arXiv:1207.2956v2 [hep-ph] 2 Oct 2012

Consistency tests of AMPCALCULATOR and chiral amplitudes in SU(3) Chiral Perturbation Theory: A tutorial based approach

B. Ananthanarayan^a, Diganta Das^b, I. Sentitemsu Imsong^a aCentre for High Energy Physics, Indian Institute of Science, Bangalore 560 012, India bThe Institute of Mathematical Sciences

Taramani, Chennai 600113, India

October 3, 2012

Abstract Ampcalculator is a Mathematica^© based program that was made publicly available some time ago by Unterdorfer and Ecker. It enables the user to compute several processes at one-loop (upto O(p^4)) in SU(3) chiral perturbation theory. They include computing matrix elements and form factors for strong and non-leptonic weak processes with at most six external states. It was used to compute some novel processes and was tested against well-known results by the original authors. Here we present the results of several thorough checks of the package. Exhaustive checks performed by the original authors are not publicly available, and hence the present effort. Some new results are obtained from the software especially in the kaon odd-intrinsic parity non-leptonic decay sector involving the coupling G_{27}. Another illustrative set of amplitudes at tree level we provide is in the context of τ-decays with several mesons including quark mass effects, of use to the BELLE experiment. All eight meson-meson scattering amplitudes have been checked. Kaon-Compton amplitude has been checked and a minor error in published results has been pointed out. This exercise is a tutorial based one, wherein several input and output notebooks are also being made available as ancillary files on the arXiv. Some of the additional notebooks we provide contain explicit expressions that we have used for comparison with established results. The purpose is to encourage users to apply the software to suit their specific needs. An automatic amplitude generator of this type can provide error-free outputs that could be used as inputs for further simplification, and used in varied scenarios such as applications of chiral perturbation theory at finite temperature, density and volume. This can also be used by students as a learning aid in low-energy hadron dynamics.

1 Introduction

SU(3) chiral perturbation theory (ChPT) is a mature subject and has been over the years tested in great detail. Since the pioneering work of Gasser and Leutwyler [1, 2], many teams have worked hard and have produced a large body of work and have computed processes of interest to experiment and theory. The processes that have been computed include form factors and scattering amplitudes of importance to electromagnetic interactions and weak interactions. There are also odd-intrinsic parity processes which have been computed. Several non-leptonic decays of kaons have also been studied which deals with a near independent sector [3]. In general, results have appeared in the literature over the last couple of decades and virtually all processes that are tractable and of interest to phenomenology and experiment are now exhausted.

Some time ago, a very useful Mathematica^© based program that can compute amplitudes in SU(3) ChPT in the even-intrinsic parity and oddintrinsic parity (anomaly mediated) processes due to Unterdorfer and Ecker (UE)[4] has been made publicly available. With the exception of certain anomalous processes, the program is capable of producing a representation for form factors and scattering amplitudes in the theory with user supplied input for the choice of particles and momenta for up to six external particles (with a photon and W -boson counting for 2 particles each). UE have developed the program for evaluating amplitudes for some hitherto unstudied processes and also to check amplitudes for known processes such as e^+e^− → 4π and a τ → 4π [5], of importance to, e.g, TAUOLA [6, 7]. More recently, Ampcalculator (AMPC) was used to look at the decay K → πl^+l^− [8] and a missing G_{27} piece in the SU(3) one-loop amplitudes was found.

In the light of the above, it is perhaps a useful exercise to employ AMPC to try and build an exhaustive library of Mathematica^© based programs that can check the existing results in the literature and alternatively to use the published results to check the consistency of AMPC. Our aim is to provide a first attempt at such a compilation. In many cases, we also provide Mathematica^© input for each of the programs and the corresponding output notebooks obtained by us. It may be noted that AMPC may be sensitive to version of Mathematica^© used, as it was first written in Mathematica^© 5. Here we also provide a dictionary for translating the loop functions coming out of AMPC denoted by the A and B into more familiar functions. We also carry out some simple tree-level computations which are of importance to τ-decays. Although the issue of the neglect of the quark masses was noted in Finkemeier et al.[9], even today experiments appear to use the work of Aubrecht, et.al [10], especially when η mesons are in the final state [11]. In order to draw the attention of the community to this, we carry out treelevel computations of all the relevant processes using AMPC and provide a detailed comparison with the results of Ref. [10], so that experimentalists may update their data bases using information that does not neglect quark masses. It is our belief that AMPC can provide readily accessible results also of importance to experimental efforts such as the BELLE.

The motivation of the present work is also to present a thorough comparison to the extent possible with amplitudes and form factors that are sufficiently simple. Amplitudes that involve a large number of particles gives rise to results that are not easily amenable to comparison. Examples include K → 3π, τ → 3πν_τ decays. We do not provide a comparison with these amplitudes. However, it should be noted that as recently as two years ago, one of the AMPC accessible processes was computed in a heroic effort by Kaiser [12] who computed the amplitudes for the processes π^−γ → 3π diagram by diagram. In future, AMPC could be employed for such practical needs.

Let us recall some essential facts. Some of the basic processes in one loop SU(3) ChPT that were first studied were form factors that enter into weak decays of mesons. These are readily produced by AMPC by providing as input the kaon, pion and the W -boson, and the kaon, η and the W -boson. These when properly normalized yield the Kπ and Kη form factors. We have checked the amplitudes from AMPC and we present the results.

Of the basic meson processes, the earliest to have been computed are the Kπ [13] and πη scattering amplitudes [14]. The ππ[15] amplitude was also computed by these authors. The two KK amplitudes were computed by Guererro and Oller [16]. These have all been collected by Gomez-Nicola and Pelaez (GNP) [17]. In addition they computed the three remaining amplitudes, the Kη elastic, Kη → Kπ, and ηη scattering amplitudes. Here we explicitly provide notebooks that produce the results from AMPC. We have checked all the amplitudes in GNP and find complete agreement, when the Gell-Mann-Okubo (GMO) relation is used both in their results as well as in AMPC result.

Another process we have looked at is the Kaon-Compton process which was studied in [18], see also [19]. By fixing a factor of 4 in B(tν) in Ref. [18], we bring AMPC and [18] into agreement. The loop part agrees and we do not repeat it here. Our example is done setting the AMPC switch “onlytreep2 = 1”.

It is possible to employ AMPC to compute several amplitudes in the odd-intrinsic parity sector or the anomaly sector. We have carried out what we believe to be a comprehensive test of AMPC accessible amplitudes that are available in the literature. Of special interest are the non-leptonic kaon decays. We verify the results expressed in Table 1 of Ecker et al.[20] and provide the explicit contributions to the amplitudes. In addition, we have generated all the contributions from the 27-plet contributions.

It should be kept in mind that this report is to serve primarily as a user manual-cum-report on checks carried out. It is not meant to be a comprehensive review of existing results. We also provide references to those published works with which our comparisons have been made, which are not often the first to report results. Earlier references may be traced from those.

2 Chiral amplitudes and Form Factors

In this section, we present various checks and results obtained with AMPC. Here all the external particles, including final states are treated as incoming and hence the signs of the momenta are labeled accordingly while writing out the momentum conservation for each process. We give all these specifications along with the associated scalar products explicitly in the input notebooks. As mentioned in Sec.1, we caution the reader that AMPC has originally been written in Mathematica^© 5 due to which the older subroutine gives null result for some processes owing to possible incompatibility of Mathematica^© fonts. We deposit a new version^1 of the subroutine which was made available later and have been added to the ancillary files of the arXiv submission. One of these two versions reproduce the result, for instance, in the case of the odd-parity sector π^+ → l^+νγ, only the new subroutine reproduces the required result while the old one does not. It may thus be noted that in this comprehensive study which have been carried out, we have found one or another version that yields the results, although a priori we could not say which would work. In what follows, unless otherwise mentioned, we use the old subroutine for the various processes under study. To our knowledge both versions give identical in case where no Lev-Civita symbol is involved, i.e in pure even-intrinsic parity sector. We will indicate explicitly whenever we use the new subroutine. Further, we compare our AMPC results with those in the literature whenever available.

2.1 Odd-intrinsic parity sector

2.1.1 π^0 → γγ

The AMPC input for this process is given as

{π_0 (p_1) , γ (k_1) , γ (k_2)}

The anomalous term contributing to the total amplitude for this process reads − e^2 (k_1)_ξ (p_1)_ρ ϵ^{ξρστ} ϵ (k_1)_σ ϵ (k_2)_τ 4π^2F_π (1) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip01.nb and Op01.nb. We have checked our result with the expression given in Eq. (5.1), section VI of Donoghue et.al [21] and Eq. (160)

1We thank Gerhard Ecker for providing us both version. At present, the new version is posted on his home page.

of Ref. [22]. We caution the reader there is a missing factor of i in the AMPC result compared to that of the established result found in [21].

2.1.2 η_8 → γγ^∗

The AMPC input for this process is given as

{η_8(p_1), γ(p_3), γ(p_2)}

The anomalous term contributing to the total amplitude for this process reads − e^2(p_1)_ξ(p_3)_ρϵ^{ξρστ} ϵ(p_2)_σ ϵ(p_3)_τ 4 √ 3π^2F_π (2) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip02.nb and Op02.nb. We have checked our result with the expression given in Eq. (160) of ref.[22]. Here also, there is a missing factor of i in the AMPC result compared to that of the established result found in [22].

2.1.3 π^+ → l^+νγ

The AMPC input for this process is given as {π_+(k), W_−(Q), γ(r)} The anomalous term contributing to the total amplitude for this process reads eG_F k_ξl_μQ_ρV̂_{ud}ϵ^{ξρμτ} ϵ(r)_τ 8π^2F_π (3) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip03.nb and Op03.nb. We have checked our result against the expression given in Eq. (7) of ref. [23]. We find that our result agrees except for the fact that we need to use the newer version of the AMPC subroutine which is given. For comparison purpose, we simplify our results by replacing Q by −q so that the lepton pairs are outgoing and also making the replacement f = √ 2F_π where f is the pion decay constant f_π = f = 132 MeV(= f_K , at lowest order). We have added these remarks to assist the reader with differing conventions.

2.1.4 K^+ → l^+νγ

The AMPC input for this process is given as {K_+(k), W_−(Q), γ(r)}

The anomalous term contributing to the total amplitude for this process reads eG_F k_ξl_μQ_ρV̂_{us}ϵ^{ξρμτ} ϵ(r)_τ 8π^2F_π (4) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip04.nb and Op04.nb. We have checked our result with the expression given in Eq. (8) of Ref. [23]. We find that our result agrees except for a factor of m_K /m_π, which therefore limits the use of AMPC in this and related process. Here also, we obtain the result only with the newer version of the AMPC subroutine. As in the previous case, we replace Q by −q so that the lepton pairs are outgoing and also make the replacement f = √ 2F_π.

2.1.5 η_8 → π^+π^−γ

The AMPC input for this process is given as

{η_8(p_3), π_−(p_1), π_+(p_2), γ(q)}

The anomalous term contributing to the total amplitude for this process reads e(p_1)_ξ(p_2)_ρ(p_3)_σϵ^{ξρστ} ϵ(q)_τ 4 √ 3π^2F^3_π (5) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip05.nb and Op05.nb. We have checked our result against the expression given in Eq. (2) of Ref.[24]. Our results agree.

2.1.6 τ^− → η_8 π^−π^0π^0ν

The AMPC input for this process is given as

{W_−(q), η_8(k), π_+(p_1), π_0(p_2), π_0(p_3)}

The anomalous term contributing to the total amplitude for this process reads iG_F k_ξl_μ(p_1)_ρq_σV̂_{ud}ϵ^{ξρσμ} 4 √ 3π^2F^4_π (6) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip06.nb and Op06.nb.

2.1.7 τ^− → η_8 π^−π^0ν

The AMPC input for this process is given as

{W_−(p), η_8(q_1), π_+(q_2), π_0(q_3)}

The anomalous term contributing to the total amplitude for this process reads − G_F l_μp_ξ(q_1)_ρ(q_2)_σV̂_{ud}ϵ^{ξρσμ} 4 √ 3π^2F^3_π (7) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip07.nb and Op07.nb. We obtain this result with the newer version of the AMPC subroutine.

2.1.8 τ^− → K^− π^−K^+ν The AMPC input for this process is given as {W_−(q), K_+ (k_1) , π_+(p), K_− (k_2)} The anomalous term contributing to the total amplitude for this process reads − G_F (k_1)_σ l_μp_ξq_ρV̂_{ud}ϵ^{ξρσμ} 4π^2F^3_π (8) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip08.nb and Op08.nb. Here also, we obtain the results with the newer version of the AMPC subroutine.

2.2 γπ^− → π^−π^0 The AMPC input for this process is given as {γ(A), π_− (p_1) , π_+ (p_2) , π_0 (p_0)} The anomalous term contributing to the total amplitude for this process reads − eA_ξ (p_1)_ρ (p_2)_σ ϵ^{ξρστ} ϵ(A)_τ 4π^2F^3_π (9) The AMPC Mathematica^© notebooks containing the above expressions are given in Ip09.nb and Op09.nb. We have checked our result against the expression given in Eq. (202) of [22]. We caution the reader there is a missing factor of i in the AMPC result compared to that of the established result found in [22].

2.3 K_{l4} decay.

We investigated the anomalous part of the K_{l4} decay K^+(p) → l(q_l)ν(q_ν )π^−(q_2)π^+(q_1) in AMPC. The AMPC input for the process is

{K_+(p), W_−(q), π_+ (q_2) , π_− (q_1)} where, q = q_l + q_ν . The anomalous part obtained from AMPC is − G_F V̂_{us}ϵ^{ξρσμ}p_ξq_ρq_{2σ}l_μ 4π^2F^3_π

. (10)

where l_μ is the leptonic part of the amplitude. This result can be compared with Eq.(8) of [23].

It may be noted that the old version of the AMPC does not give the anomalous part, and it can be only obtained in the new version of the AMPC. The input and output notebook for this process are Ip10.nb and Op10.nb respectively. This notebook also produces the even-intrinsic part which agrees with [23]. Note here that the pole part is correctly reproduced by AMPC.

2.4 Chiral anomaly in nonleptonic radiative kaon decays.

The chiral anomaly in the non-leptonic radiative kaon decays is discussed in detail in [20]. Such decays can be described by the ΔS = 1 weak Hamiltonian

H^{ΔS=1} = G_F √ 2 V_{ud}V^∗_{us}Σ_iC_iQ_i + hc, (11)

where Q_i are the four quark operators and C_i Wilson coefficients. The Lagrangian (11) has two parts, one that transforms as an octet and another as a 27-plet under the chiral transformation. The corresponding coupling constants are G_8 and G_{27}. The chiral anomaly contributes to the coefficients N_{28}, N_{29}, N_{30}, N_{31} of the octet operator and to the coefficients R_{21}, R_{22}, R_{23} of the 27-plet operator. The anomaly contribution coming from the octet and 27-plet part of the amplitude are isolated by separating the coefficients of N and R respectively. It may be noted that in AMPC the coupling constant for the octet and the 27-plet part for K^0 decay are G_8 and G_{27}, and for a K^0 decay they are called Ĝ_8 and Ĝ_{27}. However in the limit of CP conservation Ĝ_8 → G_8 and Ĝ_{27} → G_{27}. Using AMPC, we calculate the amplitude of K^{+0} decay into two and three pions and a photon and the anomaly part of the amplitude is checked against the Table 1 of [20]. It may be noted that the explicit amplitudes of all the AMPC accessible decays considered here are not given in [20]. However we find agreement with [20] regarding the anomaly contributions coming from different octet and 27-plet operators.

2.4.1 Anomaly contribution to K^+ → π^+π^0γ decay. We consider the process K^+(k) → π^+(p_1)π^0(p_2)γ(q) The anomaly contribution coming from the octet part of the contribution is

A^8 =

8eG_8k_ξ(N^r_{30} − 3N^r_{29})p_{1ρ}p_{2σ}ϵ^{ξρστ} ϵ(q)_τ F_π (12) The anomaly coming from the 27-plet part of the amplitude is given by

A^{27} =

2eG_{27}k_ξp_{1ρ}p_{2σ} (5R^r_{22} − 3R^r_{23}) ϵ^{ξρστ} ϵ(q)_τ 3F_π (13) The input and output notebooks for this process are given in Ip11.nb Op11.nb respectively.

2.4.2 Anomaly contribution to K^+ → π^+π^0π^0γ decay. The anomaly contribution coming from the octet part of the Lagrangian for the process K^+(p) → π^+(q)π^0(r)π^0(s)γ(t)

A^8 =

4ieG_8 (N^r_{30} − 3N^r_{29}) p_ξq_ρϵ^{ξρστ} (r_σ + s_σ) ϵ(t)_τ F^2_π

(14) and the contribution coming from the 27-plet part is

A^{27} = ieG_{27}p_ξq_ρ (5R^r_{22} − 3R^r_{23}) ϵ^{ξρστ} (r_σ + s_σ) ϵ(t)_τ 3F^2_π

(15)

The input and the output notebooks for this process are given in Ip12.nb Op12.nb respectively.

2.4.3 Anomaly contribution to K^+ → π^+π^+π^−γ decay. We considered the process K^+(p_1) → π^+(p_2)π^+(p_3)π^−(p_4)γ(q). The anomaly contribution coming from the octet part of the Lagrangian is

A^8 =

16ieG_8 (N^r_{29} + N^r_{31}) p_{1ξ} (p_{2ρ} + p_{3ρ}) p_{4σ}ϵ^{ξρστ} ϵ(q)_τ F^2_π

(16) The anomaly contribution from the 27-plet part is

A^{27} =

8ieG_{27}p_{1ξ} (p_{2ρ} + p_{3ρ}) p_{4σ} (R^r_{22} − 3R^r_{23}) ϵ^{ξρστ} ϵ(q)_τ 3F^2_π

(17) The input and the output notebooks for this process are given in Ip13.nb Op13.nb respectively.

2.4.4 Anomaly contribution to K_{L,S} → π^+π^−π^0γ decay.

In the limit of CP conservation we can write the K_L and K_S as

K_L = 1 √ 2 (K^0 + K^0)

K_S = 1 √ 2 (K^0 − K^0)

Using AMPC the decay K_0(k), K_0(k) → π^+(−p)π^−(−p_2)π^0(−p_3)γ(−q), are calculated and the anomaly part of the amplitude is separated. By adding and subtracting, we get respectively the anomaly contributions of the amplitude in K_L and K_S decays.

A^{G8}_{KL} = 4i √ 2eG_8k_ξ (6N^r_{28} + 3N^r_{29} − 5N^r_{30}) (p_{1ρ} + p_{2ρ}) p_{3σ}ϵ^{ξρστ} ϵ(q)_τ F^2_π

A^{G8}_{KS} = 4i √ 2eG_8N^r_{29}ϵ^{ξρστ} ϵ(q)_τ (p_{3σ} (p_{2ρ} (5k_ξ + 8p_{1ξ} ) − 5k_ξ p_{1ρ}) − 2k_ξp_{1ρ}p_{2σ}) F^2_π + 4i √ 2eG_8N^r_{30} (p_3)_σ ϵ^{ξρστ} ϵ(q)_τ ( k_ξ (p_1)_ρ − (p_2)_ρ ( k_ξ + 2 (p_1)_ξ )) F^2_π − 8i √ 2eG_8N^r_{31}ϵ^{ξρστ} ϵ(q)_τ ( k_ξ (p_1)_ρ (p_2)_σ + (p_3)_σ ( k_ξ (p_1)_ρ − (p_2)_ρ ( k_ξ + (p_1)_ξ ))) F^2_π

A^{G27}_{KL} = 4i √ 2eG_{27}k_ξ ( (p_1)_ρ + (p_2)_ρ ) (p_3)_σ R^r_{21}ϵ^{ξρστ} ϵ(q)_τ

3F^2_π + i √ 2eG_{27}k_ξ R^r_{23}ϵ^{ξρστ} ( (p_1)_ρ (2 (p_2)_σ − 7 (p_3)_σ) − 9 (p_2)_ρ (p_3)_σ ) ϵ(q)_τ 3F^2_π − i √ 2eG_{27}k_ξ R^r_{22}ϵ^{ξρστ} ( 25 (p_2)_ρ (p_3)_σ + (p_1)_ρ (6 (p_2)_σ + 31 (p_3)_σ) ) ϵ(q)_τ 3F^2_π

A^{G27}_{KS} = − 4i √ 2eG_{27}k_ξ ( (p_1)_ρ + (p_2)_ρ ) (p_3)_σ R^r_{20}ϵ^{ξρστ} ϵ(q)_τ

3F^2_π + i √ 2eG_{27} (p_3)_σ R^r_{23}ϵ^{ξρστ} ϵ(q)_τ ( 5k_ξ (p_1)_ρ + (p_2)_ρ ( 9k_ξ + 4 (p_1)_ξ )) 3F^2_π − i √ 2eG_{27}R^r_{22}ϵ^{ξρστ} ϵ(q)_τ ( 8k_ξ (p_1)_ρ (p_2)_σ + (p_3)_σ ( 19k_ξ (p_1)_ρ + (p_2)_ρ ( 7k_ξ − 4 (p_1)_ξ ))) 3F^2_π

The input and outpus notebooks for the processes K_0 → π^+π^−π^0γ and K_0 → π^+π^−π^0γ can be found in Op14.nb and Op14.nb respectively. We have extracted the anomalous parts of the amplitude K_{L,S} → π^+π^−π^0γ in the same notebook.

2.4.5 Anomaly contribution in K_{L,S} → γπ^−π^+

We calculate the anomaly contribution in K_{L,S} → γπ^−π^+ in the same way as we did in the previous sections. Using AMPC we calculate the decay K_0(p) → γ(−q)π^−(−p_1)π^+(−p_2), and K_0(p) → γ(−q)π^−(−p_1)π^+(−p_2) and extract the anomaly parts coming from the octet and 27-plet part of the Lagrangian. We finally add and subtract these anomaly parts to obtain the anomaly contribution to K_{L,S} → γπ^−π^+ decay.

A^{G8}_{KL} = 16 √ 2eG_8N^r_{29}p_ξ (p_1)_σ q_ρϵ^{ξρστ} ϵ(q)_τ F_π + 16 √ 2eG_8N^r_{31}p_ξ (p_1)_σ q_ρϵ^{ξρστ} ϵ(q)_τ F_π A^{G8}_{KS} = 0

A^{G27}_{KL} = 16 √ 2eG_{27}p_ξ (p_1)_σ q_ρR^r_{22}ϵ^{ξρστ} ϵ(q)_τ 3F_π A^{G27}_{KS} = 4 √ 2eG_{27}p_ξ (p_1)_σ q_ρR^r_{22}ϵ^{ξρστ} ϵ(q)_τ F_π − 4 √ 2eG_{27}p_ξ (p_1)_σ q_ρR^r_{23}ϵ^{ξρστ} ϵ(q)_τ 3F_π The input and output notebooks for the processes K_0 → γπ^−π^+ and K_0 → γπ^−π^+ can be found in Ip15.nb and Op15.nb respectively. We have extracted the anomalous parts of the amplitude K_{L,S} → γπ^−π^+ in the same notebook.

2.5 Form Factors results from AMPC We present a check for the π^+π^+, K^+K^−, K^0K^0, K^+η and the K^+π^0 form factors given in Eq. (2.1) of Gasser et.al., [2]. The matrix elements are defined below

⟨π^+|j_μ|π^+⟩ = (p^′_μ + p_μ)F^π_V (t), ⟨K^+|j_μ|K^+⟩ = (p^′_μ + p_μ)F^{K+}_V (t), ⟨K^0|j_μ|K^0⟩ = (p^′_μ + p_μ)F^{K0}_V (t), ⟨K^+|uγ_μs|η⟩ = √ 3 2 [(p^′_μ + p_μ)f^{Kη}_+ (t) + (p^′_μ − p_μ)f^{Kη}_− (t)], ⟨K^+|uγ_μs|π^0⟩ = √ 1 2 [(p^′_μ + p_μ)f^{Kπ}_+ (t) + (p^′_μ − p_μ)f^{Kπ}_− (t)]

(18)

The above processes are AMPC accessible since they appear in semileptonic weak decays. The form factors appear in the above matrix elements which are denoted by f^{Kπ}_+ (t), f^{Kπ}_− (t),f^{Kπ}_0 (t) and f^{Kη}_+ (t),f^{Kη}_− (t), f^{Kη}_0 (t) respectively for the K^+π^0 and the K^+η. We have extracted the coefficients for these vector currents from our AMPC amplitudes for the given processes with appropriate matching of various functions appearing in both the AMPC and the the results in [2]. We check explicitly against the various form factor definitions given in Eq.(2.4) of [2]. The AMPC results are given in terms of the Ā and B̄ functions where

Ā[M^2] = −M^2/(4π)^2ln[M^2/μ^2], B̄[t, M^2_P , M^2_Q] = J̄[t, M^2_P , M^2_Q] (19)

with the J̄[t, M^2_P , M^2_Q] as given in [1]. We present the various definitions found in [1, 2] required for evaluating the form factors.

H_{P Q}(t) = 1 F^2_0

(tM^r(t) − L(t)) + 2 3F^2_0

L^r_9t, (20)

M^r(t) = 1 12t (t − 2Σ)J̄(t) +

Δ^2 3t^2 J̄(t) − 1 6 k + 1 288π^2

, (21)

where,

Σ = M^2_P + M^2_Q, Δ = M^2_P − M^2_Q, L(t) =

Δ^2 4t J̄ (22)

Two cases arise where the form factors could be for the equal mass like in the case of the ππ and KK while they could be for the unequal mass case like in the K^+π^0 and the K^+η^2.

Case 1: (M_P = M_Q = M),

J̄(t) = 1 16π^2 ( σ(t)ln σ(t) − 1 σ(t) + 1 + 2 ) , (23)

where, σ(t) = √ 1 − 4M^2 t , (24)

Also, J̄(t) = J̄(t) − tJ̄ ′(0), (25)

J̄ ′(0) = 1

96π^2 1 M^2

, (26)

2The standard loop functions can be found in [1, 2]. They are given here in the interest of making this paper fully self-contained. The reader may always consult primary references for further clarification if required.

k = 1 32π^2 ( ln M^2 μ^2 + 1 ) (27)

Case 2: (M_P ≠ M_Q),

J̄(t) = 1 32π^2 ( 2 + Δ t ln M^2_Q M^2_P − Σ Δ ln M^2_Q M^2_P − ν t ln (t + ν)^2 − Δ^2 t − ν)^2 − Δ^2 ) (28)

where, ν^2 = t − (M_P + M_Q)^2)(t − (M_P − M_Q)^2) (29) Also, J̄ ′(0) = 1 32π^2 ( Σ Δ^2 + 2 M^2_P M^2_Q Δ^3 ln M^2_Q M^2_P ) (30)

k = 1 32π^2 ( M^2_P ln

M^2_P μ^2

− M^2_Qln

M^2_Q μ^2 ) 1 Δ (31)

We recall that the matrix element for the weak decay is given by M = − G_F √ 2 V_{CKM}j_μJ^μ (32)

where, j_μ and J^μ are the leptonic and hadronic currents respectively, and V_{CKM} is the CKM elements. In AMPC the weak decay amplitude is written with a vertex factor −G_F . To match the AMPC conventions with that of in literatures, we have multiplied the AMPC results with √ 2. The input and output notebooks for the form factors of different processes considered are tabulated in Table 1.

Table 1: Input and output notebooks for the form factors.

Process Input Notebook Output Notebook π^+π^+ Ip16a.nb Op16a.nb K^+K^− Ip16b.nb Op16b.nb K^0K^0 Ip16c.nb Op16c.nb k^+η Ip16d.nb Op16d.nb K^+π^0 Ip16e.nb Op16e.nb

Using the above expressions for the equal mass case and doing the necessary simplifications, we find that our AMPC result agrees for the equal mass case. The comparison and simplification is given in detail in the AMPC notebook Op16equal.nb. Coming to the unequal mass case, the f_+(t) agrees for both the Kπ and the Kη for the expression given in [2]. The comparison is given in detail in the AMPC notebook Op16unequal.nb, Op16d1.nb, Op16e1.nb. We check f_−(t) for the Kπ form factor using the expression given in in Eq. (4.4) of [25] against our result and find that they agree. As a check we also do the calculation for f_+(t) given in Eq.(4.3) and find agreement. For details of comparison, see the AMPC notebook Op16e2.nb. In doing this calculation, the expressions for the various loop functions are taken from [4] which are introduced below.

B̄_{20}(t) = −t − 3M^{2P} − 3M^{2Q} 288π^2 + Ā(M 2_Q) + 2B̄(t)M 2_P − (M 2_P − M 2_Q + t)B̄_{11}(t) 6 B̄_{22}(t) = t − 3M^{2P} − 3M^{2Q} 288π^2t + Ā(M 2_Q) − B̄(t)M 2_P + 2(M 2_P − M 2_Q + t)B̄_{11}(t) 3t B̄_{11}(t) = −

Ā(M 2_P ) + Ā(M 2_Q) + B̄(t)(M 2_P − M 2_Q + t) 2t B(t) = B̄(t) + B(0) (33)

where,

B̄(t) = 1

32π^2

(2 +

M^2_P − M^2_Q t ln M^2_Q M^2_P − M^2_P + M^2_Q M^2_P − M^2_Q ln M^2_Q M^2_P − √ λ(t, M^2_P , M^2_Q) t ln (t + √ λ(t, M^2_P , M^2_Q))^2 − (M^2_P − M^2_Q)^2 (t − √ λ(t, M^2_P , M^2_Q))^2 − (M^2_P − M^2_Q)^2

)(34)

B(0) =

Ā(M 2_P ) − Ā(M 2_Q)

M^2_P − M^2_Q

(35)

It may be noted that the notations in [25] are different from that of [4]. Specifically we give the relations, B̄_{22}[25] = B̄_{20}[4], B̄_{21}[25] = B̄_{22}[4], B̄[25] = B[4]. This is done by comparing the Lorentz structures in the expressions (B.1) of [26] with eqn (B.5) of [4].

2.6 Amplitude for Kaon polarizability γK^+ → γK^+

One of the AMPC applications is of special interest to studying the Compton amplitudes. The pion amplitude was computed by Bijnens et.al.,[27], while the kaon analog was computed by Guererro and Prades [18] and later by Fuchs et.al.,[19]. The amplitude for the process γ(q_1)K^+(p_1) → γ(q_2)K^+(p_2) is given in terms of A(t, ν) and B(t, ν). The tree level expressions of A(t, ν) and B(t, ν) at O(p^4) are given

A(t, ν) = 2 t − ν + 2 t + ν B(t, ν) = 1 t ( 1 t − ν + 1 t + ν ) , where t and ν are kinematics variables defined in Ref. [18].

The amplitude can be generated with the attached input file Ip17.nb. The output can be found in the attached output file Op17.nb, where we have shown that the tree level amplitude of [18] does not match with that generated by AMPC, unless the B(t, ν) is multiplied by factor 4. The correct expression is given below - B(t, ν) = 4 t ( 1 t − ν + 1 t + ν ) , It may be noted that in the attached input and output notebooks we have considered the process γ(k_1)K^+(p_1) → γ(k_2)K^+(p_2).

We have also compared the tree level amplitude of γK → γK generated from AMPC against that given in Ref. [19] and the results agree providing a further check to the new expression for B(t, ν) given above.

2.7 Scattering amplitudes at 1-loop As mentioned in Sec. 1, we have checked all the processes given in GMO [17], against our AMPC results and we find that they agree to the best of our knowledge. All the notation in [17] except for the μ_π, μ_K , μ_η function agrees with the ones present in AMPC results which are the expressions already introduced. One crucial simplification needs to be done for the expression of J^′(0). This is as follows -

J^′(0) = 1 32π^2 [ Σ Δ^2 + 3 M^2_P M^2_Q Δ^3 log M^2_Q M^2_P

] (36) = 1 32π^2 Σ Δ^2 + M^2_P Δ^3

A[M^2_Q] +

M^2_Q Δ^3

A[M^2_P ] (37)

A[M^2_i ] = −2F^2_π μ_i i = π, K, η (38)

μ_i =

M^2_i 32π^2F^2_π log M^2_i μ^2 i = π, K, η (39) As an example we demonstrate our comparison for one of the processes.

See attached notebook Op18ccheck.nb. In the results to follow, we use the GMO mass formula,

3M^2_η = 4M^2_K − M^2_π as well as appropriate s,t,u relations wherever necessary.

The input and output notebooks for different scattering processes are tabulated in Table. 2

Table 2: Input and output notebooks for various scattering processes.

Process Input Notebook Output Notebook

ηη → ηη Ip18a.nb Op18a.nb

K^0η → K^0η Ip18b.nb Op18b.nb

K^0η → K^0π^0 Ip18c.nb Op18c.nb

K^0K^0 → K^+K^− Ip18d.nb Op18d.nb

K^+π^+ → K^+π^+ Ip18e.nb Op18e.nb

π^0η → π^0η Ip18f.nb Op18f.nb

2.8 Application of Chiral Dynamics in τ decays.

In Ref. [10] the tree level amplitudes for τ decays to multi-meson states are obtained using SU(3) × SU(3) Lagrangian in the limit of vanishing quark mass for one, two and three meson final states involving π, K and η. In this section we compare the AMPC generated amplitudes with that given in [10]. A few points are in order, regarding the comparisons. We define the weak matrix element which is given in Eq. (32). Here the results are presented up to an overall factor of G_F V_{CKM}.

For hadronic matrix elements involving three final states hadrons, we have simplified the Lorentz structures and compared the coefficients of the momentum vectors. In [10] the authors neglect the quark masses in the Lagrangian. However the meson masses are retained in the propagator. The denominator of the AMPC results match with that of [10], and the numerator match when the meson masses are neglected. We have used the GMO relation to simplify the numerator in few cases. Let us again emphasize that the results presented here supersede that of Ref. [10] when quark masses are no longer neglected.

The two and three meson final states are accessible in AMPC. In the attached notebook Op19.nb, the AMPC generated output for each of the processes are shown and simplifications are done using the FeynCalc [28]. Also provided are two three input notebooks Ip19a.nb (J_μ(π^+π^0)), Ip19b.nb (J_μ(π^+K^+K^−)), Ip19c.nb(J_μ(η_1η_2K^+)).

2.8.1 Hadron Current matrix elements in two mesons final state

Table 3: Comparison of hadron matrix element from Ref. [10] and that obtained from AMPC for two mesons in the final state. Process [10] AMPC

J_μ(π^+π^0) √ 2(p_+ − p)_μ √ 2(p_+ − p)_μ

J_μ(K^+K^0) −(k_+ − k̄)_μ −(k_+ − k̄)_μ

J_μ(π^0K^+)^{1√}_2 (k_+ − p)_μ^{1√}_2 (k_+ − p)_μ

J_μ(π^+K^0) (k − p_+)_μ (k − p_+)_μ

J_μ(K^+η_8) √ 3√ 2 (k_+ − η)_μ √ 3√ 2 (k_+ − η)_μ

2.8.2 J_μ(π^+(p_1)π^+(p_2)π^−(p_−))

Table 4: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(π^+(p_1)π^+(p_2)π^−(p_−))

Coefficients Ref. [10] AMPC p^μ_− √ 2(−4M^2_π −3p−·p1−3p−·p2−6p1·p2) 3F_π (M^2_π +p_−·p_1+p_−·p_2+p_1·p_2) − √ 2(M^2_π +p_−.p_1+p_−.p_2+2p_1.p_2) F_π (M^2_π +p_−.p_1+p_−.p_2+p_1.p_2)

p^μ_1 √ 2(2M^2π +3p−·p1+3p−·p2) 3F_π (M^2_π +p_−·p_1+p_−·p_2+p_1·p_2) − √ 2(−M^2_π −p_−.p_1−p_−.p_2) F_π(M^2_π +p_−.p_1+p_−.p_2+p_1.p_2)

p^μ_2 √ 2(2M^2_π +3p−·p1+3p−·p2) 3F_π (M^2_π +p_−·p_1+p_−·p_2+p_1·p_2) − √ 2(−M^2_π −p_−.p_1−p_−.p_2) F_π(M^2_π +p_−.p_1+p_−.p_2+p_1.p_2)

2.8.3 J_μ(π^0(p_1)π^0(p_2)π^+(p_+))

Table 5: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(π^0(p_1)π^0(p_2)π^+(p_+)) Coefficients Ref. [10] AMPC

p^μ_1 √ 2(−2M^2_π −3p+·p1−3p+·p2) 3F_π (M^2_π +p_+·p_1+p_+·p_2+p_1·p_2)

−M^2_π −2p_+.p_1−2p_+.p_2 √ 2F_π (M^2_π +p_+.p_1+p_+.p_2+p_1.p_2)

p^μ_2 √ 2(−2M^2_π −3p+·p1−3p+·p2) 3F_π (M^2_π +p_+·p_1+p_+·p_2+p_1·p_2)

−M^2_π −2p_+.p_1−2p_+.p_2 √ 2F_π (M^2_π +p_+.p_1+p_+.p_2+p_1.p_2)

p^μ_+ √ 2(4M^2π +3p+·p1+3p+·p2+6p1·p2)

3F_π (M^2_π +p_+·p_1+p_+·p_2+p_1·p_2)

3M^2_π +2p_+.p_1+2p_+.p_2+4p_1.p_2 √ 2F_π (M^2_π +p_+.p_1+p_+.p_2+p_1.p_2)

2.8.4 J_μ(π^+(p_+)K^+(k_+)K^−(k_−))

Table 6: Comparison of the coefficients of external hadron mo-

mentum from Ref. [10] and from AMPC for the hadron current

J_μ(π^+(p_+)K^+(k_+)K^−(k_−))

Coefficients Ref. [10] AMPC p^μ_+^{3k−·p++3k−·k++3M 2K −M 2π} 3 √ 2F_π (k_−·p_++k_+·p_++k_−·k_++M^2_K ) − −k_−.p_+−k_−.k_+−M^2_K √ 2F_π (k_−.p_++k_+.p_++k_−.k_++M^2_K ) k^μ_+^{3k−·p++3k−·k++3M 2K −M 2π} 3 √ 2F_π (k_−·p_++k_+·p_++k_−·k_++M^2_K ) − −k_−.p_+−k_−.k_+−M^2_K √ 2F_π (k_−.p_++k_+.p_++k_−.k_++M^2_K ) k^μ_−^{−3k−·p+−6k+·p+−3k−·k+−3M 2K −M 2π} 3 √ 2F_π (k_−·p_++k_+·p_++k_−·k_++M^2_K ) − k_−.p_++2k_+.p_++k_−.k_++M^2_K √ 2F_π (k_−.p_++k_+.p_++k_−.k_++M^2_K )

2.8.5 J_μ(π^+(p_+)K^0(k)K^0(k̄))

Table 7: Comparison of the coefficients of external hadron momentum from

Ref. [10] and from AMPC for the hadron current J_μ(π^+(p_+)K^0(k)K^0(k̄))

Coefficients Ref. [10] AMPC p^μ_+^{3k·k̄+3k·p++3M 2K −M 2π} 3 √ 2F_π (k̄·p_++k·k̄+k·p_++M^2_K ) − −k.k̄−k.p_+−M^2_K √ 2F_π (k̄.p_++k.k̄+k.p_++M^2_K ) k^{μ −6k̄·p+−3k·k̄−3k·p+−3M 2K −M 2π} 3 √ 2F_π (k̄·p_++k·k̄+k·p_++M^2_K ) − 2k̄.p_++k.k̄+k.p_++M^2_K √ 2F_π (k̄.p_++k.k̄+k.p_++M^2_K ) k̄μ^{3k·k̄+3k·p++3M 2}K^{−M 2}π 3 √ 2F_π (k̄·p_++k·k̄+k·p_++M^2_K ) − −k.k̄−k.p_+−M^2_K √ 2F_π (k̄.p_++k.k̄+k.p_++M^2_K )

2.8.6 J_μ(π^0(p)K^0(k̄)K^+(k_+))

Table 8: Comparison of the coefficients of external hadron momentum from

Ref. [10] and from AMPC for the hadron current J_μ(π^0(p)K^0(k̄)K^+(k_+))

Coefficients Ref. [10] AMPC p^{μ p·k+−p·k̄} 2F_π (p·k̄+k̄·k_++p·k_++M^2_K ) p.k_+−p.k̄ 2F_π (p.k̄+k̄.k_++p.k_++M^2_K ) k̄μ^{p·k̄+2k̄·k++3p·k++2M 2}K 2F_π (p·k̄+k̄·k_++p·k_++M^2_K ) p.k̄+2k̄.k_++3p.k_++2M^2_K

2F_π (p.k̄+k̄.k_++p.k_++M^2_K ) k^μ_+^{−3p·k̄−2k̄·k+−p·k+−2M 2K} 2F_π (p·k̄+k̄·k_++p·k_++M^2_K ) −3p.k̄−2k̄.k_+−p.k_+−2M^2_K 2F_π (p.k̄+k̄.k_++p.k_++M^2_K )

2.8.7 J_μ(η_8(η)K^0(k̄)K^+(k_+))

Table 9: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(η_8(η)K^0(k̄)K^+(k_+))

Coefficients Ref. [10] AMPC η^{μ 3η·k̄+6k̄·k++3η·k++6M 2K −2M 2π} √ 3F_π (2η·k̄+2k̄·k_++2η·k_++2M^2_K +M^2_η −M^2_π )

9η.k̄+18k̄.k_++9η.k_++14M^2_K +3M^2_η −5M^2_π 3 √ 3F_π (2η.k̄+2k̄.k_++2η.k_++2M^2_K +M^2_η −M^2_π ) k̄μ^{−3η·k̄−3η·k+−3M 2η +M 2π} √ 3F_π (2η·k̄+2k̄·k_++2η·k_++2M^2_K +M^2_η −M^2_π )

−9η.k̄−9η.k_+−4M^2_K −6M^2_η +4M^2_π 3 √ 3F_π (2η.k̄+2k̄.k_++2η.k_++2M^2_K +M^2_η −M^2_π ) k^μ_+^{−3η·k̄−3η·k+−3M 2η +M 2π} √ 3F_π (2η·k̄+2k̄·k_++2η·k_++2M^2_K +M^2_η −M^2_π )

−9η.k̄−9η.k_+−4M^2_K −6M^2_η +4M^2_π 3 √ 3F_π (2η.k̄+2k̄.k_++2η.k_++2M^2_K +M^2_η −M^2_π )

In the above table the numerator of each expression is further simplified using GMO relation, and presented below.

Table 10: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(η_8(η)K^0(k̄)K^+(k_+))

Coefficients Ref. [10] AMPC η^{μ 3η·k̄+6k̄·k++3η·k++6M 2K −2M 2π} √ 3F_π (2η·k̄+2k̄·k_++2η·k_++2M^2_K +M^2_η −M^2_π )

9η.k̄+18k̄.k_++9η.k_++18M^2_K −6M^2_π 3 √ 3F_π (2η.k̄+2k̄.k_++2η.k_++2M^2_K +M^2_η −M^2_π ) k̄μ^{−3η·k̄−3η·k+−3M 2η +M 2π} √ 3F_π (2η·k̄+2k̄·k_++2η·k_++2M^2_K +M^2_η −M^2_π )

−9η.k̄−9η.k_+−12M^2_K +6M^2_π 3 √ 3F_π (2η.k̄+2k̄.k_++2η.k_++2M^2_K +M^2_η −M^2_π ) k^μ_+^{−3η·k̄−3η·k+−3M 2η +M 2π} √ 3F_π (2η·k̄+2k̄·k_++2η·k_++2M^2_K +M^2_η −M^2_π )

−9η.k̄−9η.k_+−12M^2_K +6M^2_π 3 √ 3F_π (2η.k̄+2k̄.k_++2η.k_++2M^2_K +M^2_η −M^2_π )

2.8.8 J_μ(K^+_1 (k_1)K^+_2 (k_2)K^−(k_−))

Table 11: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(K^+_1 (k_1)K^+_2 (k_2)K^−(k_−))

Coefficients Ref. [10] AMPC k^μ_1 √ 2(3k−·k1+3k−·k2+2M^2_K ) 3F_π (k_−·k_1+k_−·k_2+k_1·k_2+M^2_K ) − √ 2(−k_−.k_1−k_−.k_2−M^2_K ) F_π(k_−.k_1+k_−.k_2+k_1.k_2+M^2_K )

k^μ_2 √ 2(3k−·k1+3k−·k2+2M^2_K ) 3F_π (k_−·k_1+k_−·k_2+k_1·k_2+M^2_K ) − √ 2(−k_−.k_1−k_−.k_2−M^2_K ) F_π(k_−.k_1+k_−.k_2+k_1.k_2+M^2_K ) k^μ_− √ 2(−3k−·k1−3k−·k2−6k1·k2−4M^2_K ) 3F_π (k_−·k_1+k_−·k_2+k_1·k_2+M^2_K ) − √ 2(k_−.k_1+k_−.k_2+2k_1.k_2+M^2_K ) F_π (k_−.k_1+k_−.k_2+k_1.k_2+M^2_K )

2.8.9 J_μ(K^0(k)K^0(k̄)K^+(k_+))

Table 12: Comparison of the coefficients of external hadron momentum from

Ref. [10] and from AMPC for the hadron current J_μ(K^0(k)K^0(k̄)K^+(k_+))

Coefficients Ref. [10] AMPC k^{μ 3k·k̄+3k̄·k++2M 2K} 3 √ 2F_π (k·k̄+k̄·k_++k·k_++M^2_K ) k.k̄+k̄.k_++M^2_K √ 2F_π (k.k̄+k̄.k_++k.k_++M^2_K ) k̄μ^{−3k·k̄−3k̄·k+−6k·k+−4M 2}K 3 √ 2F_π (k·k̄+k̄·k_++k·k_++M^2_K ) −k.k̄−k̄.k_+−2k.k_+−M^2_K √ 2F_π (k.k̄+k̄.k_++k.k_++M^2_K ) k^μ_+^{3k·k̄+3k̄·k++2M 2K} 3 √ 2F_π (k·k̄+k̄·k_++k·k_++M^2_K ) k.k̄+k̄.k_++M^2_K √ 2F_π (k.k̄+k̄.k_++k.k_++M^2_K )

2.8.10 J_μ(π^0(p_1)π^0(p_2)K^+(k_+))

Table 13: Comparison of the coefficients of external hadron momentum from

Ref. [10] and from AMPC for the hadron current J_μ(π^0(p_1)π^0(p_2)K^+(k_+))

Coefficients Ref. [10] AMPC p^μ_1^{−3k+·p1−3k+·p2−2M 2K} 6 √ 2F_π(k_+·p_1+k_+·p_2+M^2_π +p_1·p_2)

−k_+.p_1−k_+.p_2 2 √ 2F_π (k_+.p_1+k_+.p_2+M^2_π +p_1.p_2) p^μ_2^{−3k+·p1−3k+·p2−2M 2K} 6 √ 2F_π(k_+·p_1+k_+·p_2+M^2_π +p_1·p_2)

−k_+.p_1−k_+.p_2 2 √ 2F_π (k_+.p_1+k_+.p_2+M^2_π +p_1.p_2) k^μ_+^{3k+·p1+3k+·p2−2M 2K +6M 2π +6p1·p2} 6 √ 2F_π(k_+·p_1+k_+·p_2+M^2_π +p_1·p_2) k_+.p_1+k_+.p_2+2M^2_π +2p_1.p_2 2 √ 2F_π (k_+.p_1+k_+.p_2+M^2_π +p_1.p_2)

2.8.11 J_μ(π^+(p_+)π^−(p_−)K^+(k_+))

Table 14: Comparison of the coefficients of external hadron momentum from

Ref. [10] and from AMPC for the hadron current J_μ(π^+(p_+)π^−(p_−)K^+(k_+))

Coefficients Ref. [10] AMPC p^μ_+^{3p−·k+−M 2K +3M 2π +3p−·p+} 3 √ 2F_π (p_−·k_++k_+·p_++M^2_π+p_−·p_+) − −p_−.k_+−M^2_π −p_−.p_+ √ 2F_π (p_−.k_++k_+.p_++M^2_π +p_−.p_+) p^μ_−^{−3p−·k+−6k+·p+−M 2K −3M 2π −3p−·p+} 3 √ 2F_π (p_−·k_++k_+·p_++M^2_π+p_−·p_+) − p_−.k_++2k_+.p_++M^2_π +p_−.p_+ √ 2F_π (p_−.k_++k_+.p_++M^2_π +p_−.p_+) k^μ_+^{3p−·k+−M 2K +3M 2π +3p−·p+} 3 √ 2F_π (p_−·k_++k_+·p_++M^2_π+p_−·p_+) − −p_−.k_+−M^2_π −p_−.p_+ √ 2F_π (p_−.k_++k_+.p_++M^2_π +p_−.p_+)

2.8.12 J_μ(π^0(p)π^+(p_+)K^0(k_0))

Table 15: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(π^0(p)π^+(p_+)K^0(k_0)) Coefficients Ref. [10] AMPC p^μ_+^{−3p·k0−p+·k0−2M 2π −2p·p+} 2F_π (p·k_0+p_+·k_0+M^2_π+p·p_+) −3p.k_0−p_+.k_0−2M^2_π −2p.p_+ 2F_π (p.k_0+p_+.k_0+M^2_π +p.p_+) p^{μ p·k0+3p+·k0+2M 2π +2p·p+} 2F_π (p·k_0+p_+·k_0+M^2_π+p·p_+) p.k_0+3p_+.k_0+2M^2_π +2p.p_+ 2F_π (p.k_0+p_+.k_0+M^2_π +p.p_+) k^μ_0^{p+·k0−p·k0} 2F_π (p·k_0+p_+·k_0+M^2_π+p·p_+) p_+.k_0−p.k_0 2F_π (p.k_0+p_+.k_0+M^2_π +p.p_+)

2.8.13 J_μ(η_8(η)π^+(p_+)K^0(k))

Table 16: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(η_8(η)π^+(p_+)K^0(k))

Coefficients Ref. [10] AMPC η^{μ −3k·p+−3k·η−2M 2K} √ 3F_π (2k·p_++2k·η+M^2_η +M^2_π +2η·p_+)

−18k.p_+−18k.η−8M^2_K −3M^2_η −M^2_π 6 √ 3F_π (2k.p_++2k.η+M^2_η +M^2_π +2η.p_+) p^μ_+^{−3k·p+−3k·η−2M 2K} √ 3F_π (2k·p_++2k·η+M^2_η +M^2_π +2η·p_+)

−18k.p_+−18k.η−8M^2_K −3M^2_η −M^2_π 6 √ 3F_π (2k.p_++2k.η+M^2_η +M^2_π +2η.p_+) k^{μ 3k·p++3k·η−2M 2K +3M 2η +3M 2π +6η·p+} √ 3F_π (2k·p_++2k·η+M^2_η +M^2_π +2η·p_+)

18k.p_++18k.η−8M^2_K +15M^2_η +17M^2_π +36η.p_+ 6 √ 3F_π (2k.p_++2k.η+M^2_η +M^2_π +2η.p_+)

In the above table the numerator of each expression is further simplified using GMO relation, and presented below.

Table 17: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(η_8(η)π^+(p_+)K^0(k))

Coefficients Ref. [10] AMPC η^{μ −3k·p+−3k·η−2M 2K} √ 3F_π (2k·p_++2k·η+M^2_η +M^2_π +2η·p_+) −18k.p_+−18k.η−12M^2_K 6 √ 3F_π (2k.p_++2k.η+M^2_η +M^2_π +2η.p_+) p^μ_+^{−3k·p+−3k·η−2M 2K} √ 3F_π (2k·p_++2k·η+M^2_η +M^2_π +2η·p_+) −18k.p_+−18k.η−12M^2_K 6 √ 3F_π (2k.p_++2k.η+M^2_η +M^2_π +2η.p_+) k^{μ 3k·p++3k·η+2M 2K +2M 2π +6η·p+} √ 3F_π (2k·p_++2k·η+M^2_η +M^2_π +2η·p_+)

18k.p_++18k.η+12M^2_K +12M^2_π +36η.p_+ 6 √ 3F_π (2k.p_++2k.η+M^2_η +M^2_π +2η.p_+)

2.8.14 J_μ(η_8(η)π^0(p)K^+(k_+))

Table 18: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(η_8(η)π^0(p)K^+(k_+))

Coefficients Ref. [10] AMPC η^{μ −3p·k+−3η·k+−2M 2K} √ 6F_π (2p·k_++2η·k_++M^2_η +M^2_π +2p·η)

−18p.k_+−18η.k_+−8M^2_K −3M^2_η −M^2_π 6 √ 6F_π(2p.k_++2η.k_++M^2_η +M^2_π +2p.η) p^{μ −3p·k+−3η·k+−2M 2K} √ 6F_π (2p·k_++2η·k_++M^2_η +M^2_π +2p·η)

−18p.k_+−18η.k_+−8M^2_K −3M^2_η −M^2_π 6 √ 6F_π(2p.k_++2η.k_++M^2_η +M^2_π +2p.η) k^μ_+^{3p·k++3η·k+−2M 2K +3M 2η +3M 2π +6p·η} √ 6F_π (2p·k_++2η·k_++M^2_η +M^2_π +2p·η)

18p.k_++18η.k_+−8M^2_K +15M^2_η +17M^2_π +36p.η 6 √ 6F_π(2p.k_++2η.k_++M^2_η +M^2_π +2p.η)

In the above table the numerator of each expression is further simplified using GMO relation, and presented below.

Table 19: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(η_8(η)π^0(p)K^+(k_+))

Coefficients Ref. [10] AMPC η^{μ −3p·k+−3η·k+−2M 2K} √ 6F_π (2p·k_++2η·k_++M^2_η +M^2_π +2p·η) −18p.k_+−18η.k_+−12M^2_K 6 √ 6F_π(2p.k_++2η.k_++M^2_η +M^2_π +2p.η) p^{μ −3p·k+−3η·k+−2M 2K} √ 6F_π (2p·k_++2η·k_++M^2_η +M^2_π +2p·η) −18p.k_+−18η.k_+−12M^2_K 6 √ 6F_π(2p.k_++2η.k_++M^2_η +M^2_π +2p.η) k^μ_+^{3p·k++3η·k++2M 2K +2M 2π +6p·η} √ 6F_π (2p·k_++2η·k_++M^2_η +M^2_π +2p·η)

18p.k_++18η.k_++12M^2_K +12M^2_π +36p.η 6 √ 6F_π(2p.k_++2η.k_++M^2_η +M^2_π +2p.η)

2.8.15 J_μ(η_8(η_1)η_8(η_2)K^+(k_+))

Table 20: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadron current J_μ(η_8(η_1)η_8(η_2)K^+(k_+))

Coefficients Ref. [10] AMPC η^μ_1^{−3k+·η1−3k+·η2−2M 2K} 2 √ 2F_π (k_+·η_1+k_+·η_2+M^2_η +η_1·η_2)

−9k_+.η_1−9k_+.η_2−3M^2_η −M^2_π 6 √ 2F_π (k_+.η_1+k_+.η_2+M^2_η +η_1.η_2) η^μ_2^{−3k+·η1−3k+·η2−2M 2K} 2 √ 2F_π (k_+·η_1+k_+·η_2+M^2_η +η_1·η_2)

−9k_+.η_1−9k_+.η_2−3M^2_η −M^2_π 6 √ 2F_π (k_+.η_1+k_+.η_2+M^2_η +η_1.η_2) k^μ_+^{3k+·η1+3k+·η2−2M 2K +6M 2η +6η1·η2} 2 √ 2F_π (k_+·η_1+k_+·η_2+M^2_η +η_1·η_2)

9k_+.η_1+9k_+.η_2+15M^2_η −M^2_π +18η_1.η_2 6 √ 2F_π (k_+.η_1+k_+.η_2+M^2_η +η_1.η_2)

In the above table the numerator of each expression is further simplified using GMO relation, and presented below.

Table 21: Comparison of the coefficients of external hadron momentum from Ref. [10] and from AMPC for the hadronic current J_μ(η_8(η_1)η_8(η_2)K^+(k_+))

Coefficients Ref. [10] AMPC η^μ_1^{−3k+·η1−3k+·η2−2M 2K} 2 √ 2F_π (k_+·η_1+k_+·η_2+M^2_η +η_1·η_2)

−9k_+.η_1−9k_+.η_2−4M^2_K 6 √ 2F_π (k_+.η_1+k_+.η_2+M^2_η +η_1.η_2) η^μ_2^{−3k+·η1−3k+·η2−2M 2K} 2 √ 2F_π (k_+·η_1+k_+·η_2+M^2_η +η_1·η_2)

−9k_+.η_1−9k_+.η_2−4M^2_K 6 √ 2F_π (k_+.η_1+k_+.η_2+M^2_η +η_1.η_2) k^μ_+^{3k+·η1+3k+·η2+6M 2K −2M 2π +6η1·η2} 2 √ 2F_π (k_+·η_1+k_+·η_2+M^2_η +η_1·η_2)

9k_+.η_1+9k_+.η_2+20M^2_K −6M^2_π +18η_1 .η_2 6 √ 2F_π (k_+.η_1+k_+.η_2+M^2_η +η_1.η_2)

3 Summary

In this report, we have presented results of our checks of the consistency of AMPC and established results. In the meson sector, we have analyzed accessible form factors and scattering amplitudes including the kaon-Compton process. As long as the number of particles is manageable, explicit checks were tractable. Large number of notebooks are provided. This work was spurned by our recent investigations of the K → πl^+l^− process where we discovered that the G_{27} piece was not published in the literature. Since AMPC is very versatile, we have used it in the non-leptonic kaon decay sector to isolate the contributions of the odd-intrinsic parity sector that also involves G_{27} and the higher order pieces as well. All the details of the notations are given in [4]. Another application is to the tree-level chiral processes appearing in τ-decays. As recently as [11], BELLE was using the results of [10] which neglected the quark masses. We give the quark mass corrected results here. It is our belief that AMPC can be used to obtain amplitudes such as πγ → ππ and others of importance to the COMPASS experiment as well. By providing explicit notebooks, we believe we have provided a service to the community which can also be used as a learning aid.

Acknowledgements: We are very grateful to Gerhard Ecker for extensive correspondence on the subject. We also thank J. R. Pelaez for a discussion. BA and ISI thank Rahul Sinha and Shrihari Gopalakrishna for their hospitality at IMSc when part of this work was done. BA and ISI would also like to thank Rajita Menon for discussions at an early stage of this work. DD would like to thank Gauhar Abbas, Monalisa Patra and the Centre for High Energy Physics for hospitality during early stage of the work.

References

[1] J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985).

[2] J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 517 (1985). [3] V. Cirigliano, G. Ecker, H. Neufeld, A. Pich and J. Portoles, Rev.

Mod. Phys. 84, 399 (2012) [arXiv:1107.6001 [hep-ph]].

[4] R. Unterdorfer and G. Ecker, JHEP 0510, 017 (2005) [hepph/0507173].

[5] G. Ecker and R. Unterdorfer, Eur. Phys. J. C 24, 535 (2002) [hepph/0203075].

[6] S. Jadach, Z. Was, R. Decker and J. H. Kuhn, Comput. Phys. Commun. 76, 361 (1993).

[7] O. Shekhovtsova, T. Przedzinski, P. Roig and Z. Was, arXiv:1203.3955 [hep-ph].

[8] B. Ananthanarayan and I. S. Imsong, arXiv:1207.0567 [hep-ph]. [9] R. Decker, M. Finkemeier and E. Mirkes, Phys. Rev. D 50, 6863 (1994) [hep-ph/9310270].

[10] G. J. Aubrecht, II, N. Chahrouri and K. Slanec, Phys. Rev. D 24, 1318 (1981).

[11] Y. Usuki et al. [BELLE Collaboration], Nucl. Phys. Proc. Suppl. 189, 103 (2009).

[12] N. Kaiser, Nucl. Phys. A 848, 198 (2010) [arXiv:1007.5277 [hep-ph]]. [13] V. Bernard, N. Kaiser and U. G. Meissner, Nucl. Phys. B 357, 129 (1991).

[14] V. Bernard, N. Kaiser and U. G. Meissner, Phys. Rev. D 44, 3698 (1991).

[15] V. Bernard, N. Kaiser and U. G. Meissner, Nucl. Phys. B 364, 283 (1991).

[16] F. Guerrero and J. A. Oller, Nucl. Phys. B 537, 459 (1999) [Erratumibid. B 602, 641 (2001)] [hep-ph/9805334].

[17] A. Gomez Nicola and J. R. Pelaez, Phys. Rev. D 65, 054009 (2002) [hep-ph/0109056].

[18] F. Guerrero and J. Prades, Phys. Lett. B 405, 341 (1997) [hepph/9702303].

[19] T. Fuchs, B. Pasquini, C. Unkmeir and S. Scherer, Czech. J. Phys. 52, B135 (2002) [hep-ph/0010218].

[20] G. Ecker, H. Neufeld and A. Pich, Nucl. Phys. B 413, 321 (1994) [hep-ph/9307285].

[21] J. F. Donoghue, E. Golowich and B. R. Holstein, Camb. Monogr. Part.

Phys. Nucl. Phys. Cosmol. 2, 1 (1992).

[22] J. Bijnens, Int. J. Mod. Phys. A 8, 3045 (1993).

[23] L. Ametller, J. Bijnens, A. Bramon and F. Cornet, Phys. Lett. B 303, 140 (1993) [hep-ph/9302219].

[24] L. Ametller, J. Bijnens, A. Bramon and P. Talavera, Phys. Lett. B 400, 370 (1997) [hep-ph/9702302].

[25] J. Bijnens and P. Talavera, Nucl. Phys. B 669, 341 (2003) [hepph/0303103].

[26] J. Bijnens and P. Talavera, JHEP 0203, 046 (2002) [hep-ph/0203049]. [27] J. Bijnens and F. Cornet, Nucl. Phys. B 296, 557 (1988). [28] R. Mertig, M. Bohm and A. Denner, Comput. Phys. Commun. 64, 345 (1991).

[29] G. Colangelo, M. Finkemeier and R. Urech, Phys. Rev. D 54, 4403 (1996) [hep-ph/9604279].

[30] J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984).