law of black hole thermodynamics requires null energy conditions (NEC) [34, 35].

On macroscopic scales relevant for cosmology, the confrontation of the energy conditions predictions with observational data is another important issue that has been considered in a number of recent articles. In this regard, since the pioneering works by Visser [36], a number of articles have been published concerning this confrontation by using model-independent energy-conditions bounds on the cosmological observable quantities, such as the distance modulus, lookback time, and deceleration and curvature parameters [37–44].

Owing to their role in several important issues in general relativity and cosmology, the energy conditions have also been investigated in several frameworks of modified gravity theories, including f(R) gravity [45, 46], gravity with nonminimal coupling between curvature and matter [47], Gauss-Bonnet gravity [48], modified f(G) gravity [49], and Brans-Dicke theories [50] (see also the related Refs. [51, 52]).

In this article, to proceed further with these investigations on the potentialities, difficulties, and limitations of f(T ) gravity theories, we derive the energy conditions for the general functional form of f(T ) and discuss some concrete examples of these bounds by using observational constraints on the Hubble and the deceleration parameters. The null and strong energy conditions (NEC and SEC) are derived in the framework of f(T ) from first principles, i.e., from the purely geometric Raychaudhuri equation along with the requirement that gravity is attractive. We find that the NEC and the SEC in general f(T ) gravity, although similar, are different from those of Einstein’s gravity and f(R) gravity, but in the limiting case f(T ) = T , the standard general relativity forms for theses energy conditions are recovered. The resulting inequalities for the SEC and NEC in the f(T ) gravity framework are then compared with what would be obtained by translating these energy conditions in terms of an effective energy-momentum tensor for f(T ) gravity.There emerges from this comparison a natural formulation for the weak and dominant energy conditions (WEC and DEC) in the context of f(T ) gravity, which also reduce to the standard GR forms for these conditions in the limit f(T ) = T . As a concrete application of the energy conditions for spatially homogeneous and isotropic f(T ) cosmology, we use recent estimated values of the Hubble and the deceleration parameters to set bounds from the WEC on the parameters of two specific families of f(T ) gravity theories.

Our paper is organized as follows. In Sec. II, we give a brief review on the f(T ) theories and derive the field equations. In Sec. III, using the purely geometric Raychaudhuri equations for timelike and null congruences of curves, we derive the SEC and NEC from first principles, and the WEC and DEC through an effective energymomentum tensor. In Sec. IV we use the constraints on present-day values of cosmographic parameters to set constraints on exponential as well as on the Born-Infeld f(T ) gravity from the WEC. Finally, conclusions and final remarks are presented in Sec. V.

II. f(T) GRAVITY THEORY

In this section, we briefly introduce the teleparallel gravity and its generalization known as f(T ) gravity. We begin by recalling that the dynamical variables in teleparallel gravity are the vierbein or tetrad fields, e_a(x^μ), which is a set of four (a = 0, · · · , 3) vectors defining a local orthonormal frame at every point x^μ of the spacetime manifold. The tetrad vectors field e_a(x^μ) are vectors in the tangent space and can be expressed in terms of a coordinate basis as e_a(x^μ) = e^μ_a ∂_μ. The spacetime metric tensor and the tetrads are related by^2

2 Throughout this paper we use Greek letters to denote spacetime coordinate indices, which are lowered and raised, respectively, with g_{μν} and g^{μν} , and vary from 0 to 3, whereas firsts alphabetic latin lower case letters (a and b) are tetrad indices, which are lowered and raised with the Minkowski tensor η_{ab} = diag (1, −1, −1, −1) and η^{ab}, respectively. We denote the spatial components (1, 2, 3) by using the middle alphabetic latin lower case letters i and j.

g_{μν} = e^a_μ e^b_ν η_{ab} (1)

where η_{ab} = diag (1, −1, −1, −1) is the Minkowski metric of the tangent space at x^μ. It follows that the relation between frame components, e^μ_a , and coframe components, e^a_μ, are given by

e^μ_a e^a_ν = δ^μ_ν and e^μ_a e^b_μ = δ^b_a . (2)

In general relativity one uses the Levi-Civita connection ∘ Γ^ρ_{μν} = 1 2 g^{ρσ} (∂_ν g_{σμ} + ∂_μg_{σν} − ∂_σ g_{μν} ) , (3)

which leads to nonzero spacetime curvature but zero torsion.

In teleparallel gravity, instead of the Levi-Civita connection, one uses the Weitzenböck connection which is given by

~Γ^λ_{μν} = e^λ_a ∂_ν e^a_μ = −e^a_μ ∂_ν e^λ_a . (4)

An immediate consequence of this definition is that the covariant derivative, D_μ, of the tetrad fields

D_μe^a_ν ≡ ∂_μe^a_ν − ~Γ^λ_{νμ}e^a_λ = 0 , (5)

vanishes identically. This equation leads to a zero curvature but nonzero torsion.

To clarify the interrelations between Weitzenböck and Levi-Civita connections, one needs to introduce the torsion and contorsion tensors, which are given, respectively, by T^ρ_{μν} ≡ ~Γ^ρ_{νμ} − ~Γ^ρ_{μν} = e^ρ_a(∂_μe^a_ν − ∂_ν e^a_μ) , (6)

K^ρ_{μν} ≡ ~Γ^ρ_{μν} −^∘Γ^ρ_{μν} = 1 2 (T_μ^ρ_ν + T_ν^ρ_μ − T^ρ_{μν} ) , (7)

where above^∘Γ^ρ_{μν} is the Levi-Civita connection.

Now, if one further defines the so-called super-potential

S^{μν}_σ ≡ K^{μν}_σ + δ^μ_σ T^{ξν}_ξ − δ^ν_σ T^{ξμ}_ξ , (8)

one obtains the torsion scalar T ≡ 1 2 S^{μν}_σ T^σ_{μν} = 1 4 T^{ξμν} T_{ξμν} + 1 2 T^{ξμν} T_{νμξ} − T^ξ_{ξμ} T^{νμ}_ν , (9) which is used as the Lagrangian density in formulation of the teleparallel gravity theory, which is given by

L_T = e T 2 κ^2

, (10)

where e = det(e^a_μ) = √ −g, κ^2 = 8πG, and G is the gravitational constant. Now, by taking an arbitrary function f of the torsion scalar T , one obtains the Lagrangian density of f(T ) gravity theory, that is

L_T −→ L_{f (T )} = e f(T ) 2 κ^2

. (11)

Now, by adding a matter Lagrangian density L_M to Eq. (11) and varying the resultant action with respect to the vierbein, one obtains the following field equation for f(T ) gravity: ∂_ξ (ee^ρ_aS^{σξ}_ρ f_T ) − ee^λ_a S^{ρξσ} T_{ρξλ}f_T + 1 2 ee^σ_a f(T ) = [∂_ξ (ee^ρ_aS^{σξ}_ρ ) − ee^λ_a S^{ρξσ} T_{ρξλ}]f_T + ee^ρ_a(∂_ξ T )S^{σξ}_ρ f_{T T} + 1 2 ee^σ_a f(T ) = e Θ^σ_a , (12)

where f_T = df(T )/dT , f_{T T} = d^2f(T )/dT^2, and Θ^σ_a is the energy-momentum tensor of the matter fields. Here and in what follows we have chosen units such that κ^2 = c = 1.

To bring the field equations (12) to a form suitable for our purpose in the next section. To this end, we first note that if one multiply e^{−1}g_{μσ} e^a_ν , both sides of (12), the resultant equation is such that the coefficient of that the term f_T takes the form e^a_ν e^{−1}∂_ξ(ee^ρ_aS^{σξ}_ρ ) − S^{ρξσ} T_{ρξν} = ∂_ξ S^{σξ}_ν − ~Γ^ρ_{νξ}S^{σξ}_ρ +^∘Γ^τ_{τ ξ}S^{σξ}_ν − S^{ρξσ} T_{ρξν} = −∇^ξ S^σ_{νξ} − S^{ξρσ} K_{ρξν} , (13) where the relation

K^{(μν)σ} = T^{μ(νσ)} = S^{μ(νσ)} = 0 (14)

has been used.

On the other hand, from the relation between and Weitzenböck connection and the Levi-Civita connection given by Eq.(7), one can write the Riemann tensor for the Levi-Civita connection in the form

R^ρ_{μλν} = ∂_λ^∘Γ^ρ_{μν} − ∂_ν^∘Γ^ρ_{μλ} +^∘Γ^ρ_{σλ}^∘Γ^σ_{μν} −^∘Γ^ρ_{σν}^∘Γ^σ_{μλ} (15) = ∇_ν K^ρ_{μλ} − ∇_λK^ρ_{μν} + K^ρ_{σν} K^σ_{μλ} − K^ρ_{σλ}K^σ_{μν} , whose associated Ricci tensor can then be written as R_{μν} = ∇_ν K^ρ_{μρ} − ∇_ρK^ρ_{μν} + K^ρ_{σν} K^σ_{μρ} − K^ρ_{σρ}K^σ_{μν} . (16) Now, by using K^ρ_{μν} given by Eq. (8) along with the relations (14) and considering that S^μ_{ρμ} = 2K^μ_{ρμ} = −2T^μ_{ρμ} one has [25, 26, 30] R_{μν} = −∇^ρS_{νρμ} − g_{μν} ∇^ρT^σ_{ρσ} − S^{ρσ}_μK_{σρν} , R = −T − 2∇^μT^ν_{μν} , (17)

and thus obtain G_{μν} − 1 2 g_{μν} T = −∇^ρS_{νρμ} − S^{σρ}_μK_{ρσν} , (18) where G_{μν} = R_{μν} − (1/2) g_{μν} R is the Einstein tensor.

Finally, combining Eq. (13) and Eq. (18), the field equations for f(T ) gravity Eq. (12) can be rewritten in the form

A_{μν} f_T + B_{μν} f_{T T} + 1 2 g_{μν} f(T ) = Θ_{μν} , (19)

where

A_{μν} = g_{σμ}e^a_ν [e^{−1}∂_ξ(ee^ρ_aS^{σξ}_ρ ) − e^λ_a S^{ρξσ} T_{ρξλ}] (20) = −∇^σ S_{νσμ} − S^{ρλ}_μK_{λρν} = G_{μν} − 1 2 g_{μν} T, B_{μν} = S^σ_{νμ} ∇_σ T . To close this section, we note that since A^μ_μ = −(R + 2T ), the trace of Eq. (19), which can be used as an independent relation to simplify the field equation, can be expressed as

− (R + 2T )f_T + Bf_{T T} + 2f(T ) = Θ , (21)

where B = B^μ_μ and Θ = Θ^μ_μ .

III. ENERGY CONDITIONS

A. Strong and null energy conditions

The ultimate origin of strong and null energy conditions is the Raychaudhuri equation together with the requirement that gravity is attractive. The Raychaudhuri equation gives temporal variation of the expansion θ of congruence of geodesics (for a review article see Ref. [57]). For a congruence of timelike geodesics whose tangent vector field is u^μ Raychaudhuri equation reads dθ dτ = − 1 3 θ^2 − σ_{μν} σ^{μν} + ω_{μν} ω^{μν} − R_{μν} u^μu^ν , (22)

where θ , σ^{μν} and ω_{μν} are, respectively, the expansion, shear, and rotation associated with the congruence defined by the vector field u^μ, and R_{μν} is the Ricci tensor.

The evolution equation for the expansion of a congruence of null geodesics defined by a null vector field k^μ has a similar form as the Raychaudhuri equation (22), but with a factor 1/2 rather than 1/3, and −R_{μν} k^μk^ν instead of −R_{μν} u^μu^ν as the last term (see Ref. [58] for more details). Thus, its reads dθ dτ = − 1 2 θ^2 − σ_{μν} σ^{μν} + ω_{μν} ω^{μν} − R_{μν} k^μk^ν , (23)

where the kinematical quantities θ , σ^{μν} and ω_{μν} are now clearly associated with the congruence of null geodesics.

An important point to be emphasized is that Raychaudhuri Eqs. (22) and (23) are purely geometric statements, and as such they make no reference to any theory of gravitation.

Now, since the shear is a ”spatial” tensor, i.e., σ^2 ≡ σ_{μν} σ^{μν} ≥ 0, from Eqs. (22) and (23), one has that for any hypersurface of orthogonal congruences (ω_{μν} = 0), the conditions for gravity to remain attractive (dθ/dτ < 0) are given by

R_{μν} u^μu^ν ≥ 0 , (24) R_{μν} k^μk^ν ≥ 0 . (25)

Thus, as long as one can use the field equations of any given gravity theory to relate R_{μν} to the energy-momentum tensor T_{μν} , the above Raychaudhuri Eqs. (22) and (23), along with the requirement that gravity is attractive, lead to Eqs. (24) and (25), which can be employed to restrict the energy-momentum tensors in the framework of the gravity theory one is concerned with.

Equations (24) and (25) are ultimately the SEC and DEC stated in a coordinate-invariant way for an unfixed geometrical theory of gravitation. Hence, for example, in the framework of general relativity, they take, respectively, the forms^3

R_{μν} u^μu^ν = ( T_{μν} − T 2 g_{μν} ) u^μu^ν ≥ 0 , (26) and R_{μν} k^μk^ν = T_{μν} k^μk^ν ≥ 0 , (27)

which, for example, for a perfect fluid of density ρ and pressure p , i.e., for T_{μν} = (ρ + p) u_μu_ν − p g_{μν} , reduce to the well-known forms of the SEC and NEC in general relativity

ρ + 3p ≥ 0 and ρ + p ≥ 0 . (28)

B. Energy conditions in f(T ) gravity

According to the previous section the Raychaudhuri equations together with the attractive character of the gravitational interaction give rise to Eqs. (24) and (25), which hold for any geometrical theory of gravitation. In what follows, we maintain this approach to derive the SEC and NEC in the f(T ) gravity context. To this end, we first rewrite the f(T ) field equation (19) in the form G_{μν} = 1 f_T [ Θ_{μν} + 1 2 (T f_T − f)g_{μν} − B_{μν} f_{T T} ] . (29)

Here, Θ_{μν} and Θ denote, respectively, the energy momentum tensor and its trace.

3 Clearly, here T is not the torsion scalar, but the trace of the energy momentum tensor T = T^μ_μ .

From Eq. (29) and by taking into account the trace equation (21), we have R_{μν} = T_{μν} − 1 2 g_{μν} T , (30)

where T_{μν} = 1 f_T (Θ_{μν} − f_{T T} B_{μν} ) , (31) T = 1 f_T (Θ + T f_T − f − Bf_{T T} ). (32)

Now, for the homogeneous and isotropic Friedmann- Lemaître-Robertson-Walker (FLRW) metric with scale factor a(t), i.e., g_{μν} = diag(1, −a^2, −a^2, −a^2), from Eqs. (6) through (9) along with Eq. (20), we have

T = −6H^2 , (33)

A_{00} = 6H^2 , A_{ij} = −2a^2(3H^2 + Ḣ) δ_{ij} , (34)

B_{ij} = 24a^2H^2Ḣ δ_{ij} , B = −72H^2Ḣ , (35)

where a dot denotes derivative with respect to time, H = ȧ/a is the Hubble parameter, and the simplest and suitable tetrad basis was used [31].

Now, for a perfect fluid of density ρ and pressure p, namely for

Θ_{μν} = (ρ + p)u_μu_ν − p g_{μν} with u_μ = (1, 0, 0, 0) , (36)

taking k_μ = (1, a, 0, 0), we obtain the T_{μν} and its trace T , namely

T_{00} = 1 f_T ρ , T_{ij} = a^2 f_T (p − 24H^2Ḣf_{T T} ) δ_{ij} , (37) and T = 1 f_T (ρ − 3p + T f_T − f + 72H^2Ḣf_{T T} ) . (38)

Thus, from equations (24) and (25) for a general f(T ) gravity, the strong energy condition (SEC) and the null energy condition (NEC) can be, respectively, written as

SEC : 1 2f_T (ρ + 3p + f − T f_T − 72H^2Ḣf_{T T} ) ≥ 0 , (39) and NEC : 1 f_T (ρ + p − 24H^2Ḣf_{T T} ) ≥ 0 . (40)

We note that the well-known forms for the SEC (ρ+3p ≥ 0) and NEC (ρ + p ≥ 0) in the framework of general relativity can be recovered as a particular case of the above SEC and DEC in the context of f(T ) gravity for the special case f(T ) = T , as one would expect.

To derive the weak and dominant energy conditions (WEC and DEC) in f(T ) gravity, it is important to realize that the above SEC and NEC inequalities [Eqs.(39) and (40)] can also be recast as an extension of the SEC and NEC conditions in the context of general relativity by defining suitably an effective energy-momentum tensor in the context of f(T ) gravity. In fact, in f(T ) gravity theories one can define an effective energy-momentum tensor as^4 Θ^{ef f}_{μν} = 1 f_T [Θ_{μν} + 1 2 (T f_T − f)g_{μν} − f_{T T} B_{μν} ] , (41)

from which one defines the effective energy density and the effective pressure in the FLRW by

ρ^{ef f} = −g^{00}Θ^{ef f}_{00} = 1 f_T [ρ + 1 2 (T f_T − f)] , (42)

p^{ef f} = 1 3 g^{ij} Θ^{ef f}_{ij} = 1 f_T [p − 1 2 (T f_T − f) − 24H^2Ḣf_{T T} ] , (43)

which in turn make apparent that the SEC and NEC given by Eqs. (39) and (40) can be obtained from the corresponding general relativity expressions [Eq. (28)] by using the above effective matter components. Thus, using the effective energy-momentum tensor approach, the weak energy condition (WEC) in f(T ) gravity ( ρ^{ef f} ≥ 0 ) reduce to

WEC: 1 f_T [ρ + 1 2 (T f_T − f)] ≥ 0 . (44)

Similarly, the dominant energy condition (DEC) in f(T ) gravity ( ρ^{ef f} ≥ | p | ) can be written in the form

DEC: 1 f_T [ρ − p + (T f_T − f) + 24H^2Ḣf_{T T} ] ≥ 0 . (45)

IV. CONSTRAINING f(T) GRAVITY THEORIES

The energy conditions (39), (40), (44), and (45) can be used to place bounds on a given f(T ) in the context of FLRW models. To investigate such bounds, we first note that to ensure the positivity of the effective Newton gravity constant, one has f_T > 0 [29]. Thus, after some algebra, in terms of present-day values for the cosmological parameters, the energy conditions (39), (40), (44),

4 A comparison with the effective energy-momentum tensor of Ref. [30] makes clear that the one used in the present work includes the whole matter.

and (45) can be, respectively, rewritten as

SEC:

ρ_0 +3p_0 + f_0 + 6H^2_0 f_{T0} + 72(1 + q_0)H^4_0 f_{T0T0} ≥ 0 ; (46)

NEC:

ρ_0 + p_0 + 24(1 + q_0)H^4_0 f_{T0T0} ≥ 0 ; (47)

WEC:

2ρ_0 − f_0 − 6H^2_0 f_{T0} ≥ 0 ; (48)

DEC:

ρ_0 −p_0 − f_0 − 6[H^2_0 f_{T0} + 4(1 + q_0)H^4_0 f_{T0T0} ] ≥ 0 , (49)

where q = −(ä/a) H^{−2} is the deceleration parameter, and a subscript 0 indicates the present-day value of the corresponding parameter.

To make concrete applications of the above conditions to set bounds on f(T ), we first note that apart from the WEC [Eq. (48)], all the above conditions depend on the current value of the pressure p_0. Therefore, for simplicity in what follows we shall focus on the observational WEC constraints on f(T ) gravity. Furthermore, we will also take the best fit value H_0 = 0.718 as determined by Cappozzielo et al. [24].

A. Exponential f(T ) gravity

As a first concrete example, we shall examine the WEC bounds on the parameter β of the following exponential family of f(T ) gravity theories [7, 15, 59]:

f(T ) = T + αT (1 − e^{βT0/T} ) (50)

with α = − 1 − Ω_{m0} 1 − (1 − 2β) e^β

, (51)

where the limit β = 0 corresponds to ΛCDM model, Ω_{m0} is the dimensionless matter density parameter, and T_0 = T (z = 0) is the current value for the torsion scalar.

By using T_0 = −6H^2_0 , one finds from (48) the following WEC constraint

α β T_0 e^β ≥ 0 . (52)

Now we take Ω_{m0} = 0.272^{+0.036}_{−0.034} —which arises from the combination of 557 Type Ia Supernovae (SNe Ia) Union 2 set, baryonic acoustic oscillation (BAO), and the cosmic microwave background (CMB) radiation at 95% confidence level —along with the above observational value of H_0. These values lead to β > −1.256 for the relation (52) to be satisfied. Reciprocally, the inequality (52) is always fulfilled for all values β such that β > −1.256. This makes explicit the constraint on parameter β of the exponential f(T ) gravity [Eq.(50)] for the WEC fulfillment.

B. Born-Infeld f(T ) gravity

As the second concrete example, we consider the Born- Infeld (BI) f(T ) gravity given by [53] f(T ) = λ [( 1 − ϵ + 2T λ )_{1/2} − 1 ] , (53)

where ϵ = 4Λ/λ is a dimensionless parameter, Λ is the cosmological constant, and λ is a Born-Infeld-like constant. This gravity theory has been considered in several cosmological contexts, which include the avoidance of singularity in the standard model [54], as a way to an inflationary scenario without inflaton [55], and also to bound the dynamics of the Hubble parameter [56]. Clearly, the BI f(T ) gravity (53) reduces to the standard TG (often referred to as TEGR) when λ → ∞. Here, we focus on the case λ > 0 [53]. In this case, the WEC takes the form ϵ − T_0 λ + ( 1 − ϵ +

2T_0 λ )_{1/2} − 1 > 0 . (54)

This inequality holds for

0 < ϵ < 1 and λ > −

T_0 √ ϵ(1 − √ ϵ) , (55)

which makes apparent that the range of ϵ in which the WEC is fulfilled coincides with that of an expanding universe where the cosmological constant is positive (type II of Ref. [53]). Furthermore, by using T_0 = −6H^2_0 , one finds from inequations (55) the WEC lower bound on the parameter λ in the BI teleparallel gravity, namely λ > 12.36 .

V. FINAL REMARKS

Motivated by the attempts to explain the observed accelerating expansion of the Universe with a modifying teleparallel gravitational theory, there have been many recent papers on f(T ) gravity. Despite the arbitrariness in the choice of different functional forms of f(T ), which call for ways of constraining the possible f(T ) gravity theories on physical grounds, several features of f(T ) gravity have been discussed in a number of recent articles.

In this paper we have proceeded further with the investigations on the potentialities, difficulties, and limitations of f(T ) gravity theories by deriving the classical energy conditions in the f(T ) gravity context. Starting from the Raychaudhuri equation along with the requirement that gravity is attractive, we have derived the null and strong energy conditions in the framework of f(T ) gravity and shown that, although similar, they differ from NEC and SEC of general relativity, but in the limiting case f(T ) = T , they reduce to well-known NEC and SEC of Einstein’s gravitational theory. The comparison of the NEC and SEC inequalities [Eqs. (39) and (40)] with those which would be obtained by translating these energy conditions in terms of an effective energy-momentum tensor for f(T ) gravity, enabled us to obtain the general expressions for the weak and dominant energy conditions [Eqs. (44) and (45)], which also reduce to the known corresponding energy conditions in general relativity in the limit f(T ) = T .

As concrete examples of how these energy conditions requirements may constrain f(T ) gravity theories, we have discussed the WEC bounds on two different f(T ) families of theories, namely the exponential and Born- Infeld f(T ) gravity theories (Secs. IV A and IV B). To this end, we have used the current observational bounds on H_0 and Ω_{m0} to show that the WEC are fulfilled for β > −1.256 in the exponential f(T ) gravity, whereas for Born-Infeld f(T ) gravity the WEC fulfillment is guaranteed for any λ > 12.36 such that 0 < ϵ < 1 holds.

Finally, we emphasize that although the energy conditions in f(T ) gravity discussed in this paper have wellmotivated physical grounds (the attractive character of gravity together with the Raychadhuri equation), the question as to whether they should be employed to any solution of f(T ) gravity theories is an open question, which is ultimately related to the confrontation between theory and observations. We recall that in the context of Einstein’s gravitational theory, this confrontation indicates that all energy conditions seem to have been violated in the recent past of cosmic evolution [37, 44].

Acknowledgments

M.J.R. acknowledges the support of FAPERJ under a CNE E-26/101.556/2010 grant. This work was also supported by Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq) - Brasil, under grant No. 475262/2010-7. M.J.R. thanks CNPq for the Grant under which this work was carried out. We are grateful to A.F.F. Teixeira for reading the manuscript and indicating some omissions and typos. D.L. is particularly grateful to Professor P.X. Wu for his several helpful suggestions and long-time support of the author’s research.

[1] A.G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrohpys. J. 517, 565 (1999).

[2] D.N. Spergel et al., Astrophys. J. Suppl. 170, 377S (2007).

[3] M. Tegmark et al., Phys. Rev. D 69, 103501 (2004); U.

Seljak et al., Phys. Rev. D 71, 103515 (2005); D.J. Eisenstein et al., Astrophys. J. 633, 560 (2005).

[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); 83, 4690 (1999); G. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B 485, 208 (2000); C. Deffayet, S.J. Landau, J. Raux, M. Zaldarriaga, and P. Astier, Phys. Rev. D 66, 024019 (2002); V. Sahni and Y. Shtanov, J. Cosmol. Astropart. Phys. 11, 014 (2003); A. Lue, Phys. Rep. 423, 1 (2006).

[5] S. Capozziello and M. Francaviglia, Gen. Relativ. Gravit.

40, 357 (2007); A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010); T.P. Sotiriou and V. Faraoni, Rev. Mod. Phys 82, 451 (2010); S. Nojiri and S. D. Odintsov, Phys. Rep. 505, 59 (2011). G.J. Olmo, Int. J. Mod. Phys. D, 20, 413 (2011); S. Capozziello and M. De Laurentis, Phys. Rep. 509, 167 (2011); S. Capozziello and V. Faraoni, Beyond Einstein Gravity, Fundamental Theories of Physics, (Springer-Verlag,Berlin, 2011), vol. 170.

[6] G.R. Bengochea and R. Ferraro, Phys. Rev. D 79, 124019 (2009).

[7] E.V. Linder, Phys. Rev. D 81, 127301 (2010), Phys. Rev.

D 82, 109902(E) (2010).

[8] R. Myrzakulov, Eur. Phys. J. C 71, 1752 (2011).

[9] A. Einstein, Sitzungsber. Preuss. Akad. Wiss. Phys.

Math. Kl. 17, 217; 224 (1928); A. Unzicker and T. Case, arXiv:physics/0503046 [10] A. Einstein, Math. Ann. 102, 685 (1930); A. Einstein, Sitzungsber. Preuss. Akad. Wiss. Phys. Math. Kl. 24, 401 (1930); C. Pellegrini and J. Plebański, K. Dan. Vidensk. Selsk. Mat. Fys. Skr. 2, 2 (1962); C. Møler, K. Dan. Vidensk. Selsk. Mat. Fys. Skr. 89, No. 13 (1978); K. Hayashi and T. Nakano, Prog. Theor. Phys. 38, 491(1967); K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524 (1979); 24, 3312 (1981).

[11] R. Aldrovandi and J.G. Pereira, An Introduction to Teleparallel Gravity, (Instituto de Fisica Teorica, UNESP, Sao Paulo, Brazil) http://www.ift.unesp.br/users/jpereira/tele.pdf ; V.C. de Andrade, L.C.T. Guillen, J.G. Pereira, arXiv: gr-qc/0011087.

[12] V.C. de Andrade, L.C.T. Guillen, and J.G. Pereira, Phys.

Rev. Lett. 84, 4533 (2000).

[13] G.R. Bengochea, Phys. Lett. B 695, 405 (2011). [14] P. Wu and H. Yu, Phys. Lett. B 693, 415 (2010). [15] H. Wei, X.P. Ma, and H.Y. Qi, Phys. Lett. B 703, 74 (2011).

[16] L. Iorio and E.N. Saridakis, arXiv:1203.5781v1 [gr-qc] [17] J.B. Dent, S. Dutta, and E.N. Saridakis, J. Cosmol. Astropart. Phys. 01, 009 (2011).

[18] S.H. Chen, J.B. Dent, S. Dutta, and E.N. Saridakis, Phys. Rev. D 83, 023508 (2011).

[19] R. Zheng and Q.G. Huang, J. Cosmol. Astropart. Phys.

03, 002 (2011).

[20] P. Wu and H. Yu, Phys. Lett. B 692, 176 (2010). [21] T. Wang, Phys. Rev. D 84, 024042 (2011). [22] C.G. Böhmer, A. Mussa, and N. Tamanini, Class. Quant.

Grav. 28, 245020 (2011).

[23] P. Wu and H.W. Yu, Eur. Phys. J. C 71, 1552 (2011). [24] S. Capozziello, V.F. Cardone, H. Farajollahi, and A. Ravanpak, Phys. Rev. D 84, 043527 (2011).

[25] B. Li, T.P. Sotiriou, J.D. Barrow, Phys. Rev. D 83, 064035 (2011).

[26] T.P. Sotiriou, B. Li, J.D. Barrow, Phys. Rev. D 83, 104030 (2011).

[27] M. Li, R. X. Miao, and Y. G. Miao, J. High Energy Phys.

1107, 108 (2011).

[28] R.X. Miao, M. Li, and Y.G. Miao, J. Cosmol. Astropart.

Phys. 1111, 033 (2011).

[29] R. Zheng and Q. Huang, J. Cosmol. Astropart. Phys.

1103 002, (2011).

[30] T.P. Sotiriou, B. Li, and J.D. Barrow, Phys. Rev. D 83, 104030 (2011).

[31] N. Tamanini and C.G. Böhmer Phys.Rev. D 86, 044009 (2012).

[32] K.K. Yerzhanov, S.R. Myrzakul, I.I. Kulnazarov, and R.

Myrzakulov, arXiv:1006.3879; R. Yang, Eur. Phys. J. C 71 1797 (2011); P.Y. Tsyba, I.I. Kulnazarov, K.K. Yerzhanov, and R. Myrzakulov, Int. J. Theor. Phys. 50, 1876 (2011); S.H. Chen, J.B. Dent, S. Dutta, and E.N. Saridakis, Phys. Rev. D 83, 023508 (2011); K. Bamba, C.Q. Geng, and C. Lee, arXiv:1008.4036; R. Myrzakulov, arXiv:1008.4486; K. Karami and A. Abdolmaleki, arXiv:1009.2459; K. Karami and A. Abdolmaleki, J.Phys.Conf.Ser. 375, 032009 (2012) R. Yang, Euro phys. Lett. 93, 60001 (2011); J.B. Dent, S. Dutta, and E.N. Saridakis, JCAP 1101, 009 (2011); Y. Cai, S. Chen, J.B. Dent, S. Dutta, and E.N. Saridakis, Class. Quantum Grav. 28, 215011 (2011); S. Chattopadhyay and U. Debnath, Int. J. Mod. Phys. D 20, 1135 (2011); M. Li, R. Miao, and Y. Miao, J. High Energy Phys. 1107, 108 (2011); Y. Zhang, H. Li, Y. Gong, and Z.H. Zhu, J. Cosmol. Astropart. Phys. 07, 015 (2011). X. Meng and Y. Wang, Eur. Phys. J. C 71 1755 (2011); H. Dong, Y.B. Wang, and X.H. Meng, Eur. Phys. J. C 72, 2002 (2012); C.G. Böhmer, A. Mussa, and N. Tamanini, Class. Quant. Grav. 28, 245020 (2011); H. Wei, H. Qi, and X. Ma, Phys. Lett. B 712 430, (2012); C.Q. Geng, C. Lee, E.N. Saridakis, and Y. Wu, Phys. Lett. B 704, 384 (2011); K. Bamba and C.Q. Geng, JCAP 11 008, (2011); R. Ferraro and F. Fiorini, Phys. Rev. D 84, 083518 (2011); R. Ferraro and F. Fiorini, Phys. Lett. B 702 75, (2011); H. Wei, Phys. Lett. B 712, 430 (2012); Y. Wu and C.Q. Geng, arXiv:1110.3099; D. Liu, P. Wu and H.W. Yu, arXiv:1203.2016; P.A. Gonzalez, E.N. Saridakis, and Y. Vasquez,J. High Energy Phys. 1207 053 (2012) C.G. Böhmer, T. Harko, and F.S.N. Lobo, Phys. Rev. D 85, 044033 (2012); K. Karami and A. Abdolmaleki, arXiv:1111.7269; H. Wei, X. Guo and L. Wang, Phys. Lett. B 707, 2 (2012); K. Atazadeh and F. Darabi, Eur. Phys. J. C 72, 2016(2012); H. Farajollahi, A. Ravanpak, P. Wu, Astrophys Space Sci. 338, 195 (2012); K. Karami and A. Abdolmaleki, JCAP 04 007 (2012); M.H. Daouda, M.E. Rodrigues, and M.J.S. Houndjo, Euro.

Phys. J. C. 71, 1817 (2011); M.H. Daouda, M.E. Rodrigues, and M.J.S. Houndjo, Euro. Phys. J. C. 72, 1890 (2012).

[33] S.W. Hawking and G.F.R. Ellis, The Large Scale Structure of Spacetime, (Cambridge University Press, cambridge, England, 1973).

[34] M. Visser, Lorentzian Wormholes, (AIP Press, New York, 1996).

[35] R.M. Wald, General Relativity, (University of Chicago Press, Chicago, 1984).

[36] M. Visser, Science 276, 88 (1997); Phys. Rev. D 56, 7578 (1997).

[37] J. Santos, J.S. Alcaniz, and M.J. Rebouças, Phys. Rev.

D 74, 067301 (2006).

[38] J. Santos, J.S. Alcaniz, N. Pires, and M.J. Rebouças, Phys. Rev. D 75, 083523 (2007).

[39] J.Santos, J.S. Alcaniz, M.J. Rebouças, and N. Pires, Phys. Rev. D 76, 043519 (2007).

[40] Y. Gong, A. Wang, Q. Wu, and Y.Z. Zhang, J. Cosmol.

Astropart. Phys. 08, 018 (2007).

[41] Y. Gong and A. Wang, Phys. Lett. B 652, 63 (2007). [42] A.A. Sen and R.J. Scherrer, Phys. Lett. B 659, 457 (2008); C. Cattoën and M. Visser, Class. Quant. Grav. 25, 165013 (2008).

[43] M.P. Lima, S. Vitenti, and M. J. Rebouças, Phys. Rev.

D 77, 083518 (2008); M.P. Lima, S.D.P. Vitenti, and M.J. Rebouças, Phys. Lett. B 668, 83 (2008); M.P. Lima, S.D.P. Vitenti, M.J. Rebouças, in Astronomy and Relativistic Astrophysics: New Phenomena and New States of Matter in the Universe, edited by C.A.Z. Vasconcellos, B.E.J. Bodmann, H.Stoecker, M.J. Rebouças, V.B. Bezerra, and W. Greiner. (World Scientific, Singapore, 2010), p.219.

[44] C.J. Wu, C. Ma, and T.J. Zhang, Astrophys. J. 753, 97 (2012).

[45] J. Santos, J.S. Alcaniz, M.J. Rebouças, and F.C. Carvalho, Phys. Rev. D 76, 083513 (2007); J. Santos, M.J. Reboucas, and J.S. Alcaniz, Int. J. Mod. Phys. D 19, 1315 (2010).

[46] J.H. Kung, Phys. Rev. D 52, 6922 (1995); Phys. Rev. D 53, 3017 (1996).

[47] O. Bertolami and M.C. Sequeira, Phys. Rev. D 79, 104010 (2009).

[48] N.M. Garcia, T. Harko, F.S.N. Lobo, and J.P. Mimoso, Phys. Rev. D 83, 104032 (2011).

[49] Y.Y. Zhao, Y.B. Wu, J. Lu, Z. Zhang, W.Li Han, and L.L. Ling Eur. Phys. J. C 72, 1924 (2012).

[50] K. Atazadeh, A. Khaleghi, H.R. Sepangi, and Y.

Tavakoli, Int. J. Mod. Phys. D 18, 1101 (2009). [51] A. Banijamali, B. Fazlpour, and M. R. Setare, Astrophys.

Space Sci. 338, 327 (2012).

[52] F.G. Alvarenga, M.J.S. Houndjo, A.V. Monwanou, and J.B. C. Orou, arXiv:1205.4678v2 [gr-qc].

[53] R. Ferraro and F. Fiorini, Phys. Rev. D 78, 124019 (2008).

[54] R. Ferraro and F. Fiorini, Int. J. Mod. Phys. Conf. Ser.

3, 227 (2011).

[55] R. Ferraro and F. Fiorini, Phys. Rev. D 75, 124019 (2007).

[56] F. Fiorini and R. Ferraro, Int. J. Mod. Phys. A 24, 1686(2009).

[57] S. Kar and S. SenGupta, Pramana 69, 49 (2007);

N.Dadhich, arXiv:gr-qc/0511123.

[58] S. Carroll, Spacetime and Geometry: An Introduction to General Relativity, (Addison-Wesley, Reading, MA,

2004). :

[59] K. Bamba, C.Q. Geng, C.C. Lee and L.W. Luo, J. Cosmol. Astropart. Phys. 01, 021 (2011).