arXiv:1207.2398v2 [math.OA] 16 Jul 2012

N = 2 Superconformal Nets

Sebastiano Carpi^∗

Dipartimento di Economia, Università di Chieti-Pescara “G. d’Annunzio” Viale Pindaro, 42, I-65127 Pescara, Italy E-mail: s.carpi@unich.it

Robin Hillier^∗

Dipartimento di Matematica, Università di Roma “Tor Vergata” Via della Ricerca Scientifica, 1, I-00133 Roma, Italy E-mail: hillier@mat.uniroma2.it

Yasuyuki Kawahigashi^†

Department of Mathematical Sciences University of Tokyo, Komaba, Tokyo, 153-8914, Japan and Kavli Institute for the Physics and Mathematics of the Universe 5-1-5 Kashiwanoha, Kashiwa, 277-8583, Japan E-mail: yasuyuki@ms.u-tokyo.ac.jp

Roberto Longo^∗

Dipartimento di Matematica, Università di Roma “Tor Vergata” Via della Ricerca Scientifica, 1, I-00133 Roma, Italy E-mail: longo@mat.uniroma2.it

Feng Xu^‡

Department of Mathematics University of California at Riverside, Riverside, CA 92521 E-mail: xufeng@math.ucr.edu

Abstract We provide an Operator Algebraic approach to N = 2 chiral Conformal Field Theory and set up the Noncommutative Geometric framework. Compared to the N = 1 case, the structure here is much richer. There are naturally associated nets of spectral triples and the JLO cocycles separate the Ramond sectors. We construct the N = 2 superconformal nets of von Neumann algebras in general, classify them in the discrete series c < 3, and study spectral flow. We prove the coset identification for the N = 2 super-Virasoro nets with c < 3, a key result whose equivalent in the vertex algebra context is seemingly not complete. Finally, the chiral ring is discussed in terms of net representations.

∗Supported in part by the ERC Advanced Grant 227458 OACFT “Operator Algebras and Conformal Field Theory” and GNAMPA-INDAM.

†Supported in part by Global COE Program “The research and training center for new development in mathematics”, the Mitsubishi Foundation Research Grants and the Grants-in-Aid for Scientific Research, JSPS._‡

Supported in part by NSF grant and an academic senate grant from UCR.

Contents

1 Introduction 2

2 Preliminaries on superconformal nets 4

3 The N = 2 super-Virasoro net and its representations 8

4 Spectral flow for the N = 2 super-Virasoro net 12

5 The coset identification for the N = 2 super-Virasoro nets with c < 3 16

6 Classification of N = 2 superconformal nets with c < 3 23

7 Nets of spectral triples 27

8 JLO cocycles, index pairings, and Ramond sectors 33

9 Outlook: the chiral ring and fusion rules 36

1 Introduction

Quantum Field Theory (QFT) describes a quantum system with infinitely many degrees of freedom and, from a geometrical viewpoint, can be regarded as an infinite-dimensional noncommutative manifold. It thus becomes a natural place for merging the classical infinite-dimensional calculus with the noncommutative quantum calculus. As explained in [41], a QFT index theorem should manifest itself in this setting and Noncommutative Geometry should provide a natural framework.

Within this program, localized representations with finite Jones index should play a role analogous to the one of elliptic operators in the classical framework. One example of this structure was suggested in the black hole entropy context, the Hamiltonian was regarded in analogy with the (infinite dimensional promotion of the) Laplacian and spectral analysis coefficients were indeed identified with index invariants for the net and its representations [36]. However, following Connes [12], the notion of spectral triple is the basis for a Dirac operator analogue and this naturally leads to exploring the supersymmetric context.

A particularly interesting context where to look for this setting is provided by chiral Conformal Field Theory in two spacetime dimensions (CFT), a building block for general 2D CFT. There are several reasons why CFT is suitable for our purposes. On the one hand, the Operator Algebraic approach to QFT has been particularly successful within the CFT frame leading to a deep, model independent description and understanding of the underlying structure. On the other hand, there are different, geometrically based approaches to CFT suggesting a Noncommutative Geometric interpretation ought to exist, and in which fields represent the noncommutative variables. Since the root of Connes’ Noncommutative Geometry is Operator Algebraic, one is naturally led to explore its appearance within local conformal nets of von Neumann algebras.

A first step in this direction was taken in [9] with the construction and structure analysis of the N = 1 superconformal nets of von Neumann algebras, the prime class of nets combining conformal invariance and supersymmetry. Indeed a spectral triple, the basic underlying object in Noncommutative Geometry, generalizes and abstracts the notion of Dirac operator, so the natural QFT models to find it are the supersymmetric ones where the supercharge operator is a an odd square root of the Hamiltonian.

Indeed a net of spectral triples has been later constructed in [8], associated with Ramond representations of the N = 1 super-Virasoro net, the most elementary superconformal net of von Neumann algebras. In particular the irreducible, unitary positive energy representation of the Ramond algebra with central charge c and minimal lowest weight h = c/24 is graded and gives rise to a net of even θ-summable spectral triples with non-zero Fredholm index.

The N = 1 super-Virasoro algebra is an infinite dimensional Lie algebra generated by the Virasoro algebra and the Fourier modes of one Fermi field of conformal dimension 3/2. There are higher level super-Virasoro algebras: the N = 2 one is generated by the Virasoro algebra and the Fourier modes of two Fermi fields and a U(1)-current that generates rotations associated with the symmetry of the two Fermi fields. N = 2 superconformal nets will be extensions of a net associated with the N = 2 super-Virasoro net. One may continue the procedure even to N = 4, where four Fermi fields are present acted upon by SU(2)-currents [38]. The various supersymmetries play crucial roles in several physical contexts, in particular in phase transitions of solid state physics and on the worldsheets of string theory.

This paper is devoted to the construction and analysis of the N = 2 superconformal nets. As is known, the passage from the N = 1 to the N = 2 case is not a matter of generalizing and extending results because a new and more interesting structure does appear by considering N = 2 superconformal models, although the definition of the respective nets is similar.

After summing up basic general preliminaries, we begin our analysis in Section 3, of course, constructing the N = 2 super-Virasoro net of von Neumann algebras by integrating the corresponding infinite-dimensional Lie algebra representation proving the necessary local energy bounds. The representations of the (vacuum) net will correspond to the representations of the N = 2 super-Virasoro algebra and will be of Neveu-Schwarz or Ramond type [2, 13], where Ramond representations are actually solitonic. This goes all in complete analogy to the N = 1 case [9].

At this point, however, there appears a remarkable new feature of the N = 2 super- Virasoro algebra: the appearance of the spectral flow, a “homotopy” equivalence between the Neveu-Schwarz and the Ramond algebra in the sense that there exists a deformation of one into the other. Solitonic Ramond representations of the nets are thus in correspondence with true (DHR) representations, an important fact of later use to us.

Before proceeding further, Section 5 is devoted to clarifying a key point of our paper: the identification for the N = 2 super-Virasoro nets with c < 3 as a coset for the inclusion A_{U(1)2n+4} ⊂ A_{SU(2)n} ⊗ A_{U(1)4} . This identification is equivalent to the corresponding coset identification at the Lie algebra (or vertex algebra) level and it is moreover equivalent to the identification of the corresponding characters, cf. [34, 9] for the analogous statements in the N = 0, 1 cases. Accordingly, it is equivalent to the correctness of the known N = 2 character formulae for the discrete series representations, see e.g. [19, 17].

The N = 2 character formulae for the unitary representations with c < 3 where first derived (independently) by Dobrev [14], Kiritsis [39] and Matsuo [43]. Although these formulae appear to be universally accepted, a closer look to the literature seems to indicate that the mathematical validity of the proofs which have been proposed so far and of related issues of the representation theory of the N = 2 superconformal algebras is rather controversial, see [16, 19, 17, 15, 30] and [20, 21, 26, 27]. For this reason, we think that it is useful to give in this paper an independent complete mathematical proof of the N = 2 coset identification (and consequently of the N = 2 character formulae). Our proof, which we believe in any case to be of independent interest, is obtained largely through Operator Algebraic methods, a point that is certainly emblematic of the effectiveness and power of Operator Algebras.

We can then proceed with the classification of the N = 2 superconformal minimal models in Section 6, i.e., suitable extensions of the N = 2 super-Virasoro net. As in the local case [34], there are simple current series and exceptional nets. The proof is again based on combinatorics and subfactor methods.

The Noncommutative Geometric analysis starts in Section 7 where we construct the nets of spectral triples associated with Ramond representations of the N = 2 super- Virasoro algebra.

The main results in Noncommutative Geometry then are collected Section 8, where we consider the JLO cocycles for the spectral triples and pair them with K-theory. This pairing is nondegenerate and allows to separate, by means of certain characteristic projections, all Ramond vacuum sectors (the Ramond sectors with lowest weight c/24). Hence, for the first time Noncommutative Geometry is used to separate net representations, relying however also on the rich structure of the N = 2 superconformal context; in the N = 1 there was only one Ramond vacuum sector and the index pairing provides no insight there.

Our last Section 9 is dedicated to the study of the chiral ring (for the minimal models) from an operator algebraic point of view. The chiral ring is here defined and generated by the chiral primary sectors, a certain subset of Neveu-Schwarz sectors, and the monoidal product by means of truncated fusion rules, hence without direct reference to pointlike localized fields. However, the algebraic structure of the chiral ring coincides with the one provided by the operator product expansion of chiral primary fields. The spectral flow (at a specific value) is known to connect the chiral primary sectors with the vacuum Ramond sectors and we illustrate and exploit this in our setting, including some comments and hints for future work.

2 Preliminaries on superconformal nets

We provide here a very brief summary on graded-local conformal nets, just as much as we need to understand the general construction in the subsequent sections. The concept is an extension of local conformal nets and has been introduced and worked out in [9, Sect. 2,3,4]; we refer to that paper and [8] for a deeper study.

Let S^1 be the unit circle and let Diff(S^1) be the infinite-dimensional (real) Lie group of orientation-preserving smooth diffeomorphisms of S^1. The group PSL(2, R) of Möbius transformations acts on S^1 and is a three-dimensional subgroup of Diff(S^1). Let I denote the set of nonempty and non-dense open intervals of S^1. For any I ∈ I, I^′ denotes the interior of S^1 \ I. Given I ∈ I, the subgroup Diff(S^1)_I of diffeomorphisms localized in I is defined as the stabilizer of I^′ in Diff(S^1) namely the subgroup of Diff(S^1) whose elements are the diffeomorphisms acting trivially on I^′. Then, for any n ∈ N ∪ {∞}, Diff(S^1)^{(n)}_I denotes the connected component of the identity of the pre-image of Diff(S^1)_I in Diff(S^1)^{(n)} under the covering map. Then we write I^{(n)} for the set of intervals in S^{1(n)} which map to an element in I under the covering map. Moreover, we often identify R with S^1 \ {−1} by means of the Cayley transform, and we write I_R (or Ī_R) for the set of bounded open intervals (and open half-lines, respectively) in R.

Definition 2.1. A graded-local conformal net A on S^1 is a map I → A(I) from the set of intervals I to the set of von Neumann algebras acting on a common infinite-dimensional separable Hilbert space H which satisfy the following properties:

(A) Isotony. A(I_1) ⊂ A(I_2) if I_1, I_2 ∈ I and I_1 ⊂ I_2.

(B) Möbius covariance. There is a strongly continuous unitary representation U of

PSL(2, R)^{(∞)} such that U(g)A(I)U(g)^∗ = A(ġI), g ∈ PSL(2, R)^{(∞)}, I ∈ I. (C) Positive energy. The conformal Hamiltonian L_0 (i.e., the self-adjoint generator of the restriction of the U to the lift to PSL(2, R)^{(∞)} of the one-parameter anti-clockwise rotation subgroup of PSL(2, R)) is positive.

(D) Existence and uniqueness of the vacuum. There exists a U-invariant vector Ω ∈ H which is unique up to a phase and cyclic for ⋁ I∈I A(I). (E) Graded locality. There exists a self-adjoint unitary Γ (the grading unitary) on H satisfying ΓA(I)Γ = A(I) for all I ∈ I and ΓΩ = Ω and such that A(I^′) ⊂ ZA(I)^′Z^∗, I ∈ I, where Z :=

1 − i Γ 1 − i . (F ) Diffeomorphism covariance. There is a strongly continuous projective unitary representation of Diff(S^1)^{(∞)}, denoted again by U, extending the unitary representation of PSL(2, R)^{(∞)} and such that U(g)A(I)U(g)^∗ = A(ġI), g ∈ Diff(S^1)^{(∞)}, I ∈ I, and U(g)xU(g)^∗ = x, x ∈ A(I^′), g ∈ Diff(S^1)^{(∞)}_I , I ∈ I. A local conformal net is a graded-local conformal net with trivial grading Γ = 1. The even subnet of a graded-local conformal net A is defined as the fixed point subnet A^γ , with grading gauge automorphism γ = Ad Γ. It can be shown that the the projective representation U of Diff(S^1)^∞ commutes with Γ, cf. [9, Lem.10]. Accordingly the restriction of A^γ to the even subspace of H is a local conformal net with respect to the restriction to this subspace of the projective representation U of Diff(S^1)^∞.

Some of the consequences [9, 24, 31, 10] of the preceding definition are:

(1) Reeh-Schlieder Property. Ω is cyclic and separating for every A(I), I ∈ I.

(2) Bisognano-Wichmann Property. Let I ∈ I and let Δ_I , J_I be the modular operator and the modular conjugation of (A(I), Ω). Then we have U(δ_I (−2πt)) = Δ^{i t}_I , t ∈ R. Moreover unitary representation U : PSL(2, R)^{(∞)} → B(H) extends to an (anti- )unitary representation of PSL(2, R) ⋊Z/2 determined by U(r_I ) = ZJ_I and acting covariantly on A. Here (δ_I (t))_{t∈R} is (the lift to PSL(2, R)^{(∞)} of) the one-parameter dilation subgroup of PSL(2, R) with respect to I and r_I the reflection of the interval I onto the complement I^′.

(3) Graded Haag Duality. A(I^′) = ZA(I)^′Z^∗, for I ∈ I.

(4) Outer regularity. A(I_0) = ⋂ I∈I,I⊃Ī_0 A(I), I_0 ∈ I.

(5) Additivity. If I = ⋃ α I_α with I, I_α ∈ I, then A(I) = ⋁ α A(I_α). (6) Factoriality. A(I) is a type III_1-factor, for I ∈ I.

(7) Irreducibility. ⋁ I∈I A(I) = B(H). (8) Vacuum Spin-Statistics theorem. e^{i 2πL0} = Γ, in particular e^{i 2πL0} = 1 for local nets, where L_0 is the infinitesimal generator from above corresponding to rotations. Hence the representation U of PSL(2, R)^{(∞)} factors through a representation of PSL(2, R)^{(2)} (PSL(2, R) in the local case) and consequently its extension Diff(S^1)^{(∞)} factors through a projective representation of Diff(S^1)^{(2)} (Diff(S^1) in the local case).

(9) Uniqueness of Covariance. For fixed Ω, the strongly continuous projective representation U of Diff(S^1)^{(∞)} making the net covariant is unique.

In the sequel, G stands for either of the two groups PSL(2, R) or Diff(S^1). From time to time we shall need covering nets of a given (graded-)local conformal net. By this we mean the following: a G-covariant net over S^{1(n)} is a family (A_n(I))_{I∈I}(n) such that

- A_n(I_1) ⊂ A_n(I_2) if I_1, I_2 ∈ I^{(n)} and I_1 ⊂ I_2;

- there is a strongly continuous unitary representation U of G^{(∞)} on H such that

U(g)A_n(I)U(g)^∗ = A_n(ġI), g ∈ PSL(2, R)^{(∞)}, I ∈ I^{(∞)}.

The concept of representations is slightly more involved than in the ungraded case:

Definition 2.2. (1) A G-covariant soliton of a net A over S^1 is a family (π_I )_{I∈}¯_{IR} of normal representations on a common Hilbert space H_π with a projective unitary representation U_π : G^{(∞)} → B(H_π) such that, for every I ∈ I_R and 1-neighbourhood V_I ⊂ G^{(∞)} with V_I · I ∈ I_R: U_π(g)π_I (x)U_π(g)^∗ = π_{ġI} (U(g)xU(g)^∗), g ∈ G^{(∞)}, x ∈ A(I). (2) A G-covariant general soliton is a diffeomorphism-covariant soliton such that the restriction of A to the even subnet A^γ over S^1 is a DHR representation. In case G = Diff(S^1), we shall simply say general soliton. It is called a (DHR) representation if I_R and Ī_R can be replaced by I.

(3) A G-covariant general soliton π of a graded net (A, γ) over S^1 is called graded if there exists a selfadjoint unitary Γ_π ∈ B(H) such that

Γ_ππ_I (x)Γ_π = π_I (γ(x)), x ∈ A(I), I ∈ I_R.

(4) A G-covariant graded general soliton π of a superconformal net A is called supersymmetric if L^π_0 admits an odd square-root.

Remark 2.3. It can be shown (using a straight-forward reasoning based on covariance relations) that a family (π_I )_{I∈IR} of normal representations of A which is covariant with respect to a given projective unitary representation of G^{(∞)} extends automatically from I_R to Ī_R, thus defines a G-covariant soliton. We shall make use of this (simplifying) fact when considering explicit N = 2 super-Virasoro nets.

For the more common case of a (ungraded) local net B over S^1 (like the even subnet B = A^γ ) we recall the following associated global algebras, inspired by [23], and adapted and described in the current setting in [8, Def.2.3]:

Definition 2.4. The universal C*-algebra C^∗(B) of B is determined by the following properties:

- for every I ∈ I, there are unital embeddings ι_I : B(I) → C^∗(B), such that ι_{I1|B(I2)} = ι_{I2} whenever I_1 ⊂ I_2, and all ι_I (B(I)) together generate C^∗(B) as a C*-algebra;

- for every representation π of B on some Hilbert space H_π, there is a unique *- representation π̃ : C^∗(B) → B(H_π) such that π_I = π̃ ∘ ι_I , I ∈ I. It can be shown to be unique up to isomorphism. Let (π̃_u, H_u) be the universal representation of C^∗(B): the direct sum of all GNS representations π̃ of C^∗(B). Since it is faithful, C^∗(B) can be identified with π̃_u(C^∗(B)). We call the weak closure vN(B) = π̃_u(C^∗(B))^{′′} the universal von Neumann algebra of B. We shall drop the ~· sign henceforth.

Coming back to the general case of graded-local nets, a fundamental first consequence of Definition 2.2 is

Proposition 2.5 ([9, Sec.4.3]). Let A be a graded-local conformal net and π an irreducible G-covariant general soliton of A. Then the following three conditions are equivalent:

- π is graded,

- π_{|A}γ is reducible,

- π_{|A}γ ≃ π_+ ⊕ π_+α =: π_+ ⊕ π_−,

with π_+ some irreducible localised DHR representation of A^γ and α a localised DHR automorphism of A^γ dual to the grading.

It can be shown that for irreducible graded π and under the assumption of finite statistical dimension on π_+, we have the two possibilities

e^{i 2πLπ0} = e^{i 2πLπ+0} ⊕ ± e^{i 2πLπ+0} = e^{2π i h} 1 ⊕ ± e^{2π i h} 1,

so e^{i 4πLπ0} = e^{4π i h} 1 is a scalar, while in the irreducible ungraded case this is always trivially true. Here ”+” will correspond to (R) in the following theorem, ”−” to (NS). Thus every irreducible general soliton of finite statistical dimension factorises through a representation of a net over S^{1(2)}, and it actually suffices now to consider graded-local conformal nets over S^{1(n)} with n = 1, 2 and not higher – that is what we shall do henceforth.

Lemma 2.6. If a G-covariant soliton ρ on a graded-local net A is such that e^{2π i Lρ0} is either the identity operator or implements the grading, then ρ_{|A}γ is a DHR representation, i.e., ρ is a general G-covariant soliton of A.

Proof. Let U_ρ be the covariance unitary representation of ρ. We can extend ρ to a representation of the promotion A^{(∞)} to the universal cover S^{1(∞)} by setting ρ_{gI} := AdU_ρ(g) · ρ_I for every I ∈ I^{(∞)}. As U_ρ(4π) = e^{4π i Lρ0} = 1, ρ defines actually a Gcovariant representation of the double cover net A^{(2)} over S^{1(2)}. By assumption, U_ρ(2π) commutes with the image of the restriction of ρ to the even subnet A^γ of A, so ρ is a DHR representation of A^γ , cf. [9, Prop.19]. □

Theorem 2.7 (cf. [9, Sec.4.3]). Let A be a graded-local conformal net over S^1 and let π be an irreducible G-covariant general soliton of A such that e^{i 4πLπ0} is a scalar, and denote π|_Aγ =: π_+ ⊕ π_+α or π|_Aγ =: π_+ with an irreducible representation π_+ of A^γ (for graded or ungraded π, respectively). Then π is of either of the subsequent two types:

(NS) π is actually a representation of A; equivalently,

e^{i 2πLπ0} = Γ_π implements the grading.

(R) π is not a representation but only a general soliton of A; equivalently, e^{i 2πLπ0} is a scalar, hence does not implement the grading.

In case (NS), π is called a Neveu-Schwarz representation of A, and in case (R), a Ramond representation, the latter being however actually only a general soliton, i.e., a representation of A^{(2)} over S^{1(2)}, and not a proper representation of A. A direct sum of irreducible Neveu-Schwarz (Ramond) representations is again called a Neveu-Schwarz (Ramond) representation.

Locally, i.e., for a local representation of G^{(2)} and in restriction to a net over R, Neveu- Schwarz and Ramond representations of A_R are equivalent. The difference arises when passing to the global setting, i.e., to a (global) representation of G^{(2)} and the whole net over S^{1(2)}. In this context, we recall from [8, Def. 2.6] that a general soliton is called supersymmetric if L^π_0 has an odd square-root, and [8, Prop. 2.10] then says:

Proposition 2.8. An irreducible general soliton of a superconformal net A is supersymmetric iff it is a Ramond representation.

3 The N = 2 super-Virasoro net and its representations

Definition 3.1. For any t ∈ R, the N = 2 super-Virasoro algebra SVir^{N=2,t} is the infinitedimensional Lie superalgebra generated by linearly independent even elements L_n, J_n and odd elements G^±_r , where n ∈ Z, r ∈^1_2 ∓ t + Z, together with an even central element ĉ and with (anti-) commutation relations

[L_m, L_n] = (m − n)L_{m+n} + ĉ 12 (m^3 − m)δ_{m+n,0}, [L_m, G^±_r ] = ( m 2 − r ) G^±_{m+r}, [G^+_r , G^−_s ] = 2L_{r+s} + (r − s)J_{r+s} + ĉ 3 ( r^2 − 1 4 ) δ_{r+s,0}, [G^+_r , G^+_s ] = [G^−_r , G^−_s ] = 0, [L_m, J_n] = −nJ_{m+n}, [G^±_r , J_n] = ∓G^±_{r+n}, [J_m, J_n] = ĉ 3 mδ_{m+n,0}. The Neveu-Schwarz (NS) N = 2 super-Virasoro algebra is the super-Virasoro algebra with t = 0, while the Ramond (R) N = 2 super-Virasoro algebra is the one with t = 1/2. Sometimes we shall write simply SVir^{N=2} for the Neveu-Schwarz N = 2 super-Virasoro algebra SVir^{N=2,0}.

We remark that in the special case t ∈^1_2 Z, instead of G^±_r , one sometimes considers the modes G^1_r :=

G^+_r + G^−_r √ 2 , G^2_r := − i

(G^+_r − G^−_r ) √ 2 , but we shall not use them. For all t ∈ R, the Lie superalgebra SVir^{N=2,t} is equipped with a natural anti-linear involution, such that the adjoints of L_n, J_n, G^i_r are respectively L_{−n}, J_{−n} G^i_{−r}, i = 1, 2 and ĉ is selfadjoint.

We are interested in linear vector space representations. These representations should satisfy the usual conditions explained in [7, Sect.4], in short, they should be unitary with respect to a suitable scalar product turning the vector space into a pre-Hilbert space, ĉ should be represented by a positive real scalar c, and L_0 should be diagonalisable with every eigenspace finite-dimensional and only positive eigenvalues. Note that in the NS case the positivity of L_0 follows automatically from the commutation relations 2L_0 = [G^i_{1/2}, G^i_{−1/2}], i = 1, 2. In the R case we have 2L_0 − c/12 = [G^+_0 , G^−_0 ] ≥ 0 and hence L_0 is bounded from below. It then follows by unitarity that c ≥ 0^1 and L_0 ≥ c/24 ≥ 0. Accordingly an irreducible unitary representation is completely determined by the corresponding irreducible unitary representation of the zero modes on the lowest energy subspace (the subspace of highest weight vectors). In the NS case the algebra of zero modes is abelian and irreducibility implies that the lowest energy subspace is one-dimensional and spanned by a single vector Ω_{c,h,q} of norm one such that L_0Ω_{c,h,q} = hΩ_{c,h,q} and J_0Ω_{c,h,q} = qΩ_{c,h,q}. The real numbers c, h, q completely determine the representation (up to unitary equivalence). In the R case the algebra of zero modes is non-abelian and there are two possibilities. If the lowest energy h is equal to c/24, the lowest energy subspace must be one dimensional again spanned by a normalized common eigenvector Ω_{c,h,q} of L_0 and J_0 with eigenvalues h and q respectively and satisfying G^+_0 Ω_{c,h,q} = G^−_0 Ω_{c,h,q} = 0. In contrast if h > c/24 the lowest energy subspace must be two-dimensional. Then one can choose a common normalized eigenvector Ω^−_{c,h,q} for L_0 and J_0, with eigenvalues h and q respectively by imposing the supplementary condition G^+_0 Ω^−_{c,h,q} = 0. The lowest energy subspace is spanned by Ω^−_{c,h,q} and Ω^+_{c,h,q−1} where Ω^+_{c,h,q−1} = (2h − c/12)^{− 1}2 G^−_0 Ω^−_{c,h,q} is normalized and satisfies L_0Ω^+_{c,h,q−1} = hΩ^+_{c,h,q−1} and J_0Ω^+_{c,h,q−1} = (q − 1)Ω^+_{c,h,q−1}. With the above convention the numbers c, h, q completely determine the representation also in the R case. As in the cases N = 0, 1, unitarity gives restrictions on the possible values of c, h, q. The situation is described in

Theorem 3.2 ([2], [13], [32]). For any irreducible unitary representation of the Neveu- Schwarz N = 2 super-Virasoro algebra SVir^{N=2,0} the corresponding values of c, h, q satisfy one of the following conditions:

NS1 c ≥ 3 and 2h − 2nq + (^c_3 − 1)(n^2 −^1_4 ) ≥ 0 for all n ∈^1_2 + Z.

NS2 c ≥ 3 and 2h − 2nq + (^c_3 − 1)(n^2 −^1_4 ) = 0,

2h − 2(n + sgn(n))q + (^c_3 − 1) [ (n + sgn(n))^2 −^1_4 ] < 0 for some n ∈^1_2 + Z and 2(^c_3 − 1)h +^1_4 (^c_3 + 1)^2 − q^2 −^1_4 (^c_3 − 1)^2 ≥ 0.

NS3 c =^{3n}_{n+2} , h =^{l(l+2)−m2}_{4(n+2)} , q = −^m_{n+2} , where n, l, m ∈ Z satisfy n ≥ 0, 0 ≤ l ≤ n, l + m ∈ 2Z and |m| ≤ l. For any irreducible unitary representation of the Ramond N = 2 super-Virasoro algebra SVir^{N=2, 1}2 the corresponding values c, h, q satisfy one of the following conditions:

1If ψ is an eigenvector of L0 then 0 ≤ (L−nψ, L−nψ) = (ψ, [Ln, L−n]ψ) = 2n(ψ, L0ψ) +^c_{12} (n^3 − n) for all sufficiently large positive integers n. Hence c must be a non-negative real number.

R1 c ≥ 3 and 2h − 2n(q −^1_2 ) + (^c_3 − 1)(n^2 −^1_4 ) −^1_4 ≥ 0 for all n ∈ Z

R2 c ≥ 3 and 2h − 2n(q −^1_2 ) + (^c_3 − 1)(n^2 −^1_4 ) −^1_4 = 0,

2h − 2(n + sgn(n −^1_2 ))(q −^1_2 ) + (^c_3 − 1) [ (n + sgn(n −^1_2 ))^2 −^1_4 ] −^1_4 < 0 for some n ∈ Z and 2(^c_3 − 1)(h −^c_{24} ) +^1_4 (^c_3 + 1)^2 − (q −^1_2 )^2 −^1_4 (^c_3 − 1)^2 ≥ 0 .

R3 c =^{3n}_{n+2} , h =^{l(l+2)−m2}_{4(n+2)} +^1_8 , q = −^m_{n+2} +^1_2 , where n, l, m ∈ Z satisfy n ≥ 0, 0 ≤ l ≤ n, l + m + 1 ∈ 2Z and |m − 1| ≤ l. Conditions NS1, NS3, R1, R3, are also sufficient, namely if values c, h, q satisfy one of them then there exists a corresponding irreducible unitary representation. In particular all the values in the discrete series of representations (conditions NS3 and R3) with c = 3n/(n + 2) are realized by the coset construction for the inclusion U(1)_{2n+4} ⊂ SU(2)_n ⊗ CAR^{⊗2} for every nonnegative integer n.

For every allowed value of c, there is a corresponding unique representation of the Neveu-Schwarz N = 2 super-Virasoro algebra SVir^{N=2,0} with h = q = 0, the vacuum representation. Moreover, if n ∈ 2 + 4Z, then there are Ramond representations with h = c/24 (and several values for q) and we call them vacuum Ramond representations. Notice from Definition 3.1 that in contrast to the case N = 1, every representation π is automatically graded by e^{i πJ π0} : clearly, this element commutes with all L^π_n and J^π_n , while it follows (using e.g. (7.1) below with s = π) that it anticommutes with all G^{±,π}_r .

Our goal in this section is to define a net associated to the N = 2 super-Virasoro algebra. This will be done in the standard way by using certain unbounded selfadjoint fields (in the vacuum representation). Let π be an irreducible unitary positive energy lowest weight representation of SVir^{N=2}_c as above with certain (c, h, q). Then we denote the generators in that representation by L^π_n, G^{i,π}_r , J^π_n , and c^π (or simply c) will be one of the positive admissible numbers. If π is the vacuum representation, we shall drop the superscript π.

We shall need the following linear energy bounds [4] and [9]: in every unitary unitary representation π, we have

‖L^π_mψ‖ ≤M_c(1 + |m|^{32} )‖(1 + L^π_0 )ψ‖, ‖G^{i,π}_r ψ‖ ≤(2 + c 3 r^2)^{12} ‖(1 + L^π_0 )^{12} ψ‖, (3.1)

‖J^π_mψ‖ ≤(1 + c|m|)^{1/2}‖(1 + L^π_0 )^{12} ψ‖, ψ ∈ C^∞(L^π_0 )

with a constant M_c > 0 depending only on c.

For smooth and localised functions f ∈ C^∞_I (S^1) with I ∈ I_R, the Fourier coefficients f_n are rapidly decreasing, and owing to the above linear energy bounds, the formal sums ∑ n∈Z f_nL^π_n, ∑ r∈∓t+^1_2 +Z f_rG^{i,π}_r , ∑ n∈Z f_nJ^π_n , (i = 1, 2),

are densely defined closable operators with common invariant core C^∞(L_0) by a standard reasoning based on [18, Th.3.2] (for details consider e.g. [4] or [5, Sect.2.2]). We denote their selfadjoint closures, the so-called smeared fields, by L^π(f), and analogously for J^π(f) and G^{±,π}(f) with i = 1, 2, respectively. The former two are actually selfadjoint. Concerning the latter one, we define G^{i,π}(f) as the closures of the essentially selfadjoint smeared fields 1 √ 2 ( G^{+,π}(f) + G^{−,π}(f) ) |_C∞_{(L0)}, 1 i √ 2 ( G^{+,π}(f) − G^{−,π}(f) ) |_C∞_{(L0)}.

Since [X^π(f), Y^π(g)] = 0, supp(f) ∩ sup(g) = ∅,

for X and Y any of the fields L, G^i, J, we can define a graded local net of von Neumann algebras by

A_π(I) = {e^{i J π (f)}, e^{i Lπ (f)}, e^{i Gπ,(i)(f)} : f ∈ C^∞(S^1), supp f ⊂ I}^{′′}, I ∈ I_R. (3.2)

If π is the vacuum representation with central charge c, we shall denote by A_c the corresponding net on R and call it the N = 2 super-Virasoro net on R with central charge c. The extension to S^1 whose existence is guaranteed by the following theorem will be denoted again by A_c and called the N = 2 super-Virasoro net with central charge c.

Theorem 3.3. The family (A_c(I))_{I∈IR} extends to a diffeomorphism covariant graded-local conformal net A_c = (A_c(I))_{I∈I} over S^1.

Proof. The proof goes in complete analogy to the one of [9, Th.33] where N = 1. We briefly recall that first, we have to construct a representation of Diff(S^1)^{(2)} such that all J, G^i, L transform covariantly with respect to the restriction of that representation to PSL(2, R)^{(2)}. It is obtained as the integration of the given representation of the Lie algebra generated by L_{−1}, L_0, L_1 (the complexification of Lie algebra of PSL(2, R)). In fact, going through all the steps there, we just have to notice that (in the notation used there) d i d t

(J(β_0(e^{tf1} )f_2)ψ_0)|_{t=0} = [L(f_1), J(f_2)]ψ_0,

where ψ_0 ∈ C^∞(L_0), f_1, f_2 ∈ C^∞(S^1), and

β_0(g)f_i(z) := f_i(g^{−1}(z)), g ∈ PSL(2, R)^{(2)}, z ∈ S^1.

Once this is done, we show cyclicity of the vacuum vector Ω for the net, and finally extension of PSL(2, R) to diffeomorphism covariance, literally as in [9, Th.33]. □

Now that the net A_c is defined, we would like to study its representations. The result follows immediately from the classification of the Lie algebra representations in Theorem 3.2: from the branching rules and the associated expressions for the characters in [37], we obtain a general soliton of the net for every representation in Theorem 3.2. Finally, in Section 7 we shall use

Theorem 3.4 ([11]). Let (π_I )_{I∈I} be an irreducible general soliton of A_c with lowest energy h ≥ 0 and charge q ∈ R. Then there is a unitary irreducible highest weight representation π of the N-super-Virasoro algebra with lowest weight h and charge q such that

π_I (e^{i L(f)}) = e^{i Lπ (f)}, π_I (e^{i Gi(f)}) = e^{i Gi,π (f)}, π_I (e^{i J(f)}) = e^{i J π (f)},

for f ∈ C^∞(S^1)_I , i = 1, 2, I ∈ I_R. Moreover, (π_I )_{I∈I}(2) is a Neveu-Schwarz (Ramond) representation in the sense of Theorem 2.7 iff π is a Neveu-Schwarz (Ramond) representation in the sense of Theorem 3.2. In particular, there is a one-to-one correspondence between general solitons of the net and representations of the Lie superalgebra.

Finally, a crucial fact owing to Fewster and Hollands [22, Th.4.1] is the following one: for every non-negative function f ∈ C^∞(S^1), the selfadjoint operator L(f) is bounded from below.

4 Spectral flow for the N = 2 super-Virasoro net

A remarkable property of the N = 2-super-Virasoro algebra is the “homotopic” equivalence of its Neveu-Schwarz and its Ramond algebra in the sense that there exists a deformation of one into the other, first discussed in [44]:

Definition 4.1. The spectral flow of the Lie algebra SVir^{N=2} is the family of linear maps η_t : SVir^{N=2,t} → SVir^{N=2,0}, with t ∈ R, defined on the generators by

η_t(L_n) := L_n + tJ_n + c 6 t^2δ_{n,0}, n ∈ Z η_t(J_n) := J_n + c 3 tδ_{n,0}, n ∈ Z η_t(G^±_r ) := G^±_{r±t}, r ∈ ∓t + 1 2 + Z η_t(ĉ) := ĉ.

In other words, the map η_t embeds SVir^{N=2,t} into SVir^{N=2}.

Proposition 4.2. The linear maps η_t are Lie superalgebra isomorphisms, so the Lie superalgebras SVir^{N=2,t}, t ∈ R, are all isomorphic. In particular, the Neveu-Schwarz algebra and the Ramond algebra are isomorphic.

Proof. Define a linear map η^′_t : SVir^{N=2,0} → SVir^{N=2,t}, given on the generators by

η^′_t(L_n) := L_n − tJ_n + c 6 t^2δ_{n,0}, n ∈ Z η^′_t(J_n) := J_n − c 3 tδ_{n,0}, n ∈ Z η^′_t(G^±_r ) := G^±_{r∓t}, r ∈ 1 2 + Z η^′_t(ĉ) := ĉ.

It is straightforward to check that it is an inverse for η_t, so we have bijectivity. Moreover, using Definition 3.1, one finds that η_t is a Lie algebra homomorphism, so we are done. □

In order to treat the local algebras, we need the spectral flow on smeared fields. For any t ∈ R and f ∈ C^∞(S^1)_I with I ∈ I_R, the modified Fourier coefficients

f_r := 1 2π ∫_π −π e^{− i rθ} f(e^{i θ}) d θ, r ∈ t + 1 2 + Z, (4.1)

are rapidly decreasing.

Consider now SVir^{N=2,t} and denote by π_0 the vacuum representation of the Lie superalgebra SVir^{N=2} with a fixed central charge c, the unique representation with lowest weight h = 0. With L^t_n := π_0(η_t(L_n)), J^t_n := π_0(η_t(J_n)), G^{±,t}_r := π_0(η_t(G^±_r )) (we suppress the superscript ·^t when t = 0), we may consider the formal power series ∑ n∈Z f_nJ^t_n, ∑ r∈∓t+^1_2 +Z f_rG^{±,t}_r , ∑ n∈Z f_nL^t_n, (4.2) on H_0, which are densely defined and closable with core C^∞(L_0), and we denote their closures by J^t(f), G^{±,t}(f), L^t(f). In the light of the analogous definition with t = 0, we also define the selfadjoint fields

G^{1,t}(f) := ( (G^{+,t}(f) + G^{−,t}(f))|_C∞_{(L0)} )_− √ 2 , G^{2,t}(f) := ( (G^{+,t}(f) − G^{−,t}(f))|_C∞_{(L0)} )_− i √ 2 , (4.3) and J^t(f), G^{±,t}(f), L^t(f) are then selfadjoint on H and affiliated with A_c(I) if supp f ⊂ I.

We shall see that the action of η_t on the even generators corresponds to a U(1)- automorphism ρ_q [3, Sect.2] with charge q = tc/3, and our particular interest lies in the case t ∈^1_2 Z.

Theorem 4.3. For every t ∈ R, there is a PSL(2, R)-covariant general soliton η̄_t of A_c over S^1 \ {−1} ≃ R such that η̄_{t,I} , I ∈ I_R, is the automorphism given by

η̄_{t,I} (e^{i X(f)}) = e^{i Xt(f)}, f ∈ C^∞(S^1 \ {−1})_I , X = J, G^1, G^2, L.

η̄_t is equivalent to the α^±-induction of a localised U(1)-current endomorphism ρ_q with charge q =^c_3 t. For t ∈ Z, η̄_t extends to a Neveu-Schwarz representation of the gradedlocal net A_c, while for t ∈^1_2 + Z, η̄_t extends to a Ramond representation of A_c.

The proof proceeds in several steps. First, let us define representations for each local algebra. Let I ∈ I_R and let ϕ_{t,I} ∈ C^∞_c (S^1 \ {−1}) be such that ϕ_{t,I} |_I =^t_i log where log is normalised such that log(1) = 0. Set

η̄_{t,I} (x) := Ad(e^{i J(ϕt,I )})(x), x ∈ A_c(I). (4.4)

Lemma 4.4. X(f) → X^t(f), for f ∈ C^∞(S^1)_I , is a well-defined linear map, implemented by e^{i J(ϕt,I )}. It integrates to η̄_{t,I} on A_c(I).

Proof. Let f ∈ C^∞_I (S^1). Then by the commutation relations obtained from smearing the relations in Definition 4.1, we have

J^t(f) = J(f) + q ∫ I f = Ad(e^{i J(ϕt,I )})(J(f)) and L^t(f) = L(f) + t ∫ I fJ(f) + (t ∫ I f)^2 = Ad(e^{i J(ϕt,I )})(L(f)).

On the fermionic generators we obtain G^{t,±}(f) = ∑ r∈^1_2 ∓t+Z f_rG^{t,±}_r = ∑ r∈^1_2 +Z f_{r∓t}G^±_r = G^±(e^{± i tϕ} f),

where ι_t : e^{i θ} → e^{i tθ}, with θ in a suitable neighbourhood of 0 depending on t. We claim that G^±(e^{± i tϕ} f) = e^{i tJ(ϕ)} G^±(f) e^{− i tJ(ϕ)}, (4.5)

with ϕ = ϕ_{1,I} here. Then since the RHS of these equations is given by the action of Ad(e^{i tJ(ϕ)}) on the smeared fields, we obtain a well-defined homomorphism η_t. It clearly integrates to a normal homomorphism of the generated von Neumann algebra A_c(I), namely η̄_{t,I} .

The idea of the proof of (4.5) is similar to the one of Theorem 3.3. Let U be the strongly continuous unitary irreducible representation of the 1-connected component of the loop group L U(1) (instead of Diff(S^1) there) on the vacuum representation space H obtained by integrating the vacuum representation π_0 of the u(1)-current algebra as in [29] or [24], i.e.,

U(e^{i ϕ}) = e^{i J(ϕ)} ∈ B(H), ϕ ∈ C^∞(S^1, S^1) = L u(1).

Then U(e^{i ϕ}) preserves the core C^∞(L_0) because all e^{i tJ(ϕ)} do so [45, Sec.2], and, for every ψ_0 ∈ C^∞(L_0), the map t ∈ R → U(e^{i tϕ})ψ_0 ∈ C^∞(L_0) is continuously differentiable. Let ψ_0 ∈ C^∞(L_0), recall that e^{i tJ(ϕ)} preserves C^∞(L_0), and define ψ^±(t) := G^±(e^{± i tϕ} f) e^{i tJ(ϕ)} ψ_0, t ∈ R.

Then the above together with the linear energy bounds for G yield the differentiability of t → ψ^±(t) and the commutation relations in Definition 3.1 imply d i d t ψ^±(t) = ± G^±(ϕ e^{± i tϕ} f) e^{i tJ(ϕ)} ψ_0 + G^±(e^{± i tϕ} f)J(ϕ) e^{i tJ(ϕ)} ψ_0

=J(ϕ)G^±(e^{± i tϕ} f) e^{i tJ(ϕ)} ψ_0 =J(ϕ)ψ^±(t). The solution of this differential equation with given initial value is

ψ^±(t) = e^{i tJ(ϕ)} ψ^±(0) = e^{i tJ(ϕ)} G^±(f)ψ_0.

Since this holds true for every ψ_0 ∈ C^∞(L_0) and the latter is a core for all G^±(f) and preserved by e^{i tJ(ϕ)}, we obtain

e^{i tJ(ϕ)} G^±(f) = G^±(e^{± i tϕ} f) e^{i tJ(ϕ)},

hence (4.5). The latter one then implies, on C^∞(L_0),

G^{1,t}(f) = 1 2 (G^{+,t}(f) + G^{−,t}(f)) = 1 2 ( G^+(e^{i tϕ} f) + G^−(e^{− i tϕ} f) ) = 1 2 ( e^{i tJ(ϕ)} G^+(f) e^{− i tJ(ϕ)} + e^{i tJ(ϕ)} G^−(f) e^{− i tJ(ϕ)} ) = e^{i tJ(ϕ)} G^1(f) e^{− i tJ(ϕ)}

and analogously for G^{2,t}(f). □

Lemma 4.5. The family (η̄_{t,I} )_{I∈IR} forms a (locally normal) PSL(2, R)-covariant soliton of the restricted net A^{(0)}_c .

Proof. The local normality of η̄_{t,I} is obvious. Here we have to establish the covariance. Let U_q be the integration to PSL(2, R)^{(∞)} of the representation of the Lie algebra generated by L^t_{−1}, L^t_0, L^t_1, i.e., we have to define suitable U_q : PSL(2, R)^{(∞)} → B(H) such that U_q(g)η̄_{t,I} (x)U_q(g)^∗ = η̄_{t,gI} (U(g)xU(g)^∗), x ∈ A_c(I), for g ∈ PSL(2, R)^{(∞)} close to 1 such that the closure of I ∪ gI is contained in a subinterval of S^1 \ {−1}. As before, q =^c_3 t. Then in the same way as in the proof of Theorem 3.3 we obtain a representation U_q of PSL(2, R)^{(∞)} such that

U_q(g)X^t(f)U_q(g)^∗ = X^t(β_{n(X)}(g).f), with β_n certain functions (the ones appearing in the proof of Theorem 3.3 and [9, Sec.6.3]) and subscripts n(J) = 0, n(G^i) = 1/2, n(L) = 1. Appealing to the preceding lemma, we find U_q(g)η̄_{t,I} ( e^{i X(f)} ) U_q(g)^∗ =U_q(g) Ad(e^{i J(ϕt,I )})(e^{i X(f)}))U_q(g)^∗

=U_q(g) e^{i Xt(f)} U_q(g)^∗ = e^{i(Xt(βn(X)(g).f)} = Ad(e^{i J(ϕt,ġI )})(e^{i X(βn(X)(g).f)})) =η̄_{t,ġI} ( e^{i X(βn(X)(g).f)}) )

=η̄_{t,ġI} ( U(g) e^{i X(f)} U(g)^∗ ) . Thus, we have shown the PSL(2, R)-covariance on the generators of A_c(I) with I ∈ I_R, hence for the whole net A^{(0)}_c , so η̄_t becomes a PSL(2, R)-covariant soliton in the sense of Definition 2.2. □

Concerning covariance over S^1 or S^{1(2)}, an obvious problem in the above proof arises from the discontinuity in g(−1) when considering the covariance of the odd fields. This discontinuity will vanish and the function will extend to a continuous function over S^1 or S^{1(2)} iff t ∈ Z or t ∈^1_2 + Z, respectively, as we shall see in the proof of the main theorem, in particular (4.6). For the even fields, however this is no problem.

Lemma 4.6. Given t ∈ R, for every I_0 ∈ I_R, there is a unitary u_{t,I0} ∈ B(H) such that η̄_{t,I} = Ad(u_{t,I0} ) ∘ α^+_{ρI0q ,I} = Ad(u_{t,I0} e^{tπ i J0} ) ∘ α^−_{ρI0q ,I} , I ∈ I_R, where ρ^{I0}_q is an endomorphism of the U(1)-subnet of A_c, with charge q =^c_3 t and localised in J.

Proof. The global endomorphism of ρ_q of the U(1)-subnet A_{U(1)} ⊂ A_c is defined by

ρ_q(e^{i J(f)}) = e^{i(J(f)+q} ∫ f) . Given I_0 ∈ I_R, fix a smooth 2π-periodic function h_{I0} : R → R which, restricted to (−π, π), satisfies

h_{I0} (θ) = θ : θ < I_0 arbitrary : θ ∈ I_0 θ − 2π : θ > I_0. Then ρ^{I0}_q := Ad(e^{−t i J(hI}0^)) ∘ ρ_q is an endomorphism of A_{U(1)} localised in I_0 and equivalent to ρ_q. Recall [42] that the α-induced sectors of ρ^{I0}_q may be expressed as

α^±_{ρI0q ,I} = Ad(z(ρ^{I0}_q , g_±)) = Ad(e^{t i J(hg±I0 −hI0 )}),

where g_± ∈ G are such that g_−I_0 < I < g_+I_0.

For x ∈ A_c(I) we now obtain

Ad(e^{t i J(hI0 )}) ∘ α^±_{ρI0q ,I} (x) = Ad(e^{t i J(hI0 )} e^{t i J(hg±I0 −hI0 )})(x) = Ad(e^{t i J(hg±I0 )})(x).

Since g_−I_0 < I < g_+I_0, we see that h_{g+I0} |_I = ι|_I , while h_{g−I0} |_I = ι|_I − 2π. Thus the definition of ϕ_{t,I} and η̄_t finally implies

Ad(e^{t i J(hI0 )}) ∘ α^±_{ρI0q ,I} = { η̄_{t,I} : ” + ” Ad(e^{− i 2πtJ0} ) ∘ η̄_{t,I} : ” − ”,

so we are done, setting u_{t,I0} := Ad(e^{t i J(hI}0^)), independent of I. In particular, the α^±- induced sectors differ by the gauge automorphism Ad(e^{i 2πtJ0} ) of the net A_c, which is trivial if t ∈ Z, i.e., when η̄_t becomes a Neveu-Schwarz endomorphism. □

For either of the two cases Ramond and Neveu-Schwarz, i.e., for t ∈^1_2 Z, the restrictions of α^±_ρ to the even subnet A^γ_c coincide since e^{i πJ0} commutes with the latter. Thus η̄_t|_Aγ_c extends in fact to I, i.e., it is a DHR endomorphism, and η̄_t becomes a PSL(2, R)^{(∞)}-covariant general soliton. We remark that the general soliton is automatically diffeomorphismcovariant if A_c is strongly additive [9, Prop.21].

Proof of Theorem 4.3. Lemma 4.5 tells us that η̄_t is a G-covariant soliton on the SVir^{N=2}-net A_c. Let us check that the assumptions of Lemma 4.4 are verified. As in the proof of Theorem 3.3, we obtain, for all possible r depending on the field X = J, G^±, L:

e^{i sLt0} X^t_r e^{− i sLt0} = e^{i rs} X^t_r. (4.6)

For X^t = J^t, L^t, we have r ∈ Z, so the phase factor is e^{2π i r} = 1. For X^t = G^{t,±} instead, we have r ∈ ±t +^1_2 + Z, so e^{2π i r} = e^{±2π i(t+1/2)}. So e^{2π i Lt0} implements the grading (equals 1) precisely when t ∈ Z (t ∈^1_2 + Z, respectively).

Thus Lemma 2.6 implies that η̄_t is a PSL(2, R)-covariant general soliton iff t ∈^1_2 Z, and it is either a Ramond or a Neveu-Schwarz PSL(2, R)-covariant general soliton in the sense of Definition 2.2 and Theorem 2.7, depending on whether t ∈^1_2 + Z or t ∈ Z, respectively. The interpretation in terms of α-induction follows from Lemma 4.6.

We recall from Proposition 4.2 that precisely the values t ∈ Z (t ∈^1_2 + Z) correspond to the Neveu-Schwarz algebra (Ramond algebra, respectively), so we have a confirmation of Theorem 3.4 in the present setting: Neveu-Schwarz (Ramond) general solitons of the net correspond one-to-one to the Neveu-Schwarz (Ramond) representations of the Neveu- Schwarz (Ramond) super-Virasoro algebra.

Finally, it is clear from their definition that (η̄_{t,I} )_{t∈R} form one-parameter groups of automorphisms, so that (locally) we obtain a flow. □

5 The coset identification for the N = 2 super-Virasoro nets with c < 3

In this section we prove a crucial result for our analysis. As explained in the introduction, claims for this results have appeared in the literature in the vertex algebraic context, but we could not find any satisfactory and complete proof. The proof is purely operator algebraic in nature but covers the original vertex algebraic statement due to to the oneto-one relationship between the two approaches.

Theorem 5.1. The coset A_{U(1)2n+4} ⊂ A_{SU(2)n} ⊗ A_{U(1)4} is completely rational. Its list of irreducible representations is numbered by the following (l, m, s) satisfying l = 0, 1, 2, . . . , n, m = 0, 1, 2, . . . , 2n + 3 ∈ Z/(2n + 4)Z, s = 0, 1, 2, 3 ∈ Z/4Z with l − m + s ∈ 2Z with the identification (l, m, s) = (n − l, m + n + 2, s + 2).

The fusion rules are given as follows, treating the three components l, m, s in the label (l, m, s) separately: For the first component l, we use the usual SU(2)_n fusion rules. For the second component m, we use the group multiplication in Z/(2n + 4)Z. For the third component s, we use the group multiplication in Z/4Z. All these products are with the identification (l, m, s) = (n − l, m + n + 2, s + 2).

The conformal spin and dimension of the irreducible DHR sector (l, m, s) are given by exp (( l(l + 2) − m^2

4(n + 2) + s^2 8 ) 2πi ) , sin((l + 1)π/(n + 2))/ sin(π/(n + 2)).

Accordingly the statistical dimension is 1 (i.e. we have automorphisms) iff either l = 0 or l = n. Proof. This coset net is a special case of coset net studied in [46]. In the notation of [46], this coset net is A(G(1, 1, n)). By (1) of Th. 2.4 in [46], A(G(1, 1, n)) is completely rational. By Th. 4.4 in [46], the Vacuum Pairs in this case is an order two abelian group generated (n, n + 2, 2).

Note that this group acts without fixed points on the (l, m, s) as given above. By Th. 4.7 in [46], (l, m, s) are irreducible representations of A(G(1, 1, n)). The rest of the statement in the theorem follows by the remark after Th. 4.7 in [46]. □

As already mentioned in Theorem 3.2 the unitary representations of the super-Virasoro algebra with central charge c_n = 3n/(n + 2) have been explicitly realized by Di Vecchia, Petersen, Yu and Zheng, using the coset construction for the inclusion U(1)_{2n+4} ⊂ SU(2)_n ⊗ CAR^{⊗2} [13]. Now let A_{U(1)2n+4} ⊂ A_{SU(2)n} ⊗ A_{CAR}⊗2 the corresponding inclusion of conformal nets and let C_n be the corresponding coset net defined by

C_n(I) = A_{U(1)2n+4} (S^1)^′ ∩ A_{SU(2)n} (I) ⊗ A_{CAR}⊗2 (I), I ∈ I. (5.1)

Using the fact that the even part of the NS representation space of CAR^{⊗2} carries the vacuum representation of U(1)_4 one can conclude that the bosonic part C^b_n of the Fermi conformal net C_n is given by the coset

C^b_n(I) = A_{U(1)2n+4} (S^1)^′ ∩ A_{SU(2)n} (I) ⊗ A_{U(1)4} (I), I ∈ I. (5.2)

In analogy with the cases N = 0 [34], and N = 1 [9] one can show that the results in [13] imply that the N = 2 super Virasoro net A_{cn} is a covariant irreducible subnet of the coset net C_n. The aim of this section is to prove that these nets actually coincide, i.e., that A_{cn} = C_n (the N = 2 coset identification).

Let us denote by π_m, m ∈ Z/(2n + 4)Z the irreducible representations of the net A_{U(1)2n+4} by π_l, l = 0, 1, . . . , n the irreducible representations of A_{SU(2)n} and by π_{NS} the vacuum (Neveu-Schwarz) representation of A_{CAR}⊗2 . Then the inclusion A_{U(1)2n+4} ⊗ C_n ⊂ A_{SU(2)n} ⊗ A_{CAR}⊗2 gives decompositions

π_l ⊗ π_{NS}|_{AU(1)2n+4 ⊗ Cn} = ⨁ m∈Z/(2n+4)Z π_m ⊗ π_{(l,m)}, (5.3)

where π_{(l,m)} is the (possibly zero) NS representation of C_n on the multiplicity space of π_m. The corresponding Hilbert spaces H_{l,m} carries unitary representations of the NS N = 2 super-Virasoro algebra with central charge c_n. Now let χ_{(l,m)}(t) = tr_{H(l,m)} t^L π(l,m) 0 (5.4)

be the character of π_{(l,m)} (branching function). Although not explicitly stated there the following proposition follows directly from the construction in [13].

Proposition 5.2. If |m| ≤ l and l + m ∈ 2Z then the unitary representation of the NS N = 2 super-Virasoro algebra on H_{l,m} with central charge c_n contains a subrepresentation with h = h_{l,m} :=^{l(l+2)−m2}_{4(n+2)} and q = q_{n,m} := −^m_{n+2} . Moreover, χ_{(l,m)}(t) = t^{hl,m} + o(t^{hl,m} ) as t → 0^+, namely h_{l,m} is the lowest conformal energy eigenvalue on H_{l,m}.

The following lemma will play a crucial role in the proof of the N = 2 coset identification.

Lemma 5.3. If n is even (resp. odd) then the restriction of π_{(n,0)} (resp. π_{(n,±1)}) to A_{cn} is irreducible.

Proof. Let n be even. By Proposition 5.2 the Hilbert space H_{(n,0)} is a direct sum K_1 ⊕K_2 where K_1 carries an irreducible representation of the NS N = 2 super-Virasoro algebra SVir^{N=2} with central charge c_n and lowest energy h_{(n,0)} = n/4 and K_2 is either zero or carries a unitary representation of SVir^{N=2,0} with central charge c_n and lowest energy h > n/4. But n/4 is the maximal possible value for the lowest energy and hence K_2 = 0. The case n odd is similar. □

We are interested in the (NS) DHR sectors of C_n. They are labeled with (l, m) satisfying l = 0, 1, 2, . . . , n, m = 0, 1, 2, . . . , 2n + 3 ∈ Z/(2n + 4)Z, with l − m ∈ 2Z with the identification (l, m) = (n − l, m + n + 2). The restriction of (l, m) to C^b_n is given by (l, m, 0) ⊕ (l, m, 2). Moreover (l, m) = α_{(l,m,0)} where α_{(l,m,0)} denote the α-induction of (l, m, 0) from C^b_n to C_n. In view of Theorem 5.1 then we have the following fermionic fusion rules:

(l_1, m_1)(l_2, m_2) = ⨁ |l_1 − l_2| ≤ l ≤ min{l_1 + l_2, 2n − l_1 − l_2} l + l_1 + l_2 ∈ 2Z

(l, m_1 + m_2). (5.5)

Automorphisms correspond to l = 0, n. It follows from Theorem 5.1 and its proof that [π_{(l,m)}] = (l, m) for l − m ∈ 2Z. In particular [π_{(n,0)}] = (n, 0) for n even and [π_{(n,±1)}] = (n, ±1) for n odd where π_{(n,0)} and π_{(n,±1)} are the representations in Lemma 5.3. Accordingly, for n even, (n, 0) remains irreducible when restricted to A_{cn} and similarly, for n odd, (n, ±1) remain irreducible when restricted to A_{cn} .

Now let A_c be the N = 2 super-Virasoro net with central charge c (not necessarily c < 3) and let J(z) = ∑ n∈Z J_nz^{−n−1} be the corresponding current with Fourier coefficients satisfying the commutation relations

[J_n, J_m] = c 3 nδ_{n+m,0}. (5.6) The current J(z) generates a subnet A_{U(1)} ⊂ A_c isomorphic to the U(1) net in [3]. We can label the sectors of A_{U(1)} by (q), q ∈ R, corresponding to J(z) → J(z) + qz^{−1}. They satisfy the DHR fusions (q_1)(q_2) = (q_1 + q_2) see [3] and [48]. Fix an interval I_0 ∈ I_R. For every q ∈ R we choose an endomorphism ρ_q of A_{U(1)}, localized in I_0 and such that [ρ_q] = (q). Now let B be a graded local extension of A_c. Following [42] we shall denote by π^0 the vacuum representation of B, by π_0 the vacuum representation of A_{cn} and by π = (π^0)^{rest} the restriction of π^0 to A_{cn} . Now, having the inclusions A_{U(1)} ⊂ A_c ⊂ B we can consider the α-inductions (say α^+) α^{Ac}_{ρq} and α^B_{ρq} of ρ_q to A_c and B respectively. Note that the restriction to A_c of π^0 ∘ α^B_{ρq} is π ∘ α^{Ac}_{ρq} . Note also that by Theorem 4.3 α^{Ac}_{ρ c3 t} is unitarily equivalent to the DHR version η̄_t of the spectral flow. Accordingly α^B_{ρ c3 t} is a natural candidate to represent the unitary equivalence class of a possible extension of the spectral flow on B.

Now let H_B be the vacuum Hilbert space of B and H_{Ac} be the vacuum Hilbert space of A_c. Since e^{i πJ0} is the grading unitary on H_{Ac} then e^{i2πJ0} = 1 on H_{Ac} and accordingly the spectrum of J_0 on H_{Ac} is contained in Z. In fact it is not hard to see that this spectrum is exactly Z. However the spectrum of J_0 on H_B can be in general larger than Z even when B is an irreducible extension of A_c. This is however not the case if e.g. e^{i πJ0} is still the grading unitary on B, a condition which may be seen as a regularity condition on the extension B.

Theorem 5.4. Assume that the spectrum of J_0 on H_B is Z. Then, for any t ∈ Z, π^0 ∘ α^B_{ρ c3 t} is a NS representation of B. In particular it restricts to a DHR representation of the bosonic part B^b of B.

Proof. Let Γ be the grading unitary on H_B. We have the spin statistic relation Γ = e^{i2πL0} . Moreover Γ commutes with the α-induction, namely, for any I ∈ I_R,

Γπ^0 ∘ α^B_{ρ c3 t} (b)Γ = π^0 ∘ α^B_{ρ c3 t} (ΓbΓ)

for all b ∈ B(I). To see this let us recall that if Ĩ ∈ I_R is sufficiently large then there is a unitary u ∈ A_{U(1)}(Ĩ) such that ubu^∗ = α^B_{ρ c3 t} (b), for all b ∈ B(I). and the claim follows from the fact that u commutes with Γ. Now let D be the subnet covariant subnet of B defined by D(I) = A_{U(1)}(S^1)^′ ∩ B(I), I ∈ I.

Note that D is trivial iff the central charge of the net B is 1. Then we have the inclusion A_{U(1)} ⊗D ⊂ B. Moreover the subnet A_{U(1)} ⊗D contains the Virasoro subnet of B. The fact that the spectrum of J_0 on H_B is Z implies that the restriction of π^0 to A_{U(1)} is unitarily equivalent to a direct sum of representations ρ_q with q ∈ Z. Hence the restriction of π^0 to A_{U(1)} ⊗ D can be written as a direct sum ⨁ q∈Z ρ_q ⊗ σ_q

where σ_q is the representation of D on the (possibly zero) multiplicity space of ρ_q. Accordingly the conformal vacuum Hamiltonian L_0 has the following decomposition

L_0 = ⨁ q∈Z ( L^{ρq}_0 ⊗ 1 + 1 ⊗ L^{σq}_0 ) .

Now let us denote π^0 ∘ α^B_{ρ c3 t} by λ_t. Since ρ c_{3 t} is Möbius covariant, λ_t is a Möbius covariant soliton of B. Moreover the restriction of λ_t to A_{U(1)} ⊗ D is ⨁ q∈Z ρ_{q+} c_{3 t} ⊗ σ_q

and we have L^{λt}_0 = ⨁ q∈Z ( L^{ρq+ c3 t} 0 ⊗ 1 + 1 ⊗ L^{σq}_0 ) .

We want to compute the spin operator e^{i 2πLλt0} . Recall that the lowest energy in the representation space of ρ_q is given by^3_c^{q2}_2 , see e.g. [3] (the factor^3_c is due to the factor^c_3 in the commutation relations in (5.6)). It follows that

e^{i 2πLλt0} = ⨁ q∈Z e^{i 2π 32c (q+ c3 t)2} ⊗ e^{i 2πLσq0} = ⨁ q∈Z e^{i 2π 32c (q+ c3 t)2} ⊗ e^{i 2πLσq0}

= e^{i 2π c6 t2} ⨁ q∈Z e^{i 2π 32c q2} e^{i 2πqt} ⊗ e^{i 2πLσq0}

= e^{i 2π c6 t2} ⨁ q∈Z e^{i 2πLρq0} e^{i 2πqt} ⊗ e^{i 2πLσq0} .

If t ∈ Z then e^{i 2πqt} = 1 for all q ∈ Z. Hence

e^{i 2πLλt0} = e^{i 2π c6 t2} ⨁ q∈Z e^{i 2πLρq0} ⊗ e^{i 2πLσq0} = e^{i 2π c6 t2} e^{i 2πL0} = e^{i 2π c6 t2} Γ

for all t ∈ Z. It follows that, for any t ∈ Z, any I ∈ I_R and b ∈ B(I), we have

e^{i 2πLλt0} λ_t(b) e^{−i2πLλt0} = λ_t(ΓbΓ)

and the conclusion follows from Lemma 2.6 □

As pointed out before the spectrum of J_0 on H_B is in general larger than Z for an arbitrary extension B of A_c. Hence, in particular, the unitary e^{i πJ0} does not in general implement the grading of B. However as a consequence of the following proposition it always implements a gauge automorphism of B.

Proposition 5.5. For any t ∈ R the operator e^{i tJ0} is a gauge unitary of B namely e^{i tJ0} Ω = Ω and e^{i tJ0} B(I) e^{−itJ0} = B(I) for all I ∈ I.

Proof. Obviously we have e^{i tJ0} Ω = Ω. Now let I ∈ I be fixed and let Ĩ ∈ I be such that the closure of I is contained in Ĩ. Chose two real smooth functions on S^1 f_1 and f_2 such that supp f_1 ⊂ Ĩ, supp f_2 ⊂ I^′ and f_1 + f_2 = 1. Then J_0 = J(f_1) + J(f_2) on a common core. Hence by locality and the Weyl relations we find

e^{i tJ0} B(I) e^{−itJ0} = e^{i tJ(f1)} B(I) e^{−itJ(f1 )} ⊂ B(Ĩ)

and since Ĩ was an arbitrary interval containing the closure of I we can infer that

e^{i tJ0} B(I) e^{−itJ0} ⊂ B(I) for all t ∈ R

and the conclusion follows. □

Now recall from Section 4 that for every t ∈ R there is a Möbius covariant soliton η̄_t of A_c corresponding, in the sense of Theorem 4.3 (cf. also Theorem 3.4), to the representation of SVir^{N=2,t} obtained on the vacuum Hilbert space H_{Ac} by the composition of the vacuum representation of the Neveu-Schwarz N = 2 super-Virasoro algebra SVir^{N=2} generating the net A_c with spectral flow η_t. For t ∈ Z, SVir^{N=2,t} coincides with SVir^{N=2} and, by Theorem 4.3, η̄_t is a NS representation of A_c on H_{Ac} .

Proposition 5.6. The representation η̄_1 of A_c corresponds to the unitary irreducible representation of SVir^{N=2} with central charge c and (h, q) = (^c_6 ,^c_3 ).

Proof. It is enough to show that the composition of the vacuum representation with central charge c of SVir^{N=2} with η_1 is the irreducible representation of SVir^{N=2} with central charge c and (h, q) = (^c_6 ,^c_3 ) on H_{Ac} . First of all note that the irreducibility of this representation follows from that of the vacuum representation and the invertibility of the spectral flow. Now let Ω ∈ H_{Ac} be the vacuum vector. Then

η_1(L_m)Ω = L_mΩ + 1 2 J_mΩ = 0 η_1(J_m)Ω = J_mΩ = 0

for every positive integer m. Moreover,

η_1(G^+_r )Ω = G^+_{r+1}Ω = 0 η_1(G^−_r )Ω = G^−_{r−1}Ω = 0

for every positive r ∈^1_2 +Z, where in the second equation we used the fact that G^−_{12} Ω = 0. It follows that Ω is a lowest energy vector also for the representation defined by η_1 and consequently hΩ = η_1(L_0)Ω = c 6 Ω, qΩ = η_1(J_0)Ω = c 3 Ω. □

We now come back to the inclusion A_{cn} ⊂ C_n.

Lemma 5.7. e^{i πJ0} = e^{i 2πL0} = Γ on the vacuum Hilbert space H_{Cn} of C_n.

Proof. By Lemma 5.3 there is a NS representation π̃ whose restriction to A_{cn} is irreducible. Let J̃(z) = ∑ k∈ZJ̃_kz−k−1 be the corresponding current on H_{π̃}. Then

e^{i πJ̃0} e^{−i2πLπ̃0} π̃_I (x) e^{i 2πLπ̃0} e^{−iπJ̃0} = π̃_I ( e^{i πJ0} e^{−i2πL0} x e^{−i2πL0} e^{−iπJ0} ) for all I ∈ I and all x ∈ C_n(I). In particular

e^{i πJ̃0} e^{−i2πLπ̃0} π̃_I (x) e^{i 2πLπ̃0} e^{−iπJ̃0} = π̃_I (x)

for all I ∈ I and all x ∈ A_{cn} (I) and hence, by irreducibility, e^{i πJ̃0} e^{−i2πLπ̃0} must be a multiple of the identity. It follows that π̃_I ( e^{i πJ0} e^{−i2πL0} x e^{i 2πL0} e^{−iπJ0} ) = π̃_I (x)

for all I ∈ I and all x ∈ C_n(I). Accordingly e^{i πJ0} e^{−i2πL0} is also a multiple of the identity and the conclusion follows because e^{i πJ0} e^{−i2πL0} Ω = Ω. □

It follows from Lemma 5.7 that we can apply Theorem 5.4 to the inclusion A_{cn} ⊂ C_n for any positive integer n. In particular we can conclude that the α-induction α^{Cn}_{ρ cn3} of the U(1) automorphism ρ cn_3 is a NS representation of C_n.

Lemma 5.8. [α^{Cn}_{ρ cn3} ] = (n, −n) for every positive integer n.

Proof. α^{Cn}_{ρ cn3} is a NS automorphism of the net C_n and hence [α^{Cn}_{ρ cn3} ] = (n, m) for some m ∈ Z such that |m| ≤ n and n+m ∈ 2Z. The restriction of α^{Cn}_{ρ cn3} to A_{cn} is a NS representation of the latter net containing the localized automorphism α^{Acn}_{ρ cn3} as a subrepresentation. But the latter is equivalent to η_1 which by Proposition 5.6 corresponds to the representation of SVir^{N=2} with (h, q) = (^n_{2(n+2)} ,^n_{n+2} ). It follows that −^m_{n+2} ∈^n_{n+2} + Z and hence that^{2−m}_{n+2} ∈ Z. Hence, recalling that |m| ≤ n, we see that either m = −n or m = 2. If n is odd m = 2 is forbidden. Now let n be even and greater than 2. It follows from Proposition 5.2 that the character in the representation (n, 2) satisfy χ_{(n,m)}(t) = t^{n(n+2)−4} 4(n+2) + o(t n(n+2)−4 4(n+2) ) and the equality [αCn

ρ cn_3 ] = (n, 2) would be in contradiction with the

fact that in the representation space of α^{Cn} there must be a nonzero vector with conformal energy^n_{2(n+2)} <^{n(n+2)−4}_{4(n+2)} . Finally if n = 2 the equality [α^{Cn}_{ρ cn3} ] = (n, 2) would imply that the representation of SVir^{N=2} corresponding to the restriction to A_{cn} of α^{Cn}_{ρ cn3} contains the as subrepresentations the irreducible with (h, q) = (^1_4 , −^1_2 ) and the one with (h, q) = (^1_4 ,^1_2 ) in contradiction with χ_{(2,2)}(t) = t^14 + o(t^14 ). □

Lemma 5.9. For any positive integer k the following hold

- If n = 4k then [α^{Cn}_{ρ(2k+1) cn3} ] = (n, 0). - If n = 4k − 2 then [α^{Cn}_{ρ2k cn3} ] = (n, 0). - If n = 4k − 1 then [α^{Cn}_{ρ2k cn3} ] = (n, −1). - If n = 4k − 3 then [α^{Cn}_{ρ2k cn3} ] = (n, 1).

Proof. We use Lemma 5.8 and the fusion rules in Eq. (5.5). If n = 4k then [α^{Cn}_{ρ(2k+1) cn3} ] = (n, −n)^{2k+1} = (n, −(2k + 1)n) = (n, −k(2n + 4) + 4k − n) = (n, 0). If n = 4k − 2 then [α^{Cn}_{ρ2k cn3} ] = (n, −n)^{2k} = (0, −2kn) = (0, −k(2n + 4) + n + 2) = (n, 2n + 4) = (n, 0).

If n = 4k − 1 then [α^{Cn}_{ρ2k cn3} ] = (n, −n)^{2k} = (0, −2kn) = (0, −k(2n + 4) + n + 1) = (n, 2n + 3) = (n, −1).

If n = 4k − 3 then [α^{Cn}_{ρ2k cn3} ] = (n, −n)^{2k} = (0, −2kn) = (0, −k(2n + 4) + n + 3) = (n, 2n + 5) = (n, 1). □

We are now ready to prove the main result of this section

Theorem 5.10. A_{cn} = C_n for every positive integer n.

Proof. If n is a positive integer then, by Lemma 5.3 and Lemma 5.9, there is a j ∈ Z such that the restriction to A_{cn} of the representation α^{Cn}_{ρj cn3} of C_n is irreducible. Now let

π^0 and π_0 be the vacuum representations of C_n and of A_{cn} respectively and let π be the restriction of π^0 to A_{cn} . The restriction of α^{Cn}_{ρj cn3} to A_{cn} is π ∘ α^{Acn}_{ρj} c_{n3} and since α^{Acn}_{ρj} c_{n3} is an automorphism we can conclude that π is irreducible. Hence π = π_0 and the conclusion follows. □

6 Classification of N = 2 superconformal nets with c < 3

We first look at the bosonic part A^γ of the N = 2 super-Virasoro net A_c, with c = 3n/(n + 2) and fixed n ∈ N, realized as the coset of SU(2)_n ⊗ U(1)_2/U(1)_{n+2} according to Section 5. We use the notation, labelling, and classification and dimension results for the coset net from Theorem 5.1.

The fermionic extension arises from the irreducible DHR sector (n, n + 2, 0), which has dimension 1, order 2 and conformal spin −1.

The modular invariants have been classified by Gannon in [25, Theorem 4]. We are interested in the local extensions of the bosonic part, since its fermionic extension gives an extension of the original fermionic net, so we need to consider only the so-called type I modular invariants. Many of the modular invariants of Gannon’s list are not of type I, so we do not need to consider them here. Also, if (Z_{λμ}) is a type I modular invariant, what we need to check is to see whether ⨁ λ Z_{λμ}λ is realized as a dual canonical endomorphism, and if yes, then whether the realization is unique or not. (See [34, Section 4].)

First we deal with the exceptional cases related to the Dynkin diagrams E_6 and E_8. Consider the case related to E_6, From Gannon’s list of modular invariants, we see that we consider the following three cases for n = 10.

(1) The endomorphism (0, 0, 0) ⊕ (6, 0, 0). This is a dual canonical endomorphism because this arises from a conformal embedding SU(2)_{10} ⊂ SO(5)_1 as in [34, Section 4], which is a special case of a mirror extension studied in [49]. For the same reason as in [34, Section 4] (based on [35]), this realization as a dual canonical endomorphism is unique. (That is, the Q-system is unique up to unitary equivalence.)

(2) The endomorphism (0, 0, 0) ⊕ (0, 12, 0). This is a dual canonical endomorphism because this arises from a conformal embedding U(1)_{12} ⊂ U(1)_3. The irreducible DHR sector (0, 12, 0) has a dimension 1 and a conformal spin 1, so this is realized as a crossed product by Z/2Z, and hence unique.

(3) The endomorphism (0, 0, 0) ⊕ (6, 0, 0) ⊕ (0, 12, 0) ⊕ (6, 12, 0). This is a combination of the above two extensions. That is, we first consider an extension in (1) and make another extension as a crossed product by Z/2Z. For the two above reasons in (1), (2), we conclude this realization of a dual canonical endomorphism is again unique.

The next exceptional case we have to deal with is the case related to the Dynkin diagram E_8, so we now have n = 28.

We have only one modular invariant here and it gives the following. (4) The endomorphism (0, 0, 0) ⊕ (10, 0, 0) ⊕ (18, 0, 0) ⊕ (28, 0, 0). This arises from a conformal embedding SU(2)_{28} ⊂ (G_2)_1, and the realization is unique as in (1).

We now deal with the remaining cases of the modular invariants. From the list of Gannon [25, Theorem 4], we see that when we consider the endomorphisms ⨁ λ Z_{λμ}λ arising from modular invariants (Z_{λμ}), all the endomorphisms λ appearing in this sum have dimensions 1. If all the irreducible DHR sectors of a dual canonical endomorphism have dimension 1, then the extension is a crossed product by a (finite abelian) group and all these irreducible DHR sectors have conformal spin 1. Hence it is enough to consider only irreducible DHR sectors of conformal spin 1 and check whether we can construct an extension using them as a crossed product or not. We divide the cases depending on n.

We start a general consideration. We first look at the irreducible DHR sectors with dimension 1. This condition is equivalent to l = 0, n. Then m can be arbitrary in {0, 1, . . . , 2n + 3}, and s ∈ {0, 1} is uniquely determined by the parity of l + m, so there are (4n+8) such irreducible DHR sectors. They give an abelian group of order 4n+8, and we have a simple current extension for each subgroup of this group consisting of irreducible DHR sectors with conformal spin 1, so we need to identify such a subgroup. This subgroup is clearly a subset of all the irreducible DHR sectors with conformal spin 1, but this subset is not a group in general.

If n ≡ 2 mod 4, then the irreducible DHR sectors with dimension 1 give the group (Z/(2n+4)Z)×(Z/2Z), which is generated by σ = (0, 1, 1) of order 2n+4 and τ = (n, 0, 0) of order 2.

If n = 0 mod 4, then the irreducible DHR sectors with dimension 1 give the group (Z/(2n + 4)Z) × (Z/2Z), which is generated by σ = (0, 1, 1) of order 2n + 4 and τ = (0, n + 2, 0) of order 2.

If n is odd, the irreducible DHR sectors with dimension 1 give the group Z/(4n + 8)Z, which is is generated by σ = (0, 1, 1) of order 4n + 8.

The subgroup used for a simple current extension must be a subgroup of these groups. If n is odd, it is clearly a cyclic group. If n is even, it must be a cyclic group or a cyclic group times the cyclic group of order 2. If the latter happens, the subgroup must be of the form G × (Z/2Z) ⊂ (Z/(2n + 4)Z) × (Z/2Z), where G is a subgroup of Z/(2n + 4)Z. This means that the generator for the second component Z/2Z must have conformal spin equal to 1, but we see that this is not the case for n = 0, 2 mod 4. (In both cases, the conformal spin of the generator for the second component Z/2Z, which is τ in the above notation, is −1.) So also for the case of even n, the subgroup used for a simple current extension must be cyclic.

We next note that if the conformal spin of (l, m, s) is 1 with s = 1, then n must be a multiple of 16 for the following reason. Suppose the irreducible DHR sector (l, m, 1) has dimension 1 and conformal spin 1. We have l = 0, n, and first suppose l = 0. Then we have −2m^2 + (n + 2) ∈ 8(n + 2)Z and m is odd. Then we first see n is even, so we set n = 2a. Then we have −m^2 +a+1 ∈ 8(a+1)Z. Since m is odd, we know −m^2 +1 = 0 mod 8. This implies a is a multiple of 8, hence n is a multiple of 16. Similarly, we now consider the case l = n. Then we have 2n(n + 2) − 2m^2 + (n + 2) ∈ 8(n + 2)Z and m + n is odd. This first gives n is even, so we again set n = 2a. Then we have 4a(a + 1) − m^2 + a + 1 ∈ 8(a + 1)Z and m is odd. We again have −m^2 + 1 = 0 mod 8, so we have that a is a multiple of 8. That is, if n is not a multiple of 16, we need to consider only the irreducible DHR sectors (l, m, 0). We use the above notations σ, τ for the irreducible DHR sectors of dimensions 1, and find the maximal cyclic subgroup which gives a simple current extension. In general, its any (cyclic) subgroup also works.

We now consider the following four cases one by one. [A] Case n ≠ 0 mod 2.

We need to consider only the irreducible DHR sectors (l, m, 0) with l + m = 0 mod 2. This shows that we need to consider only the even powers of σ = (0, 1, 1). Note that σ^2 = (n, n + 4, 0) has the conformal spin exp(2πni/(2n + 4)). Then the conformal spin of σ^{2a} is exp(2πa^2ni/(2n + 4)). Consider the set G consisting of σ^{2a} with conformal spin 1. We show that this set G is a group. Suppose σ^{2a} and σ^{2b} are G, Then we have a^2n/(2n+4) and b^2n/(2n + 4) are integers, and we need to show (a + b)^2n/(2n + 4) is also an integer. It is enough to show that 2abn/(2n + 4) is an integer. Let j_1, j_2, j_3, j_4 be the numbers of the prime factor 2 in a, b, n, (n + 2), respectively. We then have 2j_1 + j_3 ≥ 1 + j_4, 2j_2 + j_3 ≥ 1 + j_4 and these imply j_1 + j_2 + j_3 ≥ 1 + j_4. For an add prime factor p, we apply a similar argument, and we conclude that 2abn/(2n + 4) is an integer. Since this set G is a subset of a finite group, this also shows that G is closed under the inverse operation, so it is a subgroup of the cyclic group generated by σ^2.

We summarize these arguments as follows. We look for the smallest positive integer k with conformal spin of σ^k equal to 1. (Such k is automatically even.) Then the maximal cyclic subgroup giving a simple current extension is {1, σ^k, σ^{2k}, . . . , σ^{4n+8−k}}.

[B] Case n = 2 mod 4.

We need to consider only (l, m, 0) with l = 0, n and m = 0, 2, 4, . . . , 2m + 2. If l = 0, then the irreducible DHR sector (l, m, 0) has a conformal spin 1 if and only if m^2/4(n + 2) is an integer. If l = n, then the irreducible DHR sector (l, m, 0) has a conformal spin 1 if and only if m^2/4(n+2)+1/2 is an integer. Consider the set G consisting of (0, 2m, 0) with conformal spin 1. As in the argument in case [A], this G is a subgroup of the cyclic group generated by (0, 2, 0). If (n, m, 0) has a conformal spin 1, then (0, m, 0) has a conformal spin −1 and thus (0, 2m, 0) has a conformal spin 1, so this is in G. It means now that we need to consider only the odd powers of the irreducible DHR sector (n, k/2, 0), where k be the smallest even integer with (0, k, 0) having the conformal spin 1. The conformal spin of (0, k/2, 0) must be one of −1, i, − i, since the conformal spin of (0, k, 0) is 1. If it is ± i, then all the odd powers of (0, k/2, 0) have conformal spin ± i. If it is −1, all the odd powers of (0, k/2, 0) have conformal spin −1. Since the conformal spin of (n, 0, 0) is −1, in the former case, the maximal cyclic group giving a simple current extension is {(0, 0, 0), (0, k, 0), (0, 2k, 0), . . . , (0, 2n + 4 − k, 0)}, and in the latter case, the maximal cyclic group giving a simple current extension is {(0, 0, 0), (n, k/2, 0), (0, k, 0), (n, 3k/2, 0), . . . , (n, 2n + 4 − k/2, 0)}. [C] Case n = 4, 8, 12 mod 16.

First note that both irreducible DHR sectors (0, 0, 0) and (n, 0, 0) have conformal spin 1. As in [A], the the set G of the irreducible DHR sectors (0, m, 0) having a conformal spin 1 is a subgroup of the cyclic group Z/(2n+4)Z. Let k be the smallest positive integer such that k^2/(4n+8) is an integer. Then the group G is given by {(0, 0, 0), (0, k, 0), (0, 2k, 0), . . . , (0, 2n + 4 − k, 0)}. Then the maximal group giving a simple current extension {(0, 0, 0), (n, 0, 0), (0, k, 0), (n, k, 0), . . . , (0, 2n + 4 − k, 0), (n, 2n + 4 − k, 0)}. Note that this group is isomorphic to Z/((2n + 4)/k)Z × Z/2Z, but by a general remark above, this also must be a cyclic group. This shows that (2n + 4)/k is always odd.

[D] Case n = 0 mod 16.

First note that the conformal spin of σ = (0, 1, 1) is exp(πni/(4n + 8). The set G consisting of powers of σ with conformal spin 1 is again a group as in [A]. Let k be the smallest positive integer such that σ^k has a conformal spin 1. Then G is {1, σ^k, σ^{2k}, . . . , σ^{2n+4−k}}, where 1 stands for the identity sector (0, 0, 0). We first show that this k is odd. Indeed, the condition that the conformal spin is 1 implies that nk^2/(8(n + 2)) is an integer. Now n/16 is an integer, and n and n/2 + 1 are relatively prime, so k^2/(n/2 + 1) is also an integer. Since n/2 + 1 is odd and k is the smallest such positive integer, we know that k is odd.

If σ^tτ has a conformal spin 1, then 2t must be in the set {0, k, 2k, . . . , 2n + 4 − k}. Since k is odd, we have t ∈ {0, k, 2k, . . . , 2n + 4 − k}. The conformal spin of σ^kτ is exp ( 2πi ( −(k + n + 2)^2 4(n + 2) + k^2 8 )) = 1,

since k is odd, n = 0 mod 16 and nk^2/(8n + 16) ∈ Z. All its powers also have a conformal spin 1. We also compute that the conformal spin of σ^{2ak}τ is equal to exp ( 2πi ( −(2ak + n + 2)^2 4(n + 2) + 4a^2k^2 8 )) = −1, since n = 0 mod 16 and nk^2/(8n + 16) ∈ Z. All these together show that the set of the irreducible DHR sectors having conformal spin 1 is {1, σ^k, σ^{2k}, . . . , σ^{2n+4−k}} ∪ {σ^kτ, σ^3τ, . . . , σ^{2n+4−k}τ}. Note that this set is not a group. The maximal subgroup giving a simple current extension is {1, σ^k, σ^{2k}, . . . , σ^{2n+4−k}} or {1, σ^kτ, σ^{2k}, σ^{3k}τ, . . . , σ^{2n+4−k}τ}. We have a few remarks concerning some of the above cases. First we note that if n is odd and the conformal spin for (l, m, s) is 1, we have l = s = 0. This shows that all extensions are mirror extensions arising from extensions of U(1)_{n+2}.

Second, n = 4, 8, 12 mod 16, then all the extensions come from the cosets of the index 2 extensions of SU(2)_n, the mirror extensions arising from extensions of U(1)_{n+2} and the combinations of the two.

Finally, if n = 2 mod 4, then all the extensions come from the mirror extensions arising from extensions of U(1)_{n+2} and their combinations with (n, 0, 0) which has conformal spin −1. For example, if n = 6, the irreducible DHR sector (6, 4, 0) has dimension 1 and conformal spin 1, and it generates the cyclic group of order 4. These four irreducible DHR sectors are all that have conformal spin 1. This is the second case of [B]. Note that the irreducible DHR sectors (6, 0, 0) and (0, 4, 0) both have conformal spin −1, so they do not give a coset construction or a mirror extension, but their combination (6, 4, 0) gives a conformal spin 1. The case n = 10 gives the first case of [B].

As an example, consider the case n = 32. The smallest k with conformal spin of σ^k equal to 1 is 17. The conformal spin of σ^{17}τ is also 1, so we have two maximal subgroups of order 4, {1, σ^{17}, σ^{34}, σ^{51}} and {1, σ^{17}τ, σ^{34}, σ^{51}τ}. The union of the two subgroups give a subset of six elements, and this set gives all the irreducible DHR sectors of dimension 1 and conformal spin 1.

Theorem 6.1. The complete list of N = 2 superconformal nets with c < 3 in the discrete series is given as follows.

• A simple current extension arising from a subgroup of the maximal cyclic subgroup appearing in the above [A], [B], [C] and [D].

• The exceptionals related to E_6 and E_8 as in the above (1), (2), (3) and (4).

We finally remark that a cyclic group of an arbitrary order appears in the above classification.

Suppose an arbitrary positive integer j is given. We show that the cyclic group of order j appears in the above [A], [B], [C] and [D]. (This group is not necessarily maximal.)

We may assume j ≠ 1. Set n = j^2 − 2. We are in Case [A] or [B], if j is odd or even, respectively. The irreducible DHR sector (0, 2j, 0) has a conformal spin 1, and the cyclic group {(0, 0, 0), (0, 2j, 0), (0, 4j, 0), . . . (0, 2n + 4 − 2j)} gives a simple current extension. The order of this group is (2n + 4)/2j = j.

7 Nets of spectral triples

Next we study the supersymmetry properties of A_c. Since we would like to construct spectral triples, we may treat this point in a similar way as in [7, Sect.4] for the N = 1 super-Virasoro algebra.

First, we recall from Proposition 2.8 that a supercharge (i.e. an odd self-adjoint squareroot Q_π of L^π_0 −const) exists iff π is a Ramond representation though it need not be unique. To be clear we write π_R whenever we deal with a Ramond representation. Then

Q_{πR,s} := cos(s)G^{1,πR}_0 + sin(s)G^{2,πR}_0 , s ∈ R,

are, in fact, possible choices satisfying Q^2_{πR,s} = L^{πR}_0 − c/24, as can be checked easily by means of Definition 3.1. Moreover, J^{πR}_0 acts by rotating this supercharge: e^{i sJ πR0} Q_{πR,0} e^{− i sJ πR0} = Q_{πR,s}, s ∈ R. (7.1) basically a consequence of (4.5). Note, however, that these Q_{πR,s} act on a net defined in the representation (π_R, H_R) instead of the vacuum representation, i.e., based on (unbounded) generators L^{πR} (f), G^{i,πR} (f), and J^{πR} (f), and in this sense we shall also perform our domain analysis in the present section. The relation to our actual net A_c defined in (3.2) is then given by Theorem 3.4.

Second, since Q^2_{πR,s} = L^{πR}_0 − c_{πR} /24, the index of the restrictions Q_{πR,s}|_{HR,+} of the supercharge to the even subspace of H_{R,+} ⊂ H_R is 1 if h_{πR} = c_{πR} /24 and 0 otherwise.

As we shall need both the first and the second property, we restrict ourselves henceforth to irreducible graded Ramond representations with h_{πR} = c_{πR} /24 (i.e., a vacuum Ramond representation). Note, however, that the present section does not make use of the condition h_{πR} = c_{πR} /24. Let π_R then be one fixed such representation, and let s = 0, so our supercharge will be Q_{πR} := G^{1,πR}_0 . Associated to Q_{πR} , we have in a natural manner a superderivation (δ_{πR} , dom(δ_{πR} )) on B(H_R) as in [7, Sect.2]. In general, it is difficult to decide whether the local domains dom(δ_{πR} ) ∩ π_R(A_c(I)) are nontrivial. In [7, Sect.4] we discussed this point for the N = 1 super-Virasoro net, and we shall perform a similar procedure here for the N = 2 super-Virasoro net A_c.

Theorem 7.1. For every I ∈ I, the subalgebra π^{−1}_R (dom(δ_{πR} )) ∩ A_c(I) ⊂ A_c(I) is weakly dense and a local C*-algebra. It contains in particular the elements

(L(f_1) + J(f_2) + λ)^{−1}, J(f_2)(L(f_1) + J(f_2) + λ)^{−1}, G^i(f_3)(L(f_1) + J(f_2) + λ)^{−1},

if f_1, f_2, f_3 ∈ C^∞(S^1)_I are positive with f_1 − Cf^2_2 , f_1 − Cf^2_3 ≥ 0 for some C > 0 and λ ∈ C with |ℑλ| sufficiently large.

The proof is quite lengthy and will be subdivided into several lemmata. However, since it borrows many ideas from [7, Sec.4], we can shorten it a bit. For the sake of readability, we drop the superscript and subscript π_R of Q, c, h, J(f), G^i(f), L(f) since we are always working in that fixed Ramond representation, and by A_c we denote the net generated in that representation instead of the vacuum representation. Working with this new net will be useful throughout the proof, and its relation to the original one in the vacuum representation is established by the lifting property of Theorem 3.4.

Proposition 7.2 ([45, Sec.2]). Let A be a selfadjoint operator on H and (·, ·)_k the scalar product on dom(A^k) ⊂ H given by

(ψ_1, ψ_2)_k ≡ ⟨A^kψ_1, A^kψ_2⟩.

With this scalar product dom(A^k) is a Hilbert space which we shall denote by H^k. Assume that H^∞ = ⋂ k∈N_0 dom(A

k) ⊂ H is dense. Let X, Y be selfadjoint operators on H such that, for every k ∈ N_0 , there are C(X, k), C_A(X, k) > 0 with ‖Xψ‖_k ≤ C(X, k + 1)‖ψ‖_{k+1}, ‖[A, X]ψ‖_k ≤ C_A(X, k + 1)‖ψ‖_{k+1}, ψ ∈ H^∞, and the same for Y in place of X. Then, for every k ∈ N ∪ ∞,

(1) X is a closable essentially selfadjoint map H^k → H^k with selfadjoint closure X̄, and the unitary e^{i X̄} defines a bounded map H^k → H^k with ‖ e^{i X̄} ‖_k ≤ e^{2kCA(X,k)};

(2) we have

‖(e^{i X̄} − e^{i Ȳ} )ψ‖_k ≤ C(X − Y, k + 1) e^{2(k+1)(CA(X,k+1)+CA(Y,k+1))} ‖ψ‖_{k+1},

in particular, t → e^{i tX̄} is strongly continuous on H^k.

Moreover, we should remember in this context the linear energy bounds (3.1), (7.2), and the fact that L(f) is bounded from below if f is nonnegative.

Lemma 7.3. For every k ∈ N and real f_1, f_2 ∈ C^∞(S^1) and for λ ∈ C with |ℑλ| sufficiently large, we have (L(f) + λ)^{−1} dom(L^k_0 ) ⊂ dom(L^k_0 ) and (L(f_1) + J(f_2) + λ)^{−1} dom(L^k_0 ) ⊂ dom(L^k_0).

In particular, these resolvents preserve the vector subspace C^∞(S^1) ⊂ H of finite energy vectors.

Proof. We would like to apply the preceding proposition with the positive operator A = 1 + L_0. Then the linear energy bounds (3.1) show the existence of constants C(X, k), C_{1+L0} (X, k), for k = 0 and for every X which is the selfadjoint closure of a linear combination of operators of the kind J(f), L(f), G^i(f), with f ∈ C^∞(S^1)_I . Recall from Section 3 that these X have C^∞(L_0) = H^∞ ⊂ H as a common invariant core. Together with the commutation relations in Definition 3.1, a similar reasoning as in the case k = 0 implies the existence of constants C(X, k), C_{1+L0} (X, k), for every k ∈ N_0 , as in Proposition 7.2.

We consider the two cases X = L(f_1) and X = L(f_1) + J(f_2) – the latter one being actually the closure of the sum defined on the common invariant core C^∞(L_0) as in (4.3), a short-hand notation we shall use always throughout this section. Recall the integral representation of the resolvents as

(X + λ)^{−1} = − i ∫_∞ 0 e^{i tX} e^{i tλ} d t, ℑλ ≠ 0.

For ψ ∈ H_k, the map t → e^{i tX} e^{i t2λ} ψ ∈ H^k is strongly continuous according to Proposition 7.2, and ∫_∞ 0 ‖ e^{i tX} e^{i tλ} ψ‖_k d t ≤ ‖ψ‖_k ∫_∞ 0 | e^{t(i λ+C1+L0 (X,k))} | d t < ∞. Hence, if ℑλ > C_{1+L0} (X, k), then (X + λ)^{−1}ψ ∈ H^k, and, by taking the adjoint of the above, we obtain the same statement for ℑλ < −C_{1+L0} (X, k). □

From now on we shall content ourselves with the most general case k = ∞ and work on the vector subspace H^∞ = C^∞(L_0), cf. Section 3.

Lemma 7.4. Let f_1 and f_2 be real smooth functions on S^1 and assume that f^2_1 ≤ Cf_2 for some C > 0. Then, for any λ ∈ C \ R,

G^i(f_1)(L(f_2) + λ)^{−1} ∈ B(H).

The proof goes as in [7, Prop.4.6].

Lemma 7.5. Let f ∈ C^∞(S^1)_I with f ≥ 0, and λ ∈ C with |ℑλ| sufficiently large. Then (L(f) + λ)^{−1} ∈ dom(δ) ∩ A_c(I), and δ ( (L(f) + λ)^{−1} ) = − i 2 (L(f) + λ)^{−1}G^1(f^′)(L(f) + λ)^{−1},

Proof. According to Lemma 7.3, (L(f) + ℜλ + i β)^{−1}ψ ∈ C^∞(L_0), for any ψ ∈ C^∞(L_0) and β > 0 sufficiently large. The commutation relations for G then imply L(f)(L(f) + ℜλ + i β)^{−1}ψ ∈ C^∞(L_0) and

QL(f)(L(f) + ℜλ + i β)^{−1}ψ = L(f)Q(L(f) + ℜλ + i β)^{−1}ψ + i 2 G(f^′)(L(f) + ℜλ + i β)^{−1}ψ.

Adding i βQ(L(f) + ℜλ + i β)^{−1}ψ to both sides of the previous equality we find

Qψ = (L(f) + ℜλ + i β)Q(L(f) + ℜλ + i β)^{−1}ψ + i 2 G(f^′)(L(f) + ℜλ + i β)^{−1}ψ.

We then let (L(f) + ℜλ + i β)^{−1} act on both sides of the latter equality. The fact that (L(f) + ℜλ + i β)^{−1}G^1(f^′)(L(f) + ℜλ + i β)^{−1} is bounded follows from Lemma 7.4 together with f^{′2} ≤ Cf for a suitable constant C > 0 using e.g. l’Hôpital’s rule. □

A similar procedure works for (L(f_1) + J(f_2) + λ)^{−1}.

Lemma 7.6. Let f ∈ C^∞(S^1)_I and λ ∈ C with imaginary part sufficiently large. Then

G^i(f)(L(f) + λ)^{−1}, i = 1, 2,

are in dom(δ) ∩ A_c(I), and δ ( G^1(f)(L(f) + λ)^{−1} ) = ( 2L(f) − c 24π ∫ S^1 f ) (L(f) + λ)^{−1} + i 2 G^1(f)(L(f) + λ)^{−1}G^1(f^′)(L(f) + λ)^{−1}, δ ( G^2(f)(L(f) + λ)^{−1} ) = − J(f^′)(L(f) + λ)^{−1} + i 2 G^2(f)(L(f) + λ)^{−1}G^1(f^′)(L(f) + λ)^{−1}.

Proof. From Lemma 7.5 we know that, for ψ ∈ C^∞(L_0),

Q(L(f) + λ)^{−1}ψ = (L(f) + λ)^{−1}Qψ − i 2 (L(f) + λ)^{−1}G(f^′)(L(f) + λ)^{−1}ψ.

From the fact that (L(f) + λ)^{−1}ψ ∈ C^∞(L_0) and Qψ ∈ C^∞(L_0) we have that Q(L(f) + λ)^{−1}ψ and (L(f) + λ)^{−1}Qψ belong to C^∞(L_0). Hence

(L(f) + λ)^{−1}G^i(f^′)(L(f) + λ)^{−1}ψ ∈ C^∞(L_0).

The domain properties and relations for i = 1 are obtained precisely as in [7, Th.4.11] because of our choice Q = G^1_0 here.

Concerning the case i = 2, we get

QG^2(f)(L(f) + λ)^{−1}ψ = − G^2(f)(L(f) + λ)^{−1}Qψ + i 2 G^2(f)(L(f) + λ)^{−1}G^1(f^′)(L(f) + λ)^{−1}ψ − J(f^′)(L(f) + λ)^{−1}ψ. We know from the assumptions of this lemma and Lemma 7.4 that, if for some C > 0, f_1 − Cf^2_2 is positive, then G^i(f_2)(L(f_1) + λ)^{−1} is bounded. This shows that the one but last term extends to a bounded operator on H. By making use of local energy bounds (7.2) for currents as we shall explain below in the proof of Lemma 7.8, we obtain a bound on the last term, too, so the lemma is proved. □

With a similar reasoning we obtain

Lemma 7.7. Let f_1, f_2 ∈ C^∞(S^1)_I with f_1 − Cf^2_2 ≥ 0 for some C > 0, and let λ ∈ C with imaginary part sufficiently large. Then J(f_2)(L(f_1) + λ)^{−1} ∈ dom(δ) ∩ A_c(I), and δ ( J(f_2)(L(f_1) + λ)^{−1} ) = − i G^2(f_2)(L(f_1) + λ)^{−1}

+ J(f_2)(L(f_1) + λ)^{−1} i 2 G^1(f^′_1)(L(f_1) + λ)^{−1}.

Lemma 7.8. Let f_1, f_2 ∈ C^∞(S^1)_I with f_1 − Cf^2_2 ≥ 0 for some C > 0, and let λ ∈ C with imaginary part sufficiently large. Then

(L(f_1) + J(f_2) + λ)^{−1} and J(f_1)(L(f_1) + J(f_2) + λ)^{−1}

are in dom(δ) ∩ A_c(I), and δ ( (L(f_1) + J(f_2) + λ)^{−1} ) =(L(f_1) + J(f_2) + λ)^{−1} ( i 2 G^1(f^′_1) − i G^2(f_2) ) (L(f_1) + J(f_2) + λ)^{−1} δ ( J(f_1)(L(f_1) + J(f_2) + λ)^{−1} ) = − i G^2(f_1)(L(f_1) + J(f_2) + λ)^{−1}

+ J(f_1)(L(f_1) + J(f_2) + λ)^{−1} ( i 2 G^1(f^′_1) − i G^2(f_2) ) (L(f_1) + J(f_2) + λ)^{−1}.

Notice that f_2 = C^′f^′_1, with suitable C^′ ∈ R, fulfils the assumptions and will be of particular interest.

For the proof we shall need local energy bounds [11]: instead of bounding J(f), for f ∈ C^∞(S^1), by a multiple of 1 + L_0 as in (3.1), it may be bounded by smeared fields, namely 3 2c_π J(f)J(f) ≤ r_f 1 + L(f^2), r_f some positive constant. (7.2)

This holds in every irreducible representation, and we are of course interested in π_R in the present section.

Proof. The fact that both families of operators preserve C^∞(L_0) has been obtained in Lemma 7.3. Here we first show that for sufficiently large C_3 > 0 (depending only on f_1, f_2), we have

‖(L(f_1) + J(f_2) + C_3)ψ‖ ≥ ‖J(f_2)ψ‖, ψ ∈ C^∞(L_0).

Using the local energy bounds in (7.2) we see J(f_2)^2 ≤ C_11+(2c/3)L(f^2_2 ), with a constant C_1 > 0 depending only on f_2 and not on the representation in which we are working. This is again bounded by (2c/3C)L(f_1) + 2C_2 with constant C_2 > 0 depending on f_1, f_2, C and C_1 such that (2c/3C)L(f_1) + C_21 > 1, so by functional calculus:

J(f_2)^2 ≤ C_11 + 2c 3 L(f^2_2 ) ≤ 2c 3C L(f_1) + C_21 ≤ ( 2c 3C L(f_1) + 2C_21

)_2

on C^∞(L_0) because L(f) is bounded from below for every nonnegative f according to [22, Th.4.1]. Then we compute

‖(L(f_1) + J(f_2) + C_3)ψ‖^2 ≥‖(L(f_1) + C_3)ψ‖^2 − 2‖(L(f_1) + C_3)ψ‖‖J(f_2)ψ‖ + ‖J(f_2)ψ‖^2 ≥‖(L(f_1) + C_3)ψ‖^2 − 2‖(L(f_1) + C_3)ψ‖ 2c 3C ‖(L(f_1) + CC_2)ψ‖ + ‖J(f_2)ψ‖^2 ≥‖(L(f_1) + C_3)ψ‖^2 − 2‖(L(f_1) + C_3)ψ‖ 2c 3C ‖(L(f_1) + C_3)ψ‖ + ‖J(f_2)ψ‖^2 ≥(1 − 4c 3C )‖(L(f_1) + C_3)ψ‖^2 + ‖J(f_2)ψ‖^2 ≥‖J(f_2)ψ‖^2 if C_3 > CC_2 and C ≥ 4c/3, so we are done. Rescaling the functions f_1 and f_2 we can actually weaken the latter condition to C > 0.

Next, we recall from Lemma 7.3 that (L(f_1) + J(f_2) + λ)^{−1} preserves C^∞(L_0) if |ℑλ| is sufficiently large. Substituting then ψ with (L(f_1) + J(f_2) + λ)^{−1}ψ in the above, we can compute

‖J(f_2)(L(f_1) + J(f_2) + λ)^{−1}ψ‖ ≤‖(L(f_1) + J(f_2)C_3)(L(f_1) + J(f_2) + λ)^{−1}ψ‖ ≤‖(L(f_1) + J(f_2))(L(f_1) + J(f_2) + λ)^{−1}ψ‖ + ‖C_3(L(f_1) + J(f_2) + λ)^{−1}ψ‖ ≤ 1 + |ℜλ| |ℑλ| ‖ψ‖ + C_3 |ℑλ| ‖ψ‖. And finally

‖L(f_1)(L(f_1) + J(f_2) + λ)^{−1}ψ‖ ≤‖L(f_1) + J(f_2) + λ)(L(f_1) + J(f_2) + λ)^{−1}ψ‖ + ‖J(f_2)(L(f_1) + J(f_2) + λ)^{−1}ψ‖ + |λ|‖(L(f_1) + J(f_2) + λ)^{−1}ψ‖ ≤‖ψ‖ + 1 + C_3 + |ℜλ| |ℑλ| ‖ψ‖ + |λ| |ℑλ| ‖ψ‖. This shows that both J(f_2)(L(f_1) + J(f_2) + λ)^{−1} and L(f_1)(L(f_1) + J(f_2) + λ)^{−1}, and consequently also G^i(f_1)(L(f_1)+J(f_2)+λ)^{−1}, are bounded operators on H for all λ ∈ C \R, preserving C^∞(L_0) if |ℑλ| is sufficiently large. The concrete commutation relations are now proved in the same way as Lemmata 7.5 and 7.6, making use of Definition 3.1 which implies the commutation relation [G^1_0, J(f)] = − i G^2(f) and [G^1_0, L(f)] =^i_2 G^1(f) on C^∞(L_0). □

Proof of Theorem 7.1. The proof goes now almost precisely as in [7, Lem.4.12], but for the sake of completeness and because of its importance we present it here again. A_c(I) ∩ dom(δ) is a unital *-subalgebra of A_c(I) wherefore, by the von Neumann density theorem, it suffices to show that

(A_c(I) ∩ dom(δ))^′ ⊂ A_c(I)^′.

To this end let f be an arbitrary real smooth function with support in I. Recalling that I must be open it is easy to see that there is an interval I_0 ∈ I such that I_0 ⊂ I and supp f ⊂ I_0 and a smooth function g on S^1 such that supp g ⊂ I_0, g(z) > 0 for all z ∈ I_0, g^′(z) ≠ 0 for all z ∈ I_0 sufficiently close to the boundary and g(z) = 1 for all z ∈ supp f. Accordingly, there is a real number s > 0 such that f(z) + sg(z) > 0 for all z ∈ I_0. Now let f_1 = f + sg and f_2 = sg. Then f = f_1 − f_2. Hence it follows from the above lemmata and the definition of A_c(I) that, for |ℑλ| sufficiently large, all the operators

(L(f_j ) + λ)^{−1}, J(f_j)(L(f_j ) + λ)^{−1}, G^i(f_j)(L(f_j ) + λ)^{−1}, j = 1, 2,

(and even further ones) belong to (A_c(I) ∩ dom(δ)). So if a ∈ (A_c(I) ∩ dom(δ))^′, then a commutes with L(f_j), J(f_j), and G^i(f_j), j = 1, 2. Therefore, if ψ_1, ψ_2 ∈ C^∞(L_0) then,

(aψ_1, L(f)ψ_2) = (aψ_1, L(f_1)ψ_2) − (aψ_1, L(f_2)ψ_2) = (aL(f_1)ψ_1, ψ_2) − (aL(f_2)ψ_1, ψ_2) = (aL(f)ψ_1, ψ_2)

and, since C^∞(L_0) is a core for L(f), it follows that a commutes with L(f) and hence with e^{i L(f)}. Similarly a commutes with e^{i Gi(f)} and e^{i J(f)}. Hence a ∈ A_c(I)^′ and the conclusion follows. It is a general fact (cf. e.g. [7, Prop. 2.2]) that dom(δ) ∩ A_c(I) is a local C*-algebra. □

Let us now return to the original notation of the net A_c and fields in the vacuum representation, thus reintroducing the explicit π_R from before. To conclude this section then, recall from [7, Def.3.9]:

Definition 7.9. A net of graded spectral triples (A(I), (π_I , H), Q_π)_{I∈I(IR)} over S^1 (or S^1 \ {−1} ≃ R, respectively) consists of a graded Hilbert space H, a selfadjoint operator Q_π, and a net A of unital *-algebras on I (or I_R) acting on H via the graded general soliton π, i.e., a map from I (or I_R) into the family of unital *-algebras represented on B(H) which satisfies the isotony property

A(I_1) ⊂ A(I_2) if I_1 ⊂ I_2,

and such that (A(I), (π_I , H), Q_π) is a graded spectral triple for all I ∈ I (or I ∈ I_R).

Corollary 7.10. Setting A(I) := A_c(I) ∩ π_R^{−1}(dom(δ^{πR} )), the family (A(I), (π_R, H_R), Q_{πR} )_{I∈I} forms a nontrivial net of even θ-summable graded spectral triples over S^1.

8 JLO cocycles, index pairings, and Ramond sectors

General case

In the preceding section, in particular in Corollary 7.10, we constructed in a canonical manner a nontrivial net of spectral triples for a given Ramond representation. They give rise to JLO cocycles and thus define an index pairing as constructed in [8]. There, however, we mentioned that for the local algebras the cocycles in the sectors are all equivalent and therefore unsuitable for our purpose. Moreover, the characteristic projections in [8, Sec.5] are never contained in the local algebras. Therefore we have to turn to a global construction. The only difference to the general construction in [8] is that here we will dispense with differentiable transportability of the sectors as explained below. We proceed here as follows: we define a global algebra, construct global spectral triples, show their non-triviality and some other properties, introduce the characteristic projections, and finally construct and evaluate the associated index pairing for the sectors. For a better understanding of what is going on in the present section we suggest to have a look at [8]; in particular, the reader unfamiliar with noncommutative geometry should do so first.

Let A be a superconformal net and let vN(A^γ ) be the universal von Neumann algebra from Definition 2.4. Then every locally normal representation of A^γ can be identified with a locally normal representation of vN(A^γ ) and vice versa.

Definition 8.1. Let Δ_R be a family of mutually inequivalent irreducible graded Ramond representation of A satisfying the trace-class condition tr(e^{−sLπ0} ) < ∞, s > 0, π ∈ Δ_R. The associated differential global algebra is defined as

A^0_{ΔR} := {a ∈ vN(A^γ ) : (∀π ∈ Δ_R) π(a) ∈ dom(δ_π)},

and A^0_{ΔR} (I) := A^0_{ΔR} ∩ A(I).

We remark that this definition is slightly different from, yet directly related to [8, Def.4.6]

Proposition 8.2. The differential global algebra A^0_{ΔR} is nontrivial, but depends sensitively on the family Δ_R.

Proof. We recall from Theorem 7.1 that in the representations, the resolvents

(L^π(f_1) + λ)^{−1}, G^π(f_3)(L^π(f_1) + λ)^{−1},

are contained in dom(δ_π) ∩ A^π(I), for every π ∈ Δ_R, in the case of the (N = 2)-super- Virasoro net. The proof extends however to an arbitrary superconformal net in a supersymmetric representation. In view of Theorem 3.4 this implies that we can pull out the π, and the resolvents (L(f_1) + λ)^{−1}, G(f_3)(L(f_1) + λ)^{−1},

are contained in ⋂ π∈Δ_R π −1(dom(δ_π)) ∩ A(I), whose even part in turn equals A^0_{ΔR} (I).

Obviously, the generated *-algebra is nontrivial.

The global algebra π^{−1}(dom(δ_π)^γ ) ⊂ vN(A^γ ), however, depends on the precise choice of the class of π ∈ Δ_R. In fact, given π_1 ∈ Δ_R, suppose there is an element x_1 ∈ vN(A^γ ) such that π_1(x_1) = 1 while π(x_1) = 0 for all π ∈ Δ_R with π ≠ π_1. Now choose any element y ∈ A(I) such that π_1(y) ∉ dom(δ_{π1} ), which is clearly possible since δ_{π1} is an unbounded superderivation. Then

π(x_1y) = { π_1(y) ∉ dom(δ_{π1} ) : π = π_1 0 ∈ dom(δ_π) : otherwise,

so x_1y ∈ π^{−1}(dom(δ_π)), but x_1y ∉ π^{−1}_1 (dom(δ_{π1} )) if π ≠ π_1. The element x_1 will be the characteristic projection of π_1 constructed in Proposition 8.6 below. □

Combining the preceding proposition with the preceding section and the fact that the representations of the net correspond to those of the global algebra vN(A^γ ) and hence to those of the dense subalgebra A^0_{ΔR} , we obtain

Corollary 8.3. For every π ∈ Δ_R and with Q_π := G^{1,π}_0 as before, (A^0_{ΔR} , (π, H_π, Γ_π), Q_π) forms a nontrivial θ-summable graded spectral triple, and the associated JLO cocycle τ_π is well-defined.

Remark 8.4. (1) The second part is a consequence of the fact that to every θ-summable spectral triple there corresponds an entire cyclic cocycle, the JLO cocycle [33]. We used that cocycle in the construction of the index pairing in [8, Sec.5].

(2) In [8, Sec.5], we fixed one spectral triple (A_Δ, (π_R, H_{πR} ), Q_{πR} ), based on a given family Δ of suitable localized endomorphisms of C^∗(A^γ ), and hence one JLO cocycle τ and obtained the other cocycles (associated to a sector with “differentiable” representative ρ) as pullback ρ^∗τ, which turned actually out to be the JLO cocycles of the spectral triples (A_Δ, (π_Rρ, H_{πR} ), Q_{πR} ) with common Q_{πR} . In contrast to that construction, we have here individual global spectral triples (A^0_{ΔR} , (π, H_π, Γ_π), Q_π) and hence an individual JLO cocycle τ_π for every representation π ∈ Δ_R. If π = π_Rρ for some ρ ∈ Δ, a relation between the JLO cocycles τ_π = τ_{πRρ} and ρ^∗τ_{πR} is possible, but in general the two are not equivalent. The second one, presented in [8], works only for differentiably transportable endomorphisms ρ of A_Δ: we need a strong compatibility condition between ρ and δ_{πR} , which we do not have in the N = 2 super-Virasoro model. The present construction instead works always. However, we can no longer consider the differentiable sectors as acting on entire cyclic cohomology. In case both constructions work, the resulting cocycles τ_{πRρ} and ρ^∗τ_{πR} coincide if Q_{πRρ} − Q_{πR} is a bounded operator: in this case, one cocycle can be obtained from the other one by a homotopy argument. The two cocycles do not coincide if the indices of Q_{πRρ} and Q_{πR} are different, because in that case

ρ^∗τ_{πR} (1) = τ_{πR} (ρ(1)) = τ_{πR} (1) = ind_{HR,+} (Q_{πR} ) ≠ ind_{HR,+} (Q_{πRρ}) = τ_{πRρ}(1). □

In order to compare the several cocycles τ_π, π ∈ Δ_R, we may evaluate them on cycles. The best choice consists of those coming from the so-called characteristic projections in [8, Sec.5]. To be precise, we make the following slightly modified

Definition 8.5. Given a graded Ramond representation (π_R, H_R, Γ_R) of A, write s(π) ∈ vN(A^γ ) for the central support of projection onto the subrepresentation π of the universal representation. Moreover, write p ∈ B(H_π) for the finite-dimensional projection onto the lowest energy subspace of H_π. Then we call the associated projection p_{0,+} := s(π)π^{−1}(p) ∈ vN(A^γ ) the characteristic projection of π.

In other words, for π, π^′ ∈ Δ_R, we have

π^′(p_π) = { projection onto lowest energy subspace : π^′ = π 0 : π^′ ≠ π.

The projection p_π is well-defined and lies actually in A^0_{ΔR} , as proved in a slightly modified way in [8, Sec.5].

N = 2 super-Virasoro net

From now on, let Δ_R denote the family of all mutually inequivalent irreducible graded vacuum Ramond representations of A_c satisfying the trace-class condition.

Proposition 8.6. The characteristic projections of (A_c, Δ_R) are given by

p_q = χ_1(e^{−(L0− 32 q2)})χ_1(e^{2π i(J0−q)})

1 + e^{π i J0} 2 ∈ A^0_{c,ΔR} .

Proof. The first part on the RHS is the characteristic projection onto the subspace with lowest weight and charge (c/24, q), so π(p_q) = 0 iff π ≠ π_{(c/24,q)}, recalling that all irreducible unitary representations of A_c are characterised by the tuple (h, q). Since π(p_q) is a subprojection of a finite-dimensional spectral projection of Q_π, for every π ∈ Δ_R, we clearly have p_q ∈ A^0_{c,ΔR} . The second factor on the RHS is the projection onto the even subspace since the grading in the representation π is implemented by e^{i πJ π0} as mentioned above in Lemma 4.6, so we are done. □

With all these ingredients at hand, we can now prove the main result of this section, which is an adaptation of the index pairing construction in [8] to the case where differentiable transportability fails but the rest continues to hold.

Theorem 8.7. The index pairing for (A_c, Δ_R) in the sectors gives

τ_π(p_π′ ) = { 1 : π^′ = π 0 : otherwise,

for π, π^′ ∈ Δ_R. Hence, the family {p_π : π ∈ Δ_R} ⊂ A^0_{c,ΔR} separates Δ_R.

Proof. By definition of Δ_R, the lowest energy subspace is one-dimensional and spanned by an even vector, so dim(π(p_π)H_{π,+}) = 1: in fact, we have L^π_0 Ω_π =^c_{24} Ω_π, Γ_πΩ_π = Ω_π and G^{±,π}_0 Ω_π = 0. Thus, owing to Proposition 8.6, we have

τ_π(p_π′ ) = ind_{π(pπ′ )Hπ,+} (π(p_π′ )Q_ππ(p_π′ )) = ind_{π(pπ′ )Hπ,+} (0) = dim(π(p_π′ )H_{π,+}),

and the latter term equals 0 if π^′ ≠ π and 1 otherwise. □

Corollary 8.8. The characteristic projections are mutually orthogonal and commutative, so they generate a finite-dimensional abelian subalgebra of Z(vN(A^γ_c )) isomorphic to C^{ΔR} .

This lets the representation theory of the even subnet appear in still another form of noncommutative geometry, namely the cyclic cohomology of the finite-dimensional algebra C^{ΔR} , which in turn equals C^{ΔR} . In the following section, we are going to partially relate this finite-dimensional algebra to the chiral ring. Interesting applications of this fact to K-theory in the light of [6] shall be treated elsewhere.

9 Outlook: the chiral ring and fusion rules

As in Section 8, let Δ_R be a maximal family of mutually inequivalent irreducible graded vacuum Ramond localized endomorphisms of the N = 2 super-Virasoro net A_c at a fixed central charge c. For the statements not proven here we refer to [1, Sec.5.2].

Definition 9.1. An irreducible lowest weight Neveu-Schwarz representation π of SVir^{N=2} with given central charge c is called chiral (antichiral) if its lowest vector Ω_π satisfies

G^{+,π}_{−1/2}Ω_π = 0 (G^{−,π}_{−1/2}Ω_π = 0, respectively).

It is called primary if G^{+,π}_r Ω_π = G^{−,π}_r Ω_π = 0, r > 0.

We denote the equivalence classes of chiral primary representations by Δ_{cp}.

It turns out that a representation is chiral (antichiral) primary iff h = q/2 (h = −q/2, respectively). In any case, the terminology is not to be confused with the usual notion of chiral symmetry for fields where holomorphic and antiholomorphic components decouple.

The chiral primary representations form an additive subgroup Z[Δ_{cp}] of the ring of all NS representation classes. It is in general not invariant under products of NS representations, but truncating in a suitable manner the actual fusion rules (5.5), which are represented by certain coefficients N^k_{ij} ∈ N_0 , adjusts this point. Let N̂^k_{ij} denote the Δ_{cp}-truncated fusion rules of the irreducible representations of A^γ_c , namely

N̂^k_{ij} := { N^k_{ij} : [i], [j], [k] ∈ Δ_{cp} 0 : otherwise,

(9.1)

and “∗” the corresponding product operation on Z[Δ_{cp}].

Proposition 9.2. The product ∗ defined by the Δ_{cp}-truncated fusion rules on Z[Δ_{cp}] is commutative and associative. The corresponding ring is called the chiral ring.

Proof. The chiral primary irreducible representations (l, m) of SVir^{N=2} at given central charge c are characterized by the condition that 2h(l, m) = q(l, m). In light of Theorem 3.2(NS3), this means m = −l. Truncating then the fusion rules (5.5) according to this condition, at most one term remains in the sum (5.5), namely

(l_1, −l_1) ∗ (l_2, −l_2) = { (l_1 + l_2, −l_1 − l_2) : l_1 + l_2 ≤ n 0 : otherwise. } = (l_2, −l_2) ∗ (l_1, −l_1),

for all l_1, l_2 = 0, ..., n. In particular, this proves commutativity of ∗. Similarly, we check associativity: ( (l_1, −l_1) ∗ (l_2, −l_2) ) ∗ (l_3, −l_3) = { (l_1 + l_2, −l_1 − l_2) ∗ (l_3, −l_3) : l_1 + l_2 ≤ n 0 : otherwise. = { (l_1 + l_2 + l_3, −l_1 − l_2 − l_3) : l_1 + l_2 + l_3 ≤ n 0 : otherwise.

=(l_1, −l_1) ∗ ( (l_2, −l_2) ∗ (l_3, −l_3) ) . □

Remark 9.3. In the physics literature the “chiral ring” often stands for the ring defined by the OPE at coinciding points of the the so-called chiral primary fields, cf. [40] and [1, Sec.5.3]. For the N = 2 minimal model considered here this gives the same result that we obtained by means of the chiral primary representations and their truncated fusion rules, see the example at the end of Section 5.5 in [1]. This is of course not surprising if one recalls that in the formulation of the approaches to CFT based on pointlike localized fields the fusion rules are defined in terms of the OPE of primary fields.

One can define in a similar way the rings corresponding to antichiral primary representations/fields. Note that the models we are considering are generated by fields depending on one light-ray coordinate only. In the general 2D case one has a richer structure of chiral/antichiral rings: (c, c), (a, a), (c, a), (a, c), cf. [40, pp. 433, 437].

Note also that from the OPE point of view the associativity of the ring product has a natural explanation, while it is not a priori evident from the point of view of the truncated fusion rules.

Recall from Section 4 that composition of a Neveu-Schwarz representation with the spectral flow endomorphism η̄_{1/2} gives a Ramond representation. Even more:

Proposition 9.4. The spectral flow endomorphism η̄_{1/2} of A_c gives rise to a one-to-one correspondence between Δ_R and Δ_{cp}.

This is shown in a similar way as Proposition 5.6.

Remark 9.5. (1) It is natural to wonder whether the chiral ring has something to do with rings in noncommutative geometry, and whether one may obtain ring homomorphisms in this case. There is a natural ring structure in cyclic cohomology HE^{2∗}(A_{c,ΔR} ) coming from the cup product on the universal differential complex of A as discussed in [12, Sec.4.3.1]. According to Proposition 9.4 and the above discussion, we have a well-defined nontrivial semigroup homomorphism

Z_+[Δ_{cp}] → HE^{2∗}(A_{c,ΔR} ), π → τ_{η̄−1/2∘π},

from the chiral semiring (regarded as an additive semigroup) to the entire cyclic cohomology ring. It can, however, be shown by means of counterexamples that it does not preserve the ring structure. Therefore the answer to these questions seems negative so far.

(2) It is natural to look for the spectral-flow and the chiral ring (in the rational case) for general N = 2 superconformal nets, i.e., extensions of the super-Virasoro net A_c. As a first step one can consider N = 2 superconformal nets with c < 3 which have been completely classified in Section 6. We hope to come back to these problems in the future.

Acknowledgements. We would like to thank T. Arakawa, B. Gato-Rivera, O. Gray, A. Jaffe, and V. Kac for helpful discussions and V. Dobrev for useful comments. Moreover, Y.K. and F.X. would like to thank the CMTP in Rome, R.H., R.L., and Y.K. the MIT Cambridge, and S.C. and R.L. Harvard University, Cambridge, for hospitable research stays during which parts of this work were accomplished.

References

[1] R. Blumenhagen and E. Plauschinn. Introduction to conformal field theory. Lect. Notes Phys. 779 (2009).

[2] W. Boucher, D. Friedan, and A. Kent. Determinant formulae and unitarity for the N= 2 superconformal algebras in two dimensions or exact results on string compactification. Phys. Lett. B 172 (1986), 316-322.

[3] D. Buchholz, G. Mack, and I. Todorov. The current algebra on the circle as a germ of local field theories. Nucl. Phys. B - Proc Suppl. 5 (1988), 20-56.

[4] D. Buchholz and H. Schulz-Mirbach. Haag duality in conformal quantum field theory.

Rev. Math. Phys. 2 (1990), 105-125.

[5] S. Carpi. On the representation theory of Virasoro nets. Commun. Math. Phys. 244 (2004), 261-284.

[6] S. Carpi, R. Conti, R. Hillier, and M. Weiner. Representations of conformal nets, universal C*-algebras, and K-theory. arXiv:1202.2543 [math.OA]. To appear in Commun. Math. Phys.

[7] S. Carpi, R. Hillier, Y. Kawahigashi, and R. Longo. Spectral triples and the super- Virasoro algebra. Commun. Math. Phys. 295 (2010) 71-97.

[8] S. Carpi, R. Hillier, and R. Longo. Superconformal nets and noncommutative geometry.

In preparation.

[9] S. Carpi, Y. Kawahigashi, and R. Longo. Structure and classification of superconformal nets. Ann. H. Poincaré 9 (2008), 1069-1121.

[10] S. Carpi and M. Weiner. On the uniqueness of diffeomorphism symmetry in conformal field theory. Commun. Math. Phys. 258 (2005), 203-221.

[11] S. Carpi and M. Weiner. Local energy bounds and representations of conformal nets. In preparation.

[12] A. Connes. Noncommutative geometry. Academic Press, 1994.

[13] P. Di Vecchia, J.L. Petersen, M.J. Yu, and H. Zheng. Explicit construction of unitary representations of the N= 2 superconformal algebra. Phys. Lett. B 174 (1986), 280-284.

[14] V. Dobrev. Characters of the unitarizable highest weight modules over the N = 2 superconformal algebra. Phys. Lett. B 186 (1987), 43-51.

[15] V. Dobrev. Characters of the unitarizable highest weight modules over the N = 2 superconformal algebra. arXiv:0708.1719v1 [hep-th].

[16] M. Dörrzapf. Analytic expressions for singular vectors of the N = 2 siperconformal algebra.

Commun. Math. Phys. 180 (1996), 195-231.

[17] M. Dörrzapf. The embedding structure of unitary N = 2 minimal models. Nucl. Phys. B 529 (1998), 639-655.

[18] W. Driessler and J. Fröhlich. The reconstruction of local observable algebras from the Euclidean Green’s functions of relativistic quantum field theory. Ann. Henri Poincaré 27 (1977), 221-236.

[19] W. Eholzer and M.R. Gaberdiel. Unitarity of rational N = 2 superconformal theories.

Commun. Math. Phys. 186 (1997), 61-85.

[20] B. L. Feigin, A. M. Semikhatov, V. A. Sirota and I. Yu. Tipunin. Resolutions and characters of irreducible representations of the N = 2 superconformal algebra. Nucl. Phys. B 536 (1999), 617-656.

[21] B. L. Feigin, A. M. Semikhatov, and I. Yu. Tipunin. Equivalence between chain categories of representations of affine sl(2) and N = 2 superconformal algebras. Nucl. Phys. B 536 (1999), 617-656.

[22] C. J. Fewster and S. Hollands. Quantum energy inequalities in two-dimensional conformal field theory. Rev. Math. Phys. 17 (2005), 577-612.

[23] K. Fredenhagen. Generalization of the theory of superselection sectors. In The Algebraic Theory of Superselection Sectors. Introduction and Recent Results,(Proceedings, Palermo, 1990), D. Kastler (ed.), World Scientific, Singapore, 1990.

[24] J. Fröhlich and F. Gabbiani. Operator algebras and conformal field theory. Commun.

Math. Phys. 155 (1993) 569-640.

[25] T. Gannon. U(1)^m modular invariants, N = 2 minimal models, and the quantum Hall effect. Nucl. Phys. B 491 (1997), 659-688.

[26] B. Gato-Rivera. A note concerning subsingular vectors and embedding diagrams of the N = 2 superconformal algebras. arXiv:hep-th/9910121v1.

[27] B. Gato-Rivera. No isomorphism between the affine ŝl(2) algebra and the N = 2 superconformal algebras. arXiv:0809.2549v1.

[28] E. Getzler and A. Szenes. On the Chern character of a theta-summable Fredholm module.

J. Funct. Anal. 84 (1989), 343-357.

[29] R. Goodman and N.R. Wallach. Structure and unitary cocycle representations of loop groups and the group of diffeomorphisms of the circle. J. Reine Ang. Math. 352 (1984), 220-220.

[30] O. Gray. On the complete classification of unitary N = 2 minimal superconformal models.

Commun. Math. Phys. 312 (2012), 611-654.

[31] D. Guido and R. Longo. The conformal spin and statistics theorem. Commun. Math.

Phys. 181 (1996), 11-35.

[32] K. Iohara. Unitarizable highest weight modules of the N = 2 super-Virasoro algebras:

Untwisted sectors. Lett. Math. Phys. 91 (2010, 289-305.

[33] A. Jaffe, A. Lesniewski, and K. Osterwalder. Quantum K-theory. Commun. Math.

Phys. 118 (1988), 1-14.

[34] Y. Kawahigashi and R. Longo. Classification of local conformal nets. Case c < 1. Ann.

of Math. 160 (2004), 493-522.

[35] Y. Kawahigashi and R. Longo. Classification of two-dimensional local conformal nets with c < 1 and 2-cohomology vanishing for tensor categories. Commun. Math. Phys. 244 (2004), 63-97.

[36] Y. Kawahigashi and R. Longo. Noncommutative Spectral Invariants and Black Hole Entropy. Commun. Math. Phys. 257 (2004), 193-225.

[37] Y. Kazama and H. Suzuki. New N= 2 superconformal field theories and superstring compactification. Nucl. Phys. B 321 (1989), 232-268.

[38] A. Kent and H. Riggs. Determinant formulae for the N = 4 superconformal algebras.

Phys. Lett. B 198 (1987), 491-496.

[39] E. Kiritsis. Character formulae and the structure of the N = 1, N = 2 superconformal algebras. Int. J. Mod. Phys. A 3 (1988), 1871-1906.

[40] W. Lerche, C. Vafa, and N.P. Warner. Chiral rings in N= 2 superconformal theories.

Nucl. Phys. B 324 (1989), 427-474.

[41] R. Longo. Notes on a quantum index theorem. Commun. Math. Phys. 222 (2001), 45-96.

[42] R. Longo and K.-H. Rehren. Nets of subfactors. Rev. Math. Phys. 7 (1995), 567-597.

[43] V. Matsuo. Character formula for c < 1 unitary representation of N=2 superconformal algebra. Progr. Theor. Phys. 77 (1987), 793-797.

[44] N. Schwimmer and A. Seiberg. Comments on the N = 2, 3, 4 superconformal algebras in two dimensions. Phys. Lett. B 184 (1987), 183-.

[45] V. Toledano Laredo. Integrating unitary representations of infinite-dimensional Lie groups. J. Funct. Anal. 161 (1999), 478-508.

[46] F. Xu. On the equivalence of certain coset conformal field theories. Commun. Math. Phys.

228 (2002), 257-279.

[47] F. Xu. 3-manifold invariants from cosets. J. Knot Th. Ramifications 14 (2005), 21-90. [48] F. Xu. Strong additivity and conformal nets. Pacific J. Math. 221 (2005), 167-199. [49] F. Xu. Mirror extensions of local nets. Commun. Math. Phys. 270 (2007), 835-847.