arXiv:1207.3941v1 [hep-th] 17 Jul 2012

Hard Thermal Loops in the n-Dimensional ϕ^3 Theory

F. T. Brandt and J. Frenkel Instituto de Física, Universidade de São Paulo, São Paulo, SP 05315-970, Brazil

We derive a closed-form result for the leading thermal contributions which appear in the n-dimensional ϕ^3 theory at high temperature. These contributions become local only in the long wavelength and in the static limits, being given by different expressions in these two limits.

PACS numbers: 11.10.Wx

I. INTRODUCTION

An important issue in thermal perturbation theory is the study of the high temperature behavior of the Green functions. These hard thermal loops have simple symmetry properties, but the corresponding effective actions are in general non-local functionals of the external fields [1, 2]. However, in the long wavelength and in the static limits, the thermal loops yield local functionals [3, 4]. The purpose of this note is to study the behavior of the hard thermal loops in the quantum ϕ^3 theory in ndimensions. This theory has several interesting similarities with QCD (for n = 6) and with quantum gravity (for n = 8) [5–7].

It is is well known that the leading thermal contributions which occur in the ϕ^3 theory at high temperature appear only in the self-energy functions. Thus, in section II, we derive a general closed-form result for the two-point function at high temperature T [Eq. (14)]. This result is expressed in terms of a hypergeometric function, which depends upon the ratio of the external energy and momentum. In section III, we discuss some consequences of this result. We show that in the long wavelength and static limits, this function reduces to local expressions, which are independent of the external energy and momentum. Nevertheless, these two limits give different results. Moreover, we show that the leading thermal contributions in the static limit, are the same as those obtained by setting directly, in the loops, their external energy and momentum equal to zero.

II. THE THERMAL 2-POINT FUNCTION

Let us consider the thermal diagram of Fig. 1. In the imaginary-time formalism [8–10], the contributions of this diagram may be written in the form

Π_n(k_0, ⃗k) = 1 2 λ^2 (2π)^{n−1} ∫ d^{n−1}QI, (1) where λ is the coupling constant and I = T ∑ n 1 Q^2_0 − ⃗Q^2 1 (Q_0 + k_0)^2 − ⃗P^2

, (2)

Here Q_0 = 2πinT , k_0 = 2πilT (n, l = 0, ±1, ±2, . . . ) and ⃗P = ⃗Q + ⃗k. The thermal part of I can be expressed as

I^T = 1 2πi ∫ C dQ_0 N(Q_0) Q^2_0 − ⃗Q^2 1 (Q_0 + k_0)^2 − ⃗P^2

, (3)

where

N(Q_0) = 1 e^{Q0 /T} − 1 (4) is the thermal distribution factor and C is the contour which encloses all the poles of N in an anticlockwise sense. Next, we evaluate (3) in terms of the poles outside C, to get

I^T = 1 4QP {[N(Q) + N(P ) + 1] × ( 1 k_0 − Q − P − 1 k_0 + Q + P )

+ [N(Q) − N(P )] × ( 1 k_0 + Q − P − 1 k_0 − Q + P )} , (5)

where Q = | ⃗Q|, P = | ⃗Q + ⃗k| and we have used

N(k_0 − Q) = N(−Q) = −N(Q) − 1 (6)

since in the imaginary time formalism k_0/2πiT is an integer. Then, after using (6) it is possible to analytically continue k_0 to k_0 + iϵ, where now k_0 is a continuous real energy.

We now look for the leading thermal contribution, which comes from the region Q ≃ T ≫ k_0, |⃗k|, so that we may use the approximation P = | ⃗Q + ⃗k| ≃ Q + ^⃗Q · ⃗k, (7)

FIG. 1: The 2-point self-energy diagram. The internal lines indicate thermal scalar particles.

where ^⃗Q is a unit vector in the direction of ⃗Q. In this way, (5) leads to

I^T ≃ − 1 2Q^2 [ N(Q) Q + N^′(Q) ^⃗Q · ⃗k k_0 − ^⃗Q · ⃗k ] . (8)

After substituting this result in (1), we use the integrals [11] ∫_∞ 0 dQN(Q)Q^{n−5} = T^{n−4}Γ(n − 4)ζ(n − 4) (9a) ∫_∞ 0 dQN^′(Q)Q^{n−4} = −T^{n−4}Γ(n − 3)ζ(n − 4),(9b) where Γ is the gamma function and ζ is the Riemann zeta function. Proceeding in this way, we obtain

Π_n(k_0, ⃗k) =

T^{n−4}Γ(n − 4)ζ(n − 4) 4(2π)^{n−1} λ^2 × ∫ dΩ [ (n − 4)k_0 k · Q̂ − (n − 3) ] , (10)

where Q̂ = (1, ^⃗Q) and ∫ dΩ denotes angular integrations over the n − 1 dimensional unit vector ^⃗Q. We see that, in general, Π_n would be a non-local function, which in configuration space would involve angular integrals of the form (Q̂ · ∂)^{−1}.

In order to perform the angular integrations in (10), we use ∫ dΩ = 2π^{n−22} Γ (_{n−2} 2 ) ∫_π 0 dθ(sin θ)^{n−3} . . . , (11) where θ is the polar angle between the n − 1 dimensional vectors ⃗k and ^⃗Q. The angular integral in the first term of Eq. (10) can be expressed in terms of hypergeometric functions [11]. To this end we employ (11) in order to write the integral as

J_{n−1} = ∫ dΩ k_0 k · Q = 2π^{n−22} Γ (_{n−2} 2 ) ∫_π 0 dθ (sin θ)^{n−3} 1 −^{|⃗k|}_{k0} cos θ = 2π^{n−22} Γ (_{n−2} 2 ) B (_1 2 ,^{n−2}_2 ) 1 −^{|⃗k|}_{k0} × F 1, n − 2 2 ; n − 2; 2 1 −^{k0}_{|⃗k|} , (12)

where B denotes the beta function. With the help of transformations formulas [11] for the hypergeometric function F ( 1,^{n−2}_2 ; n − 2;^2_{1−k0 /|⃗k|} ) , the expression (12) can be further simplified to

J_{n−1} = 2π^{n−12} Γ (_{n−1} 2 ) F ( 1 2 , 1; n − 1 2 ; |⃗k|^2 k^2_0 ) . (13)

Substituting (13) into (10), and using again (11) in the second term of (10), we obtain for the 2-point function the following closed form result

Π_n(k_0, ⃗k) = λ^2T^{n−4} ζ(n − 4) 2^nπ^{(n−1)/2}

Γ(n − 4) Γ (_{n−1} 2 ) [ (n − 4)F ( 1 2 , 1; n − 1 2 ; |⃗k|^2 k^2_0 ) − (n − 3) ] , (14)

which shows that the leading high-temperature contributions in the n-dimensional ϕ^3 theory are proportional to T^{n−4}. The closed-form expression (14) reduces to simple functions when n is an integer. For example, for n = 6, it leads to the well known result

Π_6(k_0, ⃗k) = λ^2T^2 96π ( 1 − k^2_0 |⃗k|^2 )

× k^0 2|⃗k| ln k_0 |⃗k| + 1 k_0 |⃗k| − 1 − 1 , (15)

which is somewhat analogous to the one obtained for the Π_{00} component of the polarization tensor in QCD. Similarly, for n = 8, we get a T^4 behavior at high temperature, which is like that found in thermal quantum gravity [12].

III. DISCUSSION

The general result (14) for Π_n(k_0, ⃗k) is a function of the ratio |⃗k|/k_0. In the long wavelength limit, ⃗k = 0, the hypergeometric function has the value 1, so that we find

Π_n(k_0, ⃗k = 0) = −λ^2T^{n−4} ζ(n − 4) 2^nπ^{(n−1)/2}

Γ(n − 4) Γ (_{n−1} 2 ) . (16)

In order to find the behavior of the self-energy Π_n(k_0, ⃗k) in the static limit k_0 → 0, we may use the transformation formula [11]

F ( 1 2 , 1; n − 1 2 ; ⃗k2 k^2_0 ) = Γ (_{n−1} 2 ) Γ (_1 2 ) Γ (_n 2 − 1 ) ( − k^2_0 |⃗k|^2 ) 1_2

× F ( 1 2 , 2 − n 2 ; 1 2 ; k^2_0 ⃗k2 )

+ Γ (_{n−1} 2 ) Γ ( −^1_2 ) Γ (_{n−3} 2 ) Γ (_1 2 ) ( − k^2_0 |⃗k|^2 )

× F ( 1, 5 − n 2 ; 3 2 ; k^2_0 ⃗k2 ) , (17)

which shows that the hypergeometric function in (14) actually vanishes at k_0 = 0. Thus, in the static limit, we get that

Π_n(k_0 = 0, ⃗k) = −(n − 3)λ^2T^{n−4} × ζ(n − 4) 2^nπ^{(n−1)/2}

Γ(n − 4) Γ (_{n−1} 2 ) . (18)

We can see from (16) and (18) that these two expressions are, in fact, independent of the external energies and momenta. However, unless n = 4, the results obtained in the long wave and in the static limit are, in general, different.

Finally, let us compare the static result with the one obtained by setting, from the start, k_0 = 0 and ⃗k = 0 in the Feynman diagram in Fig 1. This gives (see Eq. (3))

I^T (k_μ = 0) = 1 2πi ∫ C dQ_0N(Q_0) 1 (Q^2_0 − ( ⃗Q)^2)^2

. (19)

We can evaluate the Q_0 integral by residues, in terms of the double poles outside C. Using (6), we can express the contributions from the double pole at Q_0 = −Q in terms of the one at Q_0 = Q. Then, omitting a T -independent term, we readily obtain the result

I^T (k_μ = 0) = 2 d dQ_0 [ N(Q_0) (Q_0 + Q)^2 ] Q_0=Q = − 1 2Q^2 [ N(Q) Q − N^′(Q) ] , (20)

which coincides with that in (8), evaluated in the static limit k_0 = 0. Actually, such an agreement is expected on general grounds [4], because the static limit is the only case when analytic continuation does not modify the original thermal distribution function. This may also be seen from Eq. (6), where the relation N(k_0 − Q) = N(−Q) would no longer hold after analytic continuation, unless k_0 = 0.

In conclusion, we point out that the analysis presented in this work may be readily extended to the case of ndimensional QED at high temperature. This investigation will be reported elsewhere. Acknowledgments

We would like to thank CNPq (Brazil) for a grant.

[1] E. Braaten and R. D. Pisarski, Nucl. Phys. B337, 569 (1990); B339, 310 (1990).

[2] J. Frenkel and J. C. Taylor, Nucl. Phys. B334, 199 (1990); B374, 156 (1992).

[3] F. T. Brandt, J. Frenkel, and J. C. Taylor, Nucl. Phys.

B814, 366 (2009).

[4] J. Frenkel, S. H. Pereira, and N. Takahashi, Phys. Rev.

D79, 085001 (2009).

[5] F. T. Brandt, A. Das, and J. Frenkel, Phys. Rev. D78, 065030 (2008).

[6] F. T. Brandt and J. Frenkel, Phys. Lett. B665, 264 (2008).

[7] F. T. Brandt and J. B. Siqueira, Phys. Rev. D85, 067701

(2012).

[8] J. I. Kapusta, Finite Temperature Field Theory (Cambridge University Press, Cambridge, England, 1989).

[9] M. L. Bellac, Thermal Field Theory (Cambridge University Press, Cambridge, England, 1996).

[10] A. Das, Finite Temperature Field Theory (World Scientific, NY, 1997).

[11] I. S. Gradshteyn and M. Ryzhik, Tables of Integral Series and Products (Academic Press, New York, 1980).

[12] F. T. Brandt and J. Frenkel, Phys. Rev. D48, 4940 (1993).