arXiv:1207.3657v2 [math-ph] 26 Jul 2012

Totally classical Calogero model

C. Klimčík

Institut de mathématiques de Luminy, 163, Avenue de Luminy, 13288 Marseille, France e-mail: ctirad.klimcik@univ-amu.fr

Abstract

We show that the standard Calogero Lax matrix can be interpreted as a function on the fuzzy sphere and the Avan-Talon r-matrix as a function on the direct product of two fuzzy spheres. We calculate the limiting Lax function and r-function when the fuzzy sphere tends to the ordinary sphere and we show that they define an integrable model interpreted as a large N Calogero model by Bordemann, Hoppe and Theisen.

1 Introduction

The formalism based on the concepts of the Lax matrix and the Lax pair turns out to be very efficient in a study of a large class of classical completely integrable models [4, 7, 8, 33]. Briefly speaking, the Lax pair is a pair of matrix valued functions L, M on the phase space P of the integrable model such that the equations of motion of the latter can be written in terms of the matrix commutator d dt L = [L, M]. (1.1)

Moreover, the Lax matrix L is required to generate integrals of motion in Poisson involution, i.e. it should fulfil a condition

{tr L^m, tr L^n}_P = 0, ∀m, n. (1.2)

Bordemann, Hoppe and Theisen [10] had an idea to generalize this formalism by replacing the matrices L, M by functions on some two-dimensional auxiliary compact symplectic manifold B and the commutator by the auxiliary Poisson bracket {., .}_B: d dt L = {L, M}_B . (1.3) Moreover, they imposed the following condition on L {∫ B ωL^m, ∫ B ωL^n } P = 0, ∀m, n, (1.4) where ω denotes the auxiliary symplectic form on B.

Starting with a suitable ansatz for the Lax function, Bordemann, Hoppe and Theisen [10] have identified several field theories in 1+1 dimensions which are integrable via their novel mechanism. Among them they singled out two models the classical actions of which read respectively

S_t = 1 2 ∫ dt ∫_1 −1 dσ ( q̇(σ)^2 − a^2 exp q^′(σ) ) , (1.5)

S_c = 1 2 ∫ dt ∫_1 −1 dσ ( q̇(σ)^2 − a^2 q^′(σ)^2 ) . (1.6)

Here the dependence of the dynamical field q(σ) on the time t is tacitly understood, a is a coupling constant, the ”dot” and ”prime” denote the time and the space derivatives, respectively, and boundary conditions on q(σ) will be specified in Section 3.

It is instructive to compare the field theories (1.5),(1.6) with the integrable N-particle Toda and Calogero systems: S_{tN} = 1 2 ∫ dt ( ∑ 1≤i≤N q̇^2_i − κ^2_N ∑ 1≤i≤N exp (q_i − q_{i+1}) ) , (1.7)

S_{cN} = 1 2 ∫ dt ( ∑ 1≤i≤N q̇^2_i − ∑ 1≤i≠j≤N κ^2_N (q_i − q_j)^2 ) , (1.8)

The similarity between field theoretical and N-particle expressions was not the only reason why Bordemann, Hoppe and Theisen interpreted the models (1.5),(1.6) as ”infinite dimensional analogues of N-particle Toda- and Calogero systems”. In fact, although they did not derive these field theories as large N limits of the N-particle models, they argued that it should be possible to do it because the auxiliary Poisson algebra of functions on the two dimensional compact symplectic manifold B can be viewed as infinite-dimensional version gl(∞) of the algebra gl(N) of finite size N × N-matrices [27]. The parameter N/2 should be then interpreted as the Planck constant of an auxiliary quantization converting the auxiliary Poisson algebra into the matrix algebra and the integrable field theories (1.5),(1.6) could be therefore called ”doubly classical” or ”totally classical”.

The suggestion of [10] to obtain the Lax functions of the totally classical field models (1.5),(1.6) as a large N limit of the known Lax matrices of the N-particle models (1.7),(1.8) was then realized by Hoppe in the Toda case [29]. However, to our best knowledge, a similar result was not obtained for the Calogero model. We wish to stress that the similarity between the field theoretical model and the finite N-particle theory is more evident for the Toda model than for the Calogero one. Indeed, the Toda field theory (1.5) is local in the sense that its Lagrangian contains only the first derivative q^′(σ) and the discrete theory (1.7) is also local in the sense that the potential contains only the interaction of the nearest neighbours. In reality, the N-particle Toda model (1.7) is nothing but a straightforward discretization of the Toda field theory (1.5). In the Calogero case the situation is much more subtle, because the field theory (1.6) is local but the N-particle Calogero model (1.8) is non-local. Indeed, the Calogero model (1.8) is not a discretization of the field theory (1.6). On the top of it, there exists a non-local field theory referred to as the large N Calogero model in the literature [1, 41] the discretization of which does give the N-particle Calogero model (1.8). Would the existence of two different large N limits of the same finite N theory indicate a contradiction? A priori no, since much depends in which context the large N limit is taken, what other parameters get fixed while taking the limit etc. [5, 14, 21, 23, 31, 32, 36, 37]. We shall actually justify the interpretation of the model (1.6) as one particular large N limit by appropriately tuning the coupling constant κ_N and the Darboux symplectic Ω_N form of the N-particle Calogero model (1.8). Speaking more precisely, we shall prove that the discrete non-locality gets eliminated and the finite N Calogero model approaches the totally classical field theory (1.6) if we make both κ_N and Ω_N proportional to 1/N. This will constitute the first result of the present paper.

In the original article [10], the fundamental involutivity relation (1.4) was obtained by a direct computation starting from an appropriate ansatz for the Lax function. In the finite N case, the involutivity (1.2) can be proved most easily by using the concept of the classical r-matrix. We recall that the classical r-matrix [7, 8] is a map r(N)_{12} from the phase space of the model into the direct product of two copies of the matrix algebra such that a fundamental compatibility relation with the Lax matrix L(N) holds:

{L(N)_1, L(N)_2}_P = − iN 2 [r(N)_{12}, L_1(N)] + iN 2 [r(N)_{21}, L_2(N)], (1.9)

where L(N)_1 = L(N) ⊗ 1 and L(N)_2 = 1 ⊗ L(N). It is then very easy to show that (1.9) implies (1.2).

In the totally classical context, Hoppe [28] has suggested to introduce a concept of an r-function on P × B × B, which would verify an analogue of (1.9): {L(z), L(w)}_P = {r(z, w), L(z)}_B − {r(w, z), L(w)}_B. (1.10) Here L is the Lax function, the dependence of L and r on the coordinates of P is tacitly understood in (1.10) and the letter z or w stands for some parametrization of the auxiliary symplectic manifold B. As in the finite N case it is easy to show that the involutivity relation (1.4) is the consequence of (1.10).

In the case of the totally classical Calogero model, Hoppe started to look for the r-function by choosing an appropriate ansatz which he then substituted into the condition (1.10). Remarkably, the resulting object which he has found is not quite an r-function but rather an r-distribution in the variables parametrizing B × B! This may look surprising at a first sight: how the large N-limit may convert matrices into distributions? As we shall see, this is indeed the case and the r-distribution does arise in the large N limit. The derivation of Hoppe’s r-distribution directly from the Avan-Talon r-matrix [6] of the N-particle Calogero model constitutes the second result of the present article.

In this paper we choose the ordinary sphere as the auxiliary symplectic manifold B and in Section 2 we review its quantization called the fuzzy sphere [27, 35]. Then in Sections 3 and 4 we prove that the Lax matrix and r-matrix of the N-particle Calogero model are respectively the fuzzy quantizations of the Lax function [10] and of the r-distribution [28] of the totally classical Calogero model (1.6). We finish by a short outlook.

2 The fuzzy sphere

The ordinary symplectic sphere S^2 is a surface embedded in R^3 defined in Carthesian coordinates x_1, x_2, x_3 as x^2_1 + x^2 + x^2_3 = 1. (2.11)

We parametrize it as

x_1 = √ 1 − σ^2 cos ϕ, x_2 = √ 1 − σ^2 sin ϕ, x_3 = σ, σ ∈ [−1, 1], ϕ ∈ [−π, π]. (2.12)

The standard round symplectic form on S^2 is then given by ω ≡ − 1 2 ϵ_{jkl}x_j dx_k ∧ dx_l | | | S^2 = dσ ∧ dϕ. (2.13) The result of the quantization of the symplectic manifold (S^2, ω) is known as ”the fuzzy sphere” [27, 35]. The linear SO(3)-equivariant quantization map Q_N associates to smooth functions f on S^2 sequences of N × N-matrices Q_N (f) which are called the quantized or fuzzy functions. We shall not need an explicit formula for the quantization map Q_N but we do need three basic properties of it:

Q_N (f)Q_N (g) = Q_N ( fg + O ( 2 N )) , (2.14)

[Q_N (f), Q_N (g)] = Q_N ( i 2 N {f, g}_B + O ( 4 N^2 )) , (2.15)

1 2π ∫ S^2 ωf = tr Q_N ( 2 N f + O ( 4 N^2 )) . (2.16)

Obviously the parameter 2/N plays the role of the auxiliary Planck constant. To give a flavor, what the map Q_N is about, let us make explicit the quantized versions of the functions x_3, x_1 ± ix_2 defined in (2.12):

Q_N (x_3)_{ij} = 1 √ N^2 − 1

(N + 1 − 2j)δ_{ij}, Q_N (x_1 + ix_2)_{ij} = 2 √ N^2 − 1 √ (j − 1)(N − j + 1)δ_{i,j−1} (2.17) and Q_N (x_1 − ix_2) is the Hermitian-conjugated matrix Q_N (x_1 + ix_2)^†. In particular, it is then easy to verify that it holds the emblematic fuzzy sphere relation

Q_N (x_1)^2 + Q_N (x_2)^2 + Q_N (x_3)^2 = 1_N , (2.18)

where 1_N stands for the unit N × N-matrix.

So far we have learned that every smooth function on the sphere gives rise to a sequence of N × N-matrices. It is perhaps less known that appropriate sequences of N × N-matrices may represent quantizations of not just smooth functions, but also of singular functions and/or distributions on S^2. As an example particularly relevant for the present paper, we now describe the fuzzy vortices. For that, consider the sequence of N × N matrices V (N) defined by their matrix elements: V (N)_{ij} = δ_{i,j−1}, i, j = 1, ..., N. (2.19) In words: V (N) is the Jordan block with zeros on the principal diagonal. We immediately check that

Q_N (x_1 + ix_2) = √ 1 − √ N − 1 √ N + 1

Q_N (x_3) √ 1 + √ N + 1 √ N − 1 Q_N (x_3)V (N) (2.20)

and we note that the diagonal matrices of which we take the square roots have all eigenvalues strictly positive. In the limit N → ∞, we then obtain

x_1 + ix_2 = √ 1 − x^2_3 V_∞, (2.21)

which together with (2.12) leads to an identification of V_∞ with the ordinary sphere vortex configuration e^{iϕ} and to an extension of the quantization map to this vortex configuration by setting Q_N (e^{iϕ}) = V (N). (2.22)

Another relevant quantized singular object on the sphere is characterized by the following sequence of N × N matrices K(N):

K(N) := N∑ k,l E_{kl}, (2.23)

where E_{kl} is the elementary matrix with 1 in k^{th} row and l^{th} column and 0 everywhere else. Note that K(N) are matrices with all elements equal to 1. For a finite N, we observe

K(N) = (V (N)^†)^{N−1} + ... + (V (N)^†)^2 + V (N)^† + 1_N + V (N) + V (N)^2 + ... + V (N)^{N−1} (2.24) which gives from (2.22)

K_∞ = lim_{N→∞}Q_N (_{N−1}∑ j=1−N e^{ijϕ} ) = 2πδ(ϕ). (2.25)

Said differently, we extend the quantization map to the delta function by setting

2πQ_N (δ(ϕ)) = K(N). (2.26)

Now we use the same symbol Q_N for the quantization of the direct product S^2 × S^2. We can argue that Q_N ( δ(σ_1 − σ_2)δ(ϕ_1 − ϕ_2) ) = N 4π N∑ k,l E_{kl} ⊗ E_{lk}. (2.27)

Indeed, the δ-function δ(σ_1 − σ_2)δ(ϕ_1 − ϕ_2) on S^2 × S^2 is characterized by the property ∫_1 −1 dσ_2 ∫_π −π dϕ_2δ(σ_1 − σ_2)δ(ϕ_1 − ϕ_2)f(σ_2, ϕ_2) = ∫ ω_2δ(σ_1 − σ_2)δ(ϕ_1 − ϕ_2)f(σ_2, ϕ_2) = f(σ_1, ϕ_1), (2.28) where f(σ_2, ϕ_2) is an arbitrary smooth function on S^2. Following (2.16), the quantized version of (2.28) is 4π N tr_2 ( Q_N (δ(σ_1 − σ_2)δ(ϕ_1 − ϕ_2))(1_N ⊗ Q_N (f)) ) = Q_N (f). (2.29)

On the other hand, for the N × N-matrix Q_N (f) it obviously holds

tr_2 ( ( N∑ k,l E_{kl} ⊗ E_{lk})(1_N ⊗ Q_N (f)) ) = Q_N (f). (2.30)

Comparing the last two equalities leads to the identification (2.27).

Finally, we shall need also the fuzzy version of the ”diagonal” delta function δ(σ_1 − σ_2) on S^2 × S^2. Since the fuzzy version of a ϕ-independent function on S^2 is a diagonal matrix, the fuzzy version of δ(σ_1 − σ_2) must be given as a sum of direct products of diagonal matrices. To find out which diagonal matrices appear in those direct products we look for a fuzzy analogue of the following identity: 1 2π ∫_1 −1 dσ_2 ∫_π −π dϕ_2δ(σ_1 − σ_2)f(σ_2) = 1 2π ∫ ω_2δ(σ_1 − σ_2)f(σ_2) = f(σ_1). (2.31)

It obviously reads 2 N tr_2 ( Q_N (δ(σ_1 − σ_2))(1_N ⊗ Q_N (f)) ) = Q_N (f). (2.32)

We have also the following matrix identity:

tr_2 ( ( N∑ k E_{kk} ⊗ E_{kk})(1_N ⊗ Q_N (f)) ) = Q_N (f), (2.33) which holds for the diagonal matrix Q_N (f). Comparing the last two equalities leads to the desired quantization formula

Q_N (δ(σ_1 − σ_2)) = N 2 N∑ k E_{kk} ⊗ E_{kk}. (2.34)

3 Large N limit of the Calogero Lax matrix

Recall first the standard formula for the Lax matrix L(N) of the Calogero model [38]

L(N)_{ij} = p_iδ_{ij} + (1 − δ_{ij}) iκ_N q_i − q_j , 1 ≤ i, j, ≤ N, (3.35) where p_j , q_j are the Darboux coordinates on the phase space of the model. In what follows, we normalize the Darboux symplectic structure Ω_N and the coupling constant κ_N as

Ω_N = 2 N dq_j ∧ dp_j, κ_N = c N . (3.36)

We now introduce important diagonal N × N-matrices R(N) and P (N) as follows R(N)_{ij} := q_iδ_{ij} , P (N)_{ij} := p_iδ_{ij} , i, j = 1, ..., N (3.37) and we naturally interpret R(N) as Q_N (q(σ)) and P (N) as Q_N (p(σ)). Speaking more precisely, we have from (2.17) q_j ≡ Q_N (q(σ))_{jj} = q ( N + 1 − 2j √ N^2 − 1 ) (3.38)

and similarly for p_j .

Few comments are in order to justify the interpretation of R(N) as Q_N (q(σ)) and P (N) as Q_N (p(σ)). First of all, q(σ), p(σ) are viewed as the functional coordinates of the field theoretical phase space of the totally classical Calogero model (1.6) with the Darboux Poisson bracket

{p(σ_1), q(σ_2)}_P = δ(σ_1 − σ_2), (3.39)

but at the same time they are viewed as ϕ-independent functions on the sphere. We note also that for j running through the set 1, ..., N the argument^{N+1−2j√}_{N 2−1} in (3.38) runs equidistantly through the interval [−1, 1] which is indeed the domain of definition of the function q(σ). Moreover, for neighbouring j and j + 1 the distance of the arguments is^{2√}_{N 2−1} which for large N is nothing but the B-Planck constant. We thus observe that the phase space P of the totally classical Calogero model (1.6) gets drastically shrunk by the fuzzification. Indeed, among all functions q(σ), p(σ) which constitute points in P , only functions constant on the equidistant intervals of the lenghts^{2√}_{N 2−1} survive the fuzzification and form a 2N-dimensional phase space P (N) of the N-particle Calogero model. Moreover, we can derive from the Darboux Poisson bracket (3.39) on the phase space P the Poisson bracket on the 2N-dimensional phase space P (N) parametrized by q_j , p_j, j = 1, ..., N. To do that, we consider a function T (σ) on the sphere and its diagonal quantization Q_N (T ). From the Darboux Poisson structure (3.39), we obtain { p(σ), 1 2π ∫ ωT q } P = T (σ). (3.40)

Now from the property (2.16) we see that the fuzzification of the formula (3.40) must give { p_i, 2 N tr (Q_N (T )R(N)) } P (N) = Q_N (T )_{ii}. (3.41)

We thus infer {p_i, q_j }_{P (N)} = N 2 δ_{ij} (3.42)

which is consistent with the first formula in (3.36).

Let us verify that the N-particle Calogero Lax matrix L(N) (3.35) has as a large N-limit some classical Lax observable L. Said differently, we shall show that L(N) can be interpreted as the fuzzification Q_N (L) of some function L on the ordinary sphere. It is now easy to verify with the help of (2.26) that

[R(N), L(N)] = iκ_N (K(N) − 1_N ) = ic N Q_N (2πδ(ϕ) − 1), (3.43)

where the matrix K(N) was defined in (2.23). If it is true that L(N) can be identified with Q_N (L) for some L then we could rewrite (3.43) as

[Q_N (q(σ)), Q_N (L)] = ic N Q_N (2πδ(ϕ) − 1). (3.44)

which, due to the fundamental quantization property (2.15), would lead to {q(σ), L(σ, ϕ)}_B = −q^′(σ)∂_ϕL = c 2 (2πδ(ϕ) − 1). (3.45)

And indeed! The differential condition (3.45) has the following obvious solution L(σ, ϕ) = p(σ) + c 2ρ^′(σ)

(ϕ − πsign(ϕ)). (3.46)

which coincides^1 for c = 2 √ 3a/π with the Lax function of the model (1.6) as found in [10].

Moreover, the condition (3.45) determines the function L almost unambiguously. The only ambiguity consists in adding a ϕ-independent function to the solution (3.46), however, this ambiguity is fixed by the fact that the diagonal term p_iδ_{ij} in the Lax matrix L(N) must be equal to Q_N (p(σ)). Thus we have justified the interpretation [10] of the totally classical Calogero model as the large N-limit of the N-particle Calogero model.

Remark: It is important to stress that, as it stands, the formula (3.46) defines only a function on a subset of S^2 covered by the coordinate chart (σ, ϕ) and we need the classical Lax

1The comparison of (3.46) with the result of [10] must take into account the range of the parameter ϕ which is [−π, π] in our paper and it was [0, 2π] in [10]. We have opted for the different range in order to stress that the Lax function L is discontinuous. This fact is indeed less visible in [10] since the discontinuity occurs precisely on the boundaries of the range [0, 2π].

observable everywhere on S^2. Fortunately, the function ϕ − πsign(ϕ) smoothly extends to the anti-Greenwich meridian ϕ = ±π and we can also extend L_∞(p, ρ; σ, ϕ) to the poles σ = ±1 if we impose the following boundary conditions

lim_{σ→±1}ρ^′(σ) = +∞. (3.47)

It can be also checked that these somewhat exotic boundary conditions are consistent with the dynamics of the model (1.6) since they make sure that there is no flow of energy through the boundaries σ = ±1.

4 Large N limit of the Avan-Talon r-matrix

Consider an r-matrix r(N) given by the formula

r(N)_{12} = N∑ k≠l i q_l − q_k E_{kl} ⊗ E_{lk} + 1 2 N∑ k≠l i q_l − q_k E_{kk} ⊗ (E_{kl} − E_{lk}). (4.48)

Using the Poisson brackets (3.42), it is a matter of straightforward computation to verify that the r-matrix (4.48) and the Lax matrix L(N) satisfy the following crucial property (cf.(1.9))

{L(N)_1, L(N)_2}_{P (N)} = − iN 2 [r(N)_{12}, L_1(N)] + iN 2 [r(N)_{21}, L_2(N)]. (4.49)

We recall that it is this property (4.49) that guarantees the P (N)-Poisson commutativity of the traces tr L(N)^n. For a computational convenience, the matrix r(N) slightly differs from the r-matrix proposed by Avan and Talon in [6]; in fact, r(N) is just another element of a moduli space [20] of all r-matrices verifying (4.49).

Recalling the matrix R(N) introduced in the previous section it is easy to check that

[R(N)_1, r(N)_{12}] = −i N∑ k≠l E_{kl} ⊗ E_{lk}; (4.50)

[R(N)_2, r(N)_{12}] = i N∑ k,l E_{kl} ⊗ E_{lk} − i 2 [(_N∑ m E_{mm} ⊗ E_{mm} ) , ( 1_N ⊗ N∑ k,l E_{kl} )] + , (4.51)

where as usual R(N)_1 = R(N) ⊗ 1, R(N)_2 = 1 ⊗ R(N) and [., .]_+ stands for an anticommutator. Now writing R(N) as Q_N (q(σ)), using the formulae (2.26),(2.27) and (2.34) and supposing that r(N) can be written as a fuzzification Q_N (r) of some function r on S^2 × S^2, the equations (4.50) and (4.51) can be rewritten as

[Q_N (q(σ))_1, Q_N (r)] = − 2i N Q_N ( 2πδ(σ_1 − σ_2)δ(ϕ_1 − ϕ_2) − δ(σ_1 − σ_2) ) , (4.52)

[Q_N (q(σ))_2, Q_N (r)] = 2i N Q_N ( 2πδ(σ_1 − σ_2)δ(ϕ_1 − ϕ_2) ) − i N [ Q_N (δ(σ_1 − σ_2)), Q_N (2πδ(ϕ_2)) ] + . (4.53)

Using the fundamental quantization properties (2.14) and (2.15), we deduce from (4.52) and (4.53) that r must fulfil

{q(σ_1), r(σ_1, ϕ_1; σ_2, ϕ_2)}_B = −q^′(σ_1)∂_{ϕ1} r = δ(σ_1 − σ_2)(1 − 2πδ(ϕ_1 − ϕ_2)). (4.54)

{q(σ_2), r(σ_1, ϕ_1; σ_2, ϕ_2)}_B = −q^′(σ_2)∂_{ϕ2} r = 2πδ(σ_1 − σ_2)(δ(ϕ_1 − ϕ_2) − δ(ϕ_2)). (4.55) The relations (4.54) and (4.55) are indeed verified by the following distribution

r(σ_1, ϕ_1; σ_2, ϕ_2) = − 1 q^′(σ_1) δ(σ_1 − σ_2) ( E(ϕ_1 − ϕ_2) + E(ϕ_2) ) . (4.56)

Here E is viewed as a 2π-periodic function on the whole real axis R which is given by the expression ϕ − πsign(ϕ) when restricted to the interval [−π, π]: E(ϕ) := ϕ − πsign(ϕ), ϕ ∈ [−π, π]. (4.57) The distribution (4.56) does coincide with the one found in [28], moreover, the first order differential conditions (4.54) and (4.55) determine r almost unambiguously. The only ambiguity consists in adding a ϕ_1, ϕ_2-independent function to the solution (4.56) of (4.54) and (4.55), however, such function would be a large N limit of a bi-diagonal term which is absent in r(N). We thus conclude that the classical Yang-Baxter observable r (4.56) of the totally classical Calogero model (1.6) is indeed the large N-limit of the Avan-Talon r-matrix r(N)_{12}.

5 Outlook

As it is well-known, the Calogero model has attracted a lot of attention in pure mathematics and in mathematical physics (for reviews see [3, 18, 19, 39, 40, 43, 44]) since it appears in a large variety of contexts [2, 9, 11, 12, 13, 16, 17, 22, 24, 25, 26, 30, 34, 36, 42, 45, 46, 47, 48, 49, 50] ranging from condensed matter physics, higher spin algebras, two-dimensional QCD or fluid dynamics to microscopic description of black holes etc. We expect a relevance of the totally classical Calogero model in many of these contexts. Speaking more generally, it would be interesting to construct the totally classical models corresponding to various trigonometric, elliptic or even relativistic deformations of the Calogero one. This would certainly contribute to a better understanding of the duality properties of the integrable systems. One can also look for gauge transformations of the r-functions in order to get rid of the q dependence of r (4.56), much in the spirit of [20] which does that for the standard r-matrices.

References

[1] A. Abanov, E. Bettelheim and P. Wiegmann, Integrable hydrodynamics of Calogero- Sutherland model: Bi-directional Benjamin-Ono equation, J. Phys.-Math. Gen. A42 (2009) 13, arXiv: 0810.5327

[2] I. Andrić and V. Bardek, 1/N corrections in Calogero-type models using the collective field method, J. Phys. A21(1988) 2847; I. Andrić, V. Bardek and L. Jonke, Collective field excitations in the Calogero model, Fizika B4 (1995) 93-110, arXiv: hep-th/9409191

[3] M. Audin, Hamiltonian systems and their integrability, SMF/AMS Texts and Monographs, vol. 15, American Mathematical Society, Providence (2008)

[4] J. Avan, Classical dynamical r-matrices for Calogero-Moser systems and their generalisations, CRM Series in Mathematical Physics, Springer-Verlag, New York (2000) 1-21, arXiv: q-alg/9706024

[5] J. Avan, Integrable extensions of the rational and trigonometric A_N Calogero Moser potentials, Phys. Lett. A185 (1994) 293-303, arXiv: hep-th/9306112

[6] J. Avan and M. Talon, Classical R matrix structure for the Calogero model, Phys. Lett.

B303 (1993) 33, arXiv: hep-th/9210128

[7] O. Babelon, D. Bernard and M.Talon, Introduction to classical integrable systems, Cambridge University Press, Cambridge (2003)

[8] O. Babelon and C.-M. Viallet, Hamiltonian structures and Lax Equations, Phys. Lett.

B237 (1990) 411

[9] D. Birmingham, K. S. Gupta and S. Sen, Near horizon conformal structure of black holes, Phys. Lett. B505 (2001) 191, arXiv: hep-th/0102051

[10] M. Bordemann, J. Hoppe and S. Theisen, Integrable Field Theories from Poisson Algebras, Physics Letters B267 (1991) 374

[11] L. Brink, T.H. Hansson and M.A. Vasiliev, Explicit solution to the N body Calogero problem, Phys.Lett. B286 (1992) 109, arXiv: hep-th/9206049

[12] L. Brink, T.H. Hansson, S. Konstein and M.A. Vasiliev, The Calogero model: Anyonic representation, fermionic extension and supersymmetry, Nucl. Phys. B401 (1993) 591, arXiv: hep-th/9302023

[13] T. Brzeziński, C. Gonera and P. Maślanka, On the equivalence of the rational Calogero- Moser system to free particle, Phys. Lett. A254 (1999) 185, arXiv: hep-th/9810176

[14] M. Cadoni, P. Carta and D. Klemm, Large N limit of Calogero-Moser models and Conformal Field Theories, Phys. Lett. B503 (2001) 205-208, arXiv: hep-th/0011266

[15] F. Calogero, Ground state of one-dimensional N body system, J. Math. Phys. 10 (1969) 2197-2200; Solution of the one-dimensional N body problems with quadratic and/or inversely quadratic pair potentials, J. Math. Phys. 12 (1971) 419-436

[16] H. H. Chen, Y. C. Lee and N. R. Pereira, Algebraic internal wave solitons and the integrable Calogero-Moser-Sutherland N-body problem, Phys. Fluids 22 (1979) 187

[17] S. Corley, Mass spectrum of N=8 supergravity on AdS(2) × S^2, JHEP 9909 (1999) 187, arXiv: hep-th/9906102

[18] B. A. Dubrovin, I. M. Krichever and S. P. Novikov, Integrable systems I, Dynamical systems, IV, Encyclopaedia Math. Sci., vol. 4, Springer, Berlin(2001) 177-332

[19] P. Etingof, Lectures on Calogero Moser systems, Zurich Lectures in Advanced Mathematics, EMS, Zurich (2007), arXiv: math.QA/0606233

[20] L. Fehér and B.G. Pusztai, On the classical r-matrix of the degenerate Calogero-Moser models, Czech Jour. Phys. 50 (2000) 59-64, arXiv:math-ph/9912021

[21] M. Frau, A. Lerda, S. Sciuto and G. R. Zemba, Algebraic bosonization: The study of the Heisenberg and Calogero-Sutherland models, Int. J. Mod. Phys. A12 (1997) 4611-4661, arXiv: hep-th/9603112

[22] G. W. Gibbons and P. K. Townsend, Black holes and Calogero models, Phys. Lett. B454 (1999) 187, arXiv: hep-th/9812034

[23] A. Gorsky and N. Nekrasov, Hamiltonian systems of Calogero type and two dimensional Yang-Mills Theory, Nucl. Phys. B414 (1994) 213-239, arXiv: hep-th/9304047

[24] N. Gurappa and K. Prasanta, Equivalence of the Calogero-Sutherland model to free harmonic oscillators, Phys. Rev. B59 (1999) R2490-R2493, arXiv: cond-mat/9710035

[25] F.D.M. Haldane, Exact Jastrow-Gutzwiller resonating valence bond ground state of the spin 1/2 antiferromagnetic Heisenberg chain with 1/r^2 exchange, Phys. Rev. Lett. 60 (1988) 635

[26] F.D.M. Haldane, ’Fractional statistics’ in arbitrary dimensions: A Generalization of the Pauli principle, Phys. Rev. Lett. 67 (1991) 937-940

[27] J. Hoppe, Quantum theory of a massless relativistic surface and a two dimensional bound state problem, PhD. Thesis, MIT (1982), available at http://dspace.mit.edu/handle/1721.1/15717

[28] J. Hoppe, r-functions with quasi-dynamical spectral parameter, Lett. Math. Phys. 31 (1994) 255 [29] J. Hoppe, Lectures on Integrable systems, Lecture Notes in Physics M10, Berlin-Heidelberg- New York, Springer (1992) Chapter 9

[30] S. B. Isakov, Fractional statistics in one-dimension: Modeling by means of 1/x^2 interaction and statistical mechanics, Int. Jour. Mod. Phys. A9 (1994) 2563

[31] A. Jevicki and B. Sakita, The quantum collective field method and its application to the planar limit, Nucl. Phys. B165 (1980) 511

[32] N. Kawakami and S.-K Yang, Finite size scaling in one-dimensional quantum liquid with long range interaction, Phys. Rev. Lett. 67 (1991) 2493-2496

[33] P. Lax, Integrals of nonlinear equations of evolution and solitary waves, Comm. Pure Applied Math. 21 (5) (1968) 467-490

[34] J.M. Leinaas and J. Myrheim, Intermediate statistics for vortices in superfluid films, Phys.

Rev. B37 (1988) 9286

[35] J. Madore, The fuzzy sphere, Class. Quant. Grav. 9 (1992) 69

[36] J. A. Minahan and A. P. Polychronakos, Equivalence of two-dimensional QCD and the c = 1 matrix model, Phys. Lett. B312 (1993) 155-165, arXiv: hep-th/9303153

[37] M.A. Olshanetsky, Large N-limits of integrable models, Moscow Math. Journal 3 (2003) 1307-1331

[38] M.A. Olshanetsky and A.M. Perelomov, Completely integrable Hamiltonian systems connected with semisimple Lie algebras, Invent. Math. 37 (1976) 93-109

[39] M. A. Olshanetsky and A. M. Perelomov, Classical integrable finite dimensional systems related to Lie algebras, Phys. Rep. 71 (1981) 313

[40] A.M. Perelomov, Integrable systems of classical mechanics and Lie algebras, Vol. 1, Birkhauser Verlag (1990)

[41] A. P. Polychronakos, Waves and solitons in the continuum limit of the Calogero-Sutherland model, Phys. Rev. Lett. 74 (1995) 5153

[42] A. Polychronakos, Nonrelativistic bosonization and fractional statistics, Nucl. Phys. B324 (1989) 597

[43] A. Polychronakos, Physics and mathematics of Calogero particles, J.Phys. A39 (2006) 12793-12846, arXiv: hep-th/0607033

[44] S.N.M. Ruijsenaars, Systems of Calogero-Moser type, In: Proceedings of the 1994 CRM– Banff Summer School ‘Particles and Fields’, Berlin-Heidelberg-New York: Springer, (1999) 251-352

[45] B. S. Shastry, Exact solution of an S = 1/2 Heisenberg antiferromagnetic chain with long ranged interactions, Phys. Rev. Lett. 60 (1988) 639

[46] B. D. Simons, P. A. Lee, and B. L. Altshuler, Exact results for quantum chaotic systems and one-dimensional fermions from matrix models, Nucl.Phys. B409 (1993) 487-508

[47] J.F. van Diejen and L. Vinet (eds.), Calogero-Moser-Sutherland Models, CRM Series in Math- ematical Physics, Springer-Verlag, New York (2000)

[48] M.A. Vasiliev, Higher spin algebras and quantization on the sphere and hyperboloid, Inter.J.Mod.Phys. A6 (1991) 1115-1135

[49] M.A. Vasiliev, Higher spin gauge theories: Star product and AdS space, In The many faces of the superworld, ed. M.A. Shifman, World Scientific, Singapore (2000) 533-610, arXiv: hep-th/9910096

[50] Y.-S. Wu, Statistical distribution for generalized ideal gas of fractional statistics particles, Phys. Rev. Lett. 73 (1994) 922