arXiv:1207.2914v3 [gr-qc] 6 Feb 2013

ENERGY-MOMENTUM FOR ASYMPTOTICALLY ANTI-DE SITTER SPACETIMES

YAOHUA WANG, NAQING XIE, AND XIAO ZHANG

Abstract. We provide a definition of the total energy-momentum for asymptotically anti-de Sitter initial data sets which are asymptotic to t-slice in anti-de Sitter spacetime with respect to the polar coordinates. The definition naturally arises from the boundary terms in Witten’s approach of the positive energy theorem and reduces to Chruściel-Maerten- Tod’s definition at t = 0. We prove a relevant positive energy theorem. The new energy-momentum inequalities refine the one in the general coordinates pulled back from that obtained in the special “center of AdS mass” coordinates by Chruściel-Maerten-Tod. We also verify that the total energy-momentum here actually equals to Henneaux-Teitelboim’s energy-momentum.

1. Introduction

The positive energy theorem plays a fundamental role in general relativity. When the cosmological constant is zero and spacetimes are asymptotically flat, the positive energy theorem was first proved by Schoen and Yau [16, 17, 18], then by Witten [20, 15]. (See [2] for the definition of the ADM total energy-momentum.) We refer to [9, 4, 8, 22] for the case of high dimensional spacetimes.

When the cosmological constant is negative and spacetimes are asymptotically anti-de Sitter, initial data sets are asymptotically hyperbolic and the second fundamental forms are asymptotic to zero, and some special cases of the positive energy theorem were proved in mathematically rigorous ways [19, 6, 14, 7]. We refer to [1] for a definition of the total energy for the spacetimes with negative cosmological constant and the physical proof of its positivity, and to [3] for a definition for energy and other conserved quantities for asymptotically anti-de Sitter spacetimes in tetrad formalism. There is also another version of the positive energy theorem for asymptotically hyperbolic manifolds (e.g. [23, 21]) representing initial data sets near null infinity in asymptotically flat spacetimes. In this case both the metrics and the second fundamental forms are asymptotic to the hyperbolic metric.

Recall that, with respect to the anti-de Sitter spacetime (N_{AdS} , ~g_{AdS} ) equipped with the metric ~g_{AdS} = − 1 + |x|^2 1 − |x|^2 dt^2 + 4 (1 − |x|^2)^2 3∑ i=1 (dx^i)^2. 1

Chruściel, Maerten, and Tod [7] provided definitions of the total energy m_{(ν)} (ν = 0, 1, 2, 3), the rest-frame angular momentum j_{(i)} and the center of mass c_{(i)}, i = 1, 2, 3. They also pointed out that one can make SO(3, 1) coordinate transformations for t-slices in the above AdS spacetime such that m_{(1)} = m_{(2)} = m_{(3)} = c_{(2)} = j_{(1)} = j_{(2)} = 0, (1.1) and they proved the energy-momentum inequality

m_{(0)} ≥ √ |⃗c|^2 + |⃗j|^2 + 2|⃗c × ⃗j| (1.2) in this new coordinate system. Here ⃗m = (m_{(1)}, m_{(2)}, m_{(3)}), ⃗c = (c_{(1)}, c_{(2)}, c_{(3)}) and ⃗j = (j_{(1)}, j_{(2)}, j_{(3)}) (cf. Appendix B). We refer the coordinates satisfying (1.1) as the “center of AdS mass” coordinates.

However, since it is not SO(3, 1) invariant, the form of (1.2) will change when it is transformed back to non-center of AdS mass coordinates. This motivates us to establish the energy-momentum inequality in general noncenter of AdS mass coordinates.

The anti-de Sitter spacetime is indeed the hyperboloid η_{αβ}y^αy^β = 3 Λ , Λ = −3κ^2 (κ > 0) (1.3)

in R^{3,2} equipped with the metric

η_{αβ} dy^αdy^β = −(dy^0)^2 + 3∑ i=1 (dy^i)^2 − (dy^4)^2.

Under the coordinates

y^0 = 1 κ cos(κt) cosh(κr), y^i = 1 κ sinh(κr)n^i, y^4 = 1 κ sin(κt) cosh(κr),

where n^1 = sin θ cos ψ, n^2 = sin θ sin ψ, n^3 = cos θ, the induced metric is

~g_{AdS} = − cosh^2(κr)dt^2 + dr^2 + sinh^2(κr) κ^2 ( dθ^2 + sin^2 θdψ^2 ) . (1.4)

The ten vectors U_{αβ} = y_α ∂ ∂y^β − y_β ∂ ∂y^α (1.5)

are Killing vectors generating rotations for R^{3,2}. They depend on time t restricting on (1.3) equipped with the metric (1.4) (see Appendix A).

We remark that, unlike the case of non-positive cosmological constant where it always holds and serves as the feature of spacetimes, the positive energy theorem in the case of positive cosmological constant holds only on certain very restricted spacelike hypersurfaces [13, 12].

The paper is organized as follows: In Section 2, we provide a definition of the total energy-momentum for asymptotically anti-de Sitter initial data sets which are asymptotic to t-slice in (1.4). This total energy-momentum naturally arises from the boundary terms in Witten’s approach of the positive energy theorem and reduces to the one given in [7] at t = 0. In Section 3, we establish a positive energy theorem for asymptotically anti-de Sitter spacetimes using Witten’s approach. Our new energy-momentum inequalities are derived from the nonnegativity of four principal minors of the energy-momentum matrix Q, and they hold in general non-center of AdS mass coordinates. We also compare them with (1.2) which holds in center of AdS mass coordinates. We show that, transforming back to the general non-center of AdS mass coordinates, (1.2) is the nonnegativity of the determinant of the energy-momentum matrix Q. Thus our energy-momentum inequalities could be thought to refine (1.2). In Section 4, we verify the total energy-momentum actually equals to Henneaux-Teitelboim’s energymomentum [11]. In Section 5, we figure out the total energy-momentum for time slices in Kerr-anti-de Sitter spacetime. In Appendix A, we provide the restriction of U_{αβ} on the anti-de Sitter spacetime. In Appendix B, we explicitly construct the center of AdS mass coordinate transformations and show that the determinant of the energy-momentum matrix is invariant under such a transformation. Throughout the paper, repeating indices means taking summation, with Greek indices running from 0 to 3, the lower-case Latin indices running from 1 to 3 and upper-case Latin indices running from 1 to 2.

2. Total energy-momentum

We will provide a definition of the total energy-momentum for asymptotically anti-de Sitter spacetimes. The definition naturally arises from the boundary terms of the Weitzenböck formula. Let the coframe of (1.4) be

ĕ^0 = cosh(κr)dt, ĕ^1 = dr, ĕ^2 = sinh(κr) κ dθ, ĕ^3 = sinh(κr) sin θ κ dψ and denote ĕ_α as its dual frame. For convenience, we fix the following Clifford representation throughout this paper although the total energymomentum and the positivity do not depend on the specific representation.

ĕ_0 → 1 1 1 1 , ĕ^1 → −1 1 1 −1 ,

ĕ_2 → 1 1 −1 −1 , ĕ^3 → √ −1 1 −1 −1 1 . (2.1)

Then the imaginary Killing spinors Φ which satisfy the following equation ~∇^{AdS}_X Φ + κ √ −1 2 X · Φ = 0 are of the form

Φ_0 = u^+e^{κr}2 + u^−e^{− κr}2 v^+e^{κr}2 + v^−e^{− κr}2 − √ −1u^+e^{κr}2 + √ −1u^−e^{− κr}2 √ −1v^+e^{κr}2 − √ −1v^−e^{− κr}2 , (2.2)

where X is any vector, and

u^+ = ( λ_1 cos κt 2 + λ_3 sin κt 2 ) e √ −1 2 ψ sin θ 2 + ( λ_2 cos κt 2 + λ_4 sin κt 2 ) e^− √ −1 2 ψ cos θ 2 , u^− = ( − λ_1 sin κt 2 + λ_3 cos κt 2 ) e √ −1 2 ψ sin θ 2 + ( − λ_2 sin κt 2 + λ_4 cos κt 2 ) e^− √ −1 2 ψ cos θ 2 , v^+ = − ( − λ_1 sin κt 2 + λ_3 cos κt 2 ) e √ −1 2 ψ cos θ 2 + ( − λ_2 sin κt 2 + λ_4 cos κt 2 ) e^− √ −1 2 ψ sin θ 2 , v^− = − ( λ_1 cos κt 2 + λ_3 sin κt 2 ) e √ −1 2 ψ cos θ 2 + ( λ_2 cos κt 2 + λ_4 sin κt 2 ) e^− √ −1 2 ψ sin θ 2 and λ_1, λ_2, λ_3 and λ_4 are four arbitrary complex numbers.

Let (N, ~g) be a spacetime with negative cosmological constant Λ, and ~g satisfies the Einstein field equations ~Ric − ~R 2 ~g + Λ~g = T. (2.3)

Suppose that the stress-energy tensor T satisfies the dominant energy condition

T_{00} ≥ √∑ i T^2_{0i}, T_{00} ≥ |T_{αβ} |. (2.4)

Let M be a 3-dimensional spacelike hypersurface with the induced Riemannian metric g and the second fundamental form h. (M, g, h) is referred to as an initial data set. Assume that there is a compact set K such that M − K is the disjoint union of a finite number of subset M_i, where each end M_i is diffeomorphic to R^3 − B_r with B_r the closed ball of radius r. The initial data set (M, g, h) is said to be asymptotically anti-de Sitter of order τ >^3_2 if g_{ij} = g(ĕ_i, ĕ_j ) = δ_{ij} + a_{ij} and h_{ij} = h(ĕ_i, ĕ_j ), and a_{ij} , ˘∇_ka_{ij}, ˘∇_l ˘∇_ka_{ij}, h_{ij} and ˘∇_kh_{ij} fall off as e−τ κr on each end. Here ˘∇ denotes the

Levi-Civita connection with respect to the hyperbolic metric

ğ = dr^2 + sinh^2(κr) κ^2 ( dθ^2 + sin^2 θdψ^2 ) . Moreover, T_{00}e^{κρz} , T_{0i}e^{κρz} ∈ L^1(M) for certain distance function ρ_z. Set E_i = ˘∇^jg_{ij} − ˘∇_itr_ğ(g) − κ(a_{1i} − g_{1i}tr_ğ(a)), P_{ki} = h_{ki} − g_{ki}tr_ğ(h). Denote also by U_{αβ} the restrictions on (1.4) of the Killing vectors (1.5). Then we define the total energy-momentum for asymptotically anti-de Sitter initial data sets as follows.

E_0 = κ 16π lim_{r→∞} ∫ S_r E_1U^{(0)}_{40} ω̆,

c_i = κ 16π lim_{r→∞} ∫ S_r E_1U^{(0)}_{i4} ω̆ + κ 8π 3∑ j=2 lim_{r→∞} ∫ S_r P_{j1}U^{(j)}_{i4} ω̆,

c^′_i = κ 16π lim_{r→∞} ∫ S_r E_1U^{(0)}_{i0} ω̆ + κ 8π 3∑ j=2 lim_{r→∞} ∫ S_r P_{j1}U^{(j)}_{i0} ω̆,

J_i = κ 8π 3∑ j=2 lim_{r→∞} ∫ S_r P_{j1}V^{(j)}_i ω̆,

(2.5)

where ω̆ = ĕ^2 ∧ ĕ^3, U_{αβ} = U^{(γ)}_{αβ} ĕ_γ , V_i = ε_{ijk}U_{jk}.

Now we discuss the relations between (2.5) and the quantities defined in [7]. Take κ = 1 and choose t = 0 slice. The transformations connecting the hyperbolic metric b =^4_{(1−|x|2)2} dx^2 used in [7] and the metric ğ used in our setting are

x^1 = tanh r 2 sin θ cos ψ, x^2 = tanh r 2 sin θ sin ψ, x^3 = tanh r 2 cos θ. Thus ∂ ∂x^1 = 2 cosh^2 r 2 sin θ cos ψ ∂ ∂r + cos θ cos ψ tanh^r_2 ∂ ∂θ − sin ψ tanh^r_2 sin θ ∂ ∂ψ , ∂ ∂x^2 = 2 cosh^2 r 2 sin θ sin ψ ∂ ∂r + cos θ sin ψ tanh^r_2 ∂ ∂θ + cos ψ tanh^r_2 sin θ ∂ ∂ψ , ∂ ∂x^3 = 2 cosh^2 r 2 cos θ ∂ ∂r − sin θ tanh^r_2 ∂ ∂θ .

Now, in the polar coordinates, the quantities given in [7] are

V_{(0)} = cosh r, V_{(1)} = − sinh r sin θ cos ψ, V_{(2)} = − sinh r sin θ sin ψ, V_{(3)} = − sinh r cos θ,

C_{(1)} = coth r ( cos θ cos ψ ∂ ∂θ − sin ψ sin θ ∂ ∂ψ ) + sin θ cos ψ ∂ ∂r , C_{(2)} = coth r ( cos θ sin ψ ∂ ∂θ + cos ψ sin θ ∂ ∂ψ ) + sin θ sin ψ ∂ ∂r , C_{(3)} = − coth r sin θ ∂ ∂θ + cos θ ∂ ∂r , Ω_{(2)(3)} = − sin ψ ∂ ∂θ − cos θ cos ψ sin θ ∂ ∂ψ , Ω_{(3)(1)} = cos ψ ∂ ∂θ − cos θ sin ψ sin θ ∂ ∂ψ , Ω_{(1)(2)} = ∂ ∂ψ .

By the explicit expressions of U_{αβ} in Appendix A, we find that E_0, J_i do not depend on t, and^{dci}_{dt} = κc^′_i,^{dc′i}_{dt} = −κc_i. Therefore we obtain the following relations between our total energy-momentum and m_{(ν)}, c_{(i)}, J_{(i)(j)} and j_{(k)} in [7]

E_0 = m_{(0)}, c_i = −m_{(i)} cos κt+c_{(i)} sin κt, c^′_i = m_{(i)} sin κt + c_{(i)} cos κt, J_k = ε_{kij}J_{(i)(j)} = j_{(k)}, ∑ 1≤i≤3 c^2_i + c^{′2}_i = ∑ 1≤i≤3 m^2_{(i)} + c^2_{(i)}. (2.6)

3. The positive energy theorem

We shall establish a positive energy theorem in non-center of AdS mass coordinates without (1.1). Let (M, g, h) be an asymptotically anti-de Sitter initial data set in (N, ~g) which satisfies the dominant energy condition (2.4). Let ~∇ be the local spin connection of ~g. Define

^∇_i = ~∇_i + √ −1 2 κe_i, ^D = 3∑ i=1 e_i ^∇_i.

By applying Witten’s argument (e.g., [20, 19, 6, 23, 14, 7]), we can find the unique solution ^Dϕ = 0 such that ϕ is asymptotic to the imaginary Killing spinors Φ_0 on certain end, and to zero on other ends. Then, on this end, ∫ M | ^∇ϕ|^2 + ⟨ϕ, ^Rϕ⟩ = lim_{r→∞} ∫ S_r ⟨ϕ, ∑ j≠i e_i · e_j · ^∇_j ϕ⟩ ∗ e^i

= 1 4 lim_{r→∞} ∫ S_r ( ˘∇^jg_{1j} − ˘∇_1tr_ğ(g))|Φ_0|^2ω̆ + 1 4 lim_{r→∞} ∫ S_r κ(a_{k1} − g_{k1}tr_ğ(a))⟨Φ_0, √ −1ĕ_k · Φ_0⟩ω̆ − 1 2 lim_{r→∞} ∫ S_r (h_{k1} − g_{k1}tr_ğ(h))⟨Φ_0, ĕ_0 · ĕ_k · Φ_0⟩ω̆,

where ^R =^1_2 (T_{00} −T_{0i}e_0e_i) (see, e.g. [23]). Using the Clifford representation (2.1) and (2.2) for Φ_0, we obtain the right hand side of the above identity

RHS = 1 2 lim_{r→∞} ∫ S_r E_1 ( u^+u^+ + v^+v^+ ) e^{κr}ω̆ + lim_{r→∞} ∫ S_r P_{21} ( u^+v^+ + v^+u^+ ) e^{κr}ω̆ + √ −1 lim_{r→∞} ∫ S_r P_{31} ( u^+v^+ − v^+u^+ ) e^{κr}ω̆ =4π ( λ̄_1, λ̄_2, λ̄_3, λ̄_4 ) Q ( λ_1, λ_2, λ_3, λ_4 )_t , where Q = ( E L L̄t Ê ) , E = ( E_0 − c_3 c_1 − √ −1c_2 c_1 + √ −1c_2 E_0 + c_3 ) , L = ( l_1 l_2 l_3 −l_1 ) , Ê = ( E_0 + c_3 −c_1 + √ −1c_2 −c_1 − √ −1c_2 E_0 − c_3 ) , (3.1)

l_1 = c^′_3 − √ −1J_3, l_2 = −c^′_1 +J_2 + √ −1(c^′_2 +J_1), l_3 = −c^′_1 −J_2 − √ −1(c^′_2 −J_1).

Denote c = (c_1, c_2, c_3), c^′ = (c^′_1, c^′_2, c^′_3), J = (J_1, J_2, J_3) = ⃗j and

B = |c × c^′|^2 + |c × J|^2 + |c^′ × J|^2. (3.2)

It is straightforward that B = ∑ 1≤i<j≤3 [( c_ic^′_j − c_j c^′_i )_2 + ( c_iJ_j − c_j J_i )_2 + ( c^′_iJ_j − c^′_j J_i )_2]

=|⃗c × ⃗m|^2 + |⃗c × ⃗j|^2 + |⃗m × ⃗j|^2. Now we state and prove our main theorem.

Theorem 3.1. Let (M, g, h) be a 3-dimensional asymptotically anti-de Sitter initial data set in spacetime (N, ~g). Suppose (N, ~g) satisfies the dominant energy condition. Then, for each end

(i) E_0 ≥ ( |c|^2 + |c^′|^2 + |J|^2 − 2|c^′ × J| + 2C^{12}_1

) 1_2 ≥ |c|; (ii) E_0 ≥ ( |c|^2 + |c^′|^2 + |J|^2 − 2|c||c^′ × J|^{12} + 2C^{12}_2

) 1_2 ≥ (|c′|2 + |J|2 2 ) 1_2 , (3.3)

where

C_1 = max {[ B + |c^′ × J|^2 − |c^′ × J| ( 2|c|^2 + |c^′|^2 + |J|^2 )] , 0 } , C_2 = max {[ B + |c|^2|c^′ × J| − |c||c^′ × J|^{12} ( |c|^2 + |c^′|^2 + |J|^2 + |c^′ × J| )] , 0 } . If E_0 = 0 for some end, then M has only one end, Q = 0, and (N, ~g) is anti-de Sitter along M.

Proof: The dominant energy condition guarantees that Q is non-negative. The first-order principal minors yield

E_0 ≥ |c_3| ≥ 0

and the second-order principal minors lead to

E^2_0 ≥ |c|^2, E^2_0 ≥ c^2_3 + |l_1|^2, (E_0 − c_3)^2 ≥ |l_2|^2, (E_0 + c_3)^2 ≥ |l_3|^2.

The sum of the last three inequalities gives

E^2_0 ≥ 1 2 ( |c^′|^2 + |J|^2 ) ≥ |c^′||J| ≥ |c^′ × J|. Now the sum of the third-order principal minors implies

0 ≤ E_0 ( E^2_0 − |c|^2 ) − E_0 ( |c^′|^2 + |J|^2 ) + 2ε_{ijk}c_ic^′_j J_k. Using the Cauchy inequality, we obtain ε_{ijk}c_ic^′_j J_k ≤ |c||c^′ × J| ≤ { E_0|c^′ × J|, E_0|c||c^′ × J|^12 .

Thus, when E_0 > 0, we have

E^2_0 ≥ { |c|^2 + |c^′|^2 + |J|^2 − 2|c^′ × J|, |c|^2 + |c^′|^2 + |J|^2 − 2|c||c^′ × J|^12 .

(3.4)

When E_0 = 0, the second-order principal minors give c = c^′ = J = 0, so (3.4) holds trivially. Now we use the nonnegativity of the determinant of Q to prove (3.3).

det Q = ( E^2_0 − |c|^2 − |c^′|^2 − |J|^2

)_2 + 8E_0ε_{ijk}c_ic^′_j J_k − 4B (3.5)

where B is given by (3.2). As

2E_0ε_{ijk}c_ic^′_j J_k ≤ 2E_0|c||c^′ × J| ≤ { ( E^2_0 + |c|^2 ) |c^′ × J|, ( E^2_0 + |c^′ × J| ) |c||c^′ × J|^12 , we obtain

det Q ≤ ( E^2_0 − |c|^2 − |c^′|^2 − |J|^2 + 2|c^′ × J|

)_2

− 4 [ B + |c^′ × J|^2 − |c^′ × J| ( 2|c|^2 + |c^′|^2 + |J|^2 )] , det Q ≤ ( E^2_0 − |c|^2 − |c^′|^2 − |J|^2 + 2|c||c^′ × J|^{12}

)_2

− 4 [ B + |c|^2|c^′ × J| − |c||c^′ × J|^{12} ( |c|^2 + |c^′|^2 + |J|^2 + |c^′ × J| )] . These prove (3.3).

If E_0 = 0, then it is straightforward that M has only one end which can be seen from similar argument in [15] and Q = 0. This implies that there exists {ϕ_α} which forms a basis of the spinor bundle everywhere over M such that ^∇ϕ_α = 0. Standard argument gives ~R_{ijkl} = (−κ^2)(~g_{ik}~g_{jl} − ~g_{il}~g_{jk}), ~R_{0jkl} = 0 along M. The Einstein field equations yield

T_{00} = ~R_{00} + 1 2 R − Λ = 1 2 ∑ i,j R_{ijij} − Λ = 0. Then (2.4) implies T_{αβ} = 0 and furthermore ~R_{0j0l} = κ^2~g_{jl}. Therefore, the Riemann curvature tensors of (N, ~g) are ~R_{αβγδ} = (−κ^2)(~g_{αγ} ~g_{βδ} − ~g_{αδ} ~g_{βγ} ) and N is anti-de Sitter along M. Q.E.D.

Remark 3.1. If E_0 > 0, then, implicitly, c^′ and J can be chosen freely in (3.3)(i) and c can be chosen freely in (3.3)(ii). In particular, we can choose c^′ = 0 in (3.3)(i) or c = 0 in (3.3)(ii), then, without assuming (1.1), (3.3)(i) at t =^π_{2κ} or (3.3)(ii) at t = 0 reduces to (1.2). Moreover, (3.3)(i) at t = 0 or (3.3)(ii) at t =^π_{2κ} gives

m_{(0)} ≥ √ |⃗m|^2 + |⃗j|^2 + 2|⃗m × ⃗j|. (3.6) This indicates that ⃗m and ⃗c play the same role in physics.

Suppose M has a future/past trapped surface (Σ, ḡ, h̄) equipped with the induced metric ḡ and the second fundamental form h̄ tr_ḡ(h̄) ∓ tr_ḡ(h|_Σ) ≥ 0.

Let e_3 be outward normal and e_A be tangent to Σ. The boundary term involving Σ in the Weitzenböck formula is ∫ Σ ⟨ϕ, e_3e_A ^∇_Aϕ⟩ = ∫ Σ ⟨ϕ, e_3e_A ~∇_Aϕ⟩ − ∫ Σ ⟨ϕ, √ −1κe_3ϕ⟩.

Remark 3.2. Theorem 3.1 also holds for black holes. This is because that, under the local boundary conditions, the term ⟨ϕ, e_3ϕ⟩ is both imaginary and real, hence zero. Then it follows by the standard argument [10].

Remark 3.3. By (3.5) and Appendix B, we find that (1.2) is the same as the nonnegativity of the determinant of the energy-momentum matrix Q transforming back to the general non-center of AdS mass coordinates.

4. Henneaux-Teitelboim’s Energy-momentum

We verify that the total energy-momentum provided in our paper naturally arising from the boundary terms in Witten’s approach is indeed the same as J_{αβ} defined by Henneaux-Teitelboim [11]. Following [11], we denote Ğ^{ijkl} = 1 2 √ ğ ( ğ^{ik}ğ^{jl} + ğ^{il}ğ^{jk} − 2ğ^{ij}ğ^{kl} ) . Henneaux and Teitelboim defined the energy-momentum as J_{ab} = lim_{r→∞} ∫ S_r Ğ^{ijkl}[U^⊥_{ab} ˘∇_jg_{kl} − ˘∇_j U^⊥_{ab}a_{kl}]dS_i + lim_{r→∞} ∫ S_r 2U^{(k)}_{ab} π^i_k dS_i,

where π^i_k = P^i_k . In the orthonormal frame of (1.4), J_{ab} = lim_{r→∞} ∫ S_r Ğ^{1jkl}[U^{(0)}_{ab} ˘∇_j g_{kl} − ˘∇_jU^{(0)}_{ab} a_{kl}]ω̆ + lim_{r→∞} ∫ S_r 2U^{(k)}_{ab} P_{k1}ω̆.

Since Ğ^{1jkl}[U^{(0)}_{ab} ˘∇_jg_{kl} − ˘∇_jU^{(0)}_{ab} a_{kl}] = 1 2 ( δ^{1k}δ^{jl} + δ^{1l}δ^{jk} − 2δ^{1j} δ^{kl} )[ U^{(0)}_{ab} ˘∇_j g_{kl} − ˘∇_jU^{(0)}_{ab} a_{kl} ] =δ^{1k}δ^{jl} [ U^{(0)}_{ab} ˘∇_jg_{kl} − ˘∇_jU^{(0)}_{ab} a_{kl} ] − δ^{1j} δ^{kl} [ U^{(0)}_{ab} ˘∇_j g_{kl} − ˘∇_jU^{(0)}_{ab} a_{kl} ] = ( U^{(0)}_{ab} ˘∇^jg_{1j} − ˘∇^j U^{(0)}_{ab} a_{1j} ) − ( U^{(0)}_{ab} ˘∇_1tr_ğ(g) − ˘∇_1U^{(0)}_{ab} tr_ğ(a) ) = ( U^{(0)}_{ab} ˘∇^jg_{1j} − κU^{(0)}_{ab} a_{11} ) − ( U^{(0)}_{ab} ˘∇_1tr_ğ(g) − κU^{(0)}_{ab} tr_ğ(a) ) + o(e^{−2κr}) =E_1U^{(0)}_{ab} + o(e^{−2κr}),

we obtain

E_0 = κ 16π J_{40}, c_i = κ 16π J_{i4}, c^′_i = κ 16π J_{i0}, J_i = κ 16π ε_{ijk}J_{jk}.

5. Kerr-anti-de Sitter case

In this section, we figure out our total energy-momentum for the time slices in the Kerr-anti-de Sitter spacetime.

In [5], Carter obtained a family of solutions for the Einstein field equations.

ds^2 =

Δ_μ(dχ − λ^2dψ)^2 − Δ_λ(dχ + μ^2dψ)^2 λ^2 + μ^2

+ (λ^2 + μ^2) ( dλ2 Δ_λ + dμ^2 Δ_μ ) , where

Δ_λ = 1 3 Λλ^4 + hλ^2 − 2mλ + p + e^2, Δ_μ = 1 3 Λμ^4 − hμ^2 + 2qμ + p

and −∞ < χ, λ, μ < ∞, 0 ≤ ψ < 2π. It provides the Kerr-anti-de Sitter spacetimes if Δ_λ, Δ_μ are given as follows

Δ_λ = ( κ^2λ^2 + 1 )( λ^2 + a^2 ) − 2mλ, Δ_μ = ( κ^2μ^2 − 1 )( μ^2 − a^2 ) . The Kerr-anti-de Sitter solution allows |μ| > |κ|^{−1} and the metric has signature (−1, 1, 1, 1) if Δ_μ > 0. If m = 0, it has constant curvature −κ^2 and reduces to the anti-de Sitter spacetime.

In the region −|κ|^{−1} < μ < |κ|^{−1}, λ > 0, we can take coordinate transformations λ = r̂, μ = a cos θ̂, χ = t − aφ̂, ψ = 1 a φ̂ with |μa| < 1 and it yields Boyer-Lindquist coordinates for the Kerr-anti-de Sitter spacetime ~g = − [ 1 − 2mr̂ U + κ^2 ( r̂^2 + a^2 sin^2 θ̂ )] dt̂^2 + U Δ_{r̂} dr̂^2 + U Δ_{θ̂} dθ̂^2 + V U sin^2 θ̂dφ̂^2 − 2a sin^2 θ̂ [2mr̂ U − κ^2 ( r̂^2 + a^2 )] dt̂dφ̂, where

Δ_{r̂} = ( r̂^2 + a^2 )( 1 + κ^2r̂^2 ) − 2mr̂, Δ_{θ̂} = 1 − κ^2a^2 cos^2 θ̂, U = r̂^2 + a^2 cos^2 θ̂, V = 2mr̂a^2 sin^2 θ̂ + U ( r̂^2 + a^2 )( 1 − κ^2a^2 ) . Under the coordinate transformations (B.2a)−(B.2c) in [11], the Kerr-anti-de Sitter metric becomes ~g = −(r̄^2κ^2 + 1)dt̄^2 + (r̄^2κ^2 + 1)^{−1}dr̄^2 + r̄^2(dθ̄^2 + sin^2 θ̄dφ̄^2) + a_{μ̄ν̄} dx̄^μdx̄^ν , and the nonzero components of a_{μ̄ν̄} are

a¯_t¯_t = 2m r̄ B̄^{−5/2} + O(r̄^{−3}), a_{t̄φ̄} = −2ma r̄ sin^2 θ̄B̄^{−5/2} + O(r̄^{−3}),

a_{r̄r̄} = 2m κ^4r̄^5

B̄^{−3/2} + O(r̄^{−7}), a_{r̄θ̄} = −2ma^2 κ^2r̄^4 sin θ̄ cos θ̄B̄^{−5/2} + O(r̄^{−6}),

a¯_θ¯_θ = 2ma^4 r̄^3 sin^2 θ̄ cos^2 θ̄B̄^{−7/2} + O(r̄^{−5}), a_{φ̄φ̄} = 2ma^2 r̄ sin^4 θ̄B̄^{−5/2} + O(r̄^{−3})

where B̄ = 1 − a^2κ^2 sin^2 θ̄. Taking again the coordinate transformations t̄ = t, r̄ = sinh(κr)/κ, θ̄ = θ, φ̄ = φ, the Kerr-anti-de Sitter metric becomes

~g = − cosh^2(κr)dt^2 + dr^2 + sinh^2(κr) κ^2

(dθ^2 + sin^2 θdφ^2) + a_{μν} dx^μdx^ν

and the nonzero components of a_{μν} are

a_{tt} = 2mκ sinh(κr) B^{−5/2} + O(e^{−3κr}), a_{tφ} = − 2maκ sinh(κr) sin^2 θB^{−5/2} + O(e^{−3κr}), a_{φφ} = 2ma^2κ sinh(κr) sin^4 θB^{−5/2} + O(e^{−3κr}), a_{rr} = 2mκ sinh(κr)^5 cosh(κr)^2B^{−3/2} + O(e^{−7κr}), a_{rθ} = − 2mκ^2a^2 sinh(κr)^4 cosh(κr) sin θ cos θB^{−5/2} + O(e^{−6κr}), a_{θθ} = 2ma^4κ^3 sinh(κr)^3 sin^2 θ cos^2 θB^{−7/2} + O(e^{−5κr}),

where B = 1 − a^2κ^2 sin^2 θ. Thus, on t-slices,

E_1 = 2κa_{11} + ∂_ra_{33}, P_{31} = 24maκ^3B^{−5/2} sin θe^{−3κr} + o(e^{−3κr}),

and the total energy-momentum of t-slices

E_0 = m (1 − κ^2a^2)^2

, c_i = c^′_i = 0, J_1 = J_2 = 0, J_3 = mκa (1 − κ^2a^2)^2 .

Acknowledgement. The authors are indebted to S. Deser for valuable comments. This work is partially supported by the National Science Foundation of China (grants 11021091, 11171328, 11121101) and the Innovation Program of Shanghai Municipal Education Commission Grant 11ZZ01.

6. Appendix A: Ten Killing vectors for AdS spacetime

U_{10} = cos(κt) κ [ sin θ cos ψ ∂ ∂r + κ coth(κr) ( cos θ cos ψ ∂ ∂θ − sin ψ sin θ ∂ ∂ψ )]

− sin(κt) κ tanh(κr) sin θ cos ψ ∂ ∂t , U_{20} = cos(κt) κ [ sin θ sin ψ ∂ ∂r + κ coth(κr) ( cos θ sin ψ ∂ ∂θ + cos ψ sin θ ∂ ∂ψ )]

− sin(κt) κ tanh(κr) sin θ sin ψ ∂ ∂t , U_{30} = cos(κt) κ [ cos θ ∂ ∂r − κ coth(κr) sin θ ∂ ∂θ ] − sin(κt) κ tanh(κr) cos θ ∂ ∂t , U_{40} = 1 κ ∂ ∂t , U_{14} = sin(κt) κ [ sin θ cos ψ ∂ ∂r + κ coth(κr) ( cos θ cos ψ ∂ ∂θ − sin ψ sin θ ∂ ∂ψ )]

+ cos(κt) κ tanh(κr) sin θ cos ψ ∂ ∂t , U_{24} = sin(κt) κ [ sin θ sin ψ ∂ ∂r + κ coth(κr) ( cos θ sin ψ ∂ ∂θ + cos ψ sin θ ∂ ∂ψ )]

+ cos(κt) κ tanh(κr) sin θ sin ψ ∂ ∂t , U_{34} = sin(κt) κ [ cos θ ∂ ∂r − κ coth(κr) sin θ ∂ ∂θ ] + cos(κt) κ tanh(κr) cos θ ∂ ∂t , U_{12} = ∂ ∂ψ , U_{23} = − sin ψ ∂ ∂θ − cos θ cos ψ sin θ ∂ ∂ψ , U_{31} = cos ψ ∂ ∂θ − cos θ sin ψ sin θ ∂ ∂ψ .

7. Appendix B: Center of AdS mass coordinates

We shall explicitly construct a SO(3, 1) coordinate transformation to change arbitrary coordinates {y_α} to the center of AdS mass coordinates if the mass vector is timelike. And we also show that the determinant of the energy-momentum matrix det Q is invariant under such a coordinate transformation. We will consider the following admissible coordinate transformations in R^{3,2} which preserve the total energy-momentum

z^α = ( B^α_β + o(e^{− 3κ2 r}) ) y^β, z^4 = y^4 for 0 ≤ α ≤ 3, where (B^α_β) is a SO(3, 1) matrix. As the lower order o(e^{− 3κ}2^r) terms do not contribute to the total energy-momentum, we can omit them throughout the computation. Now we write

z_α = B^β_α y_β, z_4 = y_4

with B^α_β = η^{αγ} B^δ_γ η_{δβ} for the 4-dimensional Minkowski metric η. Denote the SO(3, 1) matrix B = (B^α_β), and the lower-bar terms the corresponding quantities in new coordinates. We have

U_{4α} =z_4 ∂ ∂z^α − z_α ∂ ∂z^4 = B^β_α U_{4β} ,

U_{i0} =z_i ∂ ∂z^0 − z_0 ∂ ∂z^i = B^α_0 B^β_i U_{βα}, U_{ij} =z_i ∂ ∂z^j − z_j ∂ ∂z^i = B^α_j B^β_i U_{βα}.

Consequently, the mass vector m_{(μ)}, the center of mass c_{(i)}, and the angular momentum J_{(i)(j)} defined in [7] have the following transformation laws

m_{(α)} =B^β_α m_{(β)},

c_{(i)} =(B^j_i B^0_0 − B^0_i B^j_0 )c_{(j)} + B^j_i B^k_0 J_{(j)(k)}, J_{(i)(j)} =(B^k_i B^0_j − B^0_i B^k_j )c_{(k)} + B^k_i B^l_j J_{(k)(l)}.

(7.1)

Straightforward calculation shows the following SO(3, 1) matrix B_1 changing the timelike mass vector (m_{(0)}, m_{(1)}, m_{(2)}, m_{(3)}) to (‖m_μ‖, 0, 0, 0),

B_1 =

m_{(0)} ‖m_μ ‖ − m_{(1)} ‖m_μ ‖ − m_{(2)} ‖m_μ ‖ − m_{(3)} ‖m_μ‖ −^{|mi|}_{‖mμ‖}^{m(0)m(1)} |m_i|‖m_μ‖ m_{(0)}m_{(2)} |m_i|‖m_μ‖ m_0m_3 |m_i|‖m_μ‖ 0 −^{m(2)} √ m^2_{(1)}+m^2_{(2)} m_{(1)} √ m^2_{(1)}+m^2_{(2)} 0 0 −^{m(1)m(3)} √ m^2_{(1)}+m^2_{(2)}|m_i|

−^{m(2)m(3)} √ m^2_{(1)}+m^2_{(2)}|m_i| √ m^2_{(1)}+m^2_{(2)} |m_i| ,

where |m_i| = √∑_3 i=1 m^2_{(i)}, ‖m_μ‖ = √ m^2_{(0)} − |m_i|^2. And B_1 = C_1C_2C_3,

C_1 =

m_{(0)} ‖m_μ‖ − |m_i| ‖m_μ‖ 0 0 −^{|mi|}_{‖mμ‖}^{m(0)}_{‖mμ‖} 0 0 0 0 1 0 0 0 0 1

, C_2 =

1 0 0 0 0 √ m^2_{(1)}+m^2_{(2)} |m_i| 0 m_{(3)} |m_i| 0 0 1 0

0 −^{m(3)}_{|mi|} 0 √ m^2_{(1)}+m^2_{(2)} |m_i| ,

C_3 =

1 0 0 0 0^{m(1)} √ m^2_{(1)}+m^2_{(2)} m_{(2)} √ m^2_{(1)}+m^2_{(2)} 0 0 −^{m(2)} √ m^2_{(1)}+m^2_{(2)} m_{(1)} √ m^2_{(1)}+m^2_{(2)} 0 0 0 0 1 .

Under the transformation, c_{(i)} and J_{(i)(j)} will also be changed under B_1. Denote by c^{(1)}_{(i)} and J^{(1)}_{(i)(j)} the respective new quantities. The following

SO(3, 1) matrix B_2 changes both J^{(1)}_{(1)(3)} and J^{(1)}_{(2)(3)} to zero, and J^{(1)}_{(1)(2)} to

|J^{(1)}| = √ (J^{(1)}_{(1)(2)})^2 + (J^{(1)}_{(1)(3)})^2 + (J^{(1)}_{(2)(3)})^2 which is denoted by J^{(2)}_{(1)(2)},

B_2 =

1 0 0 0

0^J (1) (1)(2) √ (J^{(1)}_{(1)(2)})^2+(J^{(1)}_{(2)(3)})^2

0 −^J (1) (2)(3) √ (J^{(1)}_{(1)(2)})^2+(J^{(1)}_{(2)(3)})^2

0^J (1) (1)(3)J (1) (2)(3) √ (J^{(1)}_{(1)(2)})^2 +(J^{(1)}_{(2)(3)})^2|J^{(1)}| √ (J^{(1)}_{(1)(2)})^2+(J^{(1)}_{(2)(3)})^2 |J^{(1)}|

J^{(1)}_{(1)(2)}J^{(1)}_{(1)(3)} √ (J^{(1)}_{(1)(2)})^2+(J^{(1)}_{(2)(3)})^2|J^{(1)}|

0^J (1) (2)(3)

|J^{(1)}| −

J^{(1)}_{(1)(3)} |J^{(1)}|

J^{(1)}_{(1)(2)} |J^{(1)}|

.

Also, c^{(1)}_{(i)} will be changed, and we denote the corresponding new quantities

by c^{(2)}_{(i)} . Now the following SO(3, 1) matrix B_3 changes c^{(2)}_{(2)} to zero and

preserves J^{(2)}_{(1)(2)},

B_3 =

1 0 0 0

0^c (2) (1) √(_{c(2)} (1) )_{2+}(_{c(2)} (2) )_2^c (2) (2) √(_{c(2)} (1) )_{2+}(_{c(2)} (2) )_2 0

0 −^c (2) (2) √(_{c(2)} (1) )_{2+}(_{c(2)} (2) )_2^c (2) (1) √(_{c(2)} (1) )_{2+}(_{c(2)} (2) )_2 0

0 0 0 1

.

Again c^{(2)}_{(i)} and J^{(2)}_{(i)(j)} will change to the new quantities denoted by c^{(3)}_{(i)} and

J^{(3)}_{(i)(j)}.

Thus the transformation B = B_3B_2B_1 changes the coordinates {y^α} to the center of AdS mass coordinates such that (1.1) holds.

Next we show that the determinant of the energy-momentum matrix Q defined by (3.1) is invariant under the transformation B. For our purpose here, we take t = 0.

From (3.5), we know that det Q is SO(3) invariant. Thus it is invariant under B_2, B_3, C_2 and C_3 as they reduce to SO(3) transformations. Thus we only need to check that det Q is invariant under B_1. Note that the transformation C_2C_3 changes the mass vector (m_{(0)}, m_{(1)}, m_{(2)}, m_{(3)}) to (m_0, |m_i|, 0, 0), and

C_1 changes (m_0, |m_i|, 0, 0) to (‖m_μ‖, 0, 0, 0), we can assume, without loss of generality, that the nonzero elements of the energy-momentum matrix Q before the transformation C_1 are m_0, |m_i|, c_{(i)} and J_{(i)}. Then

det Q = ( m^2_{(0)} − |m_i|^2 − |c|^2 − |J|^2

)_2

− 8m_{(0)}|m_i| ( c_{(2)}J_{(1)(2)} − c_{(3)}J_{(3)(1)} ) − 4|m_i|^2 ( c^2_{(2)} + c^2_{(3)} + J^2_{(1)(2)} + J^2_{(3)(1)} ) − 4|c × J|^2.

(7.2)

After the transformation C_1, the nonzero elements of the energy-momentum matrix Q are ‖m_μ‖, c_{(i)} and J_{(i)} and

det Q = ( ‖m_μ‖^2 − |c|^2 − |J|^2

)_2

− 4|c × J|^2 (7.3) where

c_{(1)} =c_{(1)}, c_{(2)} = m_{(0)} ‖m_μ‖ c_{(2)} + |m_i| ‖m_μ‖ J_{(1)(2)},

c_{(3)} = m_{(0)} ‖m_μ‖ c_{(3)} − |m_i| ‖m_μ‖ J_{(3)(1)}, J_{(1)(2)} = |m_i| ‖m_μ‖ c_{(2)} + m_{(0)} ‖m_μ‖ J_{(1)(2)},

J_{(3)(1)} = − |m_i| ‖m_μ‖ c_{(3)} + m_{(0)} ‖m_μ‖ J_{(3)(1)}, J_{(2)(3)} = J_{(2)(3)}.

Now we verify det Q = det Q. It is easy to find

c_{(1)} =c_{(1)}, c_{(2)} = m_{(0)} ‖m_μ‖ c_{(2)} − |m_i| ‖m_μ‖ J_{(1)(2)},

c_{(3)} = m_{(0)} ‖m_μ‖ c_{(3)} + |m_i| ‖m_μ‖ J_{(3)(1)}, J_{(1)(2)} = m_{(0)} ‖m_μ‖ J_{(1)(2)} − |m_i| ‖m_μ‖ c_{(2)},

J_{(3)(1)} = m_{(0)} ‖m_μ‖ J_{(3)(1)} + |m_i| ‖m_μ‖ c_{(3)}, J_{(2)(3)} = J_{(2)(3)}.

In terms of these identities, we can show that |c|^2 − |J|^2 = |c|^2 − |J|^2, |c · J|^2 = |c · J|^2, and c^2_{(2)} + c^2_{(3)} + J^2_{(1)(2)} + J^2_{(3)(1)} = m^2_{(0)} + |m_i|^2 ‖m_μ‖^2 (c^2_{(2)} + c^2_{(3)} + J^2_{(1)(2)} + J^2_{(3)(1)}) − 4m_{(0)}|m_i| ‖m_μ‖^2 (c_{(2)}J_{(1)(2)} − c_{(3)}J_{(3)(1)}),

c_{(2)}J_{(1)(2)} − c_{(3)}J_{(3)(1)} = − m_{(0)}|m_i| ‖m_μ‖^2 (c^2_{(2)} + c^2_{(3)} + J^2_{(1)(2)} + J^2_{(3)(1)}) + m^2_{(0)} + |m_i|^2 ‖m_μ‖^2 (c_{(2)}J_{(1)(2)} − c_{(3)}J_{(3)(1)}).

Therefore, ( |c|^2 + |J|^2

)_2 − 4|c × J|^2 = ( |c|^2 − |J|^2

)_2 + 4 ( |c|^2|J|^2 − |c × J|^2 ) = ( |c|^2 − |J|^2

)_2

+ 4|c · J|^2 = ( |c|^2 − |J|^2

)_2

+ 4|c · J|^2 = ( |c|^2 + |J|^2

)_2

− 4|c × J|^2, and − 2 ( m^2_{(0)} − |m_i|^2 )( |c|^2 + |J|^2 ) − 8m_{(0)}|m_i| ( c_{(2)}J_{(1)(2)} − c_{(3)}J_{(3)(1)} ) − 4|m_i|^2 ( c^2_{(2)} + c^2_{(3)} + J^2_{(1)(2)} + J^2_{(3)(1)} ) = − 2 ( m^2_{(0)} − |m_i|^2 )( |c|^2 + |J|^2 )

+ ( − 4|m_i|^2 +

8m^2_{(0)}|m_i|^2 ‖m_μ‖^2 − 4|m_i|^2(m^2_{(0)} + |m_i|^2) ‖m_μ‖^2 )( c^2_{(2)} + c^2_{(3)} + J^2_{(1)(2)} + J^2_{(3)(1)} )

+ ( 8m_{(0)}|m_i| −

8m_{(0)}|m_i|(m^2_{(0)} + |m_i|^2) ‖m_μ‖^2 + 16m_{(0)}|m_i|^3 ‖m_μ‖^2 )( c_{(2)}J_{(1)(2)} − c_{(3)}J_{(3)(1)} ) = − 2 ( m^2_{(0)} − |m_i|^2 )( |c|^2 + |J|^2 ) . Substituting them into (7.2), we can find

det Q = ( ‖m_μ‖^2 − |c|^2 − |J|^2

)_2

− 4|c × J|^2 = det Q.

References

[1] L. Abbott, S. Deser, Stability of gravity with a cosmological constant. Nucl. Phys.

B 195, 76-96(1982).

[2] R. Arnowitt, S. Deser, C. Misner, The dynamics of general relativity. pp.227-264, in Gravitation: an introduction to current research, L. Witten, ed. Wiley, New York, 1962; Gen. Relativ. Gravit. 40, 1997-2027(2008).

[3] R. Aros, M. Contreras, R. Olea, R. Troncoso, J. Zanelli, Conserved charges for gravity with locally AdS asymptotics. Phys. Rev. Lett. 84, 1647-1650(2000).

[4] R. Bartnik, The mass of an asymptotically flat manifold. Comm. Pure. Appl.

Math. 36, 661-693(1986).

[5] B. Carter, Hamilton-Jacobi and Schrodinger separable solutions of Einstein’s equation. Commun. Math. Phys. 10, 280-310(1968).

[6] P. Chruściel, M. Herzlich, The mass of asymptotically hyperbolic Riemannian manifolds. Pacific Jour. Math. 212, 231-264(2003).

[7] P. Chruściel, D. Maerten, P. Tod, Rigid upper bounds for the angular momentum and centre of mass of non-singular asymptotically anti-de Sitter space-times. J. High Energy Phys. 11, 084(2006).

[8] L. Ding, Positive mass theorems for higher dimensional Lorentzian manifolds. J.

Math. Phys. 49, 022504(2008).

[9] M. Eichmair, L.-H. Huang, D. Lee, R. Schoen, The spacetime positive mass theorem in dimensions less than eight, arXiv:1110.2087v1 [math.DG].

[10] G. Gibbons, S. Hawking, G. Howrowitz, M. Perry, Positive mass theorems for black holes. Commun. Math. Phys. 88, 295-308(1983).

[11] M. Henneaux, C. Teitelboim, Asymptotically anti-de Sitter spaces. Commun.

Math. Phys. 98, 391-424(1985).

[12] Z. Liang, X. Zhang, Spacelike hypersurfaces with negative total energy in de Sitter spacetime. J. Math. Phys. 53, 022502(2012).

[13] M. Luo, N. Xie, X. Zhang, Positive mass theorems for asymptotically de Sitter spacetimes. Nucl. Phys. B 825, 98-118(2010).

[14] D. Maerten, Positive energy-momentum theorem for AdS-asymptotically hyperbolic manifolds. Ann. Henri Poincaré. 7, 975-1011(2006).

[15] T. Parker, C. Taubes, On Witten’s proof of the positive energy theorem. Commun.

Math. Phys. 84, 223-238(1982).

[16] R. Schoen, S.T. Yau, On the proof of the positive mass conjecture in general relativity. Commun. Math. Phys. 65, 45-76(1979).

[17] R. Schoen, S.T. Yau, The energy and the linear momentum of spacetimes in general relativity. Commun. Math. Phys. 79, 47-51(1981).

[18] R. Schoen, S.T. Yau, Proof of the positive mass theorem. II. Commun. Math.

Phys. 79, 231-260(1981).

[19] X. Wang, Mass for asymptotically hyperbolic manifolds. J. Diff. Geom. 57, 273- 299(2001).

[20] E. Witten, A new proof of the positive energy theorem. Commun. Math. Phys.

80, 381-402(1981).

[21] N. Xie, X. Zhang, Positive mass theorems for asymptotically AdS spacetimes with arbitrary cosmological constant. Inter. Jour. Math. 19, 285-302(2008).

[22] X. Xu, L. Ding, Positive mass theorems for high-dimensional pacetimes with black holes. Sci. China Math. 54, 1389-1402(2011).

[23] X. Zhang, A definition of total energy-momenta and the positive mass theorem on asymptotically hyperbolic 3-manifolds I. Commun. Math. Phys. 249, 529- 548(2004).

(Yaohua Wang, Xiao Zhang) Institute of Mathematics, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, PR China

E-mail address: wangyaohua@amss.ac.cn, xzhang@amss.ac.cn

(Naqing Xie) Institute of Mathematics, School of Mathematical Sciences, Fudan University, Shanghai 200433, PR China

E-mail address: nqxie@fudan.edu.cn