arXiv:1207.4405v2 [hep-th] 3 Aug 2012

IR Divergence in Inflationary Tensor Perturbations from Fermion Loops

Kaixi Feng^∗,^1 Yi-Fu Cai^†,^{2, 3} and Yun-Song Piao^{‡1} 1College of Physical Sciences, Graduate School of Chinese Academy of Sciences, Beijing 100049, China 2Department of Physics, Arizona State University, Tempe, AZ 85287, USA 3Department of Physics, McGill University, Montréal, QC, H3A 2T8, Canada

We estimate fermion loop corrections to the two-point correlation function of primordial tensor perturbations in a slow-roll inflationary background. We particularly compute an explicit term of one-loop correction from a massless fermion, and then extend to the complete Interaction Hamiltonian. After that, we study one-loop corrections contributed by a massive fermion to primordial tensor fluctuations. The loop correction arisen from a massless fermion field contains logarithms and thus may constrain the validity of perturbation theory in inflationary cosmology, but the situation could be relaxed once the fermion’s mass is taken into account. Another one-loop diagram for a massive fermion which involves one vertex is constrained by a UV cutoff as expected by quantum field theory. Our result shows that loop corrections of a fermion field have the same sign as those of a scalar field, and thus implies that the inclusion of fermion loop corrections may not help to alleviate the issue of IR divergence in inflationary cosmology.

PACS numbers: 98.80.-k, 98.80.Cq

I. INTRODUCTION

Inflation is considered as the most successful model of describing physics of very early universe, which has explained conceptual issues of Big Bang cosmology [1–3] (see [4–6] for early works). Among these remarkable achievements, inflation has predicted a nearly scale-invariant primordial power spectrum which was later verified in high precision by Cosmic Microwave Background (CMB) observations [7]. The success of inflation is mainly based on a series of assumptions including an enough long period of quasi-exponential expansion and the applicability of perturbation theory during this phase. Therefore, an important question which ought to be understood is whether there exists a bound beyond which the perturbation theory would break down in inflationary cosmology.

Generally, the primordial perturbations during inflation were originated from quantum fluctuations with their physical wavelengths being much shorter than the Hubble radius for which the modes are in ultraviolet (UV) regime. Along with the quasi-exponential expansion, the wavelengths of these modes would be stretched outside the Hubble radius for which the modes are in infrared (IR) regime. Through this mechanism quantum fluctuations are able to become classical ones and finally can be observed in today’s CMB experiments (see [8] for an overview of cosmological perturbation theory). Therefore, the evolution of metric perturbation can be calculated at the moment of Hubble crossing until the end of inflation. This mechanism applies to both the scalar type and tensor type of metric perturbation during inflation. Especially, for tensor fluctuations the amplitude of one degree of freedom is determined in order of H/M_p, and this result is not sensitive to the details of inflation models.

Since the observable modes of inflationary fluctuations are in IR regime, the reliability of perturbation theory expects that these modes may behave well and two-point correlation functions may be finite even when higher order corrections are included. However, as was noticed by a pioneer work [9] long time ago, perturbation theory beyond leading order had troublesome IR behavior in a de Sitter space. Another issue of IR effect which may affect late time evolution of the universe due to the accumulation of long-wavelength inflationary fluctuations was studied in [10–13].

In the past ten years, following Maldacena’s calculation of three-point functions in a slow-roll inflation model [14], there have been significant theoretical developments on refining our understanding of quantum field description of inflationary fluctuations. A remarkable work systematically studying quantum effect to arbitrary order in cosmological perturbations was recently formulated by Weinberg [15] (see [16] for further studies of the time dependence of the correlator.). With an example of massless scalar loop corrections, it was observed that the momentum dependence of two-point correlation function of inflationary fluctuations evolves as a logarithmic function in IR limit [15]. This result implies that perturbation theory may break down since of the contribution of IR fluctuations to loop integrals [17–20]. There have been a lot of studies on the effects of IR divergences on scalar type curvature perturbations in inflation (see [21] for a recent review; and see [22–38] for detailed studies of various inflationary loop corrections; and

∗ Email: fengkaixi10@mails.gucas.ac.cn † Email: ycai21@asu.edu ‡ Email: yspiao@gucas.ac.cn

also see [39–44] for fully dimensionally regulated and renormalized computations in inflation.). Note that, the IR effect of primordial inflationary perturbations in the presence of only adiabatic modes could be very limit [45–48]. Therefore, the study of IR issue is much more interesting when entropy modes are taken into account, namely, a second scalar or a fermionic field minimally coupled to inflationary background.

In this paper, we estimate the IR issue arising from loop corrections of a fermionic field to the two-point correlation function of primordial tensor fluctuations in slow-roll inflationary cosmology. We first consider loop contribution from a massless fermion. As an exercise, we calculate one term of the Interaction Hamiltonian and find that it contributes to one loop involving two vertices and gives rise to a logarithmic correction to the two-point correlation function of tensor fluctuations. After extending to the complete form of the Interaction Hamiltonian, this logarithmic correction remains while only the coefficient in front of it is improved. However, once we consider the fermion’s mass is not zero, we find the logarithmic function would be replace by a cosh function and thus the IR issue could be much relaxed. In addition, for a massive fermion there exists another one-loop diagram which only involves one vertex, but this diagram only contributes to the UV regime and thus is not of enough observable interest. Our main result shows that the loop corrections contributed by a fermion field have the same sign as those contributed by a scalar field, and thus it implies that the inclusion of fermion loop corrections cannot be used to alleviate the issue of IR divergence in inflationary cosmology.

The present paper is organized as follows. Section II gives a brief introduction to the background dynamics of a fermion field in inflationary cosmology. In Section III, we first simply review the canonical quantization of linear fluctuation modes in cosmological background, and then introduce the in-in formalism as a setup for computing loop diagrams. After that, we expand the inflationary Lagrangian involving a fermionic field to the third and forth order and thus derive the interaction Hamiltonian for a fermionic field coupled to tensor fluctuations straightforwardly. Making use of the in-in formalism and the interaction Hamiltonian, we in Section IV estimate loop corrections of both a massless and a massive fermionic field to the two-point correlation function of primordial tensor fluctuations up to one-loop order. Finally, we conclude with a discussion in Section V. Note that, we use the natural units 8πG = ℏ = c = 1 and all parameters are normalized by M_p = 1/ √ 8πG in this paper.

II. BACKGROUND DYNAMICS

To begin with, we simply review the background dynamics of a spinor field which is minimally coupled to Einstein’s gravity (see Refs. [49, 50] for detailed introduction and see [51, 52] for recent phenomenological study in cosmology). Following the general covariance principle, a connection between the metric g_{μν} and the vierbein is given by

g_{μν} e^μ_a e^ν_b = η_{ab} , (1)

where e^μ_a denotes the vierbein, g_{μν} is the space-time metric, and η_{ab} is the Minkowski metric with η_{ab} = diag(1, −1, −1, −1). Note that the Latin indices represents the local inertial frame and the Greek indices represents the space-time frame.

We choose the Dirac-Pauli representation as

γ^0 = ( 1 0 0 −1 ) , γ^i = ( 0 σ_i −σ_i 0 ) , (2)

where σ_i is Pauli matrices. One can see that the 4 × 4 γ^a satisfy the Clifford algebra {γ^a, γ^b} = 2η_{ab}. The γ^a and e^μ_a provide the definition of a new set of Gamma matrices

Γ^μ = e^μ_a γ^a , (3)

which satisfy the algebra {Γ^μ, Γ^ν } = 2g^{μν} . The generators of the Spinor representation of the Lorentz group can be written as Σ^{ab} =^1_4 [γ^a, γ^b]. So the covariant derivative are given by

D_μψ = (∂_μ + Ω_μ)ψ , (4) D_μψ̄ = ∂_μψ̄ − ψ̄Ω_μ , (5)

where the Dirac adjoint is defined as ψ̄ ≡ ψ^+γ^0. The 4 × 4 matrix Ω_μ =^1_2 ω_{μab}Σ^{ab} is the spin connection, where ω_{μab} = e^ν_a∇_μe_{νb} are Ricci spin coefficients.

By the aid of the above algebra we can write down the following Dirac action in a curved space-time background

S_ψ = ∫ d^4x e [ i 2 (ψ̄Γ^μD_μψ − D_μψ̄Γ^μψ) − mψ̄ψ] . (6)

Here, e is the determinant of the vierbein e^a_μ and m stands for the mass of the spinor field ψ.

Varying the action with respect to the vierbein e^μ_a , we obtain the energy-momentum-tensor, T_{μν} = e_{μa} e δS_ψ δe^ν_a = i 4 [ψ̄Γ_ν D_μψ + ψ̄Γ_μD_ν ψ − D_μψ̄Γ_ν ψ − D_νψ̄Γ_μψ] − g_{μν} L_ψ . (7)

On the other hand, varying the action with respect to the field ψ̄, ψ respectively yields the following equations of motion,

iΓ^μD_μψ − mψ = 0 , (8) iD_μψ̄Γ^μ + mψ̄ = 0 . (9)

We deal with the homogeneous and isotropic FRW metric,

ds^2 = dt^2 − a^2(t)d⃗x^2 . (10)

Correspondingly, the vierbein are given by

e^μ_0 = δ^μ_0 , e^μ_i = 1 a δ^μ_i . (11)

Assuming the spinor field is space-independent, the equation of motion reads iγ^0(ψ̇ +^3_2 Hψ) − mψ = 0, where a dot denotes a derivative with respect to the cosmic time and H is the Hubble parameter. Taking a further derivative, we can obtain: ψ̄ψ = N a^3

, (12)

where N is a positive time-independent constant.

From the result (12), we can find the background dynamics of a massive spinor field behaves like the cold dark matter with its energy density goes as a^{−3}. If the universe is in inflationary phase, the energy density of a spinor field will be diluted immediately and cannot contribute to the background evolution. Therefore, in the quantum treatment of cosmological perturbations in later context, we can safely choose ⟨ψ⟩ = 0 as the vacuum state for the fermion field during inflation.

III. SETUP OF PERTURBATION ANALYSIS

Inflationary cosmology usually assumed a homogeneous scalar field with a non-zero expectation value varying slowly along its potential. This background dynamics is characterized by a series of slow-roll parameter, among which the most significant parameter is given by ϵ ≡ −^Ḣ_{H2} . In this scenario, we naturally have cosmological perturbations of both scalar and tensor types. The interaction between the scalar perturbation and a fermion was studied comprehensively in [24]. In the current paper, we particularly focus on the interaction between tensor fluctuation and a fermion field.

A. Canonical quantization of linear fluctuations

Taking into account the spatial dependence of the fermion field, we can write down the equations of motion for the fermion and tensor fluctuations as follows,

iγ^0(ψ̇ + 3 2 Hψ) − iγ^i ∂_i a ψ − mψ = 0 , (13) ḧ_{ij} + 3Hḣ_{ij} − ∂^{2i} a^2 h_{ij} = 0 . (14)

Moreover, we make the Fourier transformations of these fields, which are given by ψ(x, t) = ∫ d^3p ∑ s [ e^{ip·x}α_{p,s}X_{p,s}(t) + e^{−ip·x}β^†_{p,s}W_{p,s}(t) ] , (15) and h_{ij} (x, t) = ∫ d^3q ∑ λ [ e^{iq·x}ϵ_{ij} (q̂, λ)α(q, λ)h_q (t) + e^{−iq·x}ϵ^∗_{ij} (q̂, λ)α^∗(q, λ)h^∗_q (t) ] , (16)

where s = ±^1_2 is the spin of the fermion, λ = ±2 stands for the helicity of tensor fluctuation, and ϵ_{ij} (q̂, λ) is the polarization of tensor mode with the following normalization [53]: ∑ λ=±2 ϵ_{ij} (q̂, λ)ϵ^∗_{kl}(q̂, λ) = δ_{ik}δ_{jl} + δ_{il}δ_{jk} − δ_{ij} δ_{kl} + δ_{ij}q̂_kq̂_l + δ_{kl}q̂_iq̂_j −δ_{ik}q̂_jq̂_l − δ_{il}q̂_jq̂_k − δ_{jk}q̂_iq̂_l − δ_{jl}q̂_iq̂_k + q̂_iq̂_jq̂_kq̂_l , (17)

where q̂ is the unit vector along the q direction.

The annihilation operators α_{p,s}, β_{p,s}, α(⃗q, λ) satisfy the following commutation relations

{α(p, s), α^†(p^′, s^′)} = {β(p, s), β^†(p^′, s^′)} = δ_{ss}′ δ^3(p − p^′) , (18)

{α(p, s), α(p^′, s^′)} = {β(p, s), β(p^′, s^′)} = 0 , (19) and [α(q, λ), α^∗(q^′, λ^′)] = δ_{λλ}′ δ^3(q − q^′) , (20) [α(q, λ), α(q^′ , λ^′)] = 0 , (21)

respectively.

Additionally, the Fourier modes X_{p,s}(t), W_{p,s}(t) and h_q (t) satisfy the equations of motion for the fermion and tensor fluctuation in cosmological background as shown in Eqs. (13) and (14) respectively. At quadratic order, each Fourier mode evolves independently. Therefore, we can solve the equations of motion for those fluctuations in comoving time coordinate τ ≡ ∫ dt/a, and obtain X_{k,±}(τ) = i √ −πkτ 2(2πa)^{3/2} e^{± πm2H} H^{(1)}_{12 ∓i mH} (−kτ) , (22)

h_k(τ) = √ 16πG (2π)^{3/2} H √ k^3 (1 + ikτ)e^{−ikτ} , (23) for the fermion and tensor mode, respectively. Note that, in above solutions we have made use of Bunch-Davies vacuum as initial condition to determine the coefficient of the Hankel function, and the convention of primordial tensor modes is the same as that adopted in [54]. Also we notice that, when the fermion is massless (m=0), the solutions to the fermion modes are independent of the helicity and take the form of^{e−ikτ√}_{2(2πa)3/2} , which is asymptotically the plane wave function.

B. Interactions

After obtaining solutions of linear fluctuations, we then study the interaction terms for loop calculation. Since the Hamiltonian that governs primordial fluctuations is time dependent in our case, we need to make use of in-in formalism. Following Weinberg’s formula [15], we can calculate the in-in correlation function to arbitrary order via the following expression, ⟨Q(t)⟩ = ∞∑ N=0 i^N ∫_t −∞ dt_N ∫_{tN} −∞ dt_{N−1}... ∫_{t2} −∞ dt_1⟨[H_I (t_1), [H_I (t_2), ...[H_I (t_N ), Q^I (t)]...]]⟩ , (24)

where H_I is the interaction Hamiltonian as will be discussed later. In this formula, the LHS is working in the interactive vacuum and the expectation value on the RHS is calculated in the effectively free field vacuum by annihilation operators working on cosmological background. Moreover, the index “N” in Eq. (24) connects the in-in formalism with the number of vertices in a Feynman diagram. For example, N = 0 always represents propagators at tree level; N = 1

FIG. 1: The two-point correlation function of primordial tensor fluctuations with one-loop fermion correction involving two vertices.

refers to diagrams with only one vertex; and N = 2 means that there are two vertices involved in each of these diagrams; and so on.

As is well known, in the in-in formalism the Hamiltonian is decomposed into a effectively free part H_0 which is of quadratic order in fluctuation variables and an interaction part H_I . First, we study the interaction Hamiltonian in cubic order. By expanding the action up to next-to-leading order, we get S_{int} = 1 2 ∫ d^4x √ −g T^{μν} δg_{μν} (25) Since the scalar and tensor fluctuations are decoupled in tree level, we can write down the perturbed FRW metric only involving the tensor modes as follows,

ds^2 = a^2(τ)(dτ^2 − g_{ij} dx^idx^j ) (26)

where

g_{ij} = δ_{ij} + h_{ij} , (27)

with the tensor perturbation h_{ij} satisfying the relations ∂_ih_{ij} = 0 and h_{ii} = 0. To first order in h_{ij} , Eq. (25) becomes

S^3_{int} = i 8 ∫ d^4x a^2 [¯ ψγ^i(∂_j ψ) + ψ̄γ^j (∂_iψ) − (∂_iψ̄)γ^j ψ − (∂_jψ̄)γ^iψ ] h_{ij} . (28)

Similarly, we can expand the action to the forth order and obtain one extra interaction term in order of O(h^2). This is a coupling between the mass term of the fermion and two tensor modes, which is given by

S^4_{int} = 1 4 ∫ d^4x a^3mψ̄ψh_{ij} h_{ji} . (29)

We will discuss loop corrections arisen from these interaction terms one by one in later context.

IV. FERMION LOOP CORRECTIONS TO CORRELATION FUNCTION OF TENSOR FLUCTUATIONS

In the previous section, we have derived out two interaction terms (28) and (29) which correspond to the cases of two fermions coupling to one tensor mode and two tensor modes, respectively. Thus, one can immediately read that there exist two different Feynman diagrams with one-loop correction which are depicted in the following figures.

A. A Massless Fermion

As an exercise, we first consider that the fermion is massless. This is because at early times of our universe, the energy scale is extremely high and the masses of most particles are much lighter than that of inflaton. In this case, the fermion loop corrections can only be contributed by Fig. 1 since the interaction appeared in Eq. (29) automatically vanishes when m = 0.

FIG. 2: The two-point correlation function of primordial tensor fluctuations with one-loop fermion correction only involving single vertex.

1. A illustrate of one-loop correction We first focus on one interaction term appeared in Eq. (28), which leads to the following Interaction Hamiltonian, H_I = i 8 ∫ d^3x a^2(∂_iψ̄)γ^j ψh_{ij} . (30) According to the formula Eq. (24), the correlation function with one-loop fermion correction as depicted in Fig. 1 can be written as ⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 = − ∫_t −∞ dt_2 ∫_{t2} −∞ dt_1⟨[H_I (t_1), [H_I (t_2), h_{mn}(t)h_{mn}(t)]]⟩ = 1 32 ∫ d^3x_1d^3x_2 ∫_t −∞ dt_2 ∫_{t2} −∞ dt_1p^{′k}p^i Re [ ⟨ψ̄(t_1)γ^lψ(t_1)ψ̄(t_2)γ^j ψ(t_2)⟩ × (⟨h_{kl}(t_1)h_{ij} (t_2)h_{mn}(t)h_{mn}(t)⟩ − ⟨h_{kl}(t_1)h_{mn}(t)h_{mn}(t)h_{ij} (t_2)⟩) ] . (31)

Note that, in the above formula there is no extra minus sign from the partial operator in Eq. (30), since the contractions always take place between the modes e^{ip·x} and e^{−ip·x}. After contracting the particle modes according to Eq. (31), then we get the following three useful expressions: ⟨h_{kl}(t_1)h_{ij} (t_2)h_{mn}(t)h_{mn}(t)⟩ = 2 ∫ d^3q_1d^3q^′_1 ∑ λ e^{iq1·(x1−x)+iq′1·(x2−x′)}ϵ_{kl}(q̂_1, λ)ϵ^∗_{mn}(q̂_1, λ)ϵ_{ij} (q̂^′_1, λ^′)ϵ^∗_{mn}(q̂^′_1, λ^′) × h_{q1} (t_1)h^∗_{q1} (t)h_q′_1 (t_2)h^∗_q′_1 (t) , (32)

⟨h_{kl}(t_1)h_{mn}(t)h_{mn}(t)h_{ij} (t_2)⟩ = 2 ∫ d^3q_1d^3q^′_1 ∑ λ e^{iq1·(x1−x)+iq′1·(x2−x′)}ϵ_{kl}(q̂_1, λ)ϵ^∗_{mn}(q̂_1, λ)ϵ_{mn}(−q̂^′_1, λ^′)ϵ^∗_{ij} (−q̂^′_1, λ^′) × h_{q1} (t_1)h^∗_{q1} (t)h_q′_1 (t)h^∗_q′_1 (t_2) , (33)

⟨ψ^∗(t_1)ψ(t_1)ψ^∗(t_2)ψ(t_2)⟩ = ∫ d^3pd^3p^′e^{i(p+p′)·(x1−x2)} ∑ s,s^′ X_{p,s}(t_1)X^∗_{p,s}(t_2)W_p′_{,s}′ (t_2)W^∗_p′_{,s}′ (t_1) . (34)

To substitute Eqs. (32, 33, 34) into Eq. (31), we finally have ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 = (2π)^3 64 ∫_τ −∞ dτ_2 ∫_{τ2} −∞ dτ_1Re ∫ d^3pd^3p^′δ^3(p + p^′ + q) p^{′k}p^itr(γ^lp/γ^j p^′/) pp^′ × ∑ λ,λ^′ ϵ_{kl}(q̂, λ)ϵ^∗_{mn}(q̂, λ)ϵ_{mn}(q̂, λ^′)ϵ^∗_{ij} (q̂, λ^′)e^{−i(p+p′ )τ1+i(p+p′ )τ2} × h_q(t_1)h^∗_q (t) [h_q (t_2)h^∗_q (t) − h_q(t)h^∗_q (t_2)] , (35)

where we have made use of conformal time τ instead of the cosmic time t via τ ≡ ∫_{t dt} a . In addition, we have also applied a useful relation of the polarization tensor which is given by, ϵ^∗_{ij} (q̂, λ) = ϵ_{ij} (−q̂, λ) . (36) Notice that, one can formulate the Fourier modes of a massless fermion as follows,

X_{p,s}(t) = 1 a^{3/2}(t) u_{p,s} , W_{p,s}(t) = 1 a^{3/2}(t) v_{p,s} , (37)

where u_{p,s} = u^0_{p,s}e^{−ipτ} , v_{p,s} = v^0_{p,s}e^{ipτ} , (38) with u^0 and v^0 in the Minkowski space normalized as ∑ s u^0_{p,s}ū^0_{p,s} = ∑ s v^0_{p,s}v̄^0_{p,s} = γ^μp_μ 2(2π)^3p

(39)

Since the fluctuations in the interacting picture are viewed as free fields, h_q (t) is positive-frequency mode of which the form is provided in Eq. (23). Integrating over the conformal time in Eq. (35) yields the final result: ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 = 1 16(2π)^3M^4_p ∫ d^3pd^3p^′δ^3(p + p^′ + q) p^{′k}p^itr(γ^lp/γ^j p^′/) pp^′ × ∑ λ,λ^′ ϵ_{kl}(q̂, λ)ϵ^∗_{mn}(q̂, λ)ϵ_{mn}(q̂, λ^′)ϵ^∗_{ij} (q̂, λ^′) H^4 q^6 −1 2q(p + p^′ + q)

. (40)

With the useful normalization Eq. (17), one can easily do the contraction between momentum and tensor polarization.

2. The Complete Hamiltonian

After having studied the one-loop correction from a single interaction term between the massless fermion and gravitational waves, then we extend the interaction Hamiltonian into the complete form:

H_I = − i 8 ∫ d^3x a^2[ψ̄γ^i(∂_j ψ) + ψ̄γ^j (∂_iψ) − (∂_iψ̄)γ^j ψ − (∂_jψ̄)γ^iψ]h_{ij} , (41)

which is only contributed by the perturbed action at cubic order. After a process of lengthy computation, we obtain the two-point correlation function for tensor modes as follows, ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 = 1 4(2π)^3M^4_p ∫ d^3pd^3p^′δ^3(p + p^′ + q) tr(γ^lp/γ^j p^′/)(p^k − p^{′k})(p^i − p^{′i}) pp^′ × ∑ λ,λ^′ ϵ_{kl}(q̂, λ)ϵ^∗_{mn}(q̂, λ)ϵ_{mn}(q̂, λ^′)ϵ^∗_{ij} (q̂, λ^′) H^4 q^6 1 2q(p + p^′ + q)

, (42) where q is the momentum of the external line in Fig. 1, and p, p^′ are momenta corresponding to the two internal lines in the same figure. After contracting all the Lorentz indices, Eq. (42) can be further simplified as ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 = −

H^4(t_q ) 2(2π)^3M^4_p q^7 × 2π q K(q) , (43)

where K(q) ≡ ∫_∞ 0 dp ∫_{p+q} |p−q| dp^′ (p^{′2} − p^2 − q^2)(p^2 − p^{′2} − q^2) q^4(p + p^′ + q) [ 4p^2q^2 − (p^{′2} − p^2 − q^2)^2 ] , (44)

and t_q denotes the time scale when the tensor mode with comoving wave number q crosses the Hubble radius.

By virtue of the dimensional regularization analysis, the remaining momentum integral will lead to the following correspondence: 2π q K(q) → q^{4+δ}F (δ) , (45)

where δ denotes the dimensional difference. When δ → 0, we have K(q) = 1 2π q^5(F_0 ln q + L) , (46)

with L being a divergent constant. In order to calculate the coefficient F_0, we differentiate K(q) and get,

F_0 =

608π 15 . (47)

In addition, the dimensional difference δ brings a log correction to the solutions of fermion and tensor modes, X_{p,s} and h_q (see [35] for detailed study). To take into account this effect, and to combine the analysis of dimensional regularization, we eventually obtain the two-point correlation function of primordial tensor fluctuations under oneloop massless fermion corrections, which is given by, ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 → − 304πH^4(t_q ) 15(2π)^3M^4_p q^3

× ln ( H(t_q) μ ) , (48)

where μ is a physical renormalization scale. Note that, the form of our result is similar to the result of Ref. [24] in which the author studied the loop correction of a fermion field to the primordial curvature perturbation. Our result shows that the amplitude of the fermionic loop correction to primordial tensor fluctuation is much larger than that to the scalar type curvature perturbation. In addition, we notice that our result is obviously invariant under the following rescaling: a → λa, x → x/λ, and k → λk. This conclusion is consistent with the analysis made in [35].

From our result, we notice that the sign of the loop correction arisen from a massless fermion is the same as that of a massless scalar field. This conclusion is in agreement with the result of Ref. [24], in which the loop correction of a fermion field to curvature perturbation was analyzed. Here we would like to comment a little bit on this issue. It is well known that, there is always a negative sign contributed by a fermionic loop correction in quantum field theory. In quantum field theory the loop contribution is calculated based on the in-out formalism and the Wick’s theorem guarantees that for a closed fermion loop, and thus we have the following relation,

ψ̄_1

ψ_1ψ̄_2 ψ_2ψ̄_3 ... ψ_{n−1}ψ̄_n ψ_n = −tr [ ψ_1ψ̄_2 ψ_2ψ̄_3 ... ψ_{n−1}ψ̄_n ψ̄_1ψ_n ] , (49)

which explains the origin of a negative sign of the fermion loop. However, the perturbation theory in the cosmological background is based on the in-in formalism, and correspondingly the contraction relation is replaced by

ψ̄_1

ψ_1ψ̄_2 ψ_2ψ̄_3 ... ψ_{n−1}ψ̄_n ψ_n = ψ_1ψ̄_2 ψ_2ψ̄_3 ... ψ_{n−1}ψ̄_n ψ_nψ̄_1 , (50)

since there is no time-order in this formalism.

B. A Massive fermion

After having analyzed the specific case of massless fermion loop corrections to the correlation function of primordial tensor fluctuations, we continue to study the loop effects brought by a massive fermion in this subsection. In the case of massive fermion, there exists another interaction due to the expansion of the mass term in the action. This interaction could bring a new loop correction with single vertex as shown in Fig. 2.

1. One-loop correction with two vertex

We first consider the same interaction Hamiltonian as what has been studied in the case of a massless fermion. Its Feynmann diagram is shown in (1). We can simply repeat the process of previous calculation, but need to replace the plane wave-function of the massless fermion by the Hankel function which is the mode function for the massive fermion field.

In this case, the correlation function of primordial tensor fluctuations with one-loop fermion correction can be expressed as, ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 = 1 16 ∫ d^3xe^{iq·(x−x′)} ∫ d^3x_1d^3x_2 ∫_t −∞ dt_2a^2(t_2) ∫_{t2} −∞ dt_1a^2(t_1)p^{′k}p^i Re ∫ d^3pd^3p^′e^{i(p+p′)·(x1−x2)} × ∑ s,s^′ γ^lX_{p,s}(t_1)X̄_{p,s}(t_2)γ^j W_p′_{,s}′ (t_2)W̄_p′_{,s}′ (t_1) ∫ d^3q_1d^3q^′_1 ∑ λ e^{iq1·(x1−x)+iq′1·(x2−x′)} × ϵ_{kl}(q̂_1, λ)ϵ^∗_{mn}(q̂_1, λ)ϵ_{mn}(−q̂^′_1, λ^′)ϵ^∗_{ij} (−q̂^′_1, λ^′)h_{q1} (t_1)h^∗_{q1} (t)[h_q′_1 (t_2)h^∗_q′_1 (t) − h_q′_1 (t)h^∗_q′_1 (t_2)] , (51)

where the mode function X_{p,s} is given by (22). Making use of a little mathematical features of Hankel functions and the Dirac algebra, one can get the following useful relation, ∑ s,s^′ γ^lX_{p,s}(t_1)X̄_{p,s}(t_2)γ^j W_p′_{,s}′ (t_2)W̄_p′_{,s}′ (t_1)

= 2|Γ(μ)|^4 (2π)^8a^3(t_1)a^3(t_2) ( cosh[ 2πm H ] − 1 )[ 2 − (p̂ · p̂^′)(p^{2imH} p^{′− 2imH} + c.c.) ] δ^{jl} + O(ε^{jl}) (52)

where we have introduced the index μ ≡^1_2 − i^m_H with m being the mass of the fermion. The second term O(ε^{jl}) in rhs of (52) is asymmetric and thus will vanish due to symmetry. In addition, we have assumed the perturbation modes are super-Hubble scale where the Hankel function is approximately a power law function. Therefore, the following calculation is based on the assumption that all the modes of interests are super-Hubble.

Then we insert the relation (52) into (51). After a process of lengthy calculation, we further obtain the simplified form of the two-point correlator as follows, ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2 = − 4H^4|Γ(μ)|^4 (2π)^4M^4_p q^{11} ( cosh[ 2πm H ] − 1 ) ∫_q 0 dp ∫_{p+q} |p−q| dp^′ [ 4p^2q^2 − (p^{′2} − p^2 − q^2)^2 ]

× [ 2pp^′ − (p · p^′)(p^{2imH} p^{′− 2imH} + c.c.) ] , (53)

where we have contracted the indices of tensor modes in detailed calculation. In addition, we can make use of the useful relation: |Γ(μ)|^2 = π/cosh[^{πm}_H ]. Then we do the integral of (53) very carefully, and find the final result is composed of some regular functions and many annoying hypergeometric functions.

In order to grasp the physics of this integral, we would like to express the final result in approximate forms under two different limits. First, in the limit of small q value and small fermion mass m, the result of the integral is given by ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2|_{q≪aH,m≪H} ≃ − 536H^2m^2 315M^4_p cosh^2[^{πm}_H ]q^3

, (54)

up to the leading order. Second, we still consider q to be small but a much larger value of m, and then we get the asymptotic form as follow, ∫ d^3xe^{iq·(x−x′)}⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_2|_{q≪aH,m≫H} ≃ − 8H^4 15π^2M^4_p q^3 sinh[^{2πm}_H ] tan[^{πm}_H ] cosh^2[^{πm}_H ]

. (55)

From the above result, we can get the following information. For the case of a massive fermion, its one-loop correction to the correlation function of primordial tensor fluctuations does not change the momentum dependence and thus the primordial power spectrum is always scale-invariant. Moreover, when the fermion mass is very small, the contribution of the fermion loop is suppressed by the factor m^2/H^2; while the fermion mass is very large, the contribution of the fermion loop is suppressed exponentially due to the factor 1/ cosh^2[^{πm}_H ]. Therefore, one may conclude that the logarithmic divergence of the fermion loop appeared in the case of massless fermion might be removed by the mass term. However, we should keep in mind that this result is based on the assumption that all primordial perturbation modes of interest are on super-Hubble scale and thus we have neglected the contribution of the loop integrals inside the Hubble scale during inflation. It is interesting to go to details on this issue and dig out the relation between the logarithmic divergence and the loop integrals related to sub-Hubble modes. We would like to leave it to future study.

2. One-loop correction with single vertex

Then we turn our attention to the calculation of one-loop correction of a massive fermion field with a single vertex. The relevant Feynmann diagram is shown in Fig. 2, and its interaction term is given by (29).

According to the formula developed in Ref. [15], as there is only one vertex in Fig. (2), it corresponds to the N = 1 term to Eq. (24) with one communicator in the vacuum expectation. Thus, we have the following expression ⟨h_{mn}(x, t)h_{mn}(x^′, t)⟩_1 = i ∫_t −∞ dt_1⟨[H_I (t_1), h_{mn}(t)h_{mn}(t)]⟩ = i 4 ∫ d^3x_1d^3x_2 ∫_t −∞ dt_1 a^3(t_1) m ⟨ψ̄(t_1)ψ(t_1)⟩ × [ ⟨h_{mn}(t)h_{mn}(t)h_{ij} (t_1)h_{ji}(t_1)⟩ − ⟨h_{ij} (t_1)h_{ji}(t_1)h_{mn}(t)h_{mn}(t)⟩ ] . (56)

Recall that we have ⟨ψ̄(t_1)ψ(t_1)⟩ = ∫ d^3p ∑ s W̄_{p,s}(t_1)W_{p,s}(t_1) for the fermion field. Again, we make use of the Dirac algebra and contract the indices of tensor modes. After a little lengthy computation, we eventually get the result of the above integral: ∫ d^3xe^{iq·(x−x′)} < h_{mn}(x, t)h_{mn}(x^′, t) >_1 ≃ 64πmH^4 (2π)^4M^4_p q^6 Im [ ∫_τ −∞ dτ_1a(τ_1)e^{−2iqτ1+2iqτ} ∫_{a(τ1)ΛU V} d^3p 1 ]

→ 64mΛ^3_{UV} 9πM^4_p Hq^3 [ C + ln( H μ ) ] , (57)

where we have used aH = q at the moment of Hubble-crossing. Λ_{UV} is a physical cutoff at UV regime, and C is some integral constant which is of O(1).

From the result (57), one can find that the divergence of leading order is the UV divergence, and there is a mixture between the UV and IR divergence due to the logarithmic term at the next-to-leading order. Moreover, this loop correction is proportional to the factor^m_H and thus becomes negligible when the fermion field is much lighter than the inflaton. Eventually, since the final integral is proportional to q^{−3}, it implies that the scale invariance of the primordial tensor fluctuations would not be changed under the fermion loop correction.

V. CONCLUSION

To conclude, we in the current paper have studied the loop corrections of a fermion field to the primordial power spectrum of tensor fluctuations in the frame of inflationary cosmology. Our calculation is based on the in-in formalism and the spinor field is assumed to be a Dirac fermion. In this setup, we have separately considered the loop contribution of a massless fermion and that of a massive fermion. For the case of a massless fermion, we obtain a logarithmic correction in the correlation function of primordial tensor fluctuations which involves a regularization parameter in IR regime. This result is in agreement with previous works[15, 24]. Notice that, our result shows that this IR issue is irrelevant to the scale factor rescaling. Thus the IR regularization parameter is a physical one, which is consistent with the analysis in Ref. [35].

Further, we have extended our calculation to the case of a massive fermion field. We find that the inclusion of a fermion’s mass can be helpful to relax the IR issue since the logarithmic function obtained in the massless fermion loop is replaced by a cosh function which is exponentially suppressed at large mass limit. Moreover, at the small mass limit, the fermion correction is also suppressed since the loop integral is proportional to m^2/H^2. However, we should be aware of that this result is based on the assumption that in the loop integral most of the perturbation modes are in the super-Hubble scale. It is interesting to study in detail the contribution of the sub-Hubble modes in the loop integral and see how it would affect the IR issue in the case of a massive fermion field. We would like to leave it as a follow-up project.

Moreover, due to the fermion’s mass term, one can obtain a fermion loop to the correlation function of primordial tensor fluctuations with single vertex. In usual quantum field theory, this term can also appear but only contribute to the UV renormalization. However, in the context of inflationary cosmology, we find the leading term of the one-loop correction is proportional to Λ^3_{UV} while the next-to-leading term is a mixture of the UV and IR divergences. It is necessary to continue the study in this issue and see if there is any implication on the relation between inflation models and quantum gravity. We notice that the authors of Ref. [38] also acquired a similar result on primordial curvature perturbation in the presence of loop corrections of a second entropy field.

As an ending remark, we would like to point out all the above loop corrections do not change the scale dependence of the correlation function of primordial tensor modes. Therefore, we expect a nearly scale-invariant power spectrum of primordial tensor fluctuations.

Acknowledgments We would like to thank Wei Xue for helpful discussions and valuable comments on the manuscript. The work of FKX and PYS is supported in part by NSFC under Grant No:10775180, 11075205, in part by the Scientific Research Fund of GUCAS (NO:055101BM03), in part by National Basic Research Program of China, No:2010CB832804. The work of CYF is supported in part by the Cosmology Initiative in Arizona State University. One of the author (CYF) is grateful to the other two for hospitality during his visit in GUCAS. And he also thanks Xinmin Zhang in the Institute of High Energy Physics at CAS for hospitality while this work was finalized.

[1] A. H. Guth, Phys. Rev. D 23, 347 (1981). [2] A. D. Linde, Phys. Lett. B 108, 389 (1982).

[3] A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982). [4] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980). [5] L. Z. Fang, Phys. Lett. B 95, 154 (1980). [6] K. Sato, Mon. Not. Roy. Astron. Soc. 195, 467 (1981).

[7] E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]]. [8] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992). [9] M. Sasaki, H. Suzuki, K. Yamamoto and J. ’i. Yokoyama, Class. Quant. Grav. 10, L55 (1993). [10] N. C. Tsamis and R. P. Woodard, Phys. Lett. B 301, 351 (1993). [11] N. C. Tsamis and R. P. Woodard, Class. Quant. Grav. 11, 2969 (1994).

[12] L. R. W. Abramo, R. H. Brandenberger and V. F. Mukhanov, Phys. Rev. D 56, 3248 (1997) [arXiv:gr-qc/9704037]. [13] V. F. Mukhanov, L. R. W. Abramo and R. H. Brandenberger, Phys. Rev. Lett. 78, 1624 (1997) [arXiv:gr-qc/9609026]. [14] J. M. Maldacena, JHEP 0305, 013 (2003) [astro-ph/0210603]. [15] S. Weinberg, Phys. Rev. D 72, 043514 (2005) [hep-th/0506236].

[16] E. O. Kahya, V. K. Onemli and R. P. Woodard, Phys. Lett. B 694, 101 (2010) [arXiv:1006.3999 [astro-ph.CO]]. [17] A. Riotto and M. S. Sloth, JCAP 0804, 030 (2008) [arXiv:0801.1845 [hep-ph]].

[18] C. P. Burgess, L. Leblond, R. Holman and S. Shandera, JCAP 1003, 033 (2010) [arXiv:0912.1608 [hep-th]]. [19] W. Xue, K. Dasgupta and R. Brandenberger, Phys. Rev. D 83, 083520 (2011) [arXiv:1103.0285 [hep-th]]. [20] B. Garbrecht and G. Rigopoulos, Phys. Rev. D 84, 063516 (2011) [arXiv:1105.0418 [hep-th]]. [21] D. Seery, Class. Quant. Grav. 27, 124005 (2010) [arXiv:1005.1649 [astro-ph.CO]]. [22] S. Weinberg, Phys. Rev. D 74, 023508 (2006) [hep-th/0605244]. [23] M. S. Sloth, Nucl. Phys. B 748, 149 (2006) [astro-ph/0604488]. [24] K. Chaicherdsakul, Phys. Rev. D 75, 063522 (2007) [hep-th/0611352]. [25] M. S. Sloth, Nucl. Phys. B 775, 78 (2007) [hep-th/0612138]. [26] D. Seery, JCAP 0711, 025 (2007) [arXiv:0707.3377 [astro-ph]]. [27] D. Seery, JCAP 0802, 006 (2008) [arXiv:0707.3378 [astro-ph]].

[28] N. Bartolo, S. Matarrese, M. Pietroni, A. Riotto and D. Seery, JCAP 0801, 015 (2008) [arXiv:0711.4263 [astro-ph]]. [29] Y. Urakawa and K. -i. Maeda, Phys. Rev. D 78, 064004 (2008) [arXiv:0801.0126 [hep-th]]. [30] K. Enqvist, S. Nurmi, D. Podolsky and G. I. Rigopoulos, JCAP 0804, 025 (2008) [arXiv:0802.0395 [astro-ph]].

[31] E. Dimastrogiovanni and N. Bartolo, JCAP 0811, 016 (2008) [arXiv:0807.2790 [astro-ph]]. [32] P. Adshead, R. Easther and E. A. Lim, Phys. Rev. D 79, 063504 (2009) [arXiv:0809.4008 [hep-th]]. [33] D. Campo, Phys. Rev. D 81, 043535 (2010) [arXiv:0908.3642 [hep-th]].

[34] J. Kumar, L. Leblond and A. Rajaraman, JCAP 1004, 024 (2010) [arXiv:0909.2040 [astro-ph.CO]]. [35] L. Senatore and M. Zaldarriaga, JHEP 1012, 008 (2010) [arXiv:0912.2734 [hep-th]].

[36] C. T. Byrnes, M. Gerstenlauer, A. Hebecker, S. Nurmi and G. Tasinato, JCAP 1008, 006 (2010) [arXiv:1005.3307 [hep-th]]. [37] W. Xue, X. Gao and R. Brandenberger, arXiv:1201.0768 [hep-th]. [38] X. Chen and Y. Wang, arXiv:1207.0100 [hep-th].

[39] T. Prokopec, O. Tornkvist and R. P. Woodard, Annals Phys. 303, 251 (2003) [gr-qc/0205130]. [40] T. Brunier, V. K. Onemli and R. P. Woodard, Class. Quant. Grav. 22, 59 (2005) [gr-qc/0408080]. [41] D. Boyanovsky, H. J. de Vega and N. G. Sanchez, Nucl. Phys. B 747, 25 (2006) [astro-ph/0503669]. [42] N. C. Tsamis and R. P. Woodard, Annals Phys. 321, 875 (2006) [gr-qc/0506056]. [43] S. -P. Miao and R. P. Woodard, Class. Quant. Grav. 23, 1721 (2006) [gr-qc/0511140]. [44] E. O. Kahya and R. P. Woodard, Phys. Rev. D 76, 124005 (2007) [arXiv:0709.0536 [gr-qc]]. [45] Y. Urakawa and T. Tanaka, Phys. Rev. D 82, 121301 (2010) [arXiv:1007.0468 [hep-th]]. [46] M. Gerstenlauer, A. Hebecker and G. Tasinato, JCAP 1106, 021 (2011) [arXiv:1102.0560 [astro-ph.CO]]. [47] A. Riotto and M. S. Sloth, JCAP 1110, 003 (2011) [arXiv:1103.5876 [astro-ph.CO]]. [48] S. B. Giddings and M. S. Sloth, Phys. Rev. D 84, 063528 (2011) [arXiv:1104.0002 [hep-th]]. [49] S. Weinberg, Gravitation and Cosmology, Cambridge University Press (1972). [50] N. Birrell and P. Davies, Quantum Fields in Curved Space, Cambridge University Press (1982). [51] C. Armendariz-Picon and P. B. Greene, Gen. Rel. Grav. 35, 1637 (2003) [hep-th/0301129, hep-th/0301129]. [52] Y. -F. Cai and J. Wang, Class. Quant. Grav. 25, 165014 (2008) [arXiv:0806.3890 [hep-th]]. [53] S. Weinberg, Oxford, UK: Oxford Univ. Pr. (2008) 593 p. [54] Y. -F. Cai and Y. -S. Piao, Phys. Lett. B 657, 1 (2007) [gr-qc/0701114].