arXiv:1207.3342v1 [gr-qc] 13 Jul 2012

Tensile Strength and the Mining of Black Holes

Adam R. Brown

Princeton Center for Theoretical Science, Princeton, NJ 08544, USA

Abstract There are a number of important thought experiments that involve raising and lowering boxes full of radiation in the vicinity of black hole horizons. This paper looks at the limitations placed on these thought experiments by the null energy condition, which imposes a fundamental bound on the tensilestrength-to-weight ratio of the materials involved, makes it impossible to build a box near the horizon that is wider than a single wavelength of the Hawking quanta and puts a severe constraint on the operation of ‘space elevators’ near black holes. In particular, it is shown that proposals for mining black holes by lowering boxes near the horizon, collecting some Hawking radiation and dragging it out to infinity cannot proceed nearly as rapidly as has previously been claimed and that as a consequence of this limitation the boxes and all the moving parts are superfluous and black holes can be destroyed equally rapidly by threading the horizon with strings.

1 Introduction

Classical black holes live forever. The area theorem shows that not only can black holes not be destroyed, their horizon area cannot decrease at all [1]. Though Penrosestyle processes can extract energy stored in electric, magnetic, or gravito-kinetic fields outside the horizon of charged or spinning black holes [2, 3], no energy can be extracted from the hole itself, and once the charge/spin is gone we are left with a Schwarzschild black hole that it both inert and eternal.

Quantum black holes, however, disintegrate into Hawking radiation. But black hole evaporation is slow. A 3+1-dimensional Schwarzschild black hole of mass M self-destructs in a time [4]

lifetime =

5120π b G^2 ℏ c^4 M^3, (1) which for a solar mass black hole comes to 10^{57} times the age of the Universe^1. Can the hole be made to relinquish its energy sooner?

Unruh and Wald have argued that it can [6]. They have argued that by lowering a box down close to the horizon, filling it with Hawking radiation and raising the box back out to infinity, that the black hole can be stripped of its thermal atmosphere and destroyed in a time that scales like the Schwarzschild time M [7]. I will show that implemented literally the standard prescription will result in the black hole horizon swelling and consuming the box, so that rather than using a box to rob the black hole of its radiation, the black hole instead robs us of our box. Though black holes can still be destroyed parametrically faster than by evaporation, the constraints (Eqs. 27 & 29) are parametrically slower than those previously derived. Indeed, I will argue that the limitations on the mining of black holes by boxes are so severe that no advantage (and some disadvantage) is gained by using boxes, and we are better off mining the black hole by just threading the horizon with strings in the manner of Lawrence & Martinec [8] and of Frolov & Fursaev [9, 10].

The strongest constraints are going to come from limitations the energy conditions (null, weak, and dominant all agree in this case) place on the properties of the apparatus we are going to use to do the mining. The mining of black holes is meant to be a quasistatic process, so we can use versions of these conditions averaged over semiclassical distances. The averaged null energy condition is the most permissive, and therefore the most secure, of all energy conditions. It is obeyed by all observed matter, classical or quantum, and it seems doubtful that there is any notion of black hole thermodynamics that could be salvaged if we allow our equipment to violate it. The energy conditions demand that the tension T of a static rope cannot exceed its mass-per-unit-length μ μ ≥ T. (2) A rope that is tense must also be dense^2. Subject to a greater force, the rope must stretch or the rope must break; what the rope cannot do is resist. Let’s examine the consequences.

1This formula is correct for large semiclassical black holes M ≫ (8πG)^{−1/2} ≡ M_{P l}, which is the only limit in which the notion of a black hole is well defined, and the only limit we will be interested in in this paper. The O(1) constant b depends on the number and nature of the massless species, and on the greybody corrections to the Stefan-Boltzmann law [5]. In the rest of this paper we will use Planck units so that G = ℏ = c = 1.

2This fundamental limit, T/μ = c^2 = 9 × 10^{16}N/(kg/m) in SI units, far exceeds the breaking point of any material that derives its strength from interatomic forces (e.g. defect-free carbon nanotubes can sustain no more than T/μ = 10^{−8}). ‘Ropes’ that saturate the condition have no longitudinal rest frame; examples include electric field lines, flux tubes, and cosmic and fundamental strings.

2 Tensile Strength

A general static spherically-symmetric spacetime has metric

ds^2 = −χ(r)^2dt^2 + dr^2 f(r)^2

+ r^2dΩ^2. (3)

For a Schwarzschild black hole, χ = f = (1 − 2M/r)^{1/2}. A general static sphericallysymmetric matter distribution has stress-energy T^μ_ν = diag{−ρ, p_r, p_θ, p_θ} = 1 4πr^2 diag{−μ, −T, S, S}, (4) where μ(r) is the mass-per-unit-radial-length, T (r) is the radial tension and S(r) is the angular compression stress. The condition for equilibrium is ∇_μT^μ_r = 0, or dT dr + 1 χ dχ dr T + 2 r S = 1 χ dχ dr μ. (5) The weight of the material (the RHS) must be supported by increasing the radial tension (the first term), holding the radial tension fixed while the tension below redshifts away (the second term), or by angular compression stress (the third term).

The null energy condition (NEC) requires that T^μ_ν k_μk^ν ≥ 0 for every null vector k^μ. Choosing the radial null vector reproduces μ > T . Choosing the angular null vector requires that μ > −S. Let’s investigate the implications of this condition as it pertains to ropes and boxes near black holes.

1. Ropes must be heavy. A hanging rope has radial tension (T > 0) but no angular stress (S = 0). If a rope of constant μ is suspended from infinity down towards the black hole horizon, what tension in the rope is required to keep it static? Eq. 5 tells us that the required tension is independent of r and independent of M T (μ, r, M) = μ. (6) Closer to the horizon the gravitational field g ≡ d log χ/ds is stronger, but there is less rope to support below^3. The ability of a constant tension rope to support itself is a uniquely relativistic effect; in Newtonian mechanics the tension must always

3This solution acts as a counter-example to the claim of [11] that there can be no such solution. (The fault enters in the paper’s Eq. 5, which disregards the changing radial component of t^a, see [12] for a discussion.) It is, however, the case that there is no way other than tensile ropes to hold something fixed near a black hole; this is the subject of Appendix A.

increase with height to compensate for the increased weight, but in curved spacetime the weight of the rope redshifts away.

Thus for a constant-μ rope to support itself, it must saturate the NEC bound. And even a constant-μ rope that saturates the NEC bound must expend all its tensile strength supporting its own weight, if it stretches all the way down to the horizon, leaving none over to support a box. By getting rid of the rope below a certain height, we can free up tensile strength, but only enough to support a box no heavier than the weight of the excised rope. For a thin box of proper mass m ≪ M at a radius r = R in Schwarzschild spacetime, integrating Eq. 5 gives the required tension and therefore the required density in the rope as mg|_{r=R}, or μ ≥ T = 1 χ Mm r^2 | | | |_{r=R}. (7)

It is sometimes said that the force required at infinity to hold a box fixed near a black hole remains bounded even for masses arbitrarily close to the horizon: though the gravitational field gets ever stronger, the redshifted gravitational force remains finite. This is technically true, but misleading. The NEC demands that the rope be heavy (Eq. 7), which means that by the time you are far from the hole very little of the tension is devoted to supporting the weight of the box, and almost all is devoted to supporting the weight of the rope. The force at infinity required to suspend both box and supporting NEC-obedient rope does diverge as the horizon is approached.

2. Boxes must be heavy. A second consequence of the NEC is that a box full of massless radiation must weigh parametrically as much as its contents just to stop them escaping into the vacuum. We can see this already in the flat spacetime χ = f = 1 limit. It is the angular tension S < 0 in the material of a balloon that resists the pressure of its contents. Massless radiation of density ρ has pressure p =^1_3 ρ, so the inside edge of the balloon surface is under tension T = 4πR^{2 1}_3 ρ, while the outside edge is exposed to the vacuum T = 0. We can then integrate Eq. 5 across the thin surface at r = R to derive 4πR^2 1 3 ρ = −ΔT = − 2 R SΔr ≤ 2 R μΔr = 2 R M_{box}. (8)

The mass of the radiation is^{4π}_3 ρR^3 so that^4, independent of the number of species,

M_{box} ≥ 1 2 M_{radiation}. (9)

4If the limit of the stability against radial perturbations is w_θ ≡ S/μ = −1/2, as the results of [13] might lead one to speculate, then there is a tighter bound M_{box} ≥ M_{radiation}. See also [14].

3. Boxes must be narrow. A third consequence of the NEC is that a single box hanging from a single rope near a black hole horizon can be no wider than the local Hawking wavelength. To see this, let us first see what constraints the NEC places on ropes suspended not from one point, as in the previous discussion, but from two.

In Newtonian mechanics, the profile adopted by a constant density rope suspended from two points in a constant gravitational field is the catenary y = y_b − a + a cosh(x − x_b)/a, where a, x_b and y_b are determined by the boundary conditions. The tension at the bottom is μga. This Newtonian intuition suggests that the NEC will bound the radius of curvature at the bottom, a, to be less than about g^{−1}.

Let us consider the region just outside a fixed Schwarzschild horizon. Using f = χ = (1 − 2M/r)^{1/2} and moving to the near horizon limit (χ ≪ 1) of Eq. 3 gives Rindler coordinates

ds^2 = −χ^2dt^2 + 16M^2dχ^2 + 4M^2 ( dθ^2 + cos^2 θdϕ^2 ) . (10)

The horizon lies at χ = 0, where the local gravitational field g = 1/(4χM) diverges. The action of a static constant-ϕ constant-μ NEC-saturating string hanging with shape χ(θ) is proportional to S ∼ μ ∫ dt dθ cos θ χ √ 1 + 4χ^′(θ)^2. (11)

If we consider strings that are not only close to the horizon but also take up a small angular scale we can treat the cos θ as essentially fixed so that we are treating the horizon as a plane. Then the action provides the same function to be extremized as the potential energy in the Newtonian case, and the solution is χ(θ) = 1 2 χ_0 cosh θ χ_0

. (12)

Remarkably, the shape of a constant-μ, constant-T string in the non-constant gravitational field of a black hole has the same functional form as the shape of a constant-μ, non-constant-T rope in a constant Newtonian potential [15, 16, 17]. The difference is that in this case we have specified the tension so if we fix the point of closest approach to the horizon, we also fix the radius of curvature there. Since we can make T less than μ, we can make the rope hang steeper than Eq. 12. Since we cannot make T greater than μ, we cannot make the rope hang shallower than Eq. 12. (Appendix D confirms this intuition.)

The implication of this is that two points at the same χ can be connected by a NEC-satisfying string only if they are sufficiently close. If they are separated by a distance 2MΔθ, then a string can be hung between them only if there is some solution to the above equation. Minimizing χ(θ) with respect to χ_0 gives the bound

Δθ < (1.3254 . . .)χ. (13)

We can repeat this analysis for the rotationally symmetric box formed by hanging a NEC-saturating sheet from a circular support. In the near-horizon, small-angular-size, fixed-Schwarzschild limit the action is proportional to S ∼ ∫ dθ χ θ √ 1 + 4χ^′(θ)^2, (14)

so that the shape must satisfy 2χ^{′′} 1 + 4χ^{′2} = 1 2χ − 2χ^′ θ . (15)

The dilation symmetry ensures that if χ(θ) is a solution, so is λχ(θ/λ), just as for the case of the NEC-saturating string. The shape equation can be numerically integrated to reveal that a sheet can be hung from a circle without breaking only if

Δθ < (2.1754 . . .)χ. (16)

(Again, Appendix D confirms that this is the widest any NEC-satisfying box can be, not just the widest a NEC-saturating box is.)

At a height 4Mχ above the horizon the wavelength of a Hawking photon is approximately MΔθ ∼ 4Mχ, so the NEC permits us to build boxes only just wide enough to fit a single wavelength of Hawking radiation, no matter whether we use ropes or sheets. If we employ many supporting strings, then we can hang many boxes that collectively cover a larger area, but no single box with a single point of support can have a width that exceeds the local Hawking wavelength. For every Hawking wavelength we wish to enclose, we need another supporting rope.

Backreaction and melting. If the rope is too heavy, it will undergo gravitational collapse. Defining f(r) ≡ (1 − 2m(r)/r)^{1/2}, the G^t_t = 8πT^t_t component of Einstein’s equation for a vertical rope is that dm(r) dr = μ. (17)

A horizon exists where f = 0, so a uniform static string can avoid gravitational collapse only if it is lighter than half a Planck mass per Planck length, μ < 1 2 . (18)

The rope cannot be too light, though. If the rope is so slight, or the temperature so great, that the weight of even a single Hawking photon exceeds the rope’s carrying capacity, Eq. 7, then the rope cannot prevent the photon falling into the hole and carrying at least part of the rope with it. Since at a redshift χ a typical Hawking quantum has an energy m ∼ (χM)^{−1}, the string can bear the photon only when μ > 1 (χM)^2

. (19)

For a fundamental string, this corresponds to the redshift at which the Hawking radiation has reached the melting point of the string, the Hagedorn temperature [18, 19]. (This failure mode should be thought of as the string melting, not the string breaking. A NEC-saturating string breaks by Schwinger pair producing endpoints, which is a failure mode in of itself, and is the reason QCD flux tubes are of no use for our purposes—though they successfully saturate the NEC bound by having their tension equal to their energy density, a stretched flux tube pair produces pions and falls apart. The breaking problem can be evaded by finding a rope with a high endpoint mass or a low coupling. Melting, by contrast, is a problem that afflicts even unbreakable strings, and corresponds to absorbing energy from the heat bath and using it to manufacture new string so that the rope stretches uncontrollably.)

The twin constraints of backreaction and melting limit the usefulness of ropes less tense than the NEC bound. We have already seen that only a T = μ rope can support itself if it is to have constant density, so a T < μ rope must be tapered, its profile sculpted to be thicker at the top and thinner at the bottom. If we input T (r) = −wμ(r) into Eq. 5 then the solution is

μ(χ) = μ_∞ χ^{− 1+ww} . (20)

The string tapers from finite linear density μ_∞ at infinity to zero linear density at the horizon. On the one hand, the rope must not be so thick at infinity as to induce gravitational collapse, so μ_∞ < 1/2. On the other hand, the rope must not be so thin at the black hole end that it melts and loses control of the box. A rope that is as thick at infinity as is consistent with backreaction melts at a redshift 1 χ^2M^2 ∼ 1 2 χ^{− 1+ww} → χ ∼ M^{2w1−w} . (21) But most thought experiments take place down at a redshift that scales as χ ∼ M^{−1} so that the temperature stays fixed even as the black hole is taken very large and semiclassical. It is only at these redshifts that the Generalized Second Law may be in jeopardy [2, 20, 21, 22, 23, 24, 25, 26], only at these redshifts that buoyancy produced by the Hawking atmosphere becomes significant [6, 27, 28], and only at these redshifts that we could hope to mine enough energy that the lifetime scales as the light-crossing time M [7]. So only a NEC-saturating string will do. Not twine, not steel, not nanotubes—to reach interesting redshifts requires our ‘rope’ to have the maximum possible tensile strength permitted by the laws of nature.

3 The Destruction of Black Holes

Unaided Hawking radiation releases approximately one quantum per light-crossing time M. If in the same time N such quanta could be liberated, the lifetime would fall to lifetime ∼

M^3 N . (22)

Near the horizon of a black hole the metric is given by Eq. 10, the area remains fixed at M^2 but every other length scale is given by χM: the distance to the horizon, the wavelength of Hawking quanta, and the time spacing with which they arrive. Every locally-measured time χM a photon of wavelength χM passes through each cell of area (χM)^2. Due to the gravitational time dilation near the horizon, a locally measured time of χM corresponds to an asymptotically-measured time of M. Thus through a given angular area element near the horizon, the number of photons passing per asymptotically-measured light-crossing time is N = area χ^2M^2

. (23)

Taking the area to be a whole sphere surrounding the hole, this number of photons is N ∼ 1/χ^2. What this means is that almost all photons that make it past a sphere of redshift χ ≪ 1 do not make it out to infinity. This effect can be understood already in the geometric optics approximation (marginally applicable here because the wavelength and redshifting-doubling-length coincide). As a matter of geometry, null rays near the horizon must be aimed within an angle Δψ ∼ χ of the vertical in order to escape the hole—any greater deviation and they loop round and are recaptured by the hole. Angular momentum makes escaping the hole more difficult (c.f. Eq. 30).

The mining proposal [6, 7, 29] is that we reach in with a box and help these photons over the angular momentum barrier. No matter whether it expends its own energy climbing out of the gravitational potential, or we have to expend energy dragging it out, the net energy we recover from a photon is χ times the proper energy it had when we captured it, which is to say χ^1_{χM} =^1_M . It’s not that we recover more energy per photon, it’s rather that we recover more photons. How many can be liberated per time M is going to be determined, through Eq. 23, by how deep we can mine. We turn to that question now.

If the mass-per-unit-length of an individual NEC-saturating rope is μ_s, and the total number of ropes we wish to deploy is N_s, then we have the following constraints.

Constraint 1: melting. If we are to scoop from a redshift χ, then the strings cannot have melted at that depth. Equation 19 then implies 1 χ^2M^2

< μ_s. (24)

Constraint 2: gravitational backreaction. The collective mass of the quasistatic strings must not induce gravitational collapse. Equation 18 then implies

μ_sN_s < 1/2. (25)

Constraint 3: box width. Equations 13 and 16 show that it is impossible to construct a box that is wider than the local wavelength of the radiation, so it is impossible for a single rope to lift parametrically more than a single Hawking quantum per light-crossing time N < N_s. (26)

One lower bound on the lifetime comes from combining Eqs. 25 & 26. If we have at our disposal a NEC-saturating rope with a given fixed μ_s, then gravitational backreaction limits the number of ropes we may deploy, so the black hole can be destroyed in a time no shorter than

lifetime ≥ μ_sM^3 . (27)

This is a factor of Gμ_s shorter than the unaided evaporation time. If we have a number of different weights of suitable NEC-saturating rope at our disposal, this lower bound indicates we should choose the one with the smallest μ_s. But only up to a point. If the string is too light then it melts before it can get deep enough. If we wish to collect many photons then we must reach deep, but deep means hot. Equation 24 implies that if we have complete freedom to pick μ_s, then the optimal tradeoff between backreaction and melting is given by picking μ_s ∼ M^{−1}. This gives a second lower bound on the lifetime^5

lifetime ≥ M^2 . (29)

For intermediate mass black holes, this may be more restrictive than Eq. 27.

The lower bounds Eqs. 27 and 29 limit the rate at which black holes can be mined with boxes. But boxes are not the only ways to mine black holes [9, 10]. Lawrence and Martinec [8] showed that, even without a box, a string dangled into a black hole wicks away Hawking radiation. The equation for perturbations on the string is just that of the s-wave bulk Hawking mode, and since the s-wave bulk mode carries away the majority of the energy in conventional Hawking radiation [5], so a single string carries away parametrically as much energy as the whole bulk Hawking emission (‘black holes radiate mainly on the brane’ [30, 31]). Photons with high angular momentum cling to the string, deposit their angular momentum and are channeled up to infinity. Frolov and Fursaev [9] argued that employing many strings black holes can be systematically mined.

Black hole mining with strings is slow: each string can carry away just one quantum per light-crossing time. But the foregoing analysis shows that the narrow boxes demanded by the NEC can do no better. The constraints on the number of strings that can support boxes carry directly over to constraints on the number of strings that can be dangled into the horizon, so the rates of these two types of mining are parametrically identical^6.

5We have derived these lifetime lower bounds by considering the backreaction and melting of the supporting strings. We could equally well have considered the backreaction of the box. If the box is constructed out of a lattice of strings, then the lattice spacing cannot exceed the wavelength of the photons it is to contain χM, so the proper mass of the box must be at least m ≥ μ area χM . (28)

Appendix C constructs the metric for the complete quasistatic mining configuration, including full backreaction, and gives in Equation 62 the condition under which a quasistatic box suspended near a black hole will undergo gravitational collapse; this recovers Eq. 27 and, coupled with Eq. 24, recovers Eq. 29. (Using boxes constructed of branes instead of strings is counterproductive. The mass of such a box is m ∼ area × brane tension, which is heavier than Eq. 28 at large M, and therefore is more vulnerable to gravitational collapse.) Yet a third way to derive the constraint of Eq. 29 is to consider the backreaction of the radiation being mined. The mined radiation has μ = area × ρ = M^2(χM)^{−4} = χ^{−4}M^{−2} [32]. Requiring that this be less than 1/2 gives χ > 1/ √ M which through N ∼ 1/χ^2 gives Eq. 29. Similar arguments will appear in [33].

6Frolov and Fursaev [9] considered multiple strings sticking into black holes and achieved the same limits on mining as is captured in Eqs. 27 and 29. They derived the limit Eq. 29 by consid-

When it comes to black hole mining, then, boxes are superfluous. Worse than superfluous, they are an encumbrance: the many extraneous moving parts present more failure modes and burden the mining process with unnecessary O(1) overheads. Rather than scoop the Hawking radiation up with boxes, both the simplest and the fastest way to destroy black holes is to puncture the horizon with a large number of NEC-saturating strings, allowing Hawking modes even of high angular momentum to flow up and away along a soaring multitude of celestial brane drains.

There is a great trove of energy stored in the thermal atmosphere of a black hole, by some measures all the energy the hole possesses. But we see this energy only faintly, in the rare Hawking quanta that make it out, and we grasp for it at our peril. To reach close to the horizon demands that our equipment be strong, the threat of gravitational backreaction demands that our equipment be light, but the null energy condition demands that that which is strong must also be heavy.

These constraints partially sequester the atmosphere from our reach, and ensure that while mining can reduce the lifetime, for the largest black holes it can do so only in the prefactor—the lifetime in light-crossing times goes from the horizon area in Planck units to the horizon area in string units. Intriguingly, as shown in Appendix B, this is no longer true in higher dimensions. Mining in higher dimensions is much more effective, even considering the limitations discussed in this paper, and leads to a lifetime powers of M shorter than evaporation—in high enough dimensions the lifetime scales slower than M. In high dimensions mining allows for the rapid destruction of black holes, the rapid extraction of their energy, and, so the modern view must go, the rapid recovery of their information.

Acknowledgements

A warm thank you to Nima Arkani-Hamed, Raphael Bousso, Alex Dahlen, Steven Gubser, Igor Klebanov, Juan Maldacena, Don Marolf, Don Page, Douglas Stanford, Bill Unruh, Herman Verlinde, and Robert Wald.

erations of string reconnection: the strings are safe from reconnecting with one another and being expelled from the hole if kept more than one string length apart. However, it seems like there are other ways the strings could be safe from reconnection: for example, they could be oriented strings. Happily, we have seen other ways to derive the same limit. I thank Don Marolf for discussions on this point.

A Satellites, rockets, and Dyson spheres

In the main text, we discussed the limits imposed by the energy conditions on ropes near black holes. But there are other ways you might imagine holding a box fixed near a black hole for the purpose of mining. In this appendix, I will examine three— orbital angular momentum, rockets, and compression structures—and show that they do not work, and that they all cease working at the same radius r = 3M.

Orbital angular momentum does not work. The proper radial acceleration α ≡ |ẋ^μ∇_μẋ^ν | required to maintain constant r outside a Schwarzschild black hole is α = 1 χ M r^2 − χ L^2 r^3 + 1 χ ML^2 r^4

, (30)

which adds to the competition between the Newtonian gravitational attraction (augmented by χ^{−1}) and the centrifugal repulsion (diminished by χ) a relativistic attractive term between the hole and the orbital energy. Unlike in Newtonian mechanics, in general relativity the gravitational attraction famously overwhelms the centrifugal force at short distances, dooming any causal geodesic that approaches closer than the innermost circular orbit at r = 3M to inevitably hit the singularity [34]. (That angular momentum is attractive inside r = 3M is precisely what made it so difficult for the Hawking quanta of high angular momentum in Sec. 3 to escape, and is precisely the problem that mining is meant to alleviate.)

Rockets doubly do not work. First they cannot be quasistatic: near a black hole their fuel exponentially depletes in a time of order M. Second when inside the photon orbit at r = 3M their exhaust inevitably feeds the hole and pollutes the delicate energy accounting required for mining.

Compression structures do no work. If we build a ‘Dyson sphere’ around a black hole, the compression strength in the struts required to buttress the sphere against gravity is derived in Eq. 61 to be w_θ ≡ S/μ = M 2χ^2r

. (31)

Even before the dominant energy condition is violated at w_θ > 1 (the weak and null energy conditions, by contrast, limit only tensile not compressive strength), a mechanical instability from superluminal perturbations emerges at w_θ > 1/2 and the shell disintegrates [13]. This corresponds to r = 3M.

The only way to hold a box close to the horizon is a rope under tension.

B Constraints on mining in n + 1-dimensions

In an n + 1-dimensional spacetime, the Schwarzschild radius r_S and the black hole mass M are no longer linearly related. Instead we have

χ^2 = 1 − GM r^{n−2} → r_S ∼ M^{1n−2} , (32)

where G ∼ M^{1−n}_{Pl} . Since approximately one quantum of energy r^{−1}_S is released each light-crossing time r_S, the evaporation time is

lifetime ∼ Mr^2_S ∼ r^n_S . (33)

The lifetime, measured in units of the Schwarzschild time, is the entropy.

The backreaction constraint is that for all r > r_S ,

m(r) = M + μ(r − r_S ) < r^{n−2}. (34)

For n > 3 this constraint is strongest immediately outside the horizon, where for a rope of mass-per-unit-length μ_s it gives a constraint on the number of ropes N_s of

μ = N_sμ_s < M/r_S . (35)

Equation 27 becomes lifetime > μ_s r^3_S . (36) In 3 + 1-dimensions the lifetimes of the largest black holes scale as the same power of r_S whether or not the black holes are being mined: only the prefactor is improved. But in higher dimensions mining is much more effective—the new lifetime is smaller than the evaporation lifetime by full powers of r_S /t_{Pl}. Indeed for n > 5 the mined lifetime grows slower than M.

We can also derive the higher dimensional version of Eq. 29, the lower bound operative when we have at our disposal NEC-saturating strings of arbitrarily small μ. The number of photons passing through a sphere of a given χ is N ∼ 1/χ^{n−1}. The condition that the string not melt is still μ_s > 1/χ^2r^2_S. The optimal string tension is therefore μ_s = r^{−4/(1+n)}

S so Eq. 29 becomes

lifetime > r^{3n−1n+1}_S . (37)

These bounds apply equally to mining with boxes or mining with dipped strings.

C Complete solution for weight, rope, and shell

In the main text I argued that the gravitational backreaction of the supporting rope places a severe constraint on the rate of mining from black holes. In this appendix, I will seek reassurance that there are no further surprises associated with backreaction by deriving the complete solution for the quasistatic mining configuration. The box is modeled as a thin deadweight shell of proper mass m at R_1. This is supported by a NEC-saturating rope of tension and mass-per-unit-length μ̄. This rope is in turn tethered to a compression structure out at R_2 with S/μ = w_θ. Throughout I will assume that the configuration is spherically symmetric. This analysis reduces to that of [35] in the limit m, μ̄ → 0.

The stress-energy of our configuration is given by Eq. 4, T^μ_ν = diag{−ρ, p_r, p_θ, p_θ} ≡ 1 4πr^2 diag{−μ(r), −T (r), S(r), S(r)}. (38) The condition for equilibrium, ∇_μT^μ_r = 0, is given by Eq. 5 dT dr − 1 χ dχ dr (μ − T ) + 2 r S = 0. (39)

Defining f(r) ≡ (1 − 2m(r)/r)^{1/2} then the G^t_t = 8πT^t_t component of Einstein’s Equation is that f^′ f = 1 r^2 m − rμ 1 −^{2m}_r ↔ dm dr = μ. (40)

Combining this with the G^r_r = 8πT^r_r component of Einstein’s Equation gives χ^′ χ = 1 r^2 m − rT 1 −^{2m}_r

. (41)

Since f and χ are both normalized to be one at infinity, we see that f and χ are the same only if surrounded by matter with T = μ, and that f is bigger than χ for points outside of which there is matter with μ > T . Since the compression structure at r = R_2 has μ > T , we will have f > χ everywhere inside R_2.

Now let’s consider the metric. Inside R_1 the metric is

ds^2 = −A^2(1 − 2M r )dt^2 + dr^2 1 −^{2M}_r

+ r^2dΩ^2. (42)

Birkhoff’s theorem ensures that a black hole surrounded by spherically-distributed matter knows nothing of the matter. We have placed a (locally unobservable) A in there to get the normalization right at infinity: the shell places the hole in a gravitational well relative to infinity and makes time run slow, even slower than results from standard Schwarzschild time dilation.

Between R_1 and R_2 the metric is

ds^2 = −B^2(1 − 2μ̄)(1 −

2M_2 r )dt^2 + dr^2 (1 − 2μ̄)(1 −^{2M2}_r )

+ r^2dΩ^2. (43)

At μ̄ = 1/2 the deficit solid angle reaches 4π [36] and a horizon forms, as in Eq. 18.

Outside R_2 the metric is, again by Birkhoff’s theorem,

ds^2 = −(1 −

2M_3 r )dt^2 + dr^2 1 −^{2M3}_r

+ r^2dΩ^2. (44)

We will use the junction conditions to derive expressions for M_2, M_3, A, B and μ̄ in terms of m, M, R_1, R_2 and w_θ. To keep the expressions short, let us further define two variables M_a and M_b by

(1 − 2μ̄)(1 −

2M_2 R_1

) ≡ 1 − 2M_a R_1

↔ M_a ≡ (1 − 2μ̄)M_2 + μ̄R_1, (45)

(1 − 2μ̄)(1 −

2M_2 R_2

) ≡ 1 − 2M_b R_2

↔ M_b ≡ (1 − 2μ̄)M_2 + μ̄R_2, (46)

so that M_a is the value of m(r) immediately outside the inner shell, and M_b is the value of m(r) immediately inside the outer shell.

Continuity of the induced metric at R_1 gives

A^2(1 − 2M R_1

) = B^2(1 − 2M_a R_1

) . (47)

Continuity of the induced metric at R_2 gives

B^2(1 − 2M_b R_2

) = (1 −

2M_3 R_2

) . (48)

At r = R_1 the derivative of the metric jumps as it encounters the lump of proper mass m. From the definition of the proper mass dm ≡ μ ds = μ dr/f = dm/f, (49) we can derive m = ∫_{Ma} M dm √ 1 −^{2m}_{R1}

= R_1 (√ 1 − 2M R_1 − √ 1 − 2M_a R_1 ) , (50)

which we can rewrite as an expression for M_a as

M_a = M + √ 1 − 2M R_1 m − m^2 2R_1

. (51)

Finally we have the pressure-balance equations across the shells. Using Eq. 39 dT = (μ − T ) dχ χ − 2 r Sdr, (52) and Eq. 40 dm = μdr, (53) and Eq. 41 dχ χ = 1 r m(r) − rT (r) r − 2m(r) dr, (54) and defining w_θ ≡ S/μ, which we take to be constant within the shell, gives dT = ( 1 r μ − T μ m − r T r − 2m − 2 r w_θ ) dm. (55) Inside a delta-function shell we can approximate μ ≫ T and r = R. The solution is

T (m) = 1 − m R + 2w_θ(1 − 2m R ) + c √ 1 − 2m R . (56)

At the first junction, at R = R_1, the box is assumed to be a deadweight, so w_θ = 0. Since T (m = M) = 0 we have

T (m) = 1 − m R_1 − 1 −^M_{R1} √ 1 −^{2M}_{R1} √ 1 − 2m R_1

. (57)

Then since T (m = M_a) = μ̄ we have

μ̄ = 1 − M_a R_1 − 1 −^M_{R1} √ 1 −^{2M}_{R1} √ 1 − 2M_a R_1

. (58)

At the second junction, at R = R_2, the rope is tethered to a compression structure with w_θ > 0. We can set c by noting that on the outside of the shell we have T = 0 and m = M_3, so

T (m) = 1 − m R_2

+ 2w_θ(1 − 2m R_2 ) − 1 −^{M3}_{R2} + 2w_θ(1 −^{2M3}_{R2} ) √ 1 −^{2M3}_{R2} √ 1 − 2m R_2

. (59)

On the inside of the shell we have T = μ̄ and m = M_b, giving our fifth and final constraint

μ̄ = 1 − M_b R_2

+ 2w_θ(1 − 2M_b R_2 ) − 1 −^{M3}_{R2} + 2w_θ(1 −^{2M3}_{R2} ) √ 1 −^{2M3}_{R2} √ 1 − 2M_b R_2

. (60)

Let us now explore various limits of these equations. If m = 0 then μ̄ = 0 and the compression structure has no further weight to bear in addition to its own. In the Schwarzschild limit, M_3 − M ≪ M, of Eq. 60 the required angular stress is

w_θ = M 2(r − 2M) . (61)

As promised in Eq. 31, a shell at r = 3M needs w_θ = 1/2 to support its own weight, and a shell at r = 5M/2 needs w_θ = 1.

Finally, we can ask how heavy the box needs to be to cause gravitational collapse. There are in principle two different ways that the box could bring about collapse: it could cause collapse directly by being so heavy that it lies inside the combined Schwarzschild radius of the box plus black hole system; or it could cause collapse indirectly by requiring a supporting rope so heavy that the rope itself collapses. Direct collapse occurs when M_a = R_1/2, which through Eq. 50 corresponds to a proper mass of

m = R_1 √ 1 − 2M R_1

. (62)

What about indirect collapse? This happens when the required μ̄ reaches 1/2, and that happens, Eq. 58 tells us, when M_a = R_1/2, exactly the same criterion as for direct collapse. So for the NEC-saturating ropes envisioned by Eq. 58, direct and indirect collapse happen simultaneously; for all non-NEC-saturating ropes the weight of the required rope causes collapse before the weight of the box does.

D The broadest boxes saturate the NEC

In Section 2 we saw that a single NEC-saturating box suspended from a single string near a black hole can be no wider than about a single local Hawking wavelength. In this appendix we will see that this is true not just of all boxes that are NECsaturating, but also of all boxes that are NEC-satisfying. Indeed we will see that the broadest boxes that obey the NEC also saturate the NEC.

First let’s do the case of a string. Consider a metric

ds^2 = −χ^2dt^2 + dχ^2 + dθ^2. (63)

And consider a static matter configuration on this space, so that T^μ_ν (χ, θ) is not a function of t, and T^t_i = 0. The ∇_μT^μ_χ = 0 equation tells us that

∂_χT^χ_χ + ∂_θT^θ_χ + 1 χ ( T^χ_χ − T^t_t ) = 0. (64)

The ∇_μT^μ_θ = 0 equation tells us that

∂_χT^χ_θ + ∂_θT^θ_θ + 1 χ T^χ_θ = 0. (65)

So far our discussion would apply to a general two-dimensional membrane. But we’re interested in codimension-one ropes, which means that we want to be able to cleave this membrane into a sheaf of parallel ropes that do not interact, and then just consider one of these ropes in isolation. This means that the tension perpendicular to the ropes must be zero. Mathematically, this implies that one of the eigenvalues of T^μ_ν is zero, so the stress-energy can be written as

T^μ_ν = −ρ 0 0 0 p cos^2 ψ p sin ψ cos ψ 0 p sin ψ cos ψ p sin^2 ψ ,

where ψ(χ, θ) is the angle of the rope to the vertical (to the χ axis). Vectors tangent to the string satisfy sin ψ dχ − cos ψ dθ = 0, (66) whereas vectors perpendicular to the string satisfy

cos ψ dχ + sin ψ dθ = 0. (67)

And of course as a matter of calculus dψ = ∂_χψ dχ + ∂_θψ dθ. (68)

Taking sin ψ times Eq. 64 minus cos ψ times Eq. 65 gives

p(cos ψ ∂_χψ + sin ψ ∂_θψ) = ρ sin ψ (69)

or in other words, comparing with Eqs. 66 & 68, dψ dθ | | | |_{tangent}= 1 χ ρ p . (70)

To simplify comparison with the analysis that led to Eq. 12, we can use dψ/dθ = −χ^{′′}/(1 + χ^{′2}) and χ^′ = cos ψ/ sin ψ to rewrite this as χ^{′′} 1 + χ^{′2} = − 1 χ ρ p . (71)

If ρ = −p we get the NEC-saturating shape described in the main text. If ρ > −p the shape is steeper. The NEC forbids ρ < −p, so it is impossible for the shape to be any shallower.

For comparison, let’s take cos ψ times Eq. 64 plus sin ψ times Eq. 65, giving

sin ψ ∂_θp + cos ψ ∂_χp + p cos ψ ∂_θψ − p sin ψ ∂_χψ = − 1 χ (ρ + p) cos ψ (72)

or in other words, comparing with Eqs. 66, 67 & 68, dp dθ | | | tangent +p cos ψ sin ψ dψ dθ | | | perpendicular = − cos ψ sin ψ ρ + p χ . (73)

This equation tells us how the tension changes along the string. While the shape of constant-μ strings has the same functional form as the Newtonian catenary, these equations imply that the coincidence does not extend away from constant-μ [37].

Now let’s do the case of a sheet. Consider a metric

ds^2 = −χ^2dt^2 + dχ^2 + dθ^2 + θ^2dϕ^2. (74)

And consider a configuration on this space that is both static and rotationally symmetric, so that T^μ_ν (χ, θ) is not a function of t or ϕ, and T^χ_θ is the only non-zero off-diagonal component. The ∇_μT^μ_χ = 0 equation tells us that

∂_χT^χ_χ + ∂_θT^θ_χ + 1 θ T^θ_χ + 1 χ ( T^χ_χ − T^t_t ) = 0. (75)

The ∇_μT^μ_θ = 0 equation tells us that

∂_χT^χ_θ + ∂_θT^θ_θ + 1 χ T^χ_θ + 1 θ ( T^θ_θ − T^ϕ_ϕ ) = 0. (76)

Note the symmetry between χ and θ. The stress-energy tensor looks like

T^μ_ν =

−ρ 0 0 0 0 p cos^2 ψ p sin ψ cos ψ 0 0 p sin ψ cos ψ p sin^2 ψ 0 0 0 0 q ,

where ψ(χ, θ) is the angle of the rope to the vertical (to the χ axis). Vectors tangent up to the brane satisfy

sin ψ dχ − cos ψ dθ = 0, dϕ = dt = 0, (77)

vectors tangent around to the brane satisfy

dθ = dχ = dt = 0, (78)

whereas vectors perpendicular to the brane satisfy

cos ψ dχ + sin ψ dθ = 0, dϕ = dt = 0. (79)

And as a matter of calculus dψ = ∂_χψ dχ + ∂_θψ dθ. (80)

Taking sin ψ times Eq. 75 minus cos ψ times Eq. 76 gives

p (cos ψ ∂_χψ + sin ψ ∂_θψ) = sin ψ χ ρ + cos ψ θ q, (81)

or in other words dψ dθ | | | tangent up = 1 χ ρ p + 1 θ cos ψ sin ψ q p . (82)

To simplify comparison with Eq. 15, we can use dψ/dθ = −χ^{′′}/(1 + χ^{′2}) and χ^′ = cos ψ/ sin ψ to rewrite this as χ^{′′} 1 + χ^{′2} = − 1 χ ρ p − χ^′ θ q p . (83)

If ρ = −p = −q we recover the solution of Eq. 15; any other NEC-obedient choice is narrower.

Finally, let’s take cos ψ times Eq. 75 plus sin ψ times Eq. 76, giving

sin ψ ∂_θp + cos ψ ∂_χp + p cos ψ ∂_θψ − p sin ψ ∂_χψ = − 1 χ (ρ + p) cos ψ + 1 θ q sin ψ (84)

or in other words, comparing with Eqs. 77, 79 & 68, dp dθ | | | |_{tangent up}+p cos ψ sin ψ dψ dθ | | | |_{perpendicular}= − cos ψ sin ψ ρ + p χ + q θ . (85)

This equation tells us how the pressure changes along the sheet.

References

[1] S. W. Hawking, “Gravitational radiation from colliding black holes,” Phys. Rev.

Lett. 26, 1344 (1971).

[2] R. Penrose, “Gravitational collapse: The role of general relativity,” Riv. Nuovo Cim. 1, 252 (1969) [Gen. Rel. Grav. 34, 1141 (2002)].

[3] D. Christodoulou and R. Ruffini, “Reversible transformations of a charged black hole,” Phys. Rev. D 4, 3552 (1971).

[4] S. W. Hawking, “Black hole explosions,” Nature 248, 30 (1974).

[5] D. N. Page, “Particle Emission Rates from a Black Hole: Massless Particles from an Uncharged, Nonrotating Hole,” Phys. Rev. D 13, 198 (1976).

[6] W. G. Unruh and R. M. Wald, “Acceleration Radiation and Generalized Second Law of Thermodynamics,” Phys. Rev. D 25, 942 (1982).

[7] W. G. Unruh and R. M. Wald, “How to mine energy from a black hole,” Gen.

Rel. Grav. D 15, 195 (1983).

[8] A. E. Lawrence and E. J. Martinec, “Black hole evaporation along macroscopic strings,” Phys. Rev. D 50, 2680 (1994) [hep-th/9312127].

[9] V. P. Frolov and D. Fursaev, “Mining energy from a black hole by strings,” Phys. Rev. D 63, 124010 (2001) [hep-th/0012260].

[10] V. P. Frolov, “Cosmic strings and energy mining from black holes,” Int. J. Mod.

Phys. A 17, 2673 (2002).

[11] G. W. Gibbons, “On Lowering a Rope into a Black Hole”, Nature 240, 77-77 (1972)

[12] I. Fouxon, G. Betschart and J. D. Bekenstein, “The Bound on viscosity and the generalized second law of thermodynamics,” Phys. Rev. D 77, 024016 (2008) [arXiv:0710.1429 [gr-qc]].

[13] P. R. Brady, J. Louko and E. Poisson, “Stability of a shell around a black hole,” Phys. Rev. D 44, 1891 (1991).

[14] R. Bousso, “Light sheets and Bekenstein’s bound,” Phys. Rev. Lett. 90, 121302 (2003) [hep-th/0210295].

[15] J. J. Friess, S. S. Gubser, G. Michalogiorgakis and S. S. Pufu, “Stability of strings binding heavy-quark mesons,” JHEP 0704, 079 (2007) [hep-th/0609137].

[16] D. Berenstein and H. -J. Chung, “Aspects of open strings in Rindler Space,” arXiv:0705.3110 [hep-th].

[17] D. de Klerk, J. Murugan and J. -P. Uzan, “The Catenary Revisited: From Newtonian Strings to Superstrings,” arXiv:1103.0788 [physics.class-ph].

[18] R. Hagedorn, “Statistical thermodynamics of strong interactions at highenergies,” Nuovo Cim. Suppl. 3, 147 (1965).

[19] L. Susskind, “String theory and the principles of black hole complementarity,” Phys. Rev. Lett. 71, 2367 (1993) [hep-th/9307168].

[20] J. D. Bekenstein, “Black holes and the second law,” Lett. Nuovo Cim. 4, 737 (1972).

[21] J. M. Bardeen, B. Carter and S. W. Hawking, “The Four laws of black hole mechanics,” Commun. Math. Phys. 31, 161 (1973).

[22] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D 7, 2333 (1973).

[23] J. D. Bekenstein, “Generalized second law of thermodynamics in black hole physics,” Phys. Rev. D 9, 3292 (1974).

[24] J. D. Bekenstein, “A Universal Upper Bound on the Entropy to Energy Ratio for Bounded Systems,” Phys. Rev. D 23, 287 (1981).

[25] J. D. Bekenstein, “Entropy Bounds And The Second Law For Black Holes,” Phys. Rev. D 27, 2262 (1983).

[26] J. D. Bekenstein, “NonArchimedean character of quantum buoyancy and the generalized second law of thermodynamics,” Phys. Rev. D 60, 124010 (1999) [gr-qc/9906058].

[27] W. G. Unruh and R. M. Wald, “Entropy Bounds, Acceleration Radiation, And The Generalized Second Law,” Phys. Rev. D 27, 2271 (1983).

[28] D. Marolf and R. Sorkin, “Perfect mirrors and the selfaccelerating box paradox,” Phys. Rev. D 66, 104004 (2002) [hep-th/0201255].

[29] P. C. W. Davies, “Mining The Universe,” Phys. Rev. D 30, 737 (1984). [30] R. Emparan, G. T. Horowitz and R. C. Myers, “Black holes radiate mainly on the brane,” Phys. Rev. Lett. 85, 499 (2000) [hep-th/0003118].

[31] J. de Boer, V. E. Hubeny, M. Rangamani and M. Shigemori, “Brownian motion in AdS/CFT,” JHEP 0907, 094 (2009) [arXiv:0812.5112 [hep-th]].

[32] D. N. Page, “Thermal Stress Tensors in Static Einstein Spaces,” Phys. Rev. D 25, 1499 (1982).

[33] A. Almheiri, D. Marolf, J. Polchinski and J. Sully, “Black Holes: Complementarity or Firewalls?”, to appear [34] R. Penrose, “Gravitational collapse and space-time singularities,” Phys. Rev.

Lett. 14, 57 (1965).

[35] J. Frauendiener, C. Hoenselaers and W. Konrad, “A shell around a black hole’,’ Class. Quantum Grav. 7 585 (1990).

[36] V. P. Frolov, D. V. Fursaev and D. N. Page, “Thorny spheres and black holes with strings,” Phys. Rev. D 65, 104029 (2002) [hep-th/0112129].

[37] M. C. Fallis, “Hanging shapes of nonuniform cables,” Am. J. Phys. 65, 2, (1997).