arXiv:1207.2810v2 [cond-mat.quant-gas] 16 Oct 2012

Superfluidity and collective modes in Rashba spin-orbit coupled Fermi gases

Lianyi He^{a1} and Xu-Guang Huang^{b2}

a Frankfurt Institute for Advanced Studies and Institute for Theoretical Physics, J. W. Goethe University, 60438 Frankfurt am Main, Germany b Center for Exploration of Energy and Matter and Physics Department, Indiana University, Bloomington, IN 47408, USA

Abstract

We present a theoretical study of the superfluidity and the corresponding collective modes in two-component atomic Fermi gases with s-wave attraction and synthetic Rashba spin-orbit coupling. The general effective action for the collective modes is derived from the functional path integral formalism. By tuning the spin-orbit coupling from weak to strong, the system undergoes a crossover from an ordinary BCS/BEC superfluid to a Bose-Einstein condensate of rashbons. We show that the properties of the superfluid density and the Anderson-Bogoliubov mode manifest this crossover. At large spin-orbit coupling, the superfluid density and the sound velocity become independent of the strength of the s-wave attraction. The two-body interaction among the rashbons is also determined. When a Zeeman field is turned on, the system undergoes quantum phase transitions to some exotic superfluid phases which are topologically nontrivial. For the two-dimensional system, the nonanalyticities of the thermodynamic functions and the sound velocity across the phase transition are related to the bulk gapless fermionic excitation which causes infrared singularities. The superfluid density and the sound velocity behave nonmonotonically: they are suppressed by the Zeeman field in the normal superfluid phase, but get enhanced in the topological superfluid phase. The three-dimensional system is also studied.

Keywords: Fermi superfluidity, BCS-BEC crossover, Rashba spin-orbit coupling

1E-mail address: lianyi@th.physik.uni-frankfurt.de 2E-mail address: xhuang@th.physik.uni-frankfurt.de

Preprint submitted to Annals of Physics (N. Y.) October 17, 2012

1. Introduction

It is generally believed that, by tuning the strength of the attractive interaction in a many-fermion system, we can realize a smooth crossover from the Bardeen– Cooper–Schrieffer (BCS) superfluidity at weak attraction to Bose–Einstein condensation (BEC) of difermion molecules at strong attraction [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. One typical example is the dilute Fermi gas in three dimensions with shortrange attractive interaction, where the effective range r_0 of the interaction is much smaller than the inter-particle distance characterized by k^{−1}_F where k_F is the Fermi momentum in the absence of interaction. The attraction strength is characterized by a dimensionless parameter 1/(k_Fa_s) where a_s is the s-wave scattering length of the short-range interaction. The BCS-BEC crossover has been confirmed in the experiments of ultracold fermionic atoms [11, 12, 13], where the s-wave scattering length and hence the parameter 1/(k_Fa_s) was tuned by means of the Feshbach resonance.

On the other hand, the effect of a nonzero Zeeman field h has been a longstanding problem of fermionic superconductivity/superfluidity for several decades [14]. It is generally believed that the superfluidity is completely destroyed when the Zeeman field becomes large enough. The well-known theoretical result for s-wave weak-coupling superconductors is that, at a critical Zeeman field h_{CC} = Δ_0/ √ 2 (called Chandrasekhar-Clogston limit) where Δ_0 is the zero temperature gap at h = 0, a first-order phase transition from the BCS state to the normal state occurs [15, 16]. Further theoretical studies showed that the inhomogeneous Fulde- Ferrell-Larkin-Ovchinnikov state [17] may survive in a narrow window between h_{CC} and h_{FFLO} ≈ 0.754Δ_0. The Zeeman field effects in the BCS-BEC crossover have been experimentally studied by using cold fermionic atoms [18, 19]. The atom numbers of the two lowest hyperfine states of^6Li are adjusted to create a population imbalance which simulates effectively the Zeeman field h. The experimental results show that the fermionic superfluidity in the BCS-BEC crossover regime is also completely destroyed when the Zeeman field is large enough.

The recent experimental breakthroughs in generating synthetic non-Abelian gauge field and synthetic spin-orbit coupling [20, 21, 22, 23, 24, 25, 26, 27] have opened up the way to study the spin-orbit coupling effects as well as the combined spin-orbit coupling and Zeeman field effects on the BCS-BEC crossover [28, 29, 30, 31, 32, 33, 34, 35, 37]. For solid state systems, it was shown that the topologically nontrivial superconducting phase appears in spin-orbit coupled systems if the Zeeman field is large enough [38, 39, 40, 41, 42, 43, 44, 45, 46]. For neutral atoms, the spin-orbit coupling can be generated through a synthetic non-Abelian gauge potential A [23]. The well-known Rashba spin-orbit coupling for spin-1/2 fermions can be generated via a 2D synthetic vector potential [25, 26]

A = −λℏσ_⊥ = −λℏ(σ_xe_x + σ_ye_y), (1)

where a_⊥ = a_xe_x + a_ye_y for any vector a. The single-particle Hamiltonian for a fermion moving in the synthetic gauge field is given by H_0 = (p̂ − A)^2 /(2m) where and p̂ = −iℏ∇ is the momentum operator. In this paper we use the natural units ℏ = k_B = m = 1 for convenience.

For the 2D synthetic vector potential A given in (1), the single-particle Hamiltonian can be reduced to H_0 = p̂^2 2 + λσ_⊥ · p̂_⊥, (2)

where an irrelevant constant λ^2/2 has been omitted. The spin-dependent term λσ_⊥ ·p̂_⊥ can be mapped to the standard Rashiba spin-orbit coupling λ(σ_xp̂_y −σ_y p̂_x) by a spin rotation σ_x → σ_y and σ_y → −σ_x. The gauge field strength λ characterizes the strength of the spin-orbit coupling, which can be tuned from weak to strong in cold atom experiments. Since the final physical results depend only on λ^2, we set λ > 0 in this paper without loss of generality. For many-fermion systems, the spin-orbit coupling strength can be characterized by the dimensionless ratio λ/k_F. While for solid state systems this ratio is very small, it can reach the order O(1) in cold atom systems [21, 22]. Therefore, cold fermionic atoms provide the way to study the fermionic superfluidity in the presence of a strong spin-orbit coupling.

Motivated by the experimental progress of realizing spin-orbit coupled atomic Fermi gases [21, 22], the fermionic superfluidity with spin-orbit coupling has been extensively studied [28, 29, 30, 31, 32, 33, 34, 35, 36, 37]. It was shown that, in the presence of the Rashba spin-orbit coupling, the two-body bound state exists even for a_s < 0 where the bound state does not exist for λ = 0 [47]. With increased λ, the binding energy is generally enhanced. The bound state at λ � 0 possesses a nontrivial effective mass which is generally larger than twice of the fermion mass [29, 30, 33]. Such a novel bound state is referred to as rashbon in the literatures [48]. For many-fermion systems, it has been proposed that a spin-orbit coupled Fermi gas can undergo a smooth crossover from the ordinary BCS/BEC superfluidity to the Bose-Einstein condensation of rashbons if λ/k_F is tuned from small to large values [28, 29, 30, 31, 32, 33, 34]. On the other hand, if a Zeeman field h is turned on, some topologically nontrivial superfluid phases emerge [31, 34, 35].

In this paper, we study the bulk superfluid properties and the collective modes in Rashba spin-orbit coupled Fermi superfluids. We mainly consider two aspects: (1) the bulk superfluid properties and the collective modes from weak to strong spin-orbit coupling at zero Zeeman field, which manifest the crossover from ordinary Fermi superfluidity to the Bose-Einstein condensation of rashbons, and (2) the quantum phase transitions from normal superfluid phase to topologically nontrivial superfluid phases in the presence of nonzero Zeeman field and their effects on the bulk superfluid properties and the collective modes.

The paper is organized as follows. In Sec. 2, we derive the general effective action for the superfluid ground state and the collective modes with arbitrary spinorbit coupling and Zeeman field by using the functional path integral method. In Sec. 3 and Sec. 4, we study the systems with zero Zeeman field in three and two spatial dimensions, respectively. The systems with nonzero Zeeman fields are studied in Sec. 5. We summarize in Sec. 6.

2. General formalism

We consider a homogeneous spin-1/2 Fermi gas with a short-range s-wave attractive interaction in the spin-singlet channel. For cold atom experiments, the attractive strength can be tuned from weak to strong [8]. In the dilute limit where the effective range r_0 is much smaller than the characteristic length scales of the system, that is, r_0 ≪ k^{−1}_F , a_s, λ^{−1}, the attractive interaction can be modeled by a contact one [49]. The many-body Hamiltonian of the system can be written as

H = H_0 + H_Z + H_{int}, (3)

where

H_0 = ∫ d^3rψ^†(r) ( p̂^2 2 + λσ_⊥ · p̂_⊥ − μ ) ψ(r),

H_Z = −h ∫ d^3rψ^†(r)σ_zψ(r),

H_{int} = −U ∫ d^3r ψ^†_↑(r)ψ^†_↓(r)ψ_↓(r)ψ_↑(r). (4)

Here ψ(r) = [ψ_↑(r), ψ_↓(r)]^T represents the two-component fermion fields, μ is the chemical potential, and h is the Zeeman magnetic field. We set h > 0 in this paper without loss of generality. The contact coupling U > 0 denotes the attractive s-wave interaction between unlike spins.

In the functional path integral formalism, the partition function of the system at finite temperature T is Z = ∫ DψDψ̄ exp { −S[ψ, ψ̄] } , (5)

where

S[ψ, ψ̄] =

∫_{1/T} 0 dτ ∫ d^3rψ̄∂_τψ +

∫_{1/T} 0 dτH(ψ, ψ̄). (6)

Here H(ψ, ψ̄) is obtained by replacing the field operators ψ^† and ψ with the Grassmann variables ψ̄ and ψ, respectively. To decouple the interaction term we introduce the auxiliary complex pairing field Φ(x) = −Uψ_↓(x)ψ_↑(x) [x = (τ, r)] and apply the Hubbard-Stratonovich transformation. Using the Nambu-Gor’kov representation

Ψ(x) = ( ψ(x) iσ_yψ̄^T(x) ) , Ψ̄(x) = ( ψ̄(x) − ψ^T(x)iσ_y ) , (7)

we express the partition function as Z = ∫ DΨDΨ̄DΦDΦ^† exp { − S̃[Ψ, Ψ̄, Φ, Φ^†] } , (8)

where

S̃[Ψ, Ψ̄, Φ, Φ^†] = 1 U ∫ dx|Φ(x)|^2 − 1 2 ∫ dx ∫ dx^′Ψ̄(x)G^{−1}(x, x^′)Ψ(x^′). (9)

The inverse single-particle Green’s function G^{−1}(x, x^′) is given by

G^{−1}(x, x^′) = ( G^{−1}_+ (x) Φ(x) Φ^†(x) G^{−1}_− (x) ) δ(x − x^′), (10)

where

G^{−1}_± (x) = −∂_τ + hσ_z ∓ (p̂^2/2 + λσ_⊥ · p̂_⊥ − μ). (11)

Integrating out the fermion fields, we obtain Z = ∫ DΦDΦ^† exp { − S_{eff} [Φ, Φ^†] } , (12) where the effective action reads

S_{eff}[Φ, Φ^†] = 1 U ∫ dx|Φ(x)|^2 − 1 2 Trln[G^{−1}(x, x^′)]. (13)

The effective action S_{eff}[Φ, Φ^†] cannot be evaluated precisely. In this work, we consider mainly the zero temperature case. Therefore, we follow the conventional approach to the BCS-BEC crossover problem, that is, we first consider the superfluid ground state which corresponds to the saddle point of the effective action, and then study the Gaussian fluctuations around the saddle point. The Gaussian fluctuations correspond to the collective modes, including the gapless Goldstone mode and the massive Higgs mode. In ordinary fermionic superfluids, only the Goldstone mode or the so-called Anderson-Bogoliubov mode remains at low energy whereas the Higgs mode is pushed up to the two-particle continuum. Therefore, the Higgs mode usually appears as a broad resonance at the large characteristic energy scale of the system.

In the superfluid ground state, the pairing field Φ(x) acquires a nonzero expectation value ⟨Φ(x)⟩ = Δ, which serves as the order parameter of the superfluidity. Due to the U(1) symmetry, we can set Δ to be real without loss of generality. Then we decompose the pairing field as Φ(x) = Δ + ϕ(x), where ϕ(x) is the fluctuation around the mean field. The effective action S_{eff}[Φ, Φ^†] can be expanded in powers of the fluctuation ϕ(x), that is,

S_{eff} [Φ, Φ^†] = S^{(0)}_{eff} (Δ) + S^{(2)}_{eff} [ϕ, ϕ^†] + · · · , (14)

where S^{(0)}_{eff} (Δ) ≡ S_{eff}[Δ, Δ] is the saddle-point or mean-field effective action with Δ determined by the saddle point condition ∂S^{(0)}_{eff} /∂Δ = 0. Note that under the saddle point condition the linear terms in ϕ and ϕ^† in Eq. (14) vanish automatically.

2.1. Saddle point: mean-field approximation

The mean-field effective action or the thermodynamic potential Ω can be expressed as Ω = S^{(0)}_{eff} (Δ) βV = Δ^2 U − 1 2 ∑ K lndet[G^{−1}(K)], (15)

where the inverse fermion Green’s function reads

G^{−1}(K) = ( G^{−1}_+ (K) Δ Δ G^{−1}_− (K) ) (16) and G^{−1}_± (K) is given by

G^{−1}_± (K) = iω_n + hσ_z ∓ (ξ_k + λσ_⊥ · k_⊥). (17)

The dispersion ξ_k is defined as ξ_k = ϵ_k − μ with ϵ_k = k^2/2. In this paper K = (iω_n, k) denotes the energy and the momentum of fermions with ω_n = (2n + 1)πT (n integer) being the fermion Matsubara frequency. We use the notation

∑_K = T ∑_n ∑_k

with

∑_k = ∫ d^3k/(2π)^3 for 3D system.

The determinant of the inverse fermion propagator, det[G^{−1}(K)], can be evaluated as

det[G^{−1}(K)] = ∏ s=± [ (iω_n + sh)^2 − E^2_k − λ^2k^2_⊥ ] − 4λ^2k^2_⊥(ξ^2_k − h^2) = [ (iω_n)^2 − (E^+_k )^2 ] [ (iω_n)^2 − (E^−_k )^2 ] , (18)

where E_k = √ ξ^2_k + Δ^2. The quasiparticle excitation spectra E^±_k are given by

E^±_k = √ E^2_k + η^2_k ± 2ζ_k. (19)

The quantities η_k and ζ_k are defined as η_k = √ λ^2k^2_⊥ + h^2 and ζ_k = √ ξ^2_kη^2_k + h^2Δ^2.

Completing the Matsubara frequency sum we obtain the explicit form of the meanfield effective action Ω = Δ^2 U − ∑ k ∑ α=± [ E^α_k − ξ^α_k 2 + T ln ( 1 + e^{−Eαk /T} )] , (20)

where ξ^±_k = ξ_k ± η_k. Here the term

∑_α ∑_k

ξ^α_k /2 =

∑_k

ξ_k is added to recover the correct limit for Δ → 0. The integral over the fermion momentum k is divergent and the contact coupling U needs to be regularized. For a short-range interaction potential with its s-wave scattering length a_s, it is natural to regularize U by the two-body T-matrix in the absence of SOC. We have 1 U = − 1 4πa_s + ∑ k 1 2ϵ_k

. (21)

The superfluid order parameter Δ should satisfy the saddle-point condition ∂Ω/∂Δ = 0, or the so-called gap equation 1 U = ∑ k ∑ α=± ( 1 + α h^2 ζ_k ) 1 − 2 f (E^α_k )

4E^α_k

, (22) where f (E) = 1/(e^{E/T} + 1) is the Fermi-Dirac distribution. Meanwhile, if the total fermion density n is imposed, the chemical potential μ should be determined by the number equation −∂Ω/∂μ = n, that is, n = ∑ k ∑ α=± [ 1 2 − ( 1 + α η^2_k ζ_k ) ξ_k

1 − 2 f (E^α_k) 2E^α_k ] . (23)

In general, Δ and μ are obtained by solving the gap and number equations simultaneously. As a convention, we define the Fermi momentum k_F through the noninteracting form n = k^3_F/(3π^2), and the Fermi energy is given by ϵ_F = k^2_F/2.

In the Nambu-Gorkov space, the fermion propagator G(K) takes the form

G(K) = ( G_{11}(K) G_{12}(K) G_{21}(K) G_{22}(K) ) . (24)

The matrix elements can be evaluated as

G_{11}(K) = G^{−1}_− (K)

L_+(K)L_−(K) − Δ^2 [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2] , G_{22}(K) = G^{−1}_+ (K)

L_−(K)L_+(K) − Δ^2 [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2] , G_{12}(K) = −Δ

L_−(K)L_+(K) − Δ^2 [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2] , G_{21}(K) = −Δ

L_+(K)L_−(K) − Δ^2 [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2]

, (25)

where L_±(K) are given by

L_±(K) = iω_n − hσ_z ± (ξ_k − λσ_⊥ · k_⊥). (26)

To evaluate the collective mode propagator, we also express the fermion propagator in an alternative form by using the following projectors

P^±_k (h) = 1 2 ( 1 ± λσ_⊥ · k_⊥ + hσ_z η_k ) (27)

which possess the following properties

P^+_k (h) + P^−_k (h) = 1, P^α_k(h)P^β_k(h) = δ_{αβ}P^α_k(h). (28)

With the help of these projectors, the fermion propagator can be expressed as

G_{11}(K) = ∑ α=± (iω_n + ξ^α_k )

[(iω_n)^2 − (ξ^{−α}_k )^2]P^α_k(−h) − Δ^2P^α_k(h) [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2] , G_{22}(K) = ∑ α=± (iω_n − ξ^α_k )

[(iω_n)^2 − (ξ^{−α}_k )^2]P^α_k(h) − Δ^2P^α_k(−h) [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2] , G_{12}(K) = −Δ ∑ α=± [(iω_n)^2 − (ξ^{−α}_k )^2 − Δ^2]P^α_k(h) − 2h(iω_n + ξ^{−α}_k )σ_zP^α_k(h) [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2] , = −Δ ∑ α=± [(iω_n)^2 − (ξ^{−α}_k )^2 − Δ^2]P^α_k(−h) − 2h(iω_n − ξ^{−α}_k )P^α_k(−h)σ_z [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2] , G_{21}(K) = −Δ ∑ α=± [(iω_n)^2 − (ξ^{−α}_k )^2 − Δ^2]P^α_k(h) − 2h(iω_n + ξ^{−α}_k )P^α_k(h)σ_z [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2]

= −Δ ∑ α=± [(iω_n)^2 − (ξ^{−α}_k )^2 − Δ^2]P^α_k(−h) − 2h(iω_n − ξ^{−α}_k )σ_zP^α_k(−h) [(iω_n)^2 − (E^+_k )^2][(iω_n)^2 − (E^−_k )^2]

. (29)

We note that the anomalous Green’s function G_{12}(K) is not diagonal in the spin space for λ � 0. Therefore, the spin-orbit coupling generates spin-triplet pairing even though the order parameter Δ have the s-wave symmetry. According to the Green’s function relation, the spin-singlet and spin-triplet pairing amplitudes can be read from the diagonal and the off-diagonal components of G_{12}(K). We obtain

⟨ψ_↑(k)ψ_↓(k)⟩ = −⟨ψ_↓(k)ψ_↑(k)⟩ = Δ ∑ α=± ( 1 + α h^2 ζ_k ) 1 − 2 f (E^α_k ) 4E^α_k

(30)

for the spin-singlet pairing amplitudes and

⟨ψ_↑(k)ψ_↑(k)⟩ = −λ(k_x − ik_y)Δ ξ_k + h ζ_k ∑ α=± α 1 − 2 f (E^α_k ) 4E^α_k , ⟨ψ_↓(k)ψ_↓(k)⟩ = λ(k_x + ik_y)Δ ξ_k − h ζ_k ∑ α=± α 1 − 2 f (E^α_k ) 4E^α_k

(31)

for the spin-triplet pairing amplitudes. In the mean-field theory, the condensation density n_0 is half of the summation of all pairing amplitudes squared [50, 51], that is, n_0 = 1 2 ∑ k ∑ σ,σ^′=↑,↓

|⟨ψ_σ(k)ψ_σ′ (k)⟩|^2. (32)

It is also useful to reexpress the mean-field theory in the helicity representation [45]. The helicity basis (ψ_+, ψ_−)^T is related to basis (ψ_↑, ψ_↓)^T by a k-dependent SU(2) transformation. In the helicity basis, H_0 + H_Z is diagonal, that is

H_0 + H_Z = ∑ k [ ξ^+_k ψ^†_+(k)ψ_+(k) + ξ^−_k ψ^†_−(k)ψ_−(k) ] . (33)

Therefore, the spin-orbit coupled Fermi gas can be viewed as a two-band system. The Zeeman field provides a band gap 2h at k = 0. In the presence of attraction, the mean-field approximation for H_{int} reads

H_{int} ≃ 1 2 ∑ α,β=± ∑ k [ Δ_{αβ}(k)ψ^†_α(k)ψ^†_β(k) + h.c. ] . (34)

The new momentum-dependent pair potentials Δ_{αβ}(k) read

Δ_{+−}(k) = −Δ_{−+}(k) = −Δ_s(k), Δ_{++}(k) = Δ^∗_{−−}(k) = −Δ_t(k), (35)

where the interband and the intraband pair potentials are given by

Δ_s(k) = h η_k

Δ, Δ_t(k) = λ(k_x − ik_y) η_k

Δ. (36)

Using these new pair potentials, the quasiparticle spectra E^±_k can be expressed as

E^±_k = √ ( √ ξ^2_k + |Δ_s(k)|^2 ± η_k )2 + |Δ_t(k)|^2. (37)

The above expressions in the helicity basis will help us understand some results in Sec. 5.

2.2. Gaussian fluctuation: collective excitations

Then we consider the fluctuations around the mean field. The linear terms which are of order O(ϕ) vanishes precisely once the saddle-point condition Δ = Δ_0 is imposed. The quadratic terms, corresponding to the Gaussian fluctuations, can be evaluated as

S^{(2)}_{eff} [ϕ, ϕ^†] βV = ∑ Q { |ϕ(Q)|^2 U + 1 4 ∑ K Tr [G(K + Q)Σ(Q)G(K)Σ(−Q)] } , (38) where Σ(Q) is defined as

Σ(Q) = ( 0 ϕ(Q) ϕ^†(−Q) 0 ) . (39)

In this paper Q = (iν_n, q) denotes the energy and momentum of bosons with ν_n = 2nπT being the boson Matsubara frequency.

After taking the trace in the Nambu-Gor’kov space, we find that S^{(2)}_{eff} can be written in a bilinear form

S^{(2)}_{eff} [ϕ, ϕ^†] βV = 1 2 ∑ Q ( ϕ^†(Q) ϕ(−Q) ) M(Q) ( ϕ(Q) ϕ^†(−Q) ) , (40)

where the inverse boson propagator M(Q) is a 2 × 2 matrix,

M(Q) = ( M_{11}(Q) M_{12}(Q) M_{21}(Q) M_{22}(Q) ) . (41)

The matrix elements of M(Q) can be expressed in terms of the fermion propagator G(K). We have

M_{11}(Q) = 1 U + 1 2 ∑ K Tr [G_{11}(K + Q)G_{22}(K)] ,

M_{22}(Q) = 1 U + 1 2 ∑ K Tr [G_{22}(K + Q)G_{11}(K)] ,

M_{12}(Q) = 1 2 ∑ K Tr [G_{12}(K + Q)G_{12}(K)] ,

M_{21}(Q) = 1 2 ∑ K Tr [G_{21}(K + Q)G_{21}(K)] . (42)

The explicit forms of these functions are evaluated in Appendix A. It is straightforward to show that M_{11}(iν_n, q) = M_{22}(−iν_n, q). However, we have M_{12}(iν_n, q) � M_{21}(iν_n, q) if the spin-orbit coupling λ and the Zeeman field h are both nonzero. Taking the analytical continuation iν_n → ω + i0^+, the dispersion ω(q) of the collective mode is determined by the equation

det M[ω(q), q] = 0. (43)

We can decompose M_{11}(ω, q) as M_{11}(ω, q) = M^+_{11}(ω, q) + M^−_{11}(ω, q), where M^+_{11}(ω, q) and M^−_{11}(ω, q) are even and odd functions of ω, respectively. Their explicit forms read

M^+_{11}(ω, q) = 1 U + 1 2 ∑ α,β=± ∑ k W^{αβ}_1 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} − 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_1 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} − 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] (44) and M^−_{11}(ω, q) = 1 2 ∑ α,β=± ∑ k W^{αβ}_2 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} + 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_2 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} + 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] , (45) where p = q/2 for convenience. On the other hand M_{12}(ω, q) and M_{21}(ω, q) are even functions of ω and can be expressed as M_{12}(ω, q) = M^+_{12}(ω, q) + iM^−_{12}(ω, q), M_{21}(ω, q) = M^+_{12}(ω, q) − iM^−_{12}(ω, q). (46) Here M^+_{12}(ω, q) and M^−_{12}(ω, q) read

M^+_{12}(ω, q) = − 1 2 ∑ α,β=± ∑ k W^{αβ}_3 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} − 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_3 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} − 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] (47) and M^−_{12}(ω, q) = − 1 2 ∑ α,β=± ∑ k W^{αβ}_4 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} − 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_4 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} − 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] . (48)

The explicit expressions of the functions W^{αβ}_i (k, q) and U^{αβ}_i (k, q) (i = 1, 2, 3, 4) are presented in Appendix A. We note that W^{αβ}_4 (k, q) and U^{αβ}_4 (k, q) are odd functions of h, that is, they are proportional to hλ^2. However, the determinant of the matrix M is an even function of h, as we expect.

To make the results more physically transparent, we decompose the complex fluctuation field ϕ(x) into its amplitude part ρ(x) and phase part θ(x), ϕ(x) = ρ(x)+ iΔ_0θ(x). Converting to the variables ρ(x) and θ(x), we obtain

S^{(2)}_{eff} [ρ, θ] βV = 1 2 ∑ Q ( ρ(−Q) θ(−Q) ) N(Q) ( ρ(Q) θ(Q) ) , (49)

where the matrix N(Q) reads

N(Q) = 2 ( M^+_{11} + M^+_{12} iΔ_0(M^−_{11} − iM^−_{12}) −iΔ_0(M^−_{11} + iM^−_{12}) Δ^2_0(M^+_{11} − M^+_{12}) ) . (50)

From the expressions of M^−_{11} and M^−_{12}, we have M^−_{11}(0, q) = 0 and M^−_{12}(ω, 0) = 0. Therefore the amplitude and phase modes decouple completely at ω = 0 and q = 0. Furthermore, at the saddle point Δ = Δ_0 we have precisely

M^+_{11}(0, 0) = M^+_{12}(0, 0). (51)

Therefore the phase mode at q = 0 is gapless, that is, the Goldstone mode. For neutral fermionic superfluids, this mode is also called the Anderson-Bogoliubov mode. Another collective mode or the so-called Higgs mode is massive. It is likely heavily damped since its mass gap is generally larger than the two-particle continuum at q = 0.

We are interested in the low energy behaviors of these collective modes. For this purpose, we make a small q and ω expansion of N(Q). The spin-orbit coupling breaks the O(3) rotational symmetry to a O(2) circular rotational symmetry. Therefore, the expansion takes the form

2(M^+_{11} + M^+_{12}) = A + C_⊥q^2_⊥ + C_‖q^2_‖ − Dω^2 + · · · , 2Δ^2_0(M^+_{11} − M^+_{12}) = J_⊥q^2_⊥ + J_‖q^2_‖ − Rω^2 + · · · , 2Δ_0M^−_{11} = −Bω + · · · . (52)

Here a_‖ = a_ze_z for any vector a. Note that the term M^−_{12}(ω, q) has no contribution to this expansion up to the order O(ω^2, q^2). We should emphasize that such an expansion is only possible at zero temperature, since the terms proportional to f (E^α_{k+p})− f (E^α_{k−p}) have the Landau theory singularity for q and ω going to zero [5]. In the following of this paper, we restrict our studies in the zero temperature case.

The parameter A (J_⊥ and J_‖) characterizes the stability of the saddle point Δ = Δ_0 against the amplitude (phase) fluctuation. First, it is easy to show that A = ∂^2Ω(Δ) ∂Δ^2 | | |_{Δ=Δ0} . (53)

Therefore, the stability against the amplitude fluctuation requires A > 0. Second, the superfluid phase stiffness J_⊥ (J_‖) is precisely proportional to the superfluid density n^⊥_s (n^‖_s). We have

J_⊥ = n^⊥_s 4m , J_‖ = n^‖_s 4m . (54)

On the other hand, the superfluid density can be obtained from another equivalent definition [52, 53]. When the superfluid moves with a uniform velocity υ_s = υ_⊥e_⊥ + υ_‖e_z, the superfluid order parameter transforms like Φ → Φe^{2im}υ^{s·r} and Φ^∗ → Φ^∗e^{−2im}υ^{s·r} (m = 1 in our units). The superfluid density n_s is defined as the response of the thermodynamic potential Ω to an infinitesimal velocity υ_s, i.e.,

Ω(υ_s) = Ω(0) + 1 2 n^⊥_s υ^2_⊥ + 1 2 n^‖_sυ^2_‖ + O(υ^4_s ). (55)

Therefore, the stability against the phase fluctuation requires J_⊥ > 0 and J_‖ > 0. Once the superfluid phase stiffness becomes negative, the saddle-point state is unstable and some Fulde-Ferrell-Larkin-Ovchinnikov-like state with inhomogeneous phase and/or amplitude modulation will be energetically favored [54, 55, 56, 57, 58, 59].

As long as the stability conditions are satisfied, the dispersion of the Goldstone mode at small momentum is given by

ω(q) = √ (c^⊥_s )^2q^2_⊥ + (c^‖_s)^2q^2_‖ , (56)

where the transverse and longitudinal sound velocities are given by

c^⊥_s = √ J_⊥ B^2/A + R

, c^‖_s = √ J_‖ B^2/A + R

. (57)

The Higgs mode is massive and its mass gap M_H reads

M_H = √ B^2 + AR DR . (58)

We note that the expansion (52) is valid only for small frequency ω, therefore this formula only gives the qualitative behavior of the Higgs mode. In general, the Higgs mode is a resonance since its spectral density arises above the two-particle continuum E_c(q) = min_k{E^−_{k+q/2} + E^−_{k−q/2}}.

Finally, we summarize the explicit expressions for the expansion parameters in Eq. (52). For details of the calculations, see Appendix B. First, A can be evaluated as A = 1 2 ∑ α=± ∑ k Δ^2 (E^α_k )^3 ( 1 + α h^2 ζ_k

)_2 + α h^4Δ^2 E^α_k ζ^3_k − 2 Δ^2 (E^α_k )^2 ( 1 + α h^2 ζ_k

)_2

δ(E^α_k )

. (59)

The expansion parameters in the frequency expansion read

B = Δ ∑ k ξ_k (E^+_k + E^−_k )^2 [( 1 E^+_k + 1 E^−_k ) h^2E^2_k ζ^2_k + ( 1 E^+_k − 1 E^−_k ) h^2 ζ_k ]

+ Δ 4 ∑ α± ∑ k ξ_k (E^α_k )^3 ( 1 + α λ^2k^2_⊥ ζ_k − h^2E^2_k ζ^2_k ) , D = 1 8 ∑ α=± ∑ k [ ξ^2_k + η^2_k + 2αζ_k (E^α_k )^5 λ^2k^2_⊥ξ^2_k ζ^2_k + Δ^2 (E^α_k )^5 λ^2k^2_⊥h^2

ζ^2_k ]

+ ∑ k 1 (E^+_k + E^−_k )^3 h^2ξ^2_k ζ^2_k ( 1 + E^2_k − η^2_k E^+_k E^−_k ) ,

R = Δ^2 ∑ k 1 (E^+_k + E^−_k )^3 h^2E^2_k ζ^2_k ( 1 + E^2_k − η^2_k E^+_k E^−_k + 2λ^2k^2_⊥Δ^2 E^+_k E^−_k E^2_k )

+ Δ^2 8 ∑ α=± ∑ k 1 (E^α_k )^3 λ^2k^2_⊥ξ^2_k ζ^2_k

. (60)

The transverse phase stiffness J_⊥ and the longitudinal one J_‖ take the form

J_⊥ = 1 4m { n − ∑ k ∑ α=± k^2_⊥ 2 ( 1 + α λ^2ξ_k ζ_k

)_2

δ(E^α_k ) − ∑ k ∑ α=± λ^2 2E^α_k [ α ( 1 + h^2E^2_k ζ^2_k + λ^2k^2_⊥h^2Δ^2

ζ^2_k E^2_k ) E^2_k 2ζ_k + ( 1 − λ^2k^2_⊥ξ^2_k

2ζ^2_k

)] } , J_‖ = 1 4m n − ∑ k ∑ α=± k^2_‖ δ(E^α_k )

. (61)

The delta functions δ(E^α_k ) in the expressions of J_⊥,J_‖ and A come from the zerotemperature limit of the function (1/4T )sech^2(E^α_k /2T ) = −∂ f (E^α_k )/∂E^α_k . The integrations over these delta functions vanish precisely when the excitation spectra E^α_k are fully gapped. However, at large enough Zeeman field h, the superfluid state may become gapless where the lower excitation spectrum E^−_k has zeros. In this case, these terms may have finite contributions, depending on whether these zeros correspond to gapless Fermi surfaces [59]. For vanishing spin-orbit coupling, the expansion parameters A, B, D, R reduces to the known expressions in the previous literatures [61, 62]. They are given by A = ∑ k Δ^2 E^2_k [ Θ(E_k − h)

E_k

− δ(E_k − h) ] , B = Δ 2 ∑ k ξ_k E^3_k

Θ(E_k − h), D = 1 4 ∑ k ξ^2_k E^5_k

Θ(E_k − h), R =

Δ^2 4 ∑ k 1 E^3_k

Θ(E_k − h). (62)

The phase stiffness becomes isotropic for λ = 0. It reads

J_⊥ = J_‖ = 1 4m n − ∑ k k^2 3 δ(E_k − h)

. (63)

Therefore, for λ = 0 the zeros of E^−_k correspond to some gapless Fermi surfaces, which leads to large negative contributions to the parameters J_⊥, J_‖ and A [54, 55, 56, 57, 58, 59, 60, 61, 62].

2.3. Two-body problem

To understand the behavior for the collective modes in the BCS-BEC crossover, it is useful to compare it with the result of the two-body problem in the absence of medium effect. In the functional path integral formalism, the two-body vertex function Γ^{−1}(Q) can be obtained from its coordinate representation defined as

Γ^{−1}(x, x^′) = 1 βV δ^2S_{eff} [Φ, Φ^∗] δΦ^∗(x)δΦ(x^′) | | |_{Φ=0}. (64)

For Δ = 0, we have G_{12} = G_{21} = 0 and the single-particle Green’s function G(K) reduces to the form

G(K) = ( G_+(K) 0

0 G_−(K) ) , (65)

where the diagonal elements read

G_+(iω_n, k) = ∑ α=± P^α_k(−h) iω_n − ξ^α_k

, G_−(iω_n, k) = ∑ α=± P^α_k(h) iω_n + ξ^α_k

. (66)

Therefore, Γ^{−1}(Q) can be expressed as

Γ^{−1}(Q) = 1 U + 1 2 ∑ K Tr [G_+(K + Q)G_−(K)] . (67)

The explicit expression can be evaluated as

Γ^{−1}(Q) = 1 U − 1 2 ∑ α,β=± ∑ k 1 − f (ξ^α_{k+p}) − f (ξ^β_{k−p})

ξ^α_{k+p} + ξ^β_{k−p} − iν_n

T^{αβ}_{kq} , (68)

where

T^{αβ}_{kq} = 1 2 [ 1 + αβ λ^2(k^2_⊥ − p^2_⊥) − h^2

η_{k+p}η_{k−p} ] . (69)

To study the two-body problem in the absence of medium effect, we discard the Fermi-Dirac distribution functions. The energy-momentum dispersion ω_q of the pair excitation is defined as the solution ω+2μ = ω_q of the equation ReΓ^{−1}(ω+ iϵ, q) = 0 . For h = 0, after some manipulations, the two-body equation becomes 1 U = ∑ k E_{kq}

E^2_{kq} − 4λ^2k^2_⊥ [ 1 +^{λ2q2⊥ sin2 φ}

E^2_{kq}−λ^2q^2_⊥

], (70)

where E_{kq} = k^2 + q^2/4 − ω_q and φ is the angle between k_⊥ and q_⊥.

2.4. Two-dimensional case

The above formalism applies also to the case of two spatial dimensions. To apply the general formalism, we only need to freeze the longitudinal (z) degree of freedom, that is, perform the following replacement:

k^2 → k^2 = k^2_⊥, ∑ k → ∑ k = ∫ d^2k (2π)^2

. (71)

In contrast to the anisotropic 3D case, the superfluid ground state in the 2D case is isotropic. A quasi-2D cold atomic gas can be realized by arranging a onedimensional optical lattice along the axial (z) direction and a weak harmonic trapping potential in the radial (x−y) plane [63], such that atoms are strongly confined along the axial direction and form a series of pancake-shaped quasi-2D clouds. The strong anisotropy of the trapping potentials, namely ω_z ≫ ω_⊥ where ω_z (ω_⊥) is the axial (radial) frequency, allows us to use an effective 2D Hamiltonian to deal with the radial degrees of freedom.

For the 2D case, two-body bound state exists for arbitrarily weak attraction. The coupling constant U should be regularized in the following way [6] 1 U = ∑ k 1 2ϵ_k + ϵ_B

, (72)

where ϵ_B is the binding energy of the two-body bound state in the absence of spinorbit coupling. For convenience, we define a 2D scattering length a_{2D} by [64]

ϵ_B =

4e^{−2γ} ma^2_D

, (73)

where γ ≃ 0.577216 is the Euler’s constant. For quasi-2D cold atoms confined by an axial trapping frequency ω_z, the binding energy is related to the the 3D s-wave scattering length a_s by ϵ_B = (Cℏω_z/π) exp( √ 2πl_z/a_s) [65], where l_z = √ ℏ/ω_z and C ≃ 0.915.

3. Results for zero Zeeman field: 3D case

In this section, we study the 3D system with zero Zeeman field (h = 0). We focus on some bulk superfluid properties and the collective modes from weak to strong spin-orbit coupling λ. Some results for the bound state and the BCS-BEC crossover have been addressed in the previous literatures [28, 29, 30, 47]. Here we present these results for the sake of completeness.

3.1. Bound state and BCS-BEC crossover

First, we show that there exists two-body bound state in the presence of spinorbit coupling even for negative values of a_s [47]. For small q, the dispersion ω_q in Eq. (70) can be written as ω_q = −E_B + q^2_⊥/(2M^⊥_B ) + q^2_‖ /(2M^‖_B). From the imaginary part of the retarded Green’s function Γ^{−1}(ω + iϵ, q), we conclude that the bound state exists if the binding energy E_B > λ^2. The binding energy E_B is determined by the equation − 1 4πa_s = ∑ k [ k^2 + E_B (k^2 + E_B)^2 − 4λ^2k^2_⊥ − 1 k^2 ] . (74)

Using the condition E_B > λ^2 we find that the solution can be expressed as

E_B λ^2

= 1 + η(κ), (75)

where κ = 1/(λa_s). Completing the integral we obtain √ 1 + η(κ) − 1 2 ln √ 1 + η(κ) + 1 √ 1 + η(κ) − 1

= κ. (76)

Solving this equation, we find that a positive solution for η always exists for arbitrary κ. The solution behaves as η(κ) → e^{2κ} for κ → −∞ and η(κ) → κ^2 − 1 for κ → +∞. Therefore, bound state can form in the presence of spin-orbit coupling even for negative values of a_s.

Meanwhile, expanding Eq. (70) to the order O(q^2), we obtain M^‖_B = 2m for arbitrary κ and the equation for the transverse effective mass M^⊥_B , ( 1 − 2m M^⊥_B ) ∑ k (k^2 + E_B)^2 + 4λ^2k^2_⊥ [(k^2 + E_B)^2 − 4λ^2k^2_⊥]^2 = ∑ k 8λ^4k^2_⊥ (k^2 + E_B)[(k^2 + E_B)^2 − 4λ^2k^2_⊥]^2

. (77)

Completing the integral, we get 2m M^⊥_B

= 1 − 1 2 [ η(κ) 1 + η(κ) ln η(κ) 1 + η(κ) + 1 1 + η(κ) ] . (78)

The κ-dependence of the binding energy and the transverse effective mass can be numerically obtained. The results are shown in Fig. 1. We find that the transverse effective mass M^⊥_B is always larger than 2m, and it approaches 4m for κ → −∞.

At unitary (a_s → ±∞) or for large spin-orbit coupling (λ → ∞), we have κ → 0. In this case, the binding energy and the transverse effective mass read

η(0) = 0.439,

M^⊥_B 2m = 1.20. (79)

This novel bound state is referred to as rashbons in the literatures [48].

Figure 1: The binding energy E_B (we show the dimensionless quantity η) and the transverse effective mass M^⊥_B (divided by 2m) as functions of 1/(λa_s).

Then we turn to the superfluid state. For zero Zeeman field, the single particle excitation spectra reduce to E^±_k = √ (ξ_k ± λk_⊥)^2 + Δ^2. The fermion Green’s function takes the following form

G_{11}(iω_n, k) = −G_{22}(−iω_n, k) = ∑ α=± iω_n + ξ^α_k (iω_n)^2 − (E^α_k )^2

P^α_k(0),

G_{12}(iω_n, k) = G_{21}(iω_n, k) = ∑ α=± −Δ (iω_n)^2 − (E^α_k )^2

P^α_k(0), (80)

where ξ^±_k = ξ_k ± λk_⊥ and the projectors become P^±_k (0) =^1_2 (1 ± σ_⊥ · k_⊥/k_⊥). Since the total density n = k^3_F/(3π^2) is fixed, the system can be characterized by two dimensionless parameters 1/(k_Fa_s) and λ/k_F. The order parameter Δ and the chemical potential μ can be determined in units of the Fermi energy ϵ_F = k^2_F/2 from the gap and number equations. For h = 0, they becomes − 1 4πa_s = ∑ k ∑ α=± 1 4 √ (ξ_k + αλk_⊥)^2 + Δ^2 − 1 k^2

(81) and n = 1 2 ∑ α=± ∑ k 1 − ξ^k + αλk^⊥ √ (ξ_k + αλk_⊥)^2 + Δ^2

. (82)

Applying the transformation k_⊥ → k_⊥ ± λ, the above equations can be written in another form, − 1 4πa_s = ∑ k ( 1 2E_k − 1 k^2 ) + λ 4π^2

∫_∞ 0 dk_z

∫_λ 0 dk_⊥ √ (ξ_k − λ^2/2)^2 + Δ^2

(83) and n = ∑ k ( 1 − ξ_k E_k ) + λ 4π^2

∫_∞ 0 dk_z

∫_λ 0 dk_⊥

1 − ξ^k − λ^2/2 √ (ξ_k − λ^2/2)^2 + Δ^2

. (84)

The integrations over k_z can be analytically carried out with the help of the elliptic functions, which helps us to obtain numerical solutions with high accuracy.

Figure 2: (Color-online) The pairing gap Δ (divided by ϵ_F) and the quantity μ + E_B/2 (divided by ϵ_F) as functions of λ/k_F for various values of 1/(k_Fa_s). The dashed lines correspond to the analytical results (88) and (94) for large spin-orbit coupling.

The numerical results for Δ/ϵ_F and μ/ϵ_F are shown in Fig. 2 . For large spinorbit coupling, the chemical potential becomes negative and Δ ≪ |μ|. Therefore, the gap and number equations can be expanded in powers of Δ^2/|μ|^2. To the leading order, the gap equation can be approximated as − 1 4πa_s = ∑ k [ k^2 − 2μ (k^2 − 2μ)^2 − 4λ^2k^2_⊥ − 1 k^2 ] (85) which gives

μ = −

E_B 2 = − λ^2 2 [1 + η(κ)]. (86)

Then the number equation becomes

n = 2Δ^2 ∑ k (k^2 + E_B)^2 + 4λ^2k^2_⊥ [(k^2 + E_B)^2 − 4λ^2k^2_⊥]^2

(87)

which yields Δ ϵ_F = √ 16η(κ) 3π √ 1 + η(κ) λ k_F

. (88)

For large λ/k_F, we have κ ≃ 0. Using the result η(0) = 0.439, we obtain the following asymptotical behaviors Δ ϵ_F

≃ 0.788 √ λ k_F , μ ϵ_F

≃ −1.44 ( λ k_F

)_2

. (89)

The above result indicates that for λ/k_F → ∞, the properties of the system become independent of the interaction parameter 1/(k_Fa_s).

Beyond the leading order of Δ^2/|μ|^2, the chemical potential at large λ/k_F can be expressed as μ = −E_B/2 + μ_B/2, where μ_B ≪ E_B can be referred to as the chemical potential of the rashbons. To determine this chemical potential as well as the interaction among the rashbons, we construct the Gross-Pitaevskii free energy of the rashbon condensate. To this end, we first derive the Ginzburg-Landau free energy functional

F_{GL}[Δ(x)] = ∫ dx [ Δ^†(x) ( a ∂ ∂τ − b_⊥∇^2_⊥ − b_‖∇^2_‖ ) Δ(x) + c|Δ(x)|^2 + 1 2 d|Δ(x)|^4 ] (90)

according to the fact Δ ≪ |μ|. The coefficients a, b_⊥, b_‖ can be obtained from the two-body vertex function Γ^{−1}(Q) and c, d can be obtained from the ground state energy Ω(Δ). To the leading order of μ_B/E_B, these coefficients can be evaluated as a = ∑ k (k^2 + E_B)^2 + 4λ^2k^2_⊥ [(k^2 + E_B)^2 − 4λ^2k^2_⊥]^2 = 1 λ √ 1 + η(κ) 8πη(κ) , b_⊥ = 1 2M^⊥_B a, b_‖ = 1 2M^‖_B a, c = −aμ_B,

d = 2 ∑ k (k^2 + E_B)[(k^2 + E_B)^2 + 12λ^2k^2_⊥] [(k^2 + E_B)^2 − 4λ^2k^2_⊥]^3 = 1 λ^3

2 + η(κ) 16πη^2(κ) √ 1 + η(κ)

. (91)

Defining a new condensate wave function ψ(x) = √ aΔ(x), we obtain the Gross-Pitaevskii free energy functional

F_{GP}[ψ(x)] = ∫ dx [ ψ^†(x) ∂ ∂τ − ∇^2_⊥ 2M^⊥_B − ∇^2_‖ 2M^‖_B ψ(x) − μ_B|ψ(x)|^2 + 1 2 g|ψ(x)|^4 ] ,(92)

The coupling g describes the two-body repulsive interaction among the rashbons. It is given by g = d a^2 = 4π λ 2 + η(κ) [1 + η(κ)]^{3/2}

. (93)

For λ → ∞, the coupling g goes as g ≃ 1.11/λ. Therefore, the system is a Bose- Einstein condensate of weakly repulsive rashbons for large values of λ/k_F. Minimizing the Gross-Pitaevskii free energy, we obtain |ψ|^2 = μ_B/g and the rashbon density n_B = n/2 = |ψ|^2. This is consistent with Eq. (87), which gives n = 2aΔ^2. Therefore, the rashbon chemical potential μ_B can be expressed as μ_B = gn/2 or

μ_B ϵ_F = 4[2 + η(κ)] 3π[1 + η(κ)]^{3/2} ( λ k_F

)_{−1} . (94)

At large λ/k_F, this analytical result is in good agreement with the numerical results in Fig. 2. For λ/k_F → ∞, μ_B/ϵ_F goes as μ_B/ϵ_F ≃ 0.60(λ/k_F)^{−1}.

3.2. Superfluid density

Now we discuss the superfluid densities, n^⊥_s and n^‖_s, which are the key quantities to determine the Goldstone mode velocities. For h = 0, the longitudinal superfluid density n^‖_s equals the total fermion density n. However, the transverse superfluid density does not. It can be expressed as

n^⊥_s = n − n_λ, (95)

where the spin-orbit coupling induced normal fluid density n_λ reads

n_λ = λ 8π^2

∫_∞ 0 dk_z

∫_∞ 0 dk_⊥ ∑ α=± α E^α_k ( ξ^α_k +

Δ^2 ξ_k ) . (96)

Therefore, the transverse superfluid density n^⊥_s is always smaller than n for λ � 0, as shown in Fig. 3. Our result is consistent with the result of the superfluid density for Rashba spin-orbit coupled Fermi superfluids first reported by Zhou

Figure 3: (Color-online) The transverse superfluid density n^⊥_s (divided by n) as a function of λ/k_F for various values of 1/(k_Fa_s). The dashed lines correspond to the analytical result 2m/M^⊥_B .

and Zhang [36]. This behavior is in contrast to ordinary Fermi superfluids, where the superfluid density always equals the total density at zero temperature.

To understand the fact n^⊥_s < n, we explore the behavior of n^⊥_s at large spin-orbit coupling. To the leading order of Δ^2/|μ|^2, n_λ can be approximated as

n_λ ≃ λΔ^2 8π^2

∫_∞ 0 dk_z

∫_∞ 0 dk_⊥ ∑ α=± α ξ^α_k ( 1 ξ_k − 1 2ξ^α_k )

≃ 2Δ^2 ∑ k 8λ^4k^2_⊥ (k^2 + E_B)[(k^2 + E_B)^2 − 4λ^2k^2_⊥]^2

. (97)

Together with Eq. (87) for n, we obtain

n_λ n ≃ 1 − 2m M^⊥_B , n^⊥_s n ≃ 2m M^⊥_B

. (98)

Therefore, at large λ/k_F, the transverse superfluid density is suppressed by a factor 2m/M^⊥_B < 1. For λ → ∞, we have M^⊥_B /(2m) → 1.20. This means the transverse superfluid density approaches the limit

n^⊥_s n → 0.834 for λ k_F

→ ∞. (99)

In Fig. 3, we show the result of n^⊥_s /n for various values of 1/(k_Fa_s). At unitary, it approaches this limit very fast.

Then the physical picture becomes clear when we take a look at the phase stiffnesses J_⊥ and J_‖. At large spin-orbit coupling, we obtain

J_⊥ = n^⊥_s 4m ≃ n_B M^⊥_B

, J_‖ = n^‖_s 4m = n_B M^‖_B

. (100)

These results show explicitly that at large λ/k_F we recover the phase stiffnesses for an anisotropic rashbon superfluid with density n_B = n/2 and anisotropic effective masses M^⊥_B > 2m and M^‖_B = 2m.

On the other hand, the condensation density n_0, which is another important quantity for fermionic superfluidity, can be expressed as

n_0 =

Δ^2 8 ∑ k ∑ α=± 1 (E^α_k )^2

. (101)

At large spin-orbit coupling, we have n_0 ≃ (n/2)[1 + O(Δ^2/|μ|^2)]. This implies that the condensate fraction 2n_0/n approaches unity at large λ/k_F, consistent with the picture of Bose-Einstein condensation of weakly interacting rashbons. In contrast to the superfluid density, we find numerically that n_0 is always an increasing function of λ/k_F.

3.3. Collective modes

For h = 0, the expression for the inverse collective mode propagator M(Q) becomes very simple. We have

W^{αβ}_1 (k, q) = 1 4 1 + ξ^α_{k+p}ξ^β_{k−p} E^α_{k+p}E^β_{k−p}

T^{αβ}kq ,

W^{αβ}_2 (k, q) = 1 4 ξ^α_{k+p} E^α_{k+p} + ξ^β_{k−p} E^β_{k−p}

T^{αβ}kq ,

W^{αβ}_3 (k, q) =

Δ^2 4E^α_{k+p}E^β_{k−p}

T^{αβ}_{kq} , (102)

where T^{αβ}_{kq} has a nice property T^{αβ}_{k0} = δ_{αβ} for h = 0. The expansion parameters A, B, D, R are simplified as A = Δ^2 2 ∑ α=± ∑ k 1 (E^α_k )^3

, B = Δ 4 ∑ α=± ∑ k ξ^α_k (E^α_k )^3 ,

D = 1 8 ∑ α=± ∑ k (ξ^α_k )^2 (E^α_k )^5

, R =

Δ^2 8 ∑ α=± ∑ k 1 (E^α_k )^3

. (103)

Analytical results can be achieved at large spin-orbit coupling with the help of these simplified formulas. To the leading order of Δ^2/|μ|^2, the parameters A, B, D, R can be well approximated as

A ≃ 4Δ^2d, B ≃ 2Δa, D ≃ d, R ≃ Δ^2d. (104)

Using the expressions for a and d, we find that at large λ, B^2/A goes as B^2/A ∼ λ while R goes as R ∼ λ^{−2}. Therefore, we have B^2/A ≫ R at large λ and the amplitude-phase mixing term dominates the low-energy behavior of the collective modes. Using the result g = d/a^2, we express the Goldstone mode velocities as

c^⊥_s ≃ √ gn_B M^⊥_B = √ μ_B M^⊥_B

, c^‖_s ≃ √ gn_B M^‖_B = √ μ_B M^‖_B

. (105)

These results are just the Goldstone mode velocities of a weakly interacting Bose condensate, despite that the bosons possess anisotropic effective masses. For λ → ∞, the ratio c^⊥_s /c^‖_s approaches a universal limit

c^⊥_s c^‖_s

→ 0.913. (106)

In Fig. 4, we show the numerical results for c^⊥_s and c^‖_s for various values of 1/(k_Fa_s). For λ/k_F → ∞, they both go as 1/ √ λ, independent of the interaction parameter 1/(k_Fa_s).

Actually, to the leading order of Δ^2/|μ|^2, the inverse boson propagator M(Q) [at h = 0, M_{12}(Q) = M_{21}(Q)] can be approximated as

M_{11}(Q) = M_{22}(−Q) ≃ Γ^{−1}(Q) + 2dΔ^2, M_{12}(Q) = M_{21}(Q) ≃ dΔ^2. (107)

At large spin-orbit coupling, the two-body vertex function can be well approximated as Γ^{−1}(Q) ≃ −a[iν_n + μ_B − ω_B(q)], where ω_B(q) = q^2_⊥/(2M^⊥_B ) + q^2_‖ /(2M^‖_B) is the rashbon dispersion. Using the result from the Gross-Pitaevskii free energy, μ_B = gn_B, the dispersion of the Goldstone mode can be expressed as

ω(q) = √ ω_B(q) [ ω_B(q) + 2gn_B ] . (108)

Figure 4: (Color-online) The transverse and longitudinal velocities of the Goldstone mode, c^⊥_s and c^‖_s (divided by the Fermi velocity υ_F = k_F/m) as functions of λ/k_F. The dashed lines correspond to the analytical results (105) for large spin-orbit coupling.

This is nothing but the Bogoliubov excitation spectrum in a weakly interacting Bose condensate with anisotropic effective masses.

On the other hand, the mass gap of the Higgs mode can be estimated as

M_H ≃ 2a d = 4η(κ)[1 + η(κ)] 2 + η(κ) λ^2. (109)

For λ → ∞, M_H goes as M_H ∼ 1.04λ^2. We see that in the presence of the spinorbit coupling, the Higgs mode is also pushed up to the large characteristic energy scale (∼ λ^2) of the system.

4. Results for zero Zeeman field: 2D case

In two spatial dimensions, two-body bound state exists for arbitrarily weak attraction. Here we show that the spin-orbit coupling effect enhances the binding energy. For zero Zeeman field, the two-body binding energy E_B is determined by the equation ∑ k [ k^2 + E_B (k^2 + E_B)^2 − 4λ^2k^2 − 1 k^2 + ϵ_B ] = 0. (110)

The solution can also be written as E_B/λ^2 = 1 + η(κ), where κ = ln(λa_{2D}) and η(κ) is determined by 1 √ η arctan 1 √ η − ln √ 1 + η 2 − γ = κ. (111)

The ratio E_B/ϵ_B can be expressed as E_B/ϵ_B = e^{2γ+2κ}(1 + η)/4. The asymptotic behaviors of η(κ) are: (1) η(κ) → 4e^{−2κ−2γ} − 1 for κ → −∞; (2) η(κ) → π^2/(4κ^2) for κ → +∞. Therefore, we have E_B → ϵ_B for weak spin-orbit coupling (κ → −∞) and E_B ≫ ϵ_B for strong spin-orbit coupling (κ → +∞).

The effective mass M_B of the bound state is given by ( 1 − 2m M_B ) ∑ k (k^2 + E_B)^2 + 4λ^2k^2 [(k^2 + E_B)^2 − 4λ^2k^2]^2 = ∑ k 8λ^4k^2 (k^2 + E_B)[(k^2 + E_B)^2 − 4λ^2k^2]^2

,(112)

which gives 2m M_B

= 1 −

1 − (η − 1)I(η) 2(η + 1) [ 1 + I(η)

], (113)

where

I(η) = 1 2 √ η ( π 2 − arctan η − 1 2 √ η ) . (114)

For κ → +∞, I(η) has the asymptotic behavior I(η) → κ. For κ → −∞, we have I(η) → 1/η. The κ-dependence of the binding energy and the effective mass is shown in Fig. 5. Similar to the 3D case, the effective mass M_B approaches 4m for κ → +∞.

The order parameter Δ and the chemical potential μ are obtained from the gap and number equations. The 2D system is characterized by two dimensionless parameters, ln(k_Fa_{2D}) and λ/k_F, which represent the attractive strength and spinorbit coupling strength, respectively. For numerical calculations, it is convenient

Figure 5: The binding energy E_B (divided by ϵ_B) and the effective mass M_B (divided by 2m) as functions of ln(λa_{2D}).

to employ the following analytical forms for the gap and number equations [33], ln √ μ^2 + Δ^2 − μ ϵ_B = λ ∫_λ 0 dk √ (ξ_k − λ^2/2)^2 + Δ^2 , 2ϵ_F = √ μ^2 + Δ^2 + μ + λ

∫_λ 0 dk 1 − ξ^k − λ^2/2 √ (ξ_k − λ^2/2)^2 + Δ^2

. (115)

For λ = 0, they give the simple analytical results Δ = √ 2ϵ_Bϵ_F and μ = ϵ_F − ϵ_B/2 [6]. At large spin-orbit coupling, we have μ < 0 and Δ ≪ |μ|, which leads to the following analytical results

μ ≃ −

E_B 2 , Δ ≃ √ n 2a = √ ϵ_F 2πa , (116)

where the 2D version of a reads a = ∑ k (k^2 + E_B)^2 + 4λ^2k^2 [(k^2 + E_B)^2 − 4λ^2k^2]^2 = 1 λ^2

1 + I(η) 4πη . (117)

Note that in 2D the density n is related to the Fermi momentum k_F by n = k^2_F/(2π) = ϵ_F/π. The numerical results for Δ and μ are shown in Fig. 6. The results are in good agreement with the analytical results for large λ/k_F. For 2D case we find that the quantity μ + E_B/2 goes down very slowly, unlike the 3D case where it goes as 1/λ at large λ/k_F. This is because for large λ, the rashbon-rashbon coupling g goes as g ∼ 1/ ln(λa_{2D}) in 2D rather than g ∼ 1/λ as in 3D (see below).

Figure 6: (Color-online) The pairing gap Δ (divided by ϵ_F) and the quantity μ + E_B/2 (divided by ϵ_F) in 2D system as functions of λ/k_F for various values of the interaction parameter ln(k_Fa_{2D}). The dashed lines correspond to the analytical results at strong spin-orbit coupling.

For 2D case, the superfluid density is isotropic. The superfluid density can also be written as n_s = n − n_λ, where the spin-orbit coupling induced normal fluid density n_λ reads

n_λ = λ 8π ∫_∞ 0 dk ∑ α=± α E^α_k ( ξ^α_k +

Δ^2 ξ_k ) . (118)

At large spin-orbit coupling n_λ can be approximated as

n_λ ≃ 2Δ^2 ∑ k 8λ^4k^2 (k^2 + E_B)[(k^2 + E_B)^2 − 4λ^2k^2]^2

, (119)

which leads to the result n_s n ≃ 2m M_B

, J ≃ n_B M_B

. (120)

These are just the superfluid density and phase stiffness for 2D rashbon condensate. In Fig. 7, we show the results for the superfluid density. At large spin-orbit coupling and/or attraction, the numerical results are in good agreement with the above analytical result.

Meanwhile, for large spin-orbit coupling, the expansion parameters A, B, D, R can be approximated as

A ≃ 4Δ^2d, B ≃ 2Δa, D ≃ d, R ≃ Δ^2d, (121)

Figure 7: The superfluid density n_s (divided by n) in 2D system as a function of λ/k_F for various values of ln(k_Fa_{2D}). The dashed lines are analytical result for large spin-orbit coupling.

where the 2D version of d reads

d = 2 ∑ k (k^2 + E_B)[(k^2 + E_B)^2 + 12λ^2k^2] [(k^2 + E_B)^2 − 4λ^2k^2]^3 = 1 λ^4

2 + (1 + η)^{−1} + 3I(η) 8πη^2

. (122)

At large λ, B^2/A goes as B^2/A ∼ ln(λa_{2D}) while R goes as R ∼ [ln(λa_{2D})/λ]^2. Therefore, the amplitude-phase mixing term B^2/A also dominates in 2D. Finally, the Goldstone mode velocity c_s can be expressed as

c_s ≃ √ gn_B M_B

, (123)

where the 2D version of the coupling g = d/a^2 reads

g = 2π

2 + (1 + η)^{−1} + 3I(η) [1 + I(η)]^2

. (124)

In Fig. 8, we show the numerical results of c_s and compare it with the analytical result. We note that the rashbon-rashbon coupling g is dimensionless and at large spin-orbit coupling it goes as g ≃ 6π ln(λa_{2D})

. (125)

This is in contrast to the 3D case where g ∼ 1/λ. The rashbon chemical potential μ_B = 2μ + E_B reads μ_B = gn_B = gn/2. In Fig. 6, we show the analytical results for μ_B/2 by dashed lines and compare them with the quantity μ + E_B/2. They are in good agreement at large λ/k_F. The large-λ behavior of the coupling g explains why the quantity μ + E_B/2 decreases slower than the 3D case.

Figure 8: (Color-online) The Goldstone mode velocity c_s (divided by υ_F = k_F/m) in 2D system as a function of λ/k_F for various values of ln(k_Fa_{2D}). The dashed lines are analytical result for large spin-orbit coupling.

5. Results for finite Zeeman field

Now we turn to the case of nonzero Zeeman field h. In the absence of spinorbit coupling, it is known that the BCS superfluidity is completely destroyed when the Zeeman field h is large enough. In the weak coupling limit, there exists a first-order phase transition from the BCS state to the normal state at h_{CC} = Δ_0/ √ 2 where Δ_0 is the gap at h = 0, which is referred to as the Chandrasekhar- Clogston limit. Further theoretical studies showed that the inhomogeneous Fulde- Ferrell-Larkin-Ovchinnikov state can survive in a narrow window between h_{CC} and h_{FFLO} = 0.754Δ_0. The Zeeman field effects on fermionic superfluidity in the whole BCS-BEC crossover regime have been experimentally studied in recent years [18]. Two-component Fermi gases with population imbalance (N_↑ � N_↓) are realized to simulate the Zeeman field effect. Around the unitary point (1/(k_Fa_s) = 0), the phase separation between the superfluid and the normal phases has been observed in accordance with the first-order phase transition. Despite the rich phase structure in the BCS-BEC crossover, one finds that the fermionic superfluidity is completely destroyed at large enough Zeeman field in the whole BCS-BEC crossover regime.

However, in the presence of spin-orbit coupling, the situation is completely different. The crucial observation here is that the order parameter Δ never vanishes even for large h, as shown in the previous literatures [31, 44]. Therefore, the phase structure of the spin-orbit coupled system becomes highly nontrivial in the presence of the Zeeman field h. In the following, we will first study the 2D case, since in 2D the results of the bulk superfluid properties and the collective modes are most pronouncedly associated with the quantum phase transition.

5.1. 2D system 5.1.1. Quantum phase transition

First, we show that for 2D system, there exist two different superfluid phases at h � 0 distinguished by the quantity [38, 39, 40, 41, 42, 43, 44, 45, 46]

C_0 = μ^2 + Δ^2 − h^2. (126)

The superfluid phases with C_0 > 0 and C_0 < 0 are linked by a quantum phase transition.

For h � 0, the upper quasiparticle branch E^+_k is fully gapped, while the lower excitation spectrum E^−_k can have zeros at some critical Zeeman field. To show this, we employ the following identity

(E^+_k )^2(E^−_k )^2 = ( E^2_k − h^2 − λ^2k^2

)_2

+ 4λ^2k^2Δ^2. (127)

Since we are considering the superfluid phases with Δ � 0 for λ � 0, the only possible zero for E^−_k is located at k = 0. This zero appears only when the quantity C_0 is precisely zero or the Zeeman field h equals the critical value h_c = √ μ^2 + Δ^2.

For C_0 � 0 or h � h_c, the fermionic excitations are fully gapped. At the critical point h = h_c, the lower branch E^−_k has a linear dispersion near k = 0, i.e.,

E^−_k = υ_c|k| + O(|k|^2), k → 0, (128)

where the velocity υ_c can be determined as

υ_c = λΔ √ μ^2 + Δ^2

. (129)

The existence of such a gapless fermionic spectrum causes singularities of the thermodynamic functions at the critical point C_0 = 0. To be specific, we consider the thermodynamic potential Ω(μ, h) ≡ Ω(μ, h, Δ(μ, h)), where

Ω(μ, h, Δ) = ∑ k ( Δ^2 k^2 + ϵ_B − E^+_k + E^−_k 2 + ξ_k ) . (130)

To obtain the thermodynamic potential Ω(μ, h), the superfluid order parameter Δ(μ, h), which is regarded as an implicit function of μ and h, should be determined by the gap equation ∑ k ∑ α=± ( 1 + α h^2 ζ_k ) 1 4E^α_k − 1 k^2 + ϵ_B

= 0. (131)

We now demonstrate that the infrared singularities caused by the gapless fermionic spectrum show up at the fourth derivatives of the thermodynamic function Ω(μ, h) with respect to the thermodynamic variables μ and h. To this end, we consider the following two susceptibilities

χ_{μμ} = −

∂^2Ω(μ, h) ∂μ^2

, χ_{hh} = −

∂^2Ω(μ, h) ∂h^2

. (132)

χ_{μμ} is related to the isothermal compressibility and χ_{hh} is the spin susceptibility. To obtain their explicit expressions, we need the derivatives ∂Δ(μ, h)/∂μ and ∂Δ(μ, h)/∂h. With the help of the gap equation ∂Ω(μ, h, Δ)/∂Δ = 0, we obtain

∂Δ(μ, h) ∂μ = 1 A ∂n(μ, h, Δ) ∂Δ , ∂Δ(μ, h) ∂h = 1 A ∂δn(μ, h, Δ) ∂Δ . (133)

Here A = ∂^2Ω(μ, h, Δ)/∂Δ^2 is one of the expansion parameter obtained in Sec. 2, n is the total density, and δn = n_↑ − n_↓ is the spin polarization. We note that the delta-function term in A vanishes automatically. The explicit expressions of n and δn can be evaluated as

n(μ, h, Δ) = 1 2 ∑ k ∑ α=± [ 1 − ( 1 + α η^2_k ζ_k ) ξ_k E^α_k ] , δn(μ, h, Δ) = 1 2 ∑ k ∑ α=± h E^α_k ( 1 + α

E^2_k ζ_k ) . (134)

Finally, the two susceptibilities can be evaluated as

χ_{μμ} =

∂n(μ, h, Δ) ∂μ + 1 A ( ∂n(μ, h, Δ) ∂Δ )_2 , χ_{hh} =

∂δn(μ, h, Δ) ∂h + 1 A ( ∂δn(μ, h, Δ) ∂Δ )_2

. (135)

Using the following results ∂E^−_k ∂Δ = Δ E^−_k ( 1 − h^2 ζ_k ) , ∂E^−_k ∂μ = − ξ_k E^−_k ( 1 − η^2_k ζ_k ) , ∂E^−_k ∂h = h E^−_k ( 1 − E^2_k ζ_k ) , (136)

we find that the expressions of χ_{μμ} and χ_{hh} contain integrals of the following type

I_{i j} ∼

∫_∞ 0 kdk Q_iQ_j (E^−_k )^3

, (137)

where

Q_1 = 1 − h^2 ζ_k

, Q_2 = 1 − η^2_k ζ_k

, Q_3 = 1 −

E^2_k ζ_k

. (138)

At h = h_c, the integrals I_{i j} (i, j = 1, 2, 3) are infrared safe since the quantities Q_i go as k^2 for k → 0. Therefore, the susceptibilities χ_{μμ} and χ_{hh} are continuous across the critical point h = h_c. Then we consider the l-th derivative of the susceptibilities with respect to μ or h. We find that the l-th derivative contains terms of which the infrared behavior goes as ∫_ϵ 0 kdk k^{4−2l} k^3 = ∫_ϵ 0 dkk^{2−2l}. (139)

For l = 2, infrared divergences show up, which means that the fourth derivative of the thermodynamic potential Ω(μ, h) becomes divergent at the critical point. Therefore, the third derivative of the thermodynamic potential is discontinuous across the critical point, which means that the susceptibilities themselves are continuous but not smooth. Based on these observations, we conclude that the 2D system undergoes a third order quantum phase transition at h = h_c or C_0 = 0 even though the superfluid order parameter does not undergo characteristic change.

On the other hand, we consider the so-called topological invariant N associated with the fermion Green’s function G(iω, k). For the present 2D system it is defined as [43, 66, 67] N = ∫ d^2kdω 8π^2 [ Tr ( G ∂G^{−1} ∂k_x G ∂G^{−1} ∂k_y G ∂G^{−1} ∂ω ) − Tr ( G ∂G^{−1} ∂k_y G ∂G^{−1} ∂k_x G ∂G^{−1} ∂ω ) ] .(140)

Using the explicit form of the fermion Green’s function, one can show that N = 0 for C_0 > 0 and N = 1 for C_0 < 0. Therefore, the superfluid phase with C_0 < 0 or h > h_c is topologically nontrivial. The phase transition at C_0 = 0 or h = h_c is a topological quantum phase transition. The superfluid phase with C_0 < 0 can be called a topological superfluid (TSF), while the topologically trivial phase with C_0 > 0 is a normal superfluid phase (SF).

5.1.2. Homogeneous system

Now we turn to study the homogeneous system where the total density n = k^2_F/(2π) is fixed. In the numerical calculations, we take the attractive coupling parameter as ln(k_Fa_{2D}) = 2. Change of this value does not lead to qualitatively different results. For small enough spin-orbit coupling strength λ/k_F, there exist discontinuities for Δ and μ, in accordance with the first-order phase transition and the Chandrasekhar-Clogston limit in the absence of spin-orbit coupling. However, the pairing gap Δ never vanishes once the spin-orbit coupling is turned on. Actually, the thermodynamic potential Ω(μ, h, Δ) always has a minimum at Δ � 0 even at large h. In this section, we are interested in the systems with a large spin-orbit coupling strength λ ∼ O(k_F) which can be realized in the cold atom experiments [21, 22]. In Fig. 9, we show typical numerical results for Δ and μ at λ/k_F = 0.5. Increasing the spin-orbit coupling strength does not change our results qualitatively. The pairing gap Δ drops down smoothly with increased Zeeman field. At large h, we find numerically that Δ goes as Δ ∼ 1/h^2. The chemical potential μ becomes negative and goes as μ ≃ −h + b with b ≪ h.

For the present set of the attractive strength ln(k_Fa_{2D}) = 2 and the spin-orbit coupling strength λ/k_F = 0.5, we find that the quantum phase transition occurs at h = h_c ≃ 0.51ϵ_F. The chemical potential goes smoothly across the phase transition. It reaches a maximum at h = h_c and then drops down in the topological superfluid phase. The spin polarization δn = n_↑ − n_↓ becomes nonzero once the Zeeman field is turned on. In Fig. 10, we show the the spin polarization P = δn/n as a function of h. We find that P is a smooth function of h, in accordance with the fact that the phase transition is of third order. We note that the convexities of the Δ-h and P-h curves change at the critical field h = h_c. In Fig. 11, we show the susceptibilities χ_{μμ} and χ_{hh} as functions of h/ϵ_F. The susceptibilities are nonanalytical at the critical point h = h_c, as we expected. Note that the spin susceptibility χ_{hh} is nonzero even at h = 0. This is an important spin-orbit-coupling effect on fermionic superfluidity/superconductivity [68].

Figure 9: The pairing gap Δ (divided by ϵ_F) and the chemical potential μ (divided by ϵ_F) as functions of the Zeeman field h/ϵ_F. The dashed lines denote the critical Zeeman field h_c = √ μ^2 + Δ^2.

In this plot, we take ln(k_Fa_{2D}) = 2 and λ/k_F = 0.5. The value h_c for this case is h_c ≃ 0.51ϵ_F.

Figure 10: The spin polarization P = (n_↑ − n_↓)/n as a function of h/ϵ_F.

The bulk single-particle excitation gap E_g is defined as

E_g = min_k {E^+_k , E^−_k } = min_k {E^−_k }. (141)

For h � 0, it does not equal the superfluid order parameter Δ. In Fig. 12, we show the bulk excitation gap E_g as a function of h. It vanishes only at the critical point h = h_c. In the SF phase (h < h_c), it is a decreasing function of h. In the TSF phase (h > h_c), it is nonmonotonic and shows a maximum at h ≳ h_c. In Fig. 13,

Figure 11: The susceptibilities χ_{μμ} and χ_{hh} as functions of h/ϵ_F.

we show the dispersion of the lower fermionic excitation E^−_k for various values of h/h_c. We find that the excitation gap E_g is located at different momenta for h < h_c and h > h_c. For h < h_c, the gap is located at low momentum, while for h ≫ h_c, the momentum moves to k ≃ √ 2k_F. This can be understood as follows.

For h ≫ h_c, the pairing gap Δ is vanishingly small and the chemical potential μ becomes negative. To the leading order of Δ/h and Δ/|μ|, the quasiparticle dispersions can be approximated as

E^α_k ≃ √ (ξ_k + αη_k)^2 + Δ^2 ( 1 + α h^2 ξ_kη_k ) . (142)

Therefore, at h ≫ h_c, the upper branch E^+_k has a large gap ≃ h − μ and essentially plays no role. The minimum of the lower branch E^−_k is located at the “Fermi

Figure 12: The bulk excitation gap E_g (divided by ϵ_F) as a function of h/ϵ_F.

Figure 13: (Color-online) The dispersion of the lower fermionic excitation E^−_k for various values of h/h_c.

surface” k = k̃_F determined by ξ_k − η_k = 0. We have

k̃_F = √ 2 ( λ^2 + μ + √ λ^4 + 2λ^2μ + h^2 ) . (143)

On the other hand, the total density n can be well approximated as n ≃ ∑ k Θ(η_k − ξ_k) = k̃^2_F 4π , (144) which leads to the result k̃_F ≃ √ 2k_F. Therefore, at h ≫ h_c, the excitation gap E_g of the lower branch is opened at the Fermi surface k = k̃_F. Near the Fermi surface, the dispersion E^−_k can be approximated as

E^−_k ≃ √ υ̃^2_F(k − k̃_F)^2 + E^2_g, (145)

where the Fermi velocity υ̃_F = ∂ξ^−_k /∂k|_{k=}~_{kF} reads

υ̃_F = √ 2υ_F 1 − λ^2 √ 2λ^2k^2_F + h^2

(146)

and the excitation gap E_g is given by

E_g = Δ √ 2λ^2k^2_F 2λ^2k^2_F + h^2

. (147)

It is interesting to understand the above discussion in the helicity representation, i.e., Eqs. (33)-(37). For h ≫ h_c, only the lower band with dispersion ξ^−_k has a Fermi surface k = k̃_F and carries the total fermion density n. The upper band plays essentially no role and only the intraband pairing near the Fermi surface of the lower band is available. At large Zeeman field, the interband pair potential Δ_s(k) can be safely dropped and the quasiparticle dispersion E^−_k can be well approximated as

E^−_k ≃ √ (ξ_k − η_k)^2 + |Δ_t(k)|^2. (148)

Near the Fermi surface k = k̃_F, it gives exactly Eq. (145). This means that, for h → ∞, the system can be mapped to the p_x +ip_y superfluid state in spinless Fermi gases [69]. Here the complex p-wave pairing occurs near the Fermi surface k = k̃_F of the lower band. However, if the Zeeman field is not large enough, the mapping to a spinless p_x + ip_y superfluid state is no longer legitimate.

5.1.3. Collective modes

Since the fermionic excitations are fully gapped except at the critical point h = h_c, the superfluid density can be expressed as

n_s = n − ∑ α=± ∑ k λ^2 2E^α_k [ ( 1 − λ^2k^2ξ^2_k 2ζ^2_k ) + α ( 1 + h^2E^2_k ζ^2_k + λ^2k^2h^2Δ^2 ζ^2_k E^2_k ) E^2_k 2ζ_k ] . (149)

Analyzing the infrared behavior of the integrals at h = h_c, we find that n_s goes smoothly across the quantum phase transition. In Fig. 14, we show the numerical result for the superfluid density. In the SF phase, n_s is suppressed by the Zeeman field, as we expected. However, in the TSF phase, it turns to be enhanced by the Zeeman field! To understand this surprising behavior, we first take a look at the case h ≫ h_c. In this case, Δ is very small compared with h and |μ| and the superfluid density can be well approximated as

n_s ≃ n − λ^2 2 ∑ k 1 η_k ( 1 + h^2 η^2_k ) Θ(k̃_F − |k|)

= n 1 − λ^2 √ 2λ^2k^2_F + h^2

. (150)

Therefore, for h → ∞, we have n_s → n. As we have shown above, for h ≫ h_c, the topological superfluid state can be mapped to a spinless p_x + ip_y superfluid state where weak p-wave pairing occurs at the Fermi surface k = k̃_F. Therefore, the fermion pairing in the TSF phase feels less stress from the Zeeman field than in the normal superfluid phase. At large enough Zeeman field, since the lower band carries almost the total fermion density n, we naturally have n_s → n.

Figure 14: The superfluid density n_s (divided by the total density n) as a function of h/ϵ_F.

Next, the behavior of the expansion parameters A, B, D, R across the critical point h = h_c can be summarized as follows: (1) A, B and R are continuous but

Figure 15: The expansion parameters A, B, R, D as functions of h/ϵ_F.

nonanalytical; (2) D is divergent. These conclusions can be obtained by analyzing the infrared behavior of the momentum integrals. The numerical results for these parameters are shown in Fig. 15. The ratio B^2/(AR) which represents the mixing between the phase and the amplitude modes are shown in Fig. 16. We find that the mixing is strongest near the critical point, while it becomes negligible for h ≫ h_c. Since the parameters A, B and R are nonanalytical at h = h_c, the Goldstone mode velocity c_s also behaves nonanalytically across the quantum phase transition. In Fig. 17, we show the numerical result of c_s as a function of the Zeeman field. It is suppressed by the Zeeman field in the SF phase (h < h_c), as we expected.

Figure 16: The ratio B^2/(AR) which represents the mixing strength between the phase and the amplitude modes as a function of h/ϵ_F.

Figure 17: The sound velocity c_s (divided by the Fermi velocity υ_F = k_F/m for the noninteracting Fermi gas in the absence of spin-orbit coupling) as a function of h/ϵ_F.

However, for h > h_c, it goes up rapidly and is always enhanced by the Zeeman field. Therefore, the low-energy collective mode, i.e., the Goldstone sound mode, is a sensitive probe of the quantum phase transition in 2D spin-orbit coupled Fermi superfluids. For h ≫ h_c, the quantities A, B, R are dominated by the integrals over the lower band. They can be well approximated as A ≃ Δ^2 2 ∑ k 1 (E^−_k )^3 ( 1 − h^2 ζ_k

)_2 , B ≃ Δ 4 ∑ k ξ_k (E^−_k )^3 ( 1 − λ^2k^2 ζ_k − h^2E^2_k ζ^2_k ) , R ≃ Δ^2 8 ∑ k 1 (E^−_k )^3 λ^2k^2ξ^2_k ζ^2_k

. (151)

Since all integrands are peaked at the Fermi surface k = k̃_F, we can set k = k̃_F for the integrands except E^−_k ≃ √ υ̃^2_F(k − k̃_F)^2 + E^2_g. Meanwhile, we have ζ_k ≃ ξ_kη_k ≃ η^2_k at k = k̃_F since Δ goes as Δ ∼ 1/h^2. Then we obtain

B^2 A ≃ 1 64π Δ^2 λ^2k^2_F h^4 (2λ^2k^2_F + h^2)^2 1 − λ^2 √ 2λ^2k^2_F + h^2 −1 ,

R ≃ 1 8π 1 − λ^2 √ 2λ^2k^2_F + h^2 −1 . (152)

Therefore, for h → ∞, we have B^2/A → 0 and R → 1/(8π). Since the phaseamplitude mixing becomes negligible, the Goldstone mode velocity is given by c_s = √ n_s/(4R). Combining the fact n_s → n for h → ∞, we obtain

c_s → υ_F for h → ∞. (153)

This result can be reexpressed as c_s ≃ υ̃_F/ √ 2. It is just the sound velocity of a weakly coupled 2D Fermi superfluid, which is consistent with the fact that the system can be mapped to a weakly coupled p_x + ip_y superfluid.

On the other hand, the divergence of D at the quantum phase transition indicates that M_H vanishes, that is, the massive Higgs mode gets softened near the critical point. In general, the Higgs mode is a resonance. Therefore, we study the nature of its spectral density ρ(ω, q) = −(1/π)ImΓ_H(ω + iϵ, q), where the Higgs mode propagator Γ_H(Q) is the massive eigen-mode obtained by diagonalizing the matrix M(Q). Here we briefly discuss the case of q = 0. From the explicit form of the collective mode propagator, we find that the spectral density arises when the frequency ω exceeds the threshold ω_{th} = 2E_g, which is just the two-particle continuum E_c(q) = min_k{E^−_{k+q/2} + E^−_{k−q/2}} at q = 0. Near the quantum phase transition point h = h_c, the threshold ω_{th} tends to zero, while the pairing gap Δ (as well as the critical temperature T_c) remains relatively large. This indicates that the Higgs mode spectrum arises in the low-frequency regime near the critical point. It may be interesting for the future experimental search of the Higgs mode in fermionic superfluids.

Figure 18: The pairing gap Δ and the chemical potential μ for the 3D system as functions of the Zeeman field. In this plot we take 1/(k_Fa_s) = −0.5 and λ/k_F = 0.5. The two critical fields in this case read h_{c1} ≃ 0.34ϵ_F and h_{c2} ≃ 0.47ϵ_F.

Figure 19: (Color-online) The susceptibilities χ_{μμ} and χ_{hh} for the 3D system as functions of h/ϵ_F.

Figure 20: The expansion parameters A, B, R and D for the 3D system as functions of h/ϵ_F.

5.2. 3D system

The three-dimensional case is different from the 2D case. The superfluid phase at large h is a gapless superfluid state where the lower quasiparticle branch has gapless nodes [31]. This difference is due to the existence of the k_z degree of freedom in the 3D system. From the identity

(E^+_k )^2(E^−_k )^2 = (E^2_k − h^2 − λ^2k^2_⊥)^2 + 4λ^2k^2_⊥Δ^2, (154)

Figure 21: The transverse superfluid density n^⊥_s (divided by the total density n) for the 3D system as a function of h/ϵ_F.

we find that the lower branch E^−_k has some zeros located at the k_z-axis (k_⊥ = 0). The values of k_z of these zeros are determined by ( k^2_z /2 − μ

)_2 + Δ^2 = h^2. (155)

These zeros are isolated and are called Fermi points. There exist three possible phases according to the number of the Fermi points: (1) For h < Δ, we have a fully gapped phase (SF) without Fermi points; (2) For μ > 0 and Δ < h < √ μ^2 + Δ^2, we have a gapless phase (called gSF-I) with four Fermi points given by (k_⊥, k_z) = (0, ±[2(μ + √ h^2 − Δ^2)]^{1/2}) and (k_⊥, k_z) = (0, ±[2(μ − √ h^2 − Δ^2)]^{1/2}); (3) For h > √ μ^2 + Δ^2, we have a gapless phase (called gSF-II) with two Fermi points given by (k_⊥, k_z) = (0, ±[2(μ+ √ h^2 − Δ^2)]^{1/2}). One can show that the quasiparticle dispersion E^−_k is linear around each Fermi point. Therefore, each Fermi point behave like a Dirac point and is topologically protected with a topological charge N_a = ±1 [31]. The three superfluid phases (SF, gSF-I, gSF-II) are therefore lined by two topological quantum phase transitions. For convenience, in the following we denote the two critical Zeeman fields as h_{c1} = Δ and h_{c2} = √ μ^2 + Δ^2.

Since the gapless quasiparticle spectrum has only Fermi points rather than Fermi surfaces, the delta-function terms in the expressions of J_⊥, J_‖ and A vanish automatically. This is quite different from the case of vanishing spin-orbit coupling. For that case, the quasiparticle spectrum in the gapless phase has gapless Fermi surfaces and delta-function terms have large negative contributions due to

Figure 22: The transverse and longitudinal velocities of the Goldstone mode, c^⊥_s and c^‖_s, as functions of h/ϵ_F.

the large density of state at the gapless Fermi surfaces [54, 55, 56, 57, 58, 59, 60, 61, 62]. As a result, the gapless superfluid state in the absence of spin-orbit coupling is unstable in a large regime of the BCS-BEC crossover [55], because A and the superfluid density are negative there. For large enough spin-orbit coupling, the gapless phases become stable, since these negative contributions are totally removed. However, the cost is that we now have only Fermi points rather than Fermi surfaces.

In Fig. 18, we show the results of the pairing gap Δ and the chemical potential μ for attraction strength 1/(k_Fa_s) = −0.5 and spin-orbit coupling λ/k_F = 0.5. Similar to the 2D case, the pairing gap never vanishes at large Zeeman field, and we do have two critical Zeeman fields h_{c1} ≃ 0.34ϵ_F and h_{c2} ≃ 0.47ϵ_F which separate the three superfluid phases. For stronger attraction strength and/or spinorbit coupling, the chemical potential μ becomes smaller or even negative at h = 0. In this case, the gSF-I phase with four Fermi points does not appear. In Fig. 19, we show the results for the susceptibilities χ_{μμ} and χ_{hh} which are defined in the same way as the 2D case. We find that they behave smoothly across the quantum phase transitions, which indicates that the quantum phase transition in the 3D case is of higher than third order. The reason can be understood as follows: due to the existence of the k_z degree of freedom, the infrared singularities at k_⊥ → 0 are weakened by the integrals over k_z. Therefore, the expansion parameters A, B, R behave smoothly across the quantum phase transitions, while D does not diverge but exhibits nonanalytical behavior. The numerical results of these parameters are shown in Fig. 20. At large h, we also have B → 0 and B^2/A ≪ R, which means that the phase and the amplitude modes decouple.

Since the gapless quasiparticle spectrum E^−_k has only Fermi points, the deltafunction terms vanish. We have n^‖_s = n for arbitrary h and

n^⊥_s = n − ∑ α=± ∑ k λ^2 2E^α_k [( 1 − λ^2k^2_⊥ξ^2_k 2ζ^2_k ) + α ( E2_k

2ζ_k

+ h^2

E^4_k + λ^2k^2_⊥Δ^2 2ζ^3_k )] . (156)

The numerical result for n^⊥_s is shown in Fig. 21. Its behavior is similar to the 2D superfluid density: it decreases at small h and then turns to increase at large h. Together with the behavior of the expansion parameters A, B and R, the results of the Goldstone mode velocities c^⊥_s and c^‖_s are shown in Fig. 22. The nonmonotonic behavior of the transverse velocity c^⊥_s is similar to the 2D case. The longitudinal velocity c^‖_s is always an increasing function of h, since we have n^‖_s = n for arbitrary h. Unlike the 2D case, these velocities do not exhibit nonanalyticities at the quantum phase transitions.

6. Summary

In summary, we have investigated some bulk superfluid properties and the properties of the collective modes in attractive Fermi gases with Rashba spinorbit coupling. Our main results can be summarized as follows: (A) For zero Zeeman field, we studied some bulk superfluid properties and the collective modes associated with the crossover from the ordinary BCS/BEC superfluidity to the Bose-Einstein condensation of rashbons. The novel bound state, rashbon, exists even for negative s-wave scattering length and possesses an effective mass which is generally larger than twice of the fermion mass. The behavior of the superfluid density and the sound velocity manifests the rashbon BEC state at large spin-orbit coupling. Especially, we showed that for λ ≫ k_F, the behavior of these quantities is universal, that is, independent of the attraction strength denoted by the parameter 1/(k_Fa_s). We also derived the free energy which describes the weakly interacting rashbon condensate and determined the rashbon-rashbon coupling g. For large spin-orbit coupling, this coupling g goes as g ∼ 1/λ for the 3D case, while it goes as g ∼ 1/ ln(λa_{2D}) for the 2D case.

(B) For nonzero Zeeman field, we studied the quantum phase transitions and properties of the collective modes across the phase transitions. For the 2D case, we found that the susceptibilities χ_{μμ} and χ_{hh} as well as some other thermodynamic quantities behave nonanalytically across the quantum phase transition, which indicates that the phase transition is of third order. The singularities of the thermodynamic functions originate from the infrared divergence caused by the gapless fermionic spectrum at the quantum phase transition. As a result, the properties of the collective modes also exhibit nonanalytical behavior at the quantum phase transition. The superfluid density and the sound velocity behave nonmonotonically. In the normal superfluid phase, they are suppressed by the Zeeman field, as we expect from the fact that the Zeeman field serves as a stress on the Cooper pairing. However, in the topological superfluid phase, they turn to be enhanced by the Zeeman field. Especially, we find analytically that n_s → n and c_s → υ_F in the limit h → ∞. This unusual phenomenon can be understood from the fact that the system can be mapped to a spinless p_x + ip_y superfluid state so that the fermion pairing does not feel stress from the Zeeman field. For the 3D case, we found that the singularities at the quantum phase transitions are weakened. However, the behavior of the transverse superfluid density and the transverse sound velocity is similar to their 2D counterparts.

Spin-orbit coupled atomic Fermi gases have been realized at ShanXi University [21] and at the Massachusetts Institute of Technology (MIT) [22], by using 40K atoms and^6Li atoms, respectively. These experiments realized spin-orbit coupled Fermi gases with equal Rashba and Dresselhaus spin-orbit couplings. While the pure Rashba spin-orbit coupling is hopeful to be realized in the future experiments, it is interesting to extend our studies to the present experimental systems. On the other hand, the collective mode spectrum can be measured by using the Bragg scattering [70, 71] and there are some proposals for the measurements of the superfluid density [72, 73]. We hope our theoretical predictions can be tested in the future experiments of spin-orbit coupled Fermi gases.

Acknowledgments

L. He acknowledges the support from the Helmholtz International Center for FAIR within the framework of the LOEWE program (Landes- offensive zur Entwicklung Wissenschaftlich-Ökonomischer Exzellenz) launched by the State of Hesse. X.-G. Huang is supported by Indiana University Bloomington.

Appendix A. Evaluating the collective mode propagator

In this Appendix we evaluate the explicit form of M(Q) for arbitrary spinorbit coupling λ and Zeeman field h. To evaluate the diagonal element M_{11}(Q), we decompose the diagonal elements of the fermion propagator as follows

G_{11}(iω_n, k) = ∑ s,α=±

C^{s,α}_{11} (k) iω_n − sE^α_k

, G_{22}(iω_n, k) = ∑ s,α=±

C^{s,α}_{22} (k) iω_n − sE^α_k

, (A.1)

where the quantities C^{s,α}_{11} (k) and C^{s,α}_{22} (k) are given by

C^{s,α}_{11} (k) = ∑ γ=±α

sE^α_k + ξ^γ_k 2sE^α_k

[(E^α_k )^2 − (ξ^{−γ}_k )^2]P^γ_k(−h) − Δ^2P^γ_k(h) (E^α_k )^2 − (E^{−α}_k )^2 ,

C^{s,α}_{22} (k) = ∑ γ=±α

sE^α_k − ξ^γ_k 2sE^α_k

[(E^α_k )^2 − (ξ^{−γ}_k )^2]P^γ_k(h) − Δ^2P^γ_k(−h) (E^α_k )^2 − (E^{−α}_k )^2

. (A.2)

Therefore, M_{11}(Q) and M_{22}(Q) can be evaluated as

M_{11}(ω, q) = M_{22}(−ω, q) = 1 U − 1 2 ∑ s,t=± ∑ α,β=± ∑ k f (sE^α_{k+p}) − f (tE^β_{k−p}) ω − sE^α_{k+p} + tE^β_{k−p} Tr [ C^{s,α}_{11} (k + p)C^{t,β}_{22} (k − p) ] .(A.3)

Here and in the following p = q/2 for convenience. To calculate the trace in the spin space, we use the following properties of the projectors Tr [ P^α_{k+p}(h)P^β_{k−p}(h) ] = Tr [ P^α_{k+p}(−h)P^β_{k−p}(−h) ] = 1 2 + αβ λ^2(k^2_⊥ − p^2_⊥) + h^2 2η_{k+p}η_{k−p} , Tr [ P^α_{k+p}(h)P^β_{k−p}(−h) ] = Tr [ P^α_{k+p}(−h)P^β_{k−p}(h) ] = 1 2 + αβ λ^2(k^2_⊥ − p^2_⊥) − h^2 2η_{k+p}η_{k−p}

.(A.4)

Finally the result can be rearranged as

M_{11}(ω, q) = 1 U + 1 2 ∑ α,β=± ∑ k W^{αβ}_{++}(k, q) ω − E^α_{k+p} − E^β_{k−p} − W^{αβ}_{−−}(k, q) ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k W^{αβ}_{−+}(k, q) ω + E^α_{k+p} − E^β_{k−p} − W^{αβ}_{+−}(k, q) ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] (A.5)

where the function W^{αβ}_{st} (k, q) is defined as

W^{αβ}_{st} (k, q) = 1 4 ∑ e, f =±

1 + s ξ^{eα}_{k+p} E^α_{k+p}

1 + t ξ^{f β}_{k−p} E^β_{k−p}

D^{e f}αβ(k, q) (A.6)

with

D^{e f}_{αβ}(k, q) = φ^e_{k+p}φ^f_{k−p} ζ_{k+p}ζ_{k−p}

R^+_{kq} − e f

Δ^2 + 2αφ^e_{k+p} + 2βφ^f_{k−p} 8ζ_{k+p}ζ_{k−p} h^2Δ^2 η_{k+p}η_{k−p}

. (A.7)

The functions φ^±_k and R^±_{kq} are defined as

φ^±_k = 1 2 (ζ_k ± ξ_kη_k), R^±_{kq} = 1 2 [ 1 ± αβ λ^2(k^2_⊥ − p^2_⊥) − h^2 η_{k+p}η_{k−p} ] . (A.8)

We can decompose M_{11}(ω, q) as M_{11}(ω, q) = M^+_{11}(ω, q) + M^−_{11}(ω, q), where M^+_{11}(ω, q) and M^−_{11}(ω, q) are even and odd functions of ω, respectively. Their explicit form read

M^+_{11}(ω, q) = 1 U + 1 2 ∑ α,β=± ∑ k W^{αβ}_1 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} − 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_1 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} − 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] (A.9) and M^−_{11}(ω, q) = 1 2 ∑ α,β=± ∑ k W^{αβ}_2 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} + 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_2 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} + 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] . (A.10)

The functions W^{αβ}_i (k, q) and U^{αβ}_i (k, q) (i = 1, 2) read

W^{αβ}_1 (k, q) = 1 4 ∑ e, f =± 1 + ξ^{eα}_{k+p}ξ^{f β}_{k−p} E^α_{k+p}E^β_{k−p}

D^{e f}αβ(k, q),

U^{αβ}_1 (k, q) = 1 4 ∑ e, f =± 1 − ξ^{eα}_{k+p}ξ^{f β}_{k−p} E^α_{k+p}E^β_{k−p}

D^{e f}αβ(k, q),

W^{αβ}_2 (k, q) = 1 4 ∑ e, f =±

ξ^{eα}_{k+p} E^α_{k+p} + ξ^{f β}_{k−p} E^β_{k−p}

D^{e f}αβ(k, q),

U^{αβ}_2 (k, q) = − 1 4 ∑ e, f =±

ξ^{eα}_{k+p} E^α_{k+p} − ξ^{f β}_{k−p} E^β_{k−p}

D^{e f}αβ(k, q). (A.11)

For the off-diagonal fermion propagators, we have

G_{12}(iω_n, k) = ∑ s,α=±

C^{s,α}_{12} (k) iω_n − sE^α_k

, G_{21}(iω_n, k) = ∑ s,α=±

C^{s,α}_{21} (k) iω_n − sE^α_k

, (A.12)

where the quantities C^{s,α}_{12} (k) and C^{s,α}_{21} (k) are given by

C^{s,α}_{12} (k) = − ∑ γ=± Δ 2sE^α_k

[(E^α_k )^2 − (ξ^{−γ}_k )^2 − Δ^2]P^γ_k(h) − 2h(sE^α_k + ξ^{−γ}_k )σ_zP^γ_k(h) (E^α_k )^2 − (E^{−α}_k )^2 ,

= − ∑ γ=± Δ 2sE^α_k

[(E^α_k )^2 − (ξ^{−γ}_k )^2 − Δ^2]P^γ_k(−h) − 2h(sE^α_k − ξ^{−γ}_k )P^γ_k(−h)σ_z (E^α_k )^2 − (E^{−α}_k )^2 ,

C^{s,α}_{21} (k) = − ∑ γ=± Δ 2sE^α_k

[(E^α_k )^2 − (ξ^{−γ}_k )^2 − Δ^2]P^γ_k(h) − 2h(sE^α_k + ξ^{−γ}_k )P^γ_k(h)σ_z (E^α_k )^2 − (E^{−α}_k )^2 ,

= − ∑ γ=± Δ 2sE^α_k

[(E^α_k )^2 − (ξ^{−γ}_k )^2 − Δ^2]P^γ_k(−h) − 2h(sE^α_k − ξ^{−γ}_k )σ_zP^γ_k(−h) (E^α_k )^2 − (E^{−α}_k )^2

.(A.13)

Therefore M_{12}(Q) and M_{21}(Q) can be evaluated as

M_{12}(ω, q) = − 1 2 ∑ s,t=± ∑ α,β=± ∑ k f (sE^α_{k+p}) − f (tE^β_{k−p}) ω − sE^α_{k+p} + tE^β_{k−p} Tr [ C^{s,α}_{12} (k + p)C^{t,β}_{12} (k − p) ] ,

M_{21}(ω, q) = − 1 2 ∑ s,t=± ∑ α,β=± ∑ k f (sE^α_{k+p}) − f (tE^β_{k−p}) ω − sE^α_{k+p} + tE^β_{k−p} Tr [ C^{s,α}_{21} (k + p)C^{t,β}_{21} (k − p) ] .(A.14)

Completing the traces, we find that they can be expressed as

M_{12}(ω, q) = M^+_{12}(ω, q) + iM^−_{12}(ω, q), M_{21}(ω, q) = M^+_{12}(ω, q) − iM^−_{12}(ω, q), (A.15)

where M^+_{12}(ω, q) and M^−_{12}(ω, q) read

M^+_{12}(ω, q) = − 1 2 ∑ α,β=± ∑ k W^{αβ}_3 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} − 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_3 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} − 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] (A.16) and M^−_{12}(ω, q) = − 1 2 ∑ α,β=± ∑ k W^{αβ}_4 (k, q) 1 ω − E^α_{k+p} − E^β_{k−p} − 1 ω + E^α_{k+p} + E^β_{k−p} × [ 1 − f (E^α_{k+p}) − f (E^β_{k−p}) ]

+ 1 2 ∑ α,β=± ∑ k U^{αβ}_4 (k, q) 1 ω + E^α_{k+p} − E^β_{k−p} − 1 ω − E^α_{k+p} + E^β_{k−p} × [ f (E^α_{k+p}) − f (E^β_{k−p}) ] . (A.17)

The functions W^{αβ}_i (k, q) and U^{αβ}_i (k, q) (i = 3, 4) read

W^{αβ}_3 (k, q) =

Δ^2 8E^α_{k+p}E^β_{k−p} [ 1 + αβ

(ξ_{k+p}ξ_{k−p} − h^2)λ^2(k^2_⊥ − p^2_⊥) ζ_{k+p}ζ_{k−p}

+αβh^2 αζ_{k+p} + βζ_{k−p} − E^α_{k+p}E^β_{k−p} + h^2 ζ_{k+p}ζ_{k−p} ] , U^{αβ}_3 (k, q) =

Δ^2 8E^α_{k+p}E^β_{k−p} [ 1 + αβ

(ξ_{k+p}ξ_{k−p} − h^2)λ^2(k^2_⊥ − p^2_⊥) ζ_{k+p}ζ_{k−p}

+αβh^2 αζ_{k+p} + βζ_{k−p} + E^α_{k+p}E^β_{k−p} + h^2 ζ_{k+p}ζ_{k−p} ] , W^{αβ}_4 (k, q) = U^{αβ}_4 (k, q) = αβ

Δ^2 4E^α_{k+p}E^β_{k−p} hλ^2 p_x p_y(k^2_x − k^2_y ) ζ_{k+p}ζ_{k−p}

. (A.18)

Appendix B. Evaluating the Expansion Parameters

In this Appendix, we evaluate the expansion parameters A, B, D, R and the phase stiffness J_⊥, J_‖ in the zero temperature limit. First, A can be evaluated as A = 1 2 ∑ α=± ∑ k Δ^2 (E^α_k )^3 ( 1 + α h^2 ζ_k

)_2 + α h^4Δ^2 E^α_k ζ^3_k − 2 Δ^2 (E^α_k )^2 ( 1 + α h^2 ζ_k

)_2

δ(E^α_k )

, (B.1)

where the delta function comes from the terms proportional to f (E^α_{k+p}) − f (E^α_{k−p}). Taking the derivatives with respect to ω, we obtain

B = 2Δ ∑ α,β=± ∑ k W^{α,β}_2 (k, 0) (E^α_k + E^β_k)^2 ,

D = 2 ∑ α,β=± ∑ k W^{αβ}_1 (k, 0) − W^{αβ}_3 (k, 0) (E^α_k + E^β_k)^3 ,

R = 2Δ^2 ∑ α,β=± ∑ k W^{αβ}_1 (k, 0) + W^{αβ}_3 (k, 0) (E^α_k + E^β_k)^3

. (B.2)

Completing the summation over α, β = ±, we obtain

B = Δ ∑ k ξ_k (E^+_k + E^−_k )^2 [( 1 E^+_k + 1 E^−_k ) h^2E^2_k ζ^2_k + ( 1 E^+_k − 1 E^−_k ) h^2 ζ_k ]

+ Δ 4 ∑ α± ∑ k ξ_k (E^α_k )^3 ( 1 + α λ^2k^2_⊥ ζ_k − h^2E^2_k ζ^2_k ) , D = 1 8 ∑ α=± ∑ k [ ξ^2_k + η^2_k + 2αζ_k

(E^α_k )^5 λ^2k^2_⊥ξ^2_k ζ^2_k + Δ^2 (E^α_k )^5 λ^2k^2_⊥h^2

ζ^2_k ]

+ ∑ k 1 (E^+_k + E^−_k )^3 h^2ξ^2_k ζ^2_k ( 1 + E^2_k − η^2_k E^+_k E^−_k ) , R = Δ^2 ∑ k 1 (E^+_k + E^−_k )^3 h^2E^2_k ζ^2_k ( 1 + E^2_k − η^2_k E^+_k E^−_k + 2λ^2k^2_⊥Δ^2 E^+_k E^−_k E^2_k )

+ Δ^2 8 ∑ α=± ∑ k 1 (E^α_k )^3 λ^2k^2_⊥ξ^2_k ζ^2_k

. (B.3)

To evaluate the phase stiffness J_⊥ and J_‖ or the superfluid density n^⊥_s and n^‖_s, we assume the order parameter takes the form ⟨Φ⟩ = Δe^{2iq·r} where Δ corresponds to the saddle point solution. The superfluid density is defined as the response of the thermodynamic potential to an infinitesimal momentum q, that is,

Ω(q) = Ω(0) + 1 2 n^⊥_s q^2_⊥ + 1 2 n^‖_sq^2_‖ + O(q^4). (B.4)

On the other hand, the thermodynamic potential for arbitrary q can be evaluated by making a phase transformation ψ → e^{iq·r}ψ. We have

Ω(q) = Ω(0) + 1 2 ∑ K ∞∑ l=1 1 l Tr [ G(iω_n, k)Σ(q)

]_l

, (B.5)

where

Σ(q) = 1 2 ( q^2_⊥ + q^2_‖ ) τ_3 + (k_⊥ · q_⊥ + k_‖ · q_‖)τ_0 + λσ_⊥ · q_⊥τ_0. (B.6)

Here τ_i (i = 1, 2, 3) and τ_0 are the Pauli matrices and the identity matrix in the Nambu-Gor’kov space.

Then we can obtain the explicit form of the phase stiffness using the fermion Green’s function G(iω_n, k) at the saddle point via the derivative expansion. Obviously, only the l = 1 and l = 2 terms contribute. We note that the l = 1 contribution is just identical to the total density n. After some algebras, we obtain

n^⊥_s = n + ∑ k 1 β ∑ n [ k^2_⊥ 4 X(iω_n, k) + λ^2 2 Y(iω_n, k) + λ^2k^2_⊥ 2 Z(iω_n, k) ] , n^‖_s = n + ∑ k 1 β ∑ n k^2_‖ 2 X(iω_n, k). (B.7)

The functions X, Y and Z are derived from the Green’s function G. X is related to the trace Tr[GG]. The result of X reads

X(iω_n, k) = 1 [(iω_n)^2 − (E^+_k )^2]^2[(iω_n)^2 − (E^−_k )^2]^2 × { [(iω_n + h + ξ_k)Λ_− + 2λ^2k^2_⊥(ξ_k + h)]^2

+[(iω_n − h + ξ_k)Λ_+ + 2λ^2k_⊥(ξ_k − h)]^2 +[(iω_n + h − ξ_k)Λ_− − 2λ^2k^2_⊥(ξ_k − h)]^2 +[(iω_n − h − ξ_k)Λ_+ − 2λ^2k^2_⊥(ξ_k + h)]^2 +2λ^2k^2_⊥[2(ξ_k − h)(iω_n + h + ξ_k) + Λ_+] ×[2(ξ_k + h)(iω_n − h + ξ_k) + Λ_−] +2λ^2k^2_⊥[2(ξ_k + h)(iω_n + h − ξ_k) − Λ_+] ×[2(ξ_k − h)(iω_n − h − ξ_k) − Λ_−]

+2Δ^2[Λ^2_+ + Λ^2_− + 8λ^2k^2_⊥(ξ^2_k + h^2)] } (B.8)

Here Λ_± = (iω_n ± h)^2 − ξ^2_k − Δ^2 − λ^2k^2_⊥. Y is related to the trace Tr[Gσ_iGσ_i] (i = x, y). Due to the angle integration, the nonzero contribution reads

Y(iω_n, k) = 2 [(iω_n)^2 − (E^+_k )^2]^2[(iω_n)^2 − (E^−_k )^2]^2 × { [(iω_n + h + ξ_k)Λ_− + 2λ^2k^2_⊥(ξ_k + h)]

×[(iω_n − h + ξ_k)Λ_+ + 2λ^2k_⊥(ξ_k − h)] +[(iω_n + h − ξ_k)Λ_− − 2λ^2k^2_⊥(ξ_k − h)]

×[(iω_n − h − ξ_k)Λ_+ − 2λ^2k^2_⊥(ξ_k + h)] + 2Δ^2Λ_+Λ_− } . (B.9)

Z is related to the trace Tr[GGσ_ik_i] (i = x, y). We have

Z(iω_n, k) = 1 [(iω_n)^2 − (E^+_k )^2]^2[(iω_n)^2 − (E^−_k )^2]^2

× { [(iω_n + h + ξ_k)Λ_− + (iω_n − h + ξ_k)Λ_+ + 4λ^2k^2_⊥ξ_k]

×[4ξ_kiω_n + 4(ξ^2_k − h^2) + Λ_+ + Λ_−] +[(iω_n + h − ξ_k)Λ_− + (iω_n − h − ξ_k)Λ_+ − 4λ^2k^2_⊥ξ_k] ×[4ξ_kiω_n − 4(ξ^2_k − h^2) − Λ_+ − Λ_−]

+8Δ^2ξ_k(Λ_+ + Λ_−) } . (B.10)

The above results can be simplified by using the method of Laurent expansion. We have

X(iω_n, k) = 2 ∑ α=± (iω_n)^2 + (E^α_k )^2 [(iω_n)^2 − (E^α_k )^2]^2 , Z(iω_n, k) =

2ξ_k ζ_k ∑ α=± α (iω_n)^2 + (E^α_k )^2 [(iω_n)^2 − (E^α_k )^2]^2 , Y(iω_n, k) = ∑ α=± [ α ( E2_k ζ_k

+ h^2

E^4_k + λ^2k^2_⊥Δ^2 ζ^3_k ) + ( 2 − λ^2k^2_⊥ξ^2_k ζ^2_k

)] 1

(iω_n)^2 − (E^α_k )^2 + λ^2k^2_⊥ξ^2_k ζ^2_k ∑ α=± (iω_n)^2 + (E^α_k )^2 [(iω_n)^2 − (E^α_k )^2]^2

. (B.11)

Completing the Matsubara frequency summation, we obtain

n^⊥_s = n − ∑ k ∑ α=± k^2_⊥ 2 ( 1 + λ^2ξ_k ζ_k

)_2 ( 1 4T sech^2

E^α_k 2T )

− λ^2 ∑ k ∑ α=± [ α ( E2_k 2ζ_k

+ h^2

E^4_k + λ^2k^2_⊥Δ^2 2ζ^3_k ) + ( 1 − λ^2k^2_⊥ξ^2_k 2ζ^2_k

)] 1 − 2 f (Eα_k ) 2E^α_k , n^‖_s = n − ∑ k ∑ α=± k^2_‖ ( 1 4T sech^2

E^α_k 2T ) . (B.12)

At zero temperature, we have f (E) → 0 and (1/4T )sech^2(E/2T ) → δ(E).

References [1] D. M. Eagles, Phys. Rev. 186, 456 (1969).

[2] A. J. Leggett, in Modern trends in the theory of condensed matter, Springer- Verlag, Berlin, 1980, pp.13-27.

[3] P. Nozieres and S. Schmitt-Rink, J. Low Temp. Phys. 59, 195 (1985). [4] C. A. R. Sa de Melo, Mohit Randeria, and Jan R. Engelbrecht, Phys. Rev.

Lett. 71, 3202 (1993).

[5] J. R. Engelbrecht, M. Randeria, and C. A. R. S’a de Melo, Phys. Rev. B55, 15153 (1997).

[6] M. Randeria, J.-M. Duan, and L.-Y. Shieh, Phys. Rev. Lett. 62, 981 (1989);

Phys. Rev. B41, 327 (1990).

[7] Q. Chen, J. Stajic, S. Tan, and K. Levin, Phys. Rept. 412, 1 (2005). [8] S. Giorgini, L. P. Pitaevskii, and S. Stringari, Rev. Mod. Phys. 80, 1215 (2008).

[9] V. M. Loktev, R. M. Quick, and S. G. Sharapov, Phys. Rept. 349, 1 (2001). [10] V. Gurarie and L. Radzihovsky, Ann. Phys. (N.Y.) 322, 2 (2007). [11] M. Greiner, C. A. Regal, D. S. Jin, Nature 426, 537 (2003). [12] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl, S. Riedl, C. Chin, J.

Hecker Denschlag, and R. Grimm, Science 302, 2101 (2003). [13] M. W. Zwierlein, J. R. Abo-Shaeer, A. Schirotzek, C. H. Schunck, and W.

Ketterle, Nature 435, 1047 (2003).

[14] For a review, see R. Casalbuoni and G. Nardulli, Rev. Mod. Phys. 76, 263 (2004).

[15] B. S. Chandrasekhar, Appl. Phys. Lett. 1, 7 (1962); A. M. Clogston, Phys.

Rev. Lett. 9, 266 (1962).

[16] G. Sarma, J. Phys. Chem. Solid 24, 1029 (1963).

[17] P. Fulde and R. A. Ferrell, Phys. Rev. 135, A550 (1964); A. I. Larkin and Yu. N. Ovchinnikov, Sov. Phys. JETP 20, 762 (1965).

[18] M. W. Zwierlein, A. Schirotzek, C. H. Schunck and W. Ketterle, Science 311, 492 (2006); G. B. Partridge, W. Li, R. I. Kamar, Y.-an Liao, and R. G. Hulet, Science 311, 503 (2006).

[19] For theoretical papers, see D. E. Sheehy and L. Radzihovsky, Ann. Phys.

(N.Y.) 322, 1790 (2007) and references therein.

[20] K. Osterloh, M. Baig, L. Santos, P. Zoller, and M. Lewenstein, Phys. Rev.

Lett. 95, 010403 (2005); J. Ruseckas, G. Juzeliunas, P. Ohberg, and M. Fleischhauer, Phys. Rev. Lett. 95, 010404 (2005); T. D. Stanescu, C. Zhang, and V. Galitski , Phys. Rev. Lett. 99, 110403 (2007); X. J. Liu, M. F. Borunda, X. Liu, and J. Sinova , Phys. Rev. Lett. 102, 046402 (2009); Y. J. Lin, R. L. Compton, K. Jimenez-Garcia, J. V. Porto, and I. B. Spielman, Nature 462, 628 (2009); Y. J. Lin, K. Jimenez-Garcia, and I. B. Spielman, Nature 471, 83 (2011).

[21] P. Wang, Z.-Q. Yu, Z. Fu, J. Miao, L. Huang, S. Chai, H. Zhai, and J. Zhang, Phys. Rev. Lett. 109, 095301 (2012).

[22] L. W. Cheuk, A. T. Sommer, Z. Hadzibabic, T. Yefsah, W. S. Bakr, and M.

W. Zwierlein, Phys. Rev. Lett. 109, 095302 (2012).

[23] J. Dalibard, F. Gerbier, G. Juzeliunas, and Patrik Ohberg, Rev. Mod. Phys.

83, 1523 (2011).

[24] J. D. Sau, Ra. Sensarma, S. Powell, I. B. Spielman, and S. Das Sarma, Phys.

Rev. B83, 140510(R) (2011).

[25] D. L. Campbell, G. Juzeliunas, and I. B. Spielman, Phys. Rev. A84, 025602 (2011).

[26] G. Juzeliunas, J. Ruseckas, and J. Dalibard, Phys. Rev. A81, 053403 (2010).

[27] B. M. Anderson, G. Juzeliunas, I. B. Spielman, and V. M. Galitski, Phys.

Rev. Lett. 108, 235301 (2012).

[28] J. P. Vyasanakere, S. Zhang, and V. B. Shenoy, Phys. Rev. B84, 014512 (2011).

[29] H. Hu, L. Jiang, X.-J. Liu, and H. Pu, Phys. Rev. Lett. 107, 195304 (2011);

L. Jiang, X.-J. Liu, H. Hu, and H. Pu, Phys. Rev. A84, 063618 (2011).

[30] Z.-Q. Yu and H. Zhai, Phys. Rev. Lett. 107, 195305 (2011).

[31] M. Gong, S. Tewari, and C. Zhang, Phys. Rev. Lett. 107, 195303 (2011); G.

Chen, M. Gong, and C. Zhang, Phys. Rev. A85, 013601 (2012); M. Gong, G. Chen, S. Jia, and C. Zhang, Phys. Rev. Lett. 109, 105302 (2012).

[32] M. Iskin and A. L. Subasi, Phys. Rev. Lett. 107, 050402 (2011); Phys. Rev.

A84, 041610(R) (2011); Phys. Rev. A84, 043621 (2011).

[33] L. He and X.-G. Huang, Phys. Rev. Lett. 108, 145302 (2012); Phys. Rev.

B86, 014511 (2012).

[34] L. Han and C. A. R. Sa de Melo, Phys. Rev. A85, 011606(R) (2012); arXiv:

1206.4984; K. Seo, L. Han, and C. A. R. Sa de Melo, Phys. Rev. Lett. 109, 105303 (2012);

[35] W. Yi and G. -C. Guo, Phys. Rev. A84, 031608(R) (2011); J. Zhou, W.

Zhang, and W. Yi, Phys. Rev. A84, 063603 (2011).

[36] K. Zhou and Z. Zhang, Phys. Rev. Lett. 108, 025301 (2012).

[37] L. DellAnna, G. Mazzarella, and L. Salasnich, Phys. Rev. A84, 033633 (2011); J. P. Vyasanakere and V. B. Shenoy, arXiv: 1201.5332; B. Huang and S. Wan, arXiv: 1109.3970; X. Yang and S. Wan, Phys. Rev. A85, 023633 (2012).

[38] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).

[39] C. Zhang, S. Tewari, R. Lutchyn, and S. Das Sarma, Phys. Rev. Lett. 101, 160401 (2008).

[40] J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma, Phys. Rev. Lett. 104, 040502 (2010).

[41] J. D. Sau, S. Tewari, and S. Das Sarma, Phys. Rev. B84, 085109 (2011).

[42] J. D. Sau, S. Tewari, R. Lutchyn, T. Stanescu, and S. Das Sarma, Phys. Rev.

B82, 214509 (2010).

[43] P. Ghosh, J. D. Sau, S. Tewari, and S. Das Sarma, Phys. Rev. B82, 184525 (2010).

[44] S. Tewari, T. D. Stanescu, J. D. Sau, and S. Das Sarma, New J. Phys. 13, 065004 (2011).

[45] J. Alicea, Phys. Rev. B81, 125318 (2010).

[46] M. Sato and S. Fujimioto, Phys. Rev. B79, 094504 (2009); M. Sato, Y. Takahashi and S. Fujimioto, Phys. Rev. Lett. 103, 020401 (2009); Phys. Rev. B82, 134521 (2010).

[47] J. P. Vyasanakere and V. B. Shenoy, Phys. Rev. B83, 094515 (2011). [48] J. P. Vyasanakere and V. B. Shenoy, New J. Phys. 14, 043041 (2012). [49] X. Cui, Phys. Rev. A85, 022705 (2012).

[50] A. J. Leggett, Quantum Liquids. Bose Condensation and Cooper Pairing in Condensed-Matter Systems, Oxford Universty Press, Oxford, 2006.

[51] L. Salasnich, N. Manini, and A. Parola, Phys. Rev. A72, 023621 (2005); L.

Salasnich, Phys. Rev. A76, 015601 (2007).

[52] E. Taylor, A. Griffin, N. Fukushima, and Y. Ohashi, Phys. Rev. A74, 063626 (2006); N. Fukushima, Y. Ohashi, E. Taylor, and A. Griffin, Phys. Rev. A75, 033609 (2007).

[53] L. He, M. Jin, and P. Zhuang, Phys. Rev. B74, 024516 (2006). [54] S.-T. Wu and S.-K. Yip, Phys. Rev. A67, 053603 (2003). [55] C.-H. Pao, S.-T. Wu, and S.-K. Yip, Phys. Rev. B73, 132506 (2006). [56] D. T. Son, M. A. Stephanov, Phys. Rev. A74, 013614 (2006). [57] L. He, M. Jin, and P. Zhuang, Phys. Rev. B73, 214527 (2006); Phys. Rev.

B74, 214516 (2006).

[58] H. Hu, X.-J. Liu, Phys. Rev. A73, 051603(R) (2006).

[59] M. Huang and I. A. Shovkovy, Phys. Rev. D70, 051501 (2004); I. Giannakis and H.-C. Ren, Phys. Lett. B611, 137 (2005).

[60] E. Gubankova, A. Schmitt, and F. Wilczek, Phys. Rev. B74, 064505 (2006).

[61] E. Gubankova, M. Mannarelli, and R. Sharma, Ann. Phys. (N. Y.) 325, 1987 (2010).

[62] A. Lamacraft and F. M. Marchetti, Phys. Rev. B77, 014511 (2008).

[63] S. Stock, Z. Hadzibabic, B. Battelier, M. Cheneau, and J. Dalibard, Phys.

Rev. Lett. 95, 190403 (2005); Z. Hadzibabic, P. Kruger, M. Cheneau, B. Battelier, and J. Dalibard, Nature 441, 1118 (2006); P. Dyke, E. D. Kuhnle, S. Whitlock, H. Hu, M. Mark, S. Hoinka, M. Lingham, P. Hannaford, and C. J. Vale, Phys. Rev. Lett. 106, 105304 (2011).

[64] X.-J. Liu, H. Hu, and P. D. Drummond, Phys. Rev. B82, 054524 (2010); G.

Bertaina and S. Giorgini, Phys. Rev. Lett. 106, 110403 (2011).

[65] D. S. Petrov and G. V. Shlyapnikov, Phys. Rev. A64, 012706 (2001); D. S.

Petrov, M. A. Baranov, and G. V. Shlyapnikov, Phys. Rev. A67, 031601(R) (2003).

[66] G. E. Volovik and V. Yakovenko, J. Phys.: Condens. Matter 1, 5263 (1989);

G. E. Volovik, arXiv: 1111.4627.

[67] G. E. Volovik, The Universe in a Helium Droplet, Clarendon Press, Oxford, 2003.

[68] L. P. Gor’kov and E. I. Rashba, Phys. Rev. Lett. 87, 037004 (2001).

[69] G. Moore and N. Read, Nucl. Phys. B360, 362 (1991); N. Read and D.

Green, Phys. Rev. B61, 10267 (2000).

[70] D. M. Stamper-Kurn, A. P. Chikkatur, A. Gorlitz, S. Inouye, S. Gupta, D. E.

Pritchard, and W. Ketterle, Phys. Rev. Lett. 83, 2876 (1999).

[71] T. A. Corcovilos, S. K. Baur, J. M. Hitchcock, E. J. Mueller, and R. G. Hulet, Phys. Rev. A81, 013415 (2010).

[72] N. R. Cooper and Z. Hadzibabic, Phys. Rev. Lett. 104, 030401 (2010).

[73] T.-L. Ho and Q. Zhou, Nat. Phys. 6, 131 (2010).