arXiv:1207.4410v2 [astro-ph.CO] 28 Nov 2012

Non-Gaussianities in multi-field DBI inflation with a waterfall phase transition

Taichi Kidani^a‖, Kazuya Koyama^b‖, and Shuntaro Mizuno^c♮,♭ ‖ Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth PO1 3FX, UK. ♮ Laboratoire de Physique Théorique, Université Paris-Sud 11 et CNRS, Bâtiment 210, 91405 Orsay Cedex, France and ♭ APC (CNRS-Université Paris 7), 10 rue Alice Domon et Léonie Duquet, 75205 Paris Cedex 13, France (Dated: November 29, 2012)

We study multi-field DBI inflation models with a waterfall phase transition. This transition happens for a D3 brane moving in the warped conifold if there is an instability along angular directions. The transition converts the angular perturbations into the curvature perturbation. Thanks to this conversion, multi-field models can evade the stringent constraints that strongly disfavour single field ultra-violet DBI inflation models in string theory. We explicitly demonstrate that our model satisfies current observational constraints on the spectral index and equilateral non-Gaussianity as well as the bound on the tensor to scalar ratio imposed in string theory models. In addition we show that large local type non-Gaussianity is generated together with equilateral non-Gaussianity in this model.

I. INTRODUCTION

The inflationary scenario has been established as a standard model for the very early universe not only because it solves the problems of the standard big bang scenario such as the horizon problem, flatness problem and monopole problem, but also because it explains the origin of the almost scale-invariant spectrum of primordial curvature perturbations that seeded the Cosmic Microwave Background (CMB) anisotropies (see, e.g. [1, 2]). However, there are numerous models of inflation that are compatible with the current cosmological observations. Therefore, more precise observations, such as those from the PLANCK satellite [3], will help us distinguish between many possible early universe models.

The origin of inflaton, the scalar field that is responsible for inflation, is not specified in many inflation models. Dirac-Born-Infeld (DBI) inflation [4, 5] motivated by string theory identifies the inflaton as scalar fields describing the positions of a D-brane in the higher dimensional space in the effective four-dimensional theory. Although DBI inflation is well motivated and it predicts interesting features such as the speed limiting effect on the velocity of the scalar fields [6] and large non-Gaussianity [7], current observations already give strong constrains on the models. In particular, it was shown that the Ultra-Violet (UV) DBI inflation models where a D3 brane is moving down the warped throat is already ruled out by current measurements of the tensor to scalar ratio, the spectral index and non-Gaussianity when one applies microphysics constraints on the variation of the inflaton field in a string theory set-up [8–12].

However, in the multi-field DBI models, such stringent constraints can be relaxed. In fact, DBI inflation is naturally a multi-inflation model as there are six extra dimensions which are the radial direction and five angular directions in the internal space. In multi-field models, the trajectory in the field space can have a turn and it converts the entropy perturbations into the curvature perturbation on superhorizon scales [13]. It was shown that if there is a sufficient transfer from the entropy perturbations to the curvature perturbation, the constraints on DBI inflation can be significantly relaxed [14–17]. However, in order to make definite predictions, it is required to calculate the transfer coefficient explicitly with a concrete multi-field potential.

The potential for the angular directions for a D3 brane in the deformed warped conifold was calculated in Ref. [18– 20] and the impact of angular motion on DBI inflation has been studied in Ref. [21]. Ref. [22] shows that the angular directions can become unstable in a particular embedding of D7 brane on the warped conifold and the angular instability connects different extreme trajectories. These potentials are calculated assuming that the backreaction of the moving brane is negligible and it cannot be applied to DBI inflation directly. However, it is natural to consider that a similar transition due to the angular instability happens also in DBI inflation. The potential derived in Ref. [22] has a similar feature to the potential in hybrid inflation. The mass of the entropy field is large initially. As the brane moves in the radial direction, the mass becomes lighter. Eventually, it arrives at the point where the entropy field becomes tachyonic. Then the inflaton rolls down to the true vacuum along the entropy direction and moves down in the radial direction along the true vacuum.

In this paper, we analyse a two-field DBI model with a potential which has a similar feature as those obtained in Ref. [22]. Using this potential, we will explicitly study predictions for observables such as the spectral index, tensor

a Taichi.Kidani@port.ac.uk b Kazuya.Koyama@port.ac.uk c shuntaro.mizuno@th.u-psud.fr

to scalar ratio and non-Gaussainity and see if we can avoid the stringent constraints that rule out the single field UV DBI inflation models. To simplify the calculations, we consider a potential which has an effective single field inflationary attractor with a constant sound speed [23] before and after the tachyonic instability develops along the angular direction. DBI inflation models are known to generate large equilateral type non-Gaussianities [5] from the bispectrum of the quantum fluctuations of the scalar field before the horizon exit. On the other hand, large local type non-Gaussianities [24] (see [25] for a review and references therein) can be generated on super-horizon scales in multifield models because of the conversion from the entropy perturbations to the curvature perturbation. Therefore, in general multi-field DBI inflation predicts a combination of the equilateral type and local type non-Gausianities and this feature can be used to distinguish DBI models from other inflationary models [26–28]. The presence of both equilateral and local type non-Gaussianities in multi-field DBI inflation was first pointed out by Ref. [29] (see also Ref. [30]). Ref. [29] considered a model where the conversion of the entropy perturbations into the curvature perturbation happens at the end of inflation. In this paper, we consider the case where the conversion happens during inflation by a waterfall phase transition due to the instability along the angular direction.

This paper is organized as follows. In section II, we briefly review the background dynamics of the single field DBI model with a constant sound speed. Then, the two-field potential that we consider in this paper is introduced. We also show numerical results for the background dynamics with this potential. In section III, the dynamics of the linear cosmological perturbations are studied. We show the results for the power spectrum of the curvature perturbation, the tensor to scalar ratio and the equilateral non-Gaussianity in this model and demonstrate that it is possible to evade the constraints that rule out the single field UV DBI inflation models. In section IV, we compute the local-type non-Gaussianity of the curvature perturbation by using the δN-formalism. In section V, we summarise this paper. In Appendix A, we review the decomposition in the field space. In appendix B we explain the numerical method to analyse the linear perturbations using the decomposition and the δN-formalism.

II. BACKGROUND DYNAMICS

In this section, we first review the background dynamics in the single field DBI inflation model that has a late time attractor solution with a constant sound speed. Then, we study the background dynamics in the two-field model with a potential that leads to a waterfall phase transition.

A. The model

The Lagrangian for the multi-field DBI inflation is given by

P (X^{IJ} , ϕ^I ) = P̃ (X̃, ϕ^I ) = − 1 f(ϕ^I ) (√ 1 − 2f(ϕ^I )X̃ − 1 ) − V ( ϕ^I ) , (1)

where ϕ^I are the scalar fields (I = 1, 2, ...), f(ϕ^I ) and V (ϕ^I ) are functions of the scalar fields and X̃ is defined in terms of the determinant

D = det(δ^I_J − 2fX^I_J )

= 1 − 2fG_{IJ} X^{IJ} + 4f^2X^{[I}_I X^{J]}_J − 8f^3X^{[I}_I X^J_J X^{K]}_K + 16f^4X^{[I}_I X^J_J X^K_K X^{L]}_L , (2)

where the brackets denote anti-symmetrisation on the field indices,

X̃ = (1 − D) 2f , (3)

where X^{IJ} ≡ − 1 2 ∂_μϕ^I ∂^μϕ^J , (4)

and G^{IJ} is the metric in the field space. Note that f(ϕ^I ) is defined by the warp factor h(ϕ^I ) and the brane tension T_3 as f(ϕ^I ) ≡ h(ϕ^I ) T_3

. (5)

The sound speed is defined as

c_s ≡ P̃_{,X̃} P̃_{,X̃} + 2X̃P̃_{,X̃X̃} = √ 1 − 2fX̃, (6)

where ,_{X̃} means the partial derivative with respect to X̃. Note that X̃ coincides with X ≡ G_{IJ} X^{IJ} in the homogeneous background because all the spatial derivatives vanish. From the action (1), we can show that

P̃_{,X̃} = 1 c_s . (7)

In this paper, we consider the Einstein-Hilbert action for gravity and hence all equations of motion are derived from the action S = 1 2 ∫ d^4x

[_{(4)}

R + 2P (X^{IJ} , ϕ^I ) ] , (8)

where we set 8πG = 1 and^{(4)}R is the four dimensional Ricci curvature.

B. DBI inflation with a constant sound speed

Let us consider single field DBI inflation with the potential V_1(ϕ) and warp factor f(ϕ) where ϕ is the scalar field. Then, the field equation is given by ϕ̈ + 3Hϕ̇ − ċ^s c_s ϕ̇ + c_sV_{1,ϕ} − (1 − c^s)^2 2 f_{,ϕ} f^2

= 0. (9)

In [23], it was shown that when V_1(ϕ) and f(ϕ) are given by

V_1(ϕ) = V_0ϕ^{−q} , (10)

f(ϕ) = f_0ϕ^{q+2}, (11)

with constants V_0, f_0 and q, Eq. (9) has a late time attractor inflationary solution with a constant sound speed that is given by

c_s = √ 3 16f_0V_0 + 3

. (12)

Throughout this paper, as a concrete example, we consider the case with q = 4. This attractor solution is potential dominated, which means that the potential term is much larger than the kinetic term along the attractor solution. If we define the slow-roll parameters as ϵ = − Ḣ H^2 , η = ϵ̇ Hϵ , s = ċ_s Hc_s . (13)

s vanishes for this attractor solution and also ϵ and η are much less than unity because it is a potential dominated attractor solution.

C. Two-field model

We investigate the following two field model. We define the field ϕ as a radial direction and define the field χ as an angular direction in the warped throat. The field space metric is then given by

G_{IJ} = A_I δ_{IJ} , (14) where A_ϕ = 1, A_χ = ϕ^2 and δ_{IJ} is the kronecker delta. With this field space metric, X becomes X = 1 2 ( ϕ̇^2 + ϕ^2χ̇^2 ) , (15)

in the homogeneous background. The Friedmann equation is given by

3H^2 = 1 f(ϕ) ( 1 c_s − 1 ) + V (ϕ_I ). (16)

By varying the action (8) with respect to the fields, we obtain the equations of motion for the fields as ϕ̈ + 3Hϕ̇ − ċ^s c_s ϕ̇ − ϕχ̇^2 + c_sV_{,ϕ} − (1 − c^s)^2 2 f_{,ϕ} f^2

= 0, (17)

ϕ^2 ( χ̈ + 3Hχ̇ − ċ_s c_s χ̇ ) + 2ϕϕ̇χ̇ + c_sV_{,χ} = 0. (18)

If we specify the potential and the warp factor, the background dynamics are determined by solving Eqs. (17) and (18).

In DBI inflation, the scalar fields describe the positions of a brane in the bulk. The explicit form of the multi-field potential depends on the details of the geometry of the warped conifold and various effects from the stabilisation of moduli fields. In Ref. [22], an example of the multi-field potential that has a similar feature with hybrid inflation was obtained. In this potential, the inflaton rolls down along the radial direction first. Eventually, it arrives at the transition point where the entropy field becomes tachyonic. Then the inflaton rolls down to the true vacuum along the entropy direction and moves down in the radial direction along the true vacuum.

In this paper, we investigate a two field potential which captures the essential feature of the potential derived in string theory as described above. We assume the radial field has the form of the potential with a constant sound speed as is discussed in the subsection II B to simplify the calculation. The two field potential is given by V (ϕ, χ) = 1 2 λ(χ^2 − χ^2_0)^2 + g ( χ ϕ )_2 + V_0 ϕ^4

, (19)

Let us assume that the inflaton starts rolling down in the radial direction ϕ with a small deviation from χ = 0. Then, in the early stage when χ ≪ 1, the potential is effectively a single field potential for ϕ; V (ϕ, χ) ∼ 1 2 λχ^4_0 +

V_0 ϕ^4

. (20)

At this stage, if we assume 1 2 λχ^4_0 ≪

V_0 ϕ^4

, (21)

the effective potential becomes

V_{eff,1} ∼

V_0 ϕ^4

. (22)

Because this is in the same form as the potential (10), there is a late-time attractor solution with a constant sound speed given by Eq. (12). As the inflaton rolls down in the radial direction, there appears a waterfall phase transition as is shown in Fig. 1 where the inflaton rolls down to the true minimum of the potential (19). This can be seen more clearly by rewriting the potential (19) as V (ϕ, χ) = 1 2 λ [ χ^2 − ( χ^2_0 − g λϕ^2 )]_2 + V_0 ( 1 − g^2 2λV_0 ) 1 ϕ^4 + g ( χ_0 ϕ )_2 . (23)

In this form, χ appears only in the first term. We can clearly see that χ = 0 is the minimum in the χ direction when ϕ^2 < g/(λχ^2_0), while χ^2 = χ^2_0 − g/(λϕ^2) becomes the minimum in the χ direction when ϕ^2 > g/(λχ^2_0). Therefore,

FIG. 1. The potential given by Eq. (19). In order to show the feature of the potential clearly, we plot log V (ϕ, χ). The parameters are chosen as λ = 3.75 × 10^{−6}, χ0 = 0.004, V0 = 5 × 10^{−12} and g = 3 × 10^{−9}. For small ϕ there is a minimum at χ = 0 but for large ϕ true vacua appear and the field rolls down to the true vacua causing the waterfall phase transition.

ϕ^2 = g/(λχ^2_0) is the critical transition value for ϕ. The effective potential in the true vacuum with χ^2 = χ^2_0 − g/(λϕ^2) is given by V (ϕ, χ) ∼ V_0 ( 1 − g^2 2λV_0 ) 1 ϕ^4 + g ( χ_0 ϕ )_2 . (24)

Thus if we assume

g (χ_0/ϕ)^2 V_0 (1 − g^2/2λV_0) 1/ϕ^4 = gχ^2_0 V_0 ϕ^2 1 − g^2/2λV_0

≪ 1, (25)

the effective potential in the true vacuum becomes

V_{eff,2} ∼ V_0 ( 1 − g^2 2λV_0 ) 1 ϕ^4

. (26)

Again, this is in the form ∼ ϕ^{−4} and we have a late-time attractor with a constant sound speed

c_s = √ 3 16f_0Ṽ_0 + 3

, (27)

where

Ṽ_0 = V_0 ( 1 − g^2 2λV_0 ) . (28)

Now we show our numerical results for the background dynamics. We choose the parameters as follows; λ = 3.75 × 10^{−6}, χ_0 = 0.004, V_0 = 5 × 10^{−12} and g = 3 × 10^{−9}. The warp factor is given by Eq.(11) with f_0 = 1.2 × 10^{15}. There parameters are chosen so that all the observables satisfy the current observational constraints.

Firstly, the left panel of Fig. 2 shows the dynamics of the inflaton in the χ direction. Before the transition happens, the potential has its minimum at χ = 0 in the χ direction. Therefore, regardless of the initial conditions, the inflaton rolls down the potential and the value of χ approaches 0 unless the transition occurs while χ is still large. We use the e-folding number N = ln a as time. We normalise the e-folding number so that the transition finishes after N = 60. In this example, χ is sufficiently small at N = 10 and we have an effective single field dynamics until around N ∼ 15. As we expected, the inflaton rolls down to the true vacuum in the transition, which occurs during 20 <∼ N <∼ 55. After the transition ends, it rolls down along the true vacuum. Notice that the true vacuum is not along a constant χ line but the value of χ along the true vacuum χ_{true} is a function of ϕ;

χ_{true} = √ χ^2_0 − g λϕ^2 , (29)

which can be obtained from Eq. (23). However, as we see in the right panel of Fig. 2, the trajectory along the true vacuum curves slowly so that the coupling between the adiabatic mode and the entropic mode can be ignored. Actually, using the value of the Hubble parameter in this model which is H ∼ 2.8×10^{−8}, we can roughly estimate how many e-folds we need after sound horizon exit of the mode which we are considering [31] assuming instant reheating. In our model, it is around 60 e-folds. We can see that the transition ends within 60 e-folds after sound horizon exit if we consider modes that exit the sound horizon in the effective single field regime (10 < N < 15). We assume inflation ends after the transition by some mechanisms such as an annihilation of D brane with anti-D brane.

The right panel of Fig. 2 shows the sound speed. Before the transition, the sound speed slowly changes. This is because the condition (21) is not fully satisfied. On the other hand, after the transition, we can clearly see that the sound speed is almost constant. The sound speed changes the most during the transition and the slow-roll parameter s takes the largest value during the transition. However, the largest value of s is still around −7 × 10^{−4}. Actually, as is shown in Fig. 3, all the slow-roll parameters are always much smaller than unity even during the transition. Therefore, the slow-roll approximation always holds in this model and the sound speed is almost constant even during the transition.

FIG. 2. Left: The dynamics of the χ field. In the early stage (10 <∼ N <∼ 15), the inflaton rolls down the potential almost in the ϕ direction with χ ∼ 0. The transition occurs during 20 <∼ N <∼ 55. After N ∼ 55, the inflaton rolls along the true vacuum. Right: The sound speed. The sound speed is almost constant because it changes very slowly even during the transition.

III. LINEAR PERTURBATION

In this section, we study linear perturbations in the two field DBI model introduced in section II. We first derive the coupled equations for adiabatic and entropy perturbations. Secondly, we present the numerical results for the power spectrum of the curvature perturbation. Then, we show that the constraint on the tensor to scalar ratio in the single field DBI inflation is incompatible with current observations and show how this constraint can be relaxed in the multi-field models. Finally, we demonstrate that the model considered in this paper can actually evade the constraints.

FIG. 3. Left: The slow-roll parameter ϵ. It is always smaller than 1 × 10^{−3} even during the transition. Middle: The slow-roll parameter η. Its absolute value is always smaller than 2 × 10^{−3}. Right: The slow-roll parameter s. |s| takes the largest value −7 × 10^{−4} during the transition. However, its absolute value is still much less than one.

A. Field perturbations

We introduce the linear perturbations of the fields Q^ϕ and Q^χ as

ϕ = ϕ_0(t) + Q^ϕ (x, t) , χ = χ_0(t) + Q^χ (x, t) , (30)

As discussed in appendix A, we decompose these perturbations into the instantaneous adiabatic and entropy perturbations as

Q^ϕ = Q_σ e^ϕ_σ + Q_se^ϕ_s , (31)

Q^χ = Q_σe^χ_σ + Q_se^χ_s , (32)

where e^I_σ and e^I_s are the adiabatic and entropic basis, respectively. They are defined as

e^ϕ_σ = √ c_s ϕ̇ √ ϕ̇2 + ϕ2χ̇2

, e^ϕ_s = 1 √ c_s ϕχ̇ √ ϕ̇2 + ϕ2χ̇2

, (33)

e^χ_σ = √ c_s χ̇ √ ϕ̇2 + ϕ2χ̇2

, e^χ_s = 1 √ c_s −ϕ̇ ϕ √ ϕ̇2 + ϕ2χ̇2

. (34)

For the analysis of perturbations, it is convenient to use the conformal time τ = ∫ dt/a(t) and define the canonically normalized fields as

v_σ = a c_s Q_σ, v_s = a c_s Q_s. (35)

The equations of motion for v_σ and v_s are obtained as v^{′′}_σ − ξv^′_s + ( c^2_s k^2 − z^{′′} z ) v_σ − (zξ)^′ z v_s = 0, (36)

v^{′′}_s + ξv^′_σ + ( c^2_sk^2 − α^{′′} α + a^2μ^2_s ) v_s − z^′ z ξv_σ = 0, (37)

where the prime denotes the derivative with respect to τ and ξ ≡ a σ̇ [( 1 + c^2_s )~ P_{,s} − c^2_sσ̇^2P̃_{,X̃s} ] , (38) μ^2_s ≡ −c_sP̃_{,ss} − 1 σ̇^2

P̃^2_{,s} + 2c^2P̃_{,X̃s}P̃_{,s}, (39)

z ≡ aσ̇ √ c_sH , α ≡ a 1 √ c_s , (40)

with σ̇ ≡ √ 2X, P̃_s ≡ P̃_{,I} e^I_s √ c_s, P̃_{,X̃s} ≡ P̃_{,X̃I} e^I_s √ c_s, P̃_{,ss} ≡ ( D_I D_J P̃ ) e^I_s e^J_s c_s, (41)

where D_I denotes the covariant derivative with respect to the field space metric G_{IJ} . We numerically solve Eqs. (36) and (37) to compute the curvature perturbation.

B. Curvature perturbation

In this subsection, we show how we set the initial conditions for Eqs. (36) and (37) to calculate the power spectrum of the curvature perturbation. If the trajectory is not curved significantly, the coupling ξ/aH becomes much smaller than one. In Fig. 4, we see that ξ/aH is still much smaller than one before the transition starts around N ∼ 20. Also, the slow-roll conditions are satisfied as is shown in section II C and this means that H, σ̇ and c_s change very slowly with time compared to the Hubble scale so that the approximations z^{′′}/z ≃ 2/τ^2 and α^{′′}/α ≃ 2/τ^2 hold. Therefore, we can approximate the Eqs. (36) and (37) as Bessel differential equations before N ∼ 20 (see appendix B for the entropy perturbation). Then, the solutions with the Bunch-Davis vacuum initial conditions are given by v_{σk} ≃ 1 √ 2kc_s e^{−ikcsτ} ( 1 − i kc_sτ ) , (42)

v_{sk} ≃ 1 √ 2kc_s e^{−ikcs τ} ( 1 − i kc_sτ ) , (43)

when μ^2_s/H^2 is negligible for the entropy mode. Then, the power spectra of Q_σ and Q_s are obtained as P_{Qσ} ≃ H^2 4π^2c_s , P_{Qs} ≃ H^2 4π^2c_s

, (44)

which are evaluated at sound horizon crossing. The power spectrum of R at sound horizon crossing is given by P_{R∗} = k^3 2π^2 |R|^2 | | |_∗ = k^3 2π^2 |v_{σk} |^2 z^2 | | |_∗ ≃ H^4 4π^2σ̇^2 | | |_∗ =

H^2 8π^2ϵc_s | | |_∗ , (45)

where the subscript ∗ indicates that the corresponding quantity is evaluated at sound horizon crossing kc_s = aH.

We investigate a mode which exits the sound horizon at N ∼ 10 where we have an effectively single field dynamics. As stated above, the coupling ξ/aH is much smaller than unity around sound horizon exit. Also, as we can see in Fig. 4, |μ^2_s /H^2| is also much smaller than unity around sound horizon exit at N ∼ 10. The mass also changes very slowly. If we define a quantity M_c ≡ μ̇_s μ_sH , (46)

which quantifies how rapidly the mass of the entropy perturbation changes, we can see in Fig. 4 that M_c is smaller than unity for at least 5 e-folds after sound horizon exit. Therefore, we can set the initial conditions for Eqs. (36) and (37) by the solutions (42) and (43). Note that we set the initial conditions at N ∼ 7 when the mode which we consider is still well within the sound horizon.

We treat v_σ and v_s as two independent stochastic variables for the modes well inside the sound horizon as in [32]. This means that we perform two numerical computations to obtain P_R for example. One computation corresponds to the Bunch Davis vacuum state for v_σ and v_s is set to be zero to obtain the solution R_1. Another computation

FIG. 4. Left: The coupling ξ/aH. Before and after the transition the coupling is small but it becomes large during the transition converting the entropy perturbation into the curvature perturbation. Middle: The mass of the entropy perturbation divided by the Hubble parameter squared. Its absolute value is much smaller than one around sound horizon exit at N ∼ 10. Right: The quantity Mc that shows how the mass of the entropy perturbation changes. It is also smaller than one around sound horizon exit.

corresponds to the Bunch Davies vacuum state for v_s and v_σ is set to be zero, in which case we obtain the solution R_2. Then, the curvature power spectrum can be expressed as a sum of two solutions;

P_R = k^3 2π^2 ( |R_1|^2 + |R_2|^2 ) . (47)

This procedure is applied to all the numerical computations in this paper.

Fig. 5 shows the numerical results for the power spectrum of the curvature perturbation. As we can see from the small value of ϵ, the Hubble parameter H changes very slowly. It changes only by a few percent between N ∼ 10 and N ∼ 70. Substituting H ∼ 2.8 × 10^{−8}, c_s ∼ 6.2 × 10^{−3} and ϵ = 6.4 × 10^{−4} into Eq. (45), we obtain the value of the curvature power spectrum after sound horizon exit as P_{R∗} = H^2 8π^2ϵc_s | | | |_∗ ∼ 2.5 × 10^{−12}. (48)

This should coincide with the result of the numerical solution. Actually, in the left figure of Fig. 5, it is shown that P_R becomes almost constant soon after sound horizon exit and it is given by P_R ∼ 2.5 × 10^{−12}. It does not change significantly until N ∼ 15. When the trajectory in field space curves, the curvature perturbation is sourced by the entropy perturbation and it is enhanced. We can actually see that the power spectrum of the curvature perturbation is enhanced by a factor of ∼ 9 × 10^2 during the transition in the right figure of Fig. 5. After the transition, it takes a constant value P_R ∼ 2.3 × 10^{−9}, which is compatible with the CMB observation [1].

If we express the final curvature power spectrum as [16]

P_R = P_{R∗} cos^2 Θ

, (49)

the enhancement is quantified by the function cos^2 Θ. In this model, we have cos^2 Θ ∼ 1.1 × 10^{−3}. When |μ^2_s /H^2| is much smaller than unity, from Eq. (49), the spectral index n_s is given by n_s − 1 ≡ d ln P_R d ln k = −2ϵ_∗ − η_∗ − α_∗ sin 2Θ − 2β_∗ sin^2 Θ, (50)

where α = ξ aH , β = s 2 − η 2 − 1 3H^2 ( μ^2_s +

Ξ^2 c^2_s ) , Ξ ≡ c_sξ a , (51)

where only the leading order terms in the slow-rolling approximation are kept in the expression for β. Also, the parameter which quantifies the equilateral non-Gaussianity is expressed as f^{equil}_{NL} = − 35 108 1 c^2_s cos^2 Θ ∼ − cos^2 Θ 3c^2_s

. (52)

Because the amplitude of the tensor modes are not affected by the scalar field dynamics their power spectrum is given by

P_T =

2H^2 π^2 | | | |_∗ . (53)

Therefore, the tensor to scalar ratio is expressed as r ≡ P_T P_R = 16ϵc_s|_∗ cos^2 Θ. (54)

FIG. 5. Left: The power spectrum of the curvature perturbation becomes constant a few e-folds after sound horizon exit which is around N ∼ 17. Right: We can see that the power spectrum of the curvature perturbation is enhanced during the transition. Then, it becomes constant again after the transition. Note that both of these figures describe the contribution from the real part of v_{σk} and the contribution from the imaginary part shows the same behaviour. Therefore, it is sufficient to show only these figures in order to know its behaviour because the power spectrum of the curvature perturbation is just a sum of those two contributions.

C. Gravitational waves constraints

In Ref. [9], it is shown that the single field ultra-violet (UV) DBI inflation is disfavoured by observation as follows. Firstly, the tensor to scalar ratio is related to the field variation Δϕ by the Lyth bound 1 M^2_P ( Δϕ ΔN )_2 = r 8 , (55)

where N ≡ ∫ dtH. Because the field variation Δϕ corresponds to the radial size of the extra dimensions, it is constrained by the size of the extra dimensions. From Eq. (55), the upper bound on Δϕ gives the model independent upper bound on the tensor to scalar ratio for standard UV DBI inflation. The bound is typically given by

r < 10^{−7}, (56)

when we assume the minimum number of e-foldings that could be probed by observation as ΔN ∼ 1. Secondly, the lower bound on the tensor to scalar ratio in the single field UV DBI inflation is derived in the following way. The relation (50) can be rewritten as

1 − n_s ≃ √ 3|f^{equil}_{NL} |r 4 cos^3 Θ − ḟ Hf + α_∗ sin 2Θ + 2β_∗ sin^2 Θ, (57) by using the Eqs. (13) and (52) as shown in Ref. [16]. Note that a term proportional to c^2_ss_∗ is neglected because both c_s and s_∗ are small. For the single field UV DBI inflation, we have ḟ > 0 and Θ = 0. This gives r > 4 √ 3|f^{equil}_{NL} |

(1 − n_s) (single field), (58)

from Eq. (58). The amplitude of the equilateral non-Gaussianity is constrained as

− 151 < f^{equil}_{NL} < 253 at 95% C.L., (59)

from WMAP5 and the best-fit value for the specrtral index is n_s ≃ 0.982 [2]. From those values, we can obtain the lower bound on the tensor to scalar ratio as

r >∼ 10^{−3}. (60)

Clearly, the lower bound (56) is not compatible with the upper bound (60). This is why single field UV DBI inflation is disfavoured by observation.

These constraints are relaxed when we consider the multi-field models. The upper bound is relaxed because we have angular directions and the field variation is not only determined by the radial coordinate. More importantly, the lower bound is relaxed significantly. In Eq. (57), the last two terms become important if there is a transfer from entropy to adiabatic modes (Θ ≠ 0). In the model considered here, the curvature perturbation originated from the entropy perturbation dominates the final curvature perturbation and the spectral index is indeed determined by the mass of the entropy mode n_s ∼ 2μ^2_s 3H^2 | | |_∗ + 1 ∼ 0.972, (61)

which is compatible with the WMAP observation. This value has also been confirmed in our numerical computations for the curvature perturbation. Thus there is no longer the lower bound for the tensor to scalar ratio. The tensor to scalar ratio is obtained by substituting ϵ ∼ 6.4 × 10^{−4}, c_s ∼ 6.2 × 10^{−3} and cos^2 Θ ∼ 1.1 × 10^{−3} into Eq. (54) as

r = 16ϵc_s|_∗ cos^2 Θ ≃ 7.0 × 10^{−8}. (62)

This is compatible with the upper bound (56).

IV. NON-GAUSSIANITIES

In this section, we calculate non-Gaussianities of the curvature perturbation. In addition to the equilateral type non-Gaussianity, the transition may generate local type non-Gaussianity. The local type non-Gaussianity can be easily calculated by the δN formalism. We first briefly review the δN-formalism [33, 34] and compute the power spectrum of the curvature perturbation in order to confirm the accuracy of the δN formalism in our model. Then, we use it to compute the non-Gaussianities of the primordial curvature perturbation.

A. δN formalism

In the δN-formalism, the curvature perturbation on the uniform density hypersurface ζ evaluated at some time t = t_f is identified as the difference between the number of e-folds N_A(t_f , t_i, x) and N_0(t_f , t_i) where N_A(t_f , t_i, x) is the number of e-folds from an initial flat slice at t = t_i to a final uniform density slice at t = t_f and N_0(t_f , t_i) is the number of e-folds from an initial flat slice at t = t_i to a final flat slice at t = t_f ;

ζ(t_f , x) ≃ δN ≡ N_A(t_f , t_i, x) − N_0(t_f , t_i). (63)

We can ignore the dependence of N on the time derivatives of the fields when the slow-roll approximations hold because the equations of motion for perturbations are reduced to first order differential equations. Then, we can expand δN in terms of the field values at the sound horizon crossing up to the second order δN ( ϕ_σ , ϕ̇_σ , ϕ_s, ϕ̇_s ) ≃ δN (ϕ_σ , ϕ_s) (64) ≃ N_{,ϕσ} Q_σ + N_{,ϕs} Q_s + 1 2 N_{ϕσ ϕσ} Q^2_σ + 1 2 N_{ϕsϕs} Q^2_s , (65) where ϕ_σ denotes the scalar field in the instantaneous adiabatic direction which is almost equivalent to ϕ before the transition and ϕ_s denotes the scalar field in the instantaneous entropic direction which is almost equivalent to χ before the transition (see Fig. 2). Note that we ignore the cross term Q_σQ_s because the two fields are independent quantum fields around sound horizon exit before the transition.

We compute the power spectrum of the curvature perturbation at t = t_f after the transition by the δN-formalism taking t_i to be well before the transition when the curvature power spectrum is constant after sound horizon exit. In this case, as is shown in Fig. 6, the transition occurs at different ϕ_σ if we perturb the initial field values in the entropic direction. Because taking perturbations in the initial field values changes the trajectory unlike single field cases, we need to be careful about the definition of the final slice. Let us define ϕ^I_σ as the field values along the unperturbed trajectory (solid line) and ϕ̃^I_σ as the field values along the perturbed trajectory (dotted line) in Fig. 6. We define δN as δN = ∫~_{tf} t̃_i H̃dt̃ − ∫_{tf} t_i Hdt, (66) where the tilde denotes the quantities with the perturbed initial conditions. For example, if we perturb the initial field values to the entropic direction, the perturbed initial field values ϕ̃_σ (t̃_i) corresponds to the position in the field space as ϕ̃^I_σ (t̃_i) = ϕ^I_σ (t_i) + Q_se^I_s , (67)

with e^I_s given in Eqs. (33) and (34). Note that t̃_f in Eq. (66) is the time when ϕ̃^I_σ takes the same value as ϕ^I_σ (t_f ) well after the transition. Because both trajectories merge into the attractor solution in the true vacuum after the transition as is shown in Fig. 6, we take the final slice so that both unperturbed and perturbed trajectories have the same field values ϕ_f and χ_f on the final slices. Because we can determine all the phase space variables if we know the values of the fields in the slow-roll case, this means that we have the same ϕ, ϕ̇, χ and χ̇ on the final slices which results in the same H (i.e. uniform density) from Eq. (16). By using the definition of δN in Eq. (66), we can numerically compute the quantity N_{,ϕs} = N ( ϕ^I_σ (t_i) + Q_se^I_s ) − N ( ϕ^I_σ (t_i) − Q_se^I_s ) 2Q_s , (68)

where we make Q_σ sufficiently small so that the value of N_{,ϕσ} does not depend on the value of Q_σ . Because the contribution from N_{,ϕσ} in Eq.(65) is negligible in our model, we obtain

P_R = P_ζ ≃ N^2_{,ϕs} P_{Qs} |_{t=ti} , (69)

where P_{Qs} is given by Eq. (44). Note that the curvature perturbation on the uniform density hypersurface coincides with the comoving curvature perturbation on super-horizon scales [35]. The numerical result shows that the δNformalism successfully predicts the value of the final curvature perturbation P_R ∼ 2.3 × 10^{−9} within a few percent error in this model.

B. Non-Gaussianities

Now, we can compute the non-Gaussianities of the curvature perturbation using the δN formalism as follows. The bispectrum of the curvature perturbation is defined as ⟨ ζ( ⃗k_1)ζ( ⃗k_2)ζ( ⃗k_3) ⟩ = (2π)^2 B_ζ (k_1, k_2, k_3)δ^{(3)}( ⃗k_1 + ⃗k_2 + ⃗k_3). (70)

We can rewrite Eq. (70) as ⟨ ζ( ⃗k_1)ζ( ⃗k_2)ζ( ⃗k_3) ⟩ ≃ N_{,ϕσ} N^2_{,ϕs} ⟨ Q_σ( ⃗k_1)Q_s( ⃗k_2)Q_s( ⃗k_3) + (perm) ⟩

+ 1 2 N^2_{,ϕs} N_{ϕsϕs} ⟨ Q_s( ⃗k_1)Q_s( ⃗k_2) (Q_s ⋆ Q_s) ( ⃗k_3) ⟩ + two perms. (71)

Here we used the fact that N_{,ϕσ} is much smaller than N_{ϕs} in Eq. (65) and the dominant bispectrum of the fields is coming from the mixed adiabatic and entropy contributions. Note that the star ⋆ denotes the convolution and correlators higher than the four-point were neglected in the above equation. From Eqs. (70) and (71), we obtain

B_ζ (k_1, k_2, k_3) = 1 cos^2 Θ

N^3_{,ϕσ} B_{Qσ} (k_1, k_2, k_3) | | |_{t=ti} + 4π^4P^2R

Σ_j k^3_j Π_j k^3_j N_{ϕsϕs} N^2_{,ϕs} , (72)

FIG. 6. Left: Two trajectories in the field space obtained by perturbing the initial value of the entropy field. The solid line describes the unperturbed trajectory while the dotted line describes the perturbed trajectory. Right: The transition occurs at different values of ϕ. Again, the solid line is the unperturbed trajectory while the dotted line is the perturbed trajectory.

by using Eq. (69) where the bispectrum of the scalar field perturbation B_{Qσ} (k_1, k_2, k_3) is defined as ⟨ Q_σ( ⃗k_1)Q_σ ( ⃗k_2)Q_σ ( ⃗k_3) ⟩ = (2π)^2 B_{Qσ} (k_1, k_2, k_3)δ^{(3)}( ⃗k_1 + ⃗k_2 + ⃗k_3). (73)

Here we used the fact that the symmetrised mixed bispectrum has the same shape as the pure adiabatic bispectrum [14] and N_{,ϕϕ} /N_{,ϕs} ∼ cos Θ ≪ 1. The non-linear parameter f_{NL} is define as [36]

f_{NL} ≡ 5 6 Π_j k^3_j Σ_j k^3_j B_ζ 4π^4P^2_R

. (74)

If the non-Gaussianity is local, we can express the curvature perturbation as

ζ = ζ_n + 3 5 f_{NL} ( ζ^2_n − ⟨ ζ^2_n ⟩) , (75)

where ζ_n obeys Gaussian statistics. From Eqs. (72) and (74), the nonlinear parameter f_{NL} is expressed as

f_{NL} = cos^2 Θf^{equil}_{NL} | |_{Θ=0} + 5 6 N_{,ϕsϕs} N^2_{,ϕs} , (76) where f^{equil}_{NL} | |_{Θ=0} is the equilateral non-Gaussianity parameter in the single field model defined as f^{equil}_{NL} | | Θ=0 = 5 6 Π_j k^3_j Σ_j k^3_j B_{Qσ} 4π^4N_{,σ}P^2_{Qσ} = − 35 108 1 c^2_s

. (77)

The first term on the right hand side of Eq. (76), f^{equil}_{NL} ≡ cos^2 Θ f^{equil}_{NL} | | |_{Θ=0} , (78)

comes from the bispectrum of the quantum fluctuation of the scalar fields generated under horizon scales and gives rise to the equilateral non-Gaussianity, Eq. (52). We can see that small cos Θ suppresses f^{equil}_{NL} . In our model, the equilateral non-Gaussianity is obtained as f^{equil}_{NL} ∼ −9.5. (79) The second term on the right hand side of Eq. (76), f^{local}_{NL} ≡ 5 6 N_{,ϕsϕs} N^2_{,ϕs} , (80) is generated even if the field perturbations at the horizon crossing are Gaussian. This is called local type non- Gaussianity. Numerically, we can compute the second derivative of N with respect to ϕ_s as N_{,ϕsϕs} = N ( ϕ^I_σ (t_i) + Q_se^I_s ) − 2N ( ϕ^I_σ (t_i) ) + N ( ϕ^I_σ (t_i) − Q_se^I_s ) Q^2_s

, (81)

The result of our numerical computation shows that we have f^{local}_{NL} = 5 6 N_{,ϕsϕs} N^2_{,ϕs} ∼ 40.1 (82)

in our model (see appendix B for the details of the numerical computations). Note that f^{local}_{NL} becomes constant after the transition. This is compatible with the current WMAP observation [1]

− 10 < f^{local}_{NL} < 74 at 95% C.L. (83)

V. SUMMARY AND DISCUSSIONS

DBI inflation is the most plausible model that generates large equilateral non-Gaussianity. However, single field UV DBI models in string theory are strongly disfavoured by the current observations of the spectral index and equilateral non-Gaussianity. It has been shown that these constraints are significantly relaxed in multi-field models if there is a large conversion of the entropy perturbations into the curvature perturbation. In this paper, for the first time, we quantified this conversion during inflation in a model with a potential where a waterfall phase transition connects two different radial trajectories (see Fig. 1). This type of potential appears in string theory where the angular directions become unstable in the warped conifold, which connects two extreme trajectories [22]. We demonstrated that all the observational constraints can be satisfied while obeying the bound on the tensor to scalar ratio imposed in string theory models. The large conversion also creates large local type non-Gaussianity in general. In our model, this is indeed the case and we expect that large equilateral non-Gaussianity is generally accompanied by large local non- Gaussainity in multi-field DBI model. This prediction can be tested precisely by upcoming data from the Planck satellite.

There are a number of extensions of our study. In this paper, we study a toy two-field model. It would be important to study directly the potentials obtained in string theory to confirm our results although it is a challenge to compute the potential when the sound speed is small. The curve in the trajectory in field space, which is essential to evade the strong constraints in string theory and responsible for large local non-Gaussianity, can be caused not only by the potential but also by non-trivial sound speeds [30]. This happens in a model with more than one throat for example where there appear multiple different sound speeds. It would be interesting to compare the two cases to see if one can distinguish between them observationally. Finally, it has been shown that the multi-field effects enhance the equilateral type trispectrum for a given f^{equil}_{NL} [38] and its shape has been studied in detail [39]. Moreover, it was shown that there appears a particular momentum dependent component whose amplitude is given by f^{local}_{NL} f^{equil}_{NL} [29]. Thus the trispectrum will provide further tests of multi-field DBI inflation models.

ACKNOWLEDGMENTS

We would like to thank Jon Emery, Gianmassimo Tasinato and David Wands for useful discussions. TK and KK are supported by the Leverhulme trust. KK is also supported by STFC grant ST/H002774/1, the ERC starting grant. SM is supported by Labex P2IO in Orsay. SM is also grateful to the ICG, Portsmouth, for their hospitality when this work was initiated.

Appendix A: Adiabatic and entropy perturbations

We summarise how the adiabatic and entropic bases are defined here. We consider the linear perturbations of the scalar fields defined as

ϕ^I (x, t) = ϕ^I_0(t) + Q^I (x, t) . (A1)

We decompose the perturbations into the instantaneous adiabatic and entropy perturbations where the adiabatic direction corresponds to the direction of the background field’s evolution while the entropy directions are orthogonal to this [13]. For this purpose, we introduce an orthogonal basis e^I_n(n = 1, 2...N) in field space. The orthonormal condition in general multi-field inflation is given by P_{,X} IJ e^I_ne^J_m = δ_{nm}, (A2) so that the gradient term P_{,X} IJ ∂_iQ^I ∂^iQ^J is diagonalised when we use this basis. Here we assume that P_{,X} IJ is invertible and it can be used as a metric in the field space. The adiabatic vector is

e^I_1 = ϕ̇I √ P_{,X} JK ϕ̇^J ϕ̇^K , (A3)

which satisfies the normalization given by Eq. (A2). The field perturbations are decomposed in this basis as

Q^I = Q_ne^I_n. (A4)

For multi-field DBI inflation, using the relation

P_{,X} IJ ϕ̇^I ϕ̇^J = c_sG_{IJ}ϕ̇^I ϕ̇^J +

1 − c^2_s 2Xc_s G_{IK} G_{JL}ϕ̇^Iϕ̇^Kϕ̇^J ϕ̇^L = 2X c_s , (A5)

we can show that the adiabatic vector is given by

e^I_1 = √ c_s 2X ϕ̇^I . (A6)

This implies that

G_{IJ} e^I_1e^J_1 = c_s, (A7)

P_{,X} IJ = c_sG_{IJ} + 1 − c^2_s c^2_s

G_{IK} G_{JL}e^K_1 e^L_1 . (A8)

Substituting Eq. (A8) into Eq. (A2), with m = 1, we obtain

G_{IJ} e^I_1e^J_n = c_sδ_{n1}. (A9)

Substituting Eqs. (A8) and (A9) into Eq. (A2), we obtain

G_{IJ} e^I_ne^J_m = 1 c_s δ_{mn} − 1 − c^2_s c_s δ_{m1}δ_{n1}. (A10)

For two-field models with G_{IJ} ( ϕ^K ) = A_I ( ϕ^K ) δ_{IJ} where A_ϕ = 1 and A_χ = ϕ^2, from Eq. (A6), the adiabatic vector is obtained as ( e^ϕ_σ , e^χ_σ ) = √c_s ϕ̇ √ ϕ̇2 + ϕ2χ̇2 , √ c_s χ̇ √ ϕ̇2 + ϕ2χ̇2

. (A11)

From the orthogonal condition (A10), the entropy vector e^I_s satisfies

G_{IJ} e^I_σ e^J_σ = e^ϕ_σe^χ_s + ϕ^2e^χ_σ e^χ_s = 0, (A12)

G_{IJ} e^I_s e^J_s = ( e^ϕ_s )_2

+ ϕ^2 (e^χ_s )^2 = 1 c_s , (A13)

which leads to ( e^ϕ_s , e^χ_s ) = 1√ c_s ϕχ̇ √ ϕ̇2 + ϕ2χ̇2 , 1 √ c_s −ϕ̇ ϕ √ ϕ̇2 + ϕ2χ̇2

. (A14)

Appendix B: Numerical method

In this section, we explain how the δN-formalism is used in the numerical computations. In the single field case, we just need to perturb the initial conditions along the trajectory. In the numerical computations, it is easy to compute ϕ_σ (t_i + δt) because the trajectory with the perturbed initial conditions is the same as the one with the original initial conditions.

However, in the two-field case, the trajectory with the initial conditions peruturbed in the entropic direction is different from the one with the original initial conditions as is shown in Fig. 6. Although the perturbed initial values of the fields are defined in Eq. (67), once we set the value of Q_s, we also need to know how to perturb the values of the time derivatives of the fields. This is because we need to set the values of all the phase space variables in order to solve the second order differential equations numerically. From Eq. (67), we obtain

˙ϕ̃I_σ (t̃_i) = ϕ̇I_σ (t_i) + Q̇_seI_s + Q_sėI_s . (B1)

From Eqs. (33) and (34), the derivatives of the entropy basis vector are obtained as

ė^ϕ_s = e^ϕ_s ( − f_{,ϕ}ϕ̇ 2f − sH 2 − σ̈ σ̇ + q̇(t) q(t) ) , (B2) and ė^χ_s = e^χ_s ( − f_{,ϕ}ϕ̇ 2f − sH 2 − σ̈ σ̇ − ϕ̇ ϕ + ṗ(t) p(t) ) , (B3)

Here new variables p(t) and q(t) are defined as p(t) ≡ − √ fϕ̇, q(t) ≡ − √ fϕχ̇, (B4) so that the sound speed is expressed as

c_s = √ 1 − p(t)^2 − q(t)^2. (B5)

Given that we obtain the numerical values of ė^ϕ_s and ė^χ_s using Eqs. (B2) and (B3), we now know how to perturb all the phase space variables (ϕ, ϕ̇, χ, χ̇) from Eq. (B1) if we know the value of Q̇_s. Because we set the value of Q_s, we can determine the value of Q̇_s if there is a relation between Q_s and Q̇_s. Actually, before the transition, it is possible to obtain the analytic solution for v_s and hence the solution for Q_s from Eq. (35). As mentioned in section III, the approximations z^{′′}/z ≃ 2/τ^2 and α^{′′}/α ≃ 2/τ^2 hold because the slow-roll approximation holds and the coupling ξ is negligible before the transition. Therefore, Eq. (37) is approximated as v^{′′}_s + ( c^2_s k^2 − 2/τ^2 + a^2μ^2_s ) v_s ≃ 0, (B6)

which can be rewritten as d^2ṽ_s dτ̃^2 + 1 τ̃ dṽ_s dτ̃ + ( 1 − 9/4 − μ^2_s/H^2

τ̃^2 ) ṽ_s ≃ 0, (B7)

where ṽ_s ≡ v_s √ −τ , τ̃ ≡ −c_skτ. (B8) Note that we regard c_s as a constant because the slow-roll parameter s is much smaller than unity as we showed in Sec. III. Then, if we approximate μ_s to be a constant, we have the analytic solution for Eq. (B7) because it is the Bessel differential equation. By choosing the Bunch-Davies vacuum initial condition, we obtain

v_s = √ π 2 e^{i(νs +1/2)π/2} (−τ)^{1/2} H^{(1)}_{νs} (−c_skτ) , (B9)

where

ν_s = √ 9/4 − μ^2_s/H^2, (B10) and H^{(1)}ν_s is the Hankel function of the first kind. In the super-horizon limit −c_skτ << 1, using the asymptotic form of the Hankel function H^{(1)}_{νs} (−c_skτ) ∼ −i Γ(ν_s) π ( 2 −c_skτ )_{νs} , (B11)

we have

v_s = −i √ π 2 e^{i(νs +1/2)π/2} (−τ)^{1/2} Γ(ν_s) π ( 2 −c_skτ )_{νs} , (B12) and Q_s = −i √ πc_sH 2 e^{i(νs+1/2)π/2} (−τ)^{3/2} Γ(ν_s) π ( 2 −c_skτ )_{νs} , (B13)

where we used the relation τ ∼ −1/aH during slow-roll inflation. From Eq. (B13), we obtain the first derivative of Q_s in terms of Q_s as

Q̇_s = [ s (1 − ν_s) − ϵ + ν_s − 3 2 ] HQ_s. (B14)

Let us show some numerical results in the model introduced in section II C. As is shown in Fig. 2, the transition begins around N ∼ 20. We take the initial hypersurface around N ∼ 12 where we can evaluate P_{Qσ} with Eq. (44) because the trajectory is still effectively a single field one after sound horizon crossing. On the initial hypersurface, we set the values of all the phase space variables as ϕ(t_i) ≃ 7.09, ϕ̇(t_i) ≃ 8.11 × 10^{−11}, χ(t_i) ≃ 5.06 × 10^{−5}, χ̇(t_i) ≃ 3.42 × 10^{−14}. If we set δχ = 10^{−7}, we obtain δϕ = e^ϕ_s (t_i) e^χs (t_i) δχ = −2.12 × 10^{−9}, (B15)

from Eq. (67) where e^ϕ_s (t_i) and e^χ_s (t_i) are obtained numerically. Then, we also have

Q_s =

10^{−7} e^χ_s (t_i)

= −5.59 × 10^{−8}. (B16)

Using Eq. (B14), we obtain Q̇_s ≃ −4.29 × 10^{−17}. Actually, we can also obtain the first derivative numerically

Q̇_s = ( v̇_s v_s + H (s − 1) ) Q_s ≃ −3.07 × 10^{−17}, (B17)

from Eq. (35) using the numerical values of v̇_s and v_s. We can see that the values of Q̇_s obtained in both ways are the same with around 40 percent error. This error comes from the fact that the solution Eq. (B14)is exact only if μ_s is perfectly constant and the slow-roll parameters are zero. Using Eqs. (B1), (B16), (B17) and the numerical values of e^I_s and ė^I_s obtained by using Eqs. (33), (34), (B2) and (B3), we obtain the first derivatives of the fields as

δϕ̇ ≡ ˙ϕ̃_σ (t̃_i) − ϕ̇_σ (t_i) ≃ −1.47 × 10^{−17}, (B18) and δχ̇ ≡ ˙χ̃_σ(t̃_i) − χ̇_σ (t_i) ≃ 5.35 × 10^{−17}. (B19)

Using δχ = 10^{−7}, Eqs. (B15), (B18) and (B19), we can now perturb the initial conditions. Using these initial condition, the first derivative of N with respect to ϕ_s is obtained using Eqs. (66) and (68) as

N_{,ϕs} ≃ 7.82 × 10^2. (B20)

Then, from Eq. (69), the power spectrum of the curvature perturbation is given by

P_R = P_ζ ≃ N^2_{,ϕs} P_{Qs} |_{t=ti} ≃ 2.29 × 10^{−9}, (B21) where we used the numerical result for the power spectrum of the entropy perturbation P_{Qs} |_{t=ti} = k^3 2π^2 c^2_s|v_{sk}|^2 a^2

≃ 3.74 × 10^{−15}. (B22)

This coincides with the value P_R ∼ 2.3 × 10^{−9} with less than one percent error, which is obtained directly by solving the equations of motion for the linear perturbations numerically. This confirms the validity of the δN formalism in this model. In a similar way, we perturb N and obtain the second order derivative using Eq. (81). Then it is possible to compute the local type non-Gaussianity.

[1] E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]]. [2] D. Larson et al. [WMAP Collaboration], Astrophys. J. Suppl. 192, 16 (2011) [arXiv:1001.4635 [astro-ph.CO]]. [3] http://www.rssd.esa.int/index.php?project=Planck(2010).

[4] E. Silverstein and D. Tong, Phys. Rev. D 70 (2004) 103505 [arXiv:hep-th/0310221v3]. [5] M. Alishahiha , E. Silverstein and D. Tong, Phys. Rev. D 70 (2004) 123505 [arXiv:hep-th/0404084v4]. [6] B. Underwood, Phys. Rev. D 78 (2008) 023509 [arXiv:0802.2117v3 [hep-th]]. [7] X. Chen, M. -x. Huang, S. Kachru and G. Shiu, JCAP 0701, 002 (2007) [hep-th/0605045]. [8] D. Baumann and L. McAllister, Phys. Rev. D 75 (2007) 123508 [arXiv:hep-th/0610285]. [9] J. Lidsey and I. Huston, JCAP 0707 (2007) 002 [arXiv:0705.0240v2 [hep-th]]. [10] I. Huston, J. E. Lidsey, S. Thomas and J. Ward, JCAP 0805 (2008) 016 [arXiv:0708.4321 [hep-th]]. [11] T. Kobayashi, S. Mukohyama and S. Kinoshita, JCAP 0801, 028 (2008) [arXiv:0708.4285 [hep-th]]. [12] R. Bean, X. Chen, H. Peiris and J. Xu, Phys. Rev. D 77 (2008) 023527 [arXiv:0710.1812v3 [hep-th]]. [13] C. Gordon, D. Wands, B. A. Bassett and R. Maartens, Phys. Rev. D 63 (2000) 023506 [arXiv:astro-ph/0009131v2]. [14] D. Langlois, S. Renaux-Petel, D. A. Steer and T. Tanaka, Phys. Rev. Lett. 101 (2008) 061301 [arXiv:0804.3139 [hep-th]]. [15] D. Langlois, S. Renaux-Petel, D. A. Steer and T. Tanaka, Phys. Rev. D 78, 063523 (2008) [arXiv:0806.0336 [hep-th]]. [16] D. Langlois, S. Renaux-Petel and D. A. Steer, JCAP 0904 (2009) 021 [arXiv:0902.2941v1 [hep-th]]. [17] F. Arroja, S. Mizuno and K. Koyama, JCAP 0808, 015 (2008) [arXiv:0806.0619 [astro-ph]]. [18] D. Baumann, A. Dymarsky, I. R. Klebanov and L. McAllister, JCAP 0801, 024 (2008) [arXiv:0706.0360 [hep-th]]. [19] C. P. Burgess, J. M. Cline, K. Dasgupta and H. Firouzjahi, JHEP 0703, 027 (2007) [arXiv:hep-th/0610320v1]. [20] F. Chen and H. Firouzjahi, JHEP 0811, 017 (2008) [arXiv:0807.2817v3 [hep-th]].

[21] D. A. Easson, R. Gregory, D. F. Mota, G. Tasinato and I. Zavala, JCAP 0802, 010 (2008) [arXiv:0709.2666 [hep-th]];

R. Gregory and D. Kaviani, JHEP 1201, 037 (2012) [arXiv:1107.5522 [hep-th]]. [22] H. Chen, J. Gong, K. Koyama and G. Tasinato, JCAP 1011 (2010) 034 [arXiv:1007.2068v2 [hep-th]]. [23] E. J. Copeland, S. Mizuno, and M. Shaeri, Phys. Rev. D 81 (2010) 123501 [arXiv:1003.2881 [hep-th]]. [24] F. Vernizzi and D. Wands, JCAP 0605 (2006) 019 [arXiv:astro-ph/0603799v3]; S. Yokoyama, T. Suyama and T. Tanaka, JCAP 0707 (2007) 013 [0705.3178v1 [astro-ph]]; C. T. Byrnes, K. -Y. Choi and L. M. H. Hall, JCAP 0810, 008 (2008) [arXiv:0807.1101 [astro-ph]]; C. T. Byrnes, K. -Y. Choi and L. M. H. Hall, JCAP 0902, 017 (2009) [arXiv:0812.0807 [astroph]]; C. T. Byrnes and G. Tasinato, JCAP 0908, 016 (2009) [arXiv:0906.0767 [astro-ph.CO]]; M. Sasaki, Prog. Theor. Phys. 120 159-174 (2008) [arXiv:0805.0974v3 [astro-ph]]; J. Meyers and N. Sivanandam, Phys. Rev. D 83 (2011) 103517 [arXiv:1011,4934v3 [astro-ph.CO]]; J. Frazer and A. R. Liddle, JCAP 1202 (2012) 039 [arXiv:1111.6646v1 [astro-ph.CO]]; K. Koyama, S. Mizuno, F. Vernizzi and D. Wands, JCAP 0711 (2007) 024 [arXiv:0708.4321 [hep-th]]; G.I. Rigopoulos, E.P.S. Shellard and B.J.W. van Tent, Phys. Rev. D 73 (2006) 083522 [arXiv:astro-ph/0506704v4]; G.I. Rigopoulos, E.P.S. Shellard and B.J.W. van Tent, Phys. Rev. D 76 (2007) 083512 [arXiv:astro-ph/0511041v4]; A. Mazumdar and L. Wang, [arXiv:1203.3558v1 [astro-ph.CO]].

[25] D. Wands, Class. Quant. Grav. 27, 124002 (2010) [arXiv:1004.0818 [astro-ph.CO]]. [26] K. Koyama, Class. Quantum Grav. 27 (2010) 124001 [arXiv:1002.0600v2 [hep-th]]. [27] D. Babich, P. Creminelli and M. Zaldarriaga, JCAP 0408 (2004) 009 [arXiv:astro-ph/0405356v1]. [28] P. Creminelli, A. Nicolis, L. Senatore, M. Tegmark and M. Zaldarriaga, JCAP 0605 (2006) 004 [arXiv:astro-ph/0509029v1]. [29] S. Renaux-Petel, JCAP 0910, 012 (2009) [arXiv:0907.2476 [hep-th]]. [30] J. Emery, G. Tasinato and D. Wands, (2012) [arXiv:1203.6625v1 [hep-th]].

[31] D. H. Lyth and A. R Liddle, ‘THE PRIMORDIAL DENSITY PERTURBATION’(2009) Cambridge: Cambridge University Press p.313.

[32] S. Tsujikawa, D. Parkinson and B. A. Bassett, Phys. Rev. D 67 (2003) 083516 [arXiv:astro-ph/0210322v3]. [33] D. H. Lyth, K. A. Malik and M. Sasaki, JCAP 0505 (2005) 004 [arXiv:astro-ph/0411220v3]. [34] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95 71 (1996) [arXiv:astro-ph/9507001v2]. [35] B. A. Bassett, S. Tsujikawa and D. Wands, Rev.Mod.Phys. 537 (2006) 78 [arXiv:astro-ph/0507632v2]. [36] J. M. Maldacena, JHEP 0305 (2003) 013 [arXiv:astro-ph/0210603].

[37] J. Meyers and N. Sivanandam, Phys. Rev. D 84 (2011) 063522 [arXiv:1104.5238v3 [astro-ph/CO]]. [38] S. Mizuno, F. Arroja, K. Koyama and T. Tanaka, Phys. Rev. D 80, 023530 (2009) [arXiv:0905.4557 [hep-th]]; S. Mizuno, F. Arroja and K. Koyama, Phys. Rev. D 80, 083517 (2009) [arXiv:0907.2439 [hep-th]].

[39] S. Mizuno and K. Koyama, JCAP 1010, 002 (2010) [arXiv:1007.1462 [hep-th]]; K. Izumi, S. Mizuno and K. Koyama, Phys.

Rev. D 85, 023521 (2012) [arXiv:1109.3746 [astro-ph.CO]].