arXiv:1207.4815v1 [gr-qc] 19 Jul 2012

Cosmology in Palatini theories of gravity

Gonzalo J. Olmo

Departamento de Física Teórica and IFIC, Centro Mixto Universidad de Valencia - CSIC. Universidad de Valencia, Burjassot-46100, Valencia, Spain

Abstract. We discuss recent results on the cosmology of extended theories of gravity formulated in the Palatini approach, i.e., assuming that metric and connection are independent fields. In particular, we focus on the attempts to explain the cosmic speedup with f (R) theories and on models that avoid the big bang singularity. The field equations for gravity Lagrangians of the form f (g_{μν} ,R^α_{β μν} ) (including torsion) are explicitly derived and discussed.

Keywords: Modified gravity, Palatini formalism, torsion, dark energy, cosmic speedup, quantum gravity, bouncing cosmologies.

PACS: 04.20.Cv, 04.20.Fy, 04.40.Nr, 04.50.Kd

INTRODUCTION

One of the most elementary and important lessons of Einstein’s theory of gravity, general relativity (GR), is that the spatial sections of four dimensional space-time need not be Euclidean. The Minkowskian description is just an approximation valid on (relatively) local portions of space-time. On larger scales, however, one must consider the deformations induced by the matter on the geometry, which must be dictated by some set of field equations. In this respect, the predictions of GR are in agreement with experiments in scales that range from millimeters to astronomical units, scales in which weak and strong field phenomena can be observed [1]. The theory is so successful in those regimes and scales that it is generally accepted that it should also work at larger and shorter scales, and at weaker and stronger regimes. The validity of these assumptions, obviously, is not guaranteed a priori regardless of how beautiful and ellegant the theory might appear to the expert. For this reason, not only must we keep confronting the predictions of the theory with experiments and/or observations at new scales, but also we have to demand theoretical consistency with the other physical interactions and, in particular, in the quantum regime.

Extrapolating the validity of GR at the largest scales forces us to draw a picture of the universe that is not yet supported by other independent observations. For instance, to explain the rotation curves of spiral galaxies, we must accept the existence of vast amounts of unseen matter surrounding those galaxies. Additionally, to explain the luminosity-distance relation of distant type Ia supernovae and some properties of the distribution of matter and radiation at large scales, we must accept the existence of yet another source of energy with repulsive gravitational properties [2]. Together those unseen (or dark) sources of matter and energy are found to make up to 96% of the total energy of the observable universe! This huge discrepancy between the gravitationally estimated amounts of matter and energy and the direct measurements via electromagnetic radiation motivates the search for alternative theories of gravity which can account for the large scale dynamics and structure without the need for dark matter and/or dark energy.

On the other hand, the difficulties faced by GR to provide a consistent description of singularities and quantum phenomena at high energies (microscopic or Planck scales) may be an indication that we should go beyond Riemannian structures to successfully quantize the theory and avoid singularities. In fact, the use of the differential geometry of Riemannian spaces in the formulation of GR soon led to new developments that, in particular, put forward that there is no logical reason to require or impose at a purely kinematical level that the connection should be the Levi-Civita connection of the metric. There is no reason to assume such a strict relation between the metric and affine structures of the theory. In this sense, the Palatini formulation of GR was essential in the ADM Hamiltonian formulation of the theory and also played a relevant role in the development of loop quantum gravity, a non-perturbative approach to the quantization of GR.

The above arguments support the view that GR may need some kind of extension beyond its usual formulation to address certain observational and theoretical problems. In this work, we review some literature related with the cosmic speedup problem and cosmological singularities (very early universe) framed within the so-called Palatini formalism, an approach in which metric and connection are regarded as independent geometrical objects. Though this formulation does not affect the classical dynamics of GR (when torsion is neglected), it does introduce interesting new features as compared to the usual Riemannian approach when extensions of the Einstein-Hilbert Lagrangian are considered.

DYNAMICS OF PALATINI THEORIES

We begin by deriving the field equations of Palatini theories in a very general case and then consider some simplifications to make contact with the literature. For a generic Palatini theory in which the connection appears through the Riemann tensor or contractions of it, the action can be written as follows S = 1 2κ^2 ∫ d^4x √ −g f (g_{μν} ,R^α_{β μν} ) + S_m[g_{μν} ,ψ] , (1)

where S_m is the matter action, ψ represents collectively the matter fields, κ^2 is a constant with suitable dimensions (if f = R, then κ^2 = 8πG), and R^α_{β μν} = ∂_μ Γ^α_{νβ} − ∂_ν Γ^α_{μβ} +

Γ^α_{μλ} Γ^λ_{νβ} − Γ^α_{νλ} Γ^λ_{μβ} represents the components of the Riemann tensor, the field strength of the connection Γ^α_{μβ} . Note that since the connection is determined dynamically, i.e., we assume independence between the metric and affine structures of the theory, we cannot assume any a priori symmetry in its lower indices. This means that in the variation of the action to obtain the field equations we must bear in mind that Γ^α_{β γ} ≠ Γ^α_{γβ} , i.e., we admit the possibility of nonvanishing torsion. It should be noted that in GR energy and momentum are the sources of curvature, while torsion is sourced by the spin of particles [3]. The fact that torsion is usually not consider in introductory courses on gravitation may be rooted in the educational tradition of this subject and the fact that the spin of particles was discovered many years after the original formulation of GR by Einstein. Another reason may be that the effects of torsion are very weak in general, except at very high densities, where the role of torsion becomes dominant and may even avoid the formation of singularities [4, 5]. For these reasons, and to motivate and facilitate the exploration of the effects of torsion in extensions of GR, our derivation of the field equations will be as general as possible (within reasonable limits). We will assume a symmetric metric tensor g_{μν} = g_{νμ} and the usual definitions for the Ricci scalar R ≡ g^{μν} R_{μν} and Ricci tensor R_{μν} ≡ R^ρ_{μρν} . The variation of the action (1) with respect to the metric and the connection can be expressed as

δ S = 1 2κ^2 ∫ d^4x √ −g [( ∂ f ∂ g^{μν} − f 2 g_{μν} ) δ g^{μν} + ∂ f ∂ R^α_{β μν} δ R^α_{β μν} ] + δ S_m . (2)

Straightforward manipulations show that δ R^α_{β μν} can be written as

δ R^α_{β μν} = ∇_μ ( δ Γ^α_{νβ} ) − ∇_ν ( δ Γ^α_{μβ} ) + 2S^λ_{μν} δ Γ^α_{λ β} , (3)

where S^λ_{μν} ≡ (Γ^λ_{μν} − Γ^λ_{νμ} )/2 represents the torsion tensor, the antisymmetric part of the connection. From now on we will use the notation P_α^{β μν} ≡^{∂ f}_{∂ Rα β μν} . In order to put the δ R^α_{β μν} term in (2) in suitable form, we need to note that

I_Γ = ∫ d^4x √ −gP_α^{β μν} ∇_μ δ Γ^α_{νβ} = ∫ d^4x [ ∇_μ ( √ −gJ^μ ) − δ Γ^α_{νβ} ∇_μ (√ −gP_α^{β μν} )] , (4) where J^μ ≡ P_α^{β μν} δ Γ^α_{νβ} . Since, in general, ∇_μ ( √ −gJ^μ ) = ∂_μ ( √ −gJ^μ )+2S^σ_μ √ −gJ^μ , we find that (4) can be written as

I_Γ = ∫ d^4x [ ∂_μ ( √ −gJ^μ ) − δ Γ^α_{νβ} { ∇_μ (√ −gP_α^{β μν} ) − 2S^σ_μ √ −gP_α^{β μν} }] . (5)

Using this result, (2) becomes

δ S = 1 2κ^2 ∫ d^4x [ √ −g ( ∂ f ∂ g^{μν} − f 2 g_{μν} ) δ g^{μν} + ∂_μ (√ −gJ^μ ) (6) + { − 1 √ −g ∇_μ (√ −gP_α^{β [μν]} ) + S^ν_{σρ} P_α^{β σρ} + 2S^σ_μ P_α^{β [μν]} } 2 √ −gδ Γ^α_{νβ} ] + δ S_m .

We thus find that the field equations can be written as follows

κ^2T_{μν} = ∂ f ∂ g^{μν} − f 2 g_{μν} (7)

κ^2H_α^{νβ} = − 1 √ −g ∇_μ (√ −gP_α^{β [μν]} ) + S^ν_{σρ} P_α^{β σρ} + 2S^σ_μ P_α^{β [μν]} , (8) where P_α^{β [μν]} = (P_α^{β μν} −P_α^{β νμ} )/2, T_{μν} = −^{2√}_{−g}^{δ Sm}_{δ gμν} is the energy-momentum tensor

of the matter, and H_α^{νβ} = −^{1√}_{−g}^{δ Sm}_{δ Γ}α_{νβ} represents the coupling of matter to the connec-

tion. For simplicity, from now on we will assume that H_α^{νβ} = 0. Eq. (8) can be put in a more convenient form if the connection is decomposed into its symmetric and antisymmetric (torsion) parts, Γ^α_{μν} = C^α_{μν} + S^α_{μν} , such that ∇_μ A_ν = ∂_μ A_ν −C^α_{μν} A_α − S^α_{μν} A_α = ∇^C_μ A_ν − S^α_{μν} A_α and ∇_μ √ −g = ∇^C_μ √ −g − S^α_{μα} √ −g. By doing this, (8) turns into

κ^2H_α^{νβ} = − 1 √ −g ∇^C_μ (√ −gP_α^{β [μν]} ) + S^λ_{μα} P_λ^{β [μν]} − S^β_{μλ} P_α^{λ [μν]} . (9)

Example: f(R,Q) theories

Eqs. (7) and (9) can be used to write the field equations for the metric and the connection for specific choices of the Lagrangian f (g_{μν} ,R^α_{β μν} ). To make contact with the literature, we now focus on the case f (R,Q) = f (g^{μν} R_{μν} ,g^{μν} g^{αβ} R_{μα} R_{νβ} ). For this family of Lagrangians, we obtain

P_α^{β μν} = δ_α^μ M^{β ν} = δ_α^μ ( f_Rg^{β ν} + 2 f_QR^{β ν} ) , (10)

where f_X = ∂_X f . Inserting this expression in (9) and tracing over α and ν, we find that ∇^C_λ [ √ −gM^{β λ} ] = (2 √ −g/3)[S^σ_{λ σ} M^{β λ} + (3/2)S^β_{λ μ} M^{λ μ} ]. Using this result, the connection equation can be put as follows 1 √ −g ∇^C_α [√ −gM^{β ν} ] = S^ν_{αλ} M^{β λ} − S^ν_{β λ} M^{λ ν} − S^λ_{αλ} M^{β ν} + 2 3 δ^ν_α S^σ_{λ σ} M^{β λ} (11)

The symmetric and antisymmetric combinations of this equation lead, respectively, to 1 √ −g ∇^C_α [√ −gM^{(β ν)} ] = S^ν_{αλ} M^{[β λ ]} −S^β_{αλ} M^{[νλ ]} −S^λ_{αλ} M^{(β ν)} + S^σ_{λ σ} 3 ( δ^ν_α M^{β λ} + δ^β_α M^{νλ} ) (12) and 1 √ −g ∇^C_α [√ −gM^{[β ν]} ] = S^ν_{αλ} M^{(β λ )} −S^β_{αλ} M^{(νλ )} −S^λ_{αλ} M^{[β ν]} + S^σ_{λ σ} 3 ( δ^ν_α M^{β λ} − δ^β_α M^{νλ} ) . (13) Important simplifications can be achieved considering the new variables

Γ̃^λ_{μν} = Γ^λ_{μν} + αδ^λ_ν S^σ_μ , (14)

and taking the parameter α = 2/3, which implies that S̃^λ_{μν} ≡ Γ̃^λ_{[μν]} is such that S̃^σ_ν = 0.

The symmetric and antisymmetric parts of Γ̃^λ_{μν} are related to those of Γ^λ_{μν} by

C̃^λ_{μν} = C^λ_{μν} + 1 3 ( δ^λ_ν S^σ_μ + δ^λ_μ S^σ_ν ) (15)

S̃^λ_{μν} = S^λ_{μν} + 1 3 ( δ^λ_ν S^σ_μ − δ^λ_μ S^σ_ν ) (16)

Using these variables, Eqs. (12) and (13) boil down to 1 √ −g ∇^{C̃}_α [√ −gM^{(β ν)} ] = [ S̃^ν_{αλ} g^{β κ} + S̃^β_{αλ} g^{νκ} ] g^{λ ρ} M_{[κρ]} (17) and 1 √ −g ∇^{C̃}_α [√ −gM^{[β ν]} ] = [ S̃^ν_{αλ} g^{β κ} − S̃^β_{αλ} g^{νκ} ] g^{λ ρ} M_{(κρ)} . (18)

In these equations, M^{(β ν)} = f_Rg^{β ν} + 2 f_QR^{(β ν)}(Γ), and M^{[β ν]} = 2 f_QR^{[β ν]}(Γ), where

R_{(β ν)}(Γ) = R_{(β ν)}(Γ̃) and R_{[β ν]}(Γ) = R_{[β ν]}(Γ̃) −^2_3 ( ∂_β S^σ_ν − ∂_ν S^σ_β ) . In the recent literature on Palatini theories, only the torsionless case has been studied in detail. When torsion is considered in f (R) theories, Eqs. (17) and (18) recover the results presented in [6]. In general, those equations put forward that when the torsion tensor S̃^ν_{αλ} vanishes, the symmetric and antisymmetric parts of M^{β ν} decouple. The dynamics of these theories, therefore, can be studied in different levels of complexity. The simplest case consists on setting S^ν_{αλ} and R_{[μν]} to zero, which implies that Γ^σ_ν = ∂_ν ϕ, where ϕ is a scalar function that can be determined by solving the equation for M^{(μν)}. In GR, we find that ϕ = ln √ −g, where g represents de determinant of the metric. In the case of f (R,Q) theories, this result motivates the search for a rank-two tensor h_{μν} such that ϕ = ln √ −h. This allows to write the equation for M^{μν} in the form ∇_α (√ −hh^{μν} ) = 0, which allows to expres Γ^σ_{μν} as the Levi-Civita connection of h_{μν} .

The relation between h_{μν} and g_{μν} can be explicitly found using (7) once the matter sources are specified [7].

The simplest solution with nonzero torsion corresponds to the case S̃^ν_{αλ} = 0. From (16), we see that the condition S̃^ν_{αλ} = 0 implies that the torsion tensor satisfies S^ν_{αλ} = 1 3 ( δ_α^ν A_λ − δ_λ^ν A_α ) , where A_α ≡ S^σ_α . With this value of the torsion, we can impose R_{[μν]} = 0 if the connection is chosen as Γ^σ_ν =^2_3 A_ν + ∂_ν ϕ, where ϕ is the same scalar function that appears in the torsionless case. It should be noted that the case S̃^ν_{αλ} = 0 is the most general solution of the case R_{[μν]} = 0. This follows from (18), which can

be written as [ S̃^ν_{αλ} g^{β κ} − S̃^β_{αλ} g^{νκ} ] Σ_κ^λ = 0 with Σ_κ^λ = f_Rδ_κ^λ + 2 f_QR_κ^λ , and leads

to S̃^ν_{αλ} g^{β κ} = S̃^β_{αλ} g^{νκ} . Contracting this expression with g_{β κ} leads to S̃^ν_{αλ} = 0. When R_{[μν]} ≠ 0, then the theory contains new dynamical degrees of freedom [8].

COSMIC SPEEDUP IN PALATINI f (R) THEORIES

Observations of the cosmic microwave background (CMB) radiation [9], high redshift supernovae surveys [10], large scale structure[11], and baryon acoustic oscillations [12] suggest that the expansion history of the universe has passed through a number of phases, which consist on an earlier stage of rapidly accelerated expansion (known as inflation) followed by two periods of decelerated expansion dominated by the presence of radiation and dust (matter without pressure), respectively, and a current phase of accelerated expansion that started some five billion years ago following the era of matter domination. The field equations of GR in a Friedmann-Robertson-Walker (FRW) spacetime with line element ds^2 = −dt^2 + a^2d⃗x^2 filled with non-interacting perfect fluids of density ρ_i and pressure P_i, ( ȧ a )_2 + K a^2 = κ^2 3 ρ , ä a = − κ^2 6 (ρ + 3P) , (19)

where K is the spatial curvature, ρ = ∑_i ρ_i, and P = ∑_i P_i, indicate that a phase of positive accelerated expansion can only happen if there exists some matter/energy source that dominates over the others and whose equation of state satisfies P_X /ρ_X < −1/3, where P_X and ρ_X represent the pressure and energy density of that source. A natural candidate to explain the current phase of cosmic acceleration is a cosmological constant Λ, for which P_Λ/ρ_Λ = −1. However, this simple proposal is hard to accept from a theoretical point of view. If Λ represents a new fundamental constant of Nature, one could expect new physical phenomena at cosmic scales in analogy with what happened when the Planck constant was discovered. If it is seen as vacuum quantum energy, then it is generally claimed that its observed value is too small to be in agreement with a naive estimation from quantum field theory, though if we apply more rigorous techniques of quantum field renormalization in curved space-times the predicted value turns out to be much smaller [13] than the observed one. For these and other reasons, there seems to be a widespread desire to explain the current cosmic speedup by means of some dynamical entity rather than by a pure constant of cosmic nature.

When the Einstein-Hilbert Lagrangian is extended to a function of the scalar curvature, f (R), eqs. (7) and (8) yield

f_RR_{μν} − f 2 g_{μν} = κ^2T_{μν} , (20) ∇_α [√ −g f_Rg^{μν} ] = 0 . (21)

The second equation of above implies that the connection can be solved as the Levi- Civita connection of an auxiliary metric h_{μν} = f_Rg_{μν} , while the trace of the first equation, R f_R − 2 f = κ^2T , implies that R = R(T ) and f (R) = f (R(T )). The field equations for the metric g_{μν} can thus be written as

R_{μν} (g) − 1 2 g_{μν} R(g) = κ^2 f_R T_{μν} − R f_R − f 2 f_R g_{μν} − 3 2( f_R)^2 [ ∂_μ f_R∂_ν f_R − 1 2 g_{μν} (∂ f_R)^2 ] + 1 f_R [ ∇_μ ∇_ν f_R − g_{μν} ∇_λ ∇^λ f_R ] (22)

where R_{μν} (g), R(g), and ∇_μ ∇_ν f_R are computed in terms of the Levi-Civita connection of the metric g_{μν} , whereas R and f_R must be seen as functions of T . The field equations of these theories in vacuum exactly boil down to those of GR with an effective cosmological constant. This turned these theories into a very natural candidate to explain the cosmic speedup. For suitable choices of the function f (R), it could happen that the new gravitationally-induced matter terms that appear on the right hand side of (22) were negligible during earlier phases of the expansion history but became dominant at later times, thus allowing an expansion that closely resembles GR in the past but produces cosmic speedup today. One could thus explain the transition from a matter dominated universe to an asymptotically de Sitter accelerated one with standard sources of matter and radiation but without the theoretical problems posed by a strictly constant Λ. The most famous f (R) model of this kind investigated in the Palatini approach was borrowed from a proposal of Carroll et al. [14] in metric formalism, namely, f (R) = R − μ^4/R, where ρ_μ ≡ μ^2/κ^2 represents the energy-density scale at which the effects of the modified dynamics are relevant. Vollick [15] considered this model and showed that after the standard matter-dominated era, the expansion approaches a de Sitter phase exponentially fast. To see this, consider the modified Friedmann equation corresponding to a given f (R) Lagrangian in a universe filled with matter and radiation

H^2 = ( ȧ a )_2 = 1 6 f_R [ f + κ^2(ρ_m + 2ρ_r) −^{6K fR}_{a2} ] [ 1 +^3_2^{κ2ρm fRR}

f_R(R f_{RR}− f_R)

]_2 , (23)

where ρ_m represents the energy density of the (pressureless) matter, ρ_r is the energy density of radiation, and R is a function of ρ_m only because T = −ρ_m. In the 1/R model, one finds R = κ^2ρ_m 2 1 + √ 1 + 12 ( ρ_μ ρ_m

)_2 , (24)

which recovers R ≈ κ^2ρ_m when ρ_μ /ρ_m ≪ 1 and tends to the constant value R_{vac} = √ 3μ^2 when ρ_μ /ρ_m ≫ 1. We thus see that when ρ_μ /ρ_m ≪ 1 then (23) behaves as H^2 ≈ H^2_{GR} − κ^2(ρ_m + 4ρ_r/3)(ρ_μ /ρ_m)^2 + ..., which is virtually indistinguishable from GR. However, when the matter energy density, ρ_m ∼ a^{−3}, drops below the constant value ρ_μ , ρ_μ /ρ_m ≫ 1, then (23) goes like H^2 ≈^{μ2}_4^√_3 +^{19}_{96} κ^2ρ_m + ..., which tends to a constant and implies an asymptotically de Sitter expansion, thus confirming the late time cosmic speedup.

The 1/R model was soon compared with observations of type Ia supernovae [16], though such first studies were excessively optimistic about its viability. This optimism may have its origin in earlier studies of Palatini f (R) cosmologies which concluded that these theories were very poorly constrained [17], being | f_{RR}(0)| < 10^{113} one of the constraints coming from cosmological data. Besides the R − μ^4/R theory, which represented a small departure from GR at low matter densities, some authors also explored whether radical departures from the GR dynamics at cosmic scales such as f (R) = β R^n or f (R) = α lnR could be compatible with observations. These models were confronted with the Hubble diagram of type Ia Supernovae, the data on the gas mass fraction in relaxed galaxy clusters [18], and baryon acoustic oscillations [19]. Though the fits to the data were good, the statistical analysis did not suggest any improvement with respect to the standard ΛCDM model. On the other hand, tight constraints on the family of models R − αR^β were obtained by studying the cosmic microwave background (CMB) shift parameter and the linear evolution of inhomogeneities [20] plus the Hubble diagram of type Ia supernovae and baryon oscillations [21]. Besides finding that the f (R) = R − μ^4/R model was strongly disfavored by the data, it was found that the combined observational data were capable of reducing the allowed parameter space of the exponent β to an interval of order ∼ 3 × 10^{−5} around β = 0, with α having a value similar to the cosmological constant. This meant that R − αR^β ≈ R − α − αβ lnR could be restricted to a tiny region around the ΛCDM model. More stringent constraints on this model were found comparing its predictions with the CMB and matter power spectra [22], pushing the β parameter to the range ∼ 10^{−6}, thus making this model virtually indistinguishable from ΛCDM. These conclusions have been reconfirmed by considering updated data [23, 24, 25] (Union and Union2 supernovae compilations plus other determinations [26] of the expansion rate H(z)) and strong lensing statistics [27, 28]. Causality related questions have also been discussed [29] in relation with this model. A different class of models [30], with f (R) = (R^n − R^n_0)^{1/n}, has recently been confronted with various data samples. The constraints on the parameters, n = 0.98±0.08, also place this model in the vicinity of the ΛCDM model.

The models considered so far modify the gravitational dynamics at late times, which turns out to be strongly constrained by observations. Modifications at early times should be very weak because of the strong constraints imposed by big bang nucleosynthesis and CMB primary anisotropies. One could thus consider whether modifications at intermediate times could be in agreement with observations. A model proposed in this direction [31] takes the form^1 f (R) = R + λ_1H^2_0 e^{−|R|/(λ2H0)2} , where H_0 represents the current value of the Hubble parameter, λ_1 measures the magnitude of the departure from GR, and λ_2 controls the time at which the correction becomes relevant. Note that at late times this f (R) recovers the ΛCDM model (which corresponds to the limits R → 0 or λ_2 → ∞). Though the background evolution of this model is not significantly different from the standard ΛCDM model for λ_2 = 500,1000, which means that it can hardly be constrained by type Ia supernovae data, its effects on the CMB and matter power spectra are dramatic, being λ_2 = 1000 safely excluded. The strongest constraints are imposed by the matter power spectrum. This can be understood by looking at the growth equation for the comoving energy density fluctuations [20, 33, 34] δ_m for large momentum k

d^2δ_m dx^2 ≈ − k^2c^2_s a^2H^2 δ_m , (25)

where x = loga(t), and c^2_s = ḟ_R/(3 f_R(2 f_RH + ḟ_R)) represents the effective sound speed squared. If c^2_s > 0, the perturbations oscillate instead of growing, whereas for c^2_s < 0 they become unstable and blow up (this happens for f (R) = R − αR^β if β > 0). In the ΛCDM model c^2_s = 0. The form of the matter power spectrum in the exponential and power-law models, therefore, changes significantly with time developing an intricate oscillatory structure for larger k that clearly conflicts with observations, which allows to

1 A similar model with a e^{−|R|/(λ2H0)2} /R correction was considered in [32].

strongly constrain the parameter space of the models. The most optimistic constraints restrict the parameter λ_2 to the region [31] λ_2 ≥ 5 × 10^4.

In parallel to the considerations of above, a theoretical consistency check using phase space analysis [35, 36] was also carried out to determine whether some families of f (R) models could allow for the different phases in the expansion history of the universe suggested by observations. It was shown that radiation, matter, and de Sitter points exist irrespective of the form of the function f (R) provided that the function

C(R) = −3

(R f_R − 2 f )R f_{RR} (R f_R − f )(R f_{RR} − f_R)

(26)

does not show discontinuous or divergent behaviors. Thus models satisfying the condition C(R) > −3 lead to a background evolution comprising the sequence of radiation, matter and de-Sitter epochs. From this it follows that, unlike in metric formalism, theories of the type f (R) = R − β /R^n do allow for the sequence of radiationdominated, matter-dominated, and de Sitter eras if n > −1. For theories of the type f (R) = R + αR^m − β /R^n, one finds that an early inflationary epoch is not followed by a standard radiation-dominated era, which conflicts with the idea that early and late time cosmic acceleration could be unified with this type of models [37]. In particular, for m > 2, the inflationary era is stable and prohibits the end of inflation; if 3/2 < m < 3, then inflation ends with a transition to a matter-dominated phase, which is then followed by late time acceleration; for 4/3 < m < 3/2, inflation is not possible; and for 0 < m < 4/3 one can have the sequence of radiation-dominated, matter-dominated, and late-time de Sitter without early-time inflation.

NONSINGULAR BOUNCING COSMOLOGIES

We have seen that cosmological observations (and local experiments too [38, 39, 40]) strongly constrain the form of the f (R) gravity Lagrangian at low curvatures. Though many f (R) models have the ability to produce late-time cosmic acceleration and fit well the background expansion history, they are not in quantitative agreement with the structure and evolution of cosmic inhomogeneities. On the other hand, it can be shown that the fact that matter is concentrated in discrete structures like atoms causes the modified dynamics to manifest also in laboratory experiments, which confirms earlier suspicions on the viability of such models according to their corresponding Newtonian and post-Newtonian properties. This is a very disturbing aspect of the models with infrared corrections, which demands the consideration of a microscopic description of the sources and prevents the use of macroscopic, averaged representations of the matter. A careful analysis of this point put forward the existence of non-perturbative effects induced by the Palatini dynamics in a number of contexts [38, 40, 41]. In this sense, it is worth noting that even though the ground state of Hydrogen can be studied using standard perturbative methods, the first and higher excited states do manifest non-perturbative properties [40]. Despite the fact that the modified dynamics is strongly suppressed in regions of high density, non-perturbative effects arise near the zeros of the atomic wavefunctions, where the matter density crosses the characteristic low-density scale of the theory and the gradients of the matter distribution become very important for the dynamics [see eq.(22)]. Though this certainly is an undesired property of infraredcorrected models, it could become a very useful tool for models with corrections at high curvatures. Can we construct singularity-free cosmological models that recover GR at low curvatures using the non-perturbative properties of Palatini theories? As we will see, ultraviolet-corrected Palatini models turn out to be very efficient at removing the big bang cosmic singularity in various situations of interest. In this section we will review recent efforts carried out to better understand the properties of Palatini theories in the early universe.

Non-singular f (R) cosmologies

Growing interest in the dynamics of the early-universe in Palatini theories has arisen, in part, from the observation that the effective equations of loop quantum cosmology [42] (LQC), a Hamiltonian approach to quantum gravity based on the quantization techniques of loop quantum gravity, could be exactly reproduced by a Palatini f (R) Lagrangian [43]. In LQC, non-perturbative quantum gravity effects lead to the resolution of the big bang singularity by a quantum bounce without introducing any new degrees of freedom. Though fundamentally discrete, the theory admits a continuum description in terms of an effective Hamiltonian that for a homogeneous and isotropic universe filled with a massless scalar field leads to the following modified Friedmann equation

3H^2 = 8πGρ ( 1 − ρ ρ_{crit} ) , (27)

where ρ_{crit} ≈ 0.41ρ_{Planck}. At low densities, ρ/ρ_{crit} ≪ 1, the background dynamics is the same as in GR, whereas at densities of order ρ_{crit} the non-linear new matter contribution forces the vanishing of H^2 and hence a cosmic bounce. This singularity avoidance seems to be a generic feature of loop-quantized universes [44].

Palatini f (R) theories share with LQC an interesting property: the modified dynamics that they generate is not the result of the existence of new dynamical degrees of freedom but rather it manifests itself by means of non-linear contributions produced by the matter sources, which contrasts with other approaches to quantum gravity and to modified gravity. This similarity makes it tempting to put into correspondence Eq.(27) with the corresponding f (R) equation

3H^2 = f_R ( κ^2ρ + (R f_R − f )/2 ) ( f_R −^{12κ2ρ fRR}

2(R f_{RR}− f_R)

)_2 . (28)

Taking into account the trace equation for a massless scalar, R f_R − 2 f = 2κ^2ρ, which implies that ρ = ρ(R), one finds that a Palatini f (R) theory able to reproduce the LQC dynamics (27) must satisfy the differential equation

f_{RR} = − f_R ( A f_R − B 2(R f_R − 3 f )A + RB ) (29)

where A = √ 2(R f_R − 2 f )(2R_c − [R f_R − 2 f ]), B = 2 √ R_c f_R(2R f_R − 3 f ), and R_c ≡ κ^2ρ_c.

If one imposes the boundary condition lim_{R→0} f_R → 1 at low curvatures, and ä_{LQC} = ä_{Pal} (where ä represents the acceleration of the expansion factor) at ρ = ρ_c, the solution to this equation is unique. The solution was found numerically [43], though the following function provides a very good approximation from the GR regime to the bouncing region d f dR = −tanh ( 5 103 ln [( R 12R_c )_2]) (30)

Though the function (30) implies that the LQC Lagrangian is an infinite series, which is a manifestation of the non-local properties of the quantum geometry, the fact is that one can find non-singular cosmologies of the f (R) type with a finite number of terms. In fact, the quadratic Lagrangian f (R) = R + R^2/R_P does exhibit non-singular solutions [45] for certain equations of state [46, 47] depending on the sign of R_P. To be precise, if R_P > 0 the bounce occurs for sources with w = P/ρ > 1/3. If R_P < 0, then the bouncing condition is satisfied by w < 1/3. This can be easily understood by having a look at the expression for the Hubble function in a universe filled with radiation plus a fluid with generic equation of state w and density ρ

H^2 = 1 6 f_R [ f + (1 + 3w)κ^2ρ + 2κ^2ρ_{rad} −^{6K fR}_{a2} ] [ 1 +^3_2 Δ_1

]_2 (31)

where Δ_1 = −(1 + w)ρ∂_ρ f_R/ f_R = (1 + w)(1 − 3w)κ^2ρ f_{RR}/( f_R(R f_{RR} − f_R)). Due to the structure of Δ_1, one can check that H^2 vanishes when f_R → 0. A more careful analysis [48] shows that f_R → 0 is the only possible way to obtain a bounce with a Palatini f (R) theory that recovers GR at low curvatures if w is constant. In the case of f (R) = R + R^2/R_P, it is easy to see that f_R = 0 has a solution if 1 + 2R_{Bounce}/R_P = 0 is satisfied for ρ_{Bounce} > 0, where R_{Bounce} = (1 − 3w)κ^2ρ_{Bounce}, which leads to the cases mentioned above.

Besides avoiding the development of curvature singularities, bouncing cosmologies can solve the horizon problem [49], which makes them interesting as a substitute for inflation. To be regarded as a serious candidate to explain the phenomenology of the early universe, these theories should provide a consistent evolution of perturbations across the bounce, which should also be compatible with the observed nearly scale invariant spectrum of primordial perturbations. Investigations in this direction have found [50] that f (R) models that develop a bounce when the condition f_R = 0 is met turn out to exhibit singular behavior of inhomogeneous perturbations in a flat, dust-filled universe. However, since some terms in the perturbation equations blow up as f_R → 0, their backreaction renders the perturbative system invalid and, therefore, one cannot say if there is a true singularity or not.

Further insight on the robustness of the bounce under perturbations was obtained [48] studying the properties of f (R) theories in anisotropic spacetimes of Bianchi-I type

ds^2 = −dt^2 + 3 ∑_{i=1}^{a2}i^{(t)(dxi)2 . (32)}

If one considers these space-times under the dynamics of Palatini theories with a generic perfect fluid, one can derive a number of useful analytical expressions. In particular, one finds that the expansion θ = ∑_i H_i and the shear σ^2 = ∑_i ( H_i −^θ_3

)_2 (a measure of the degree of anisotropy) are given by

θ^2 3 ( 1 + 3 2 Δ_1

)_2 = f + κ^2(ρ + 3P) 2 f_R + σ^2 2 (33)

σ^2 = ρ^{21+w} f^2_R

(C^2_{12} +C^2_3 +C^2_{31}) 3 , (34)

where the constants C_{i j} = −C_{ji} set the amount and distribution of anisotropy and satisfy the constraint C_{12} +C_{23} +C_{31} = 0. In the isotropic case, C_{i j} = 0, one has σ^2 = 0 and θ^2 = 9H^2, with H^2 given by Eq.(31). Now, since homogeneous and isotropic bouncing universes require the condition f_R = 0 at the bounce, a glance at (34) indicates that the shear diverges as ∼ 1/ f^2_R. This shows that, regardless of how small the anisotropies are initially, isotropic f (R) bouncing models with a single fluid characterized by a constant equation of state will develop divergences when anisotropies are present. It is worth noting that even though σ^2 diverges at f_R = 0, the expansion and its time derivative [48] are smooth and finite functions at that point if the density and curvature are finite. However, one can check by direct calculation that the Kretschman scalar R_{μνσρ} R^{μνσρ} = 4(∑_i(Ḣ_i + H^2_i )^2 + H^2_1 H^2_2 + H^2_1 H^2_3 + H^2_2 H^2_3 ) diverges at least as ∼ 1/ f^4_R, which is a clear geometrical pathology and signals the presence of a physical singularity. The problems when f_R vanishes seem to be generic in anisotropic models of modified theories of gravity [51]. It should be noted, however, that the consideration of several fluids, fluids with varying equation of state, or fluids with anisotropic stresses [52], could affect the dynamics providing new bouncing mechanisms and preventing the extension of this conclusion to such more realistic cases.

Nonsingular cosmologies beyond f (R)

The previous section provides reasons to believe that Palatini f (R) models are not able to produce a fully satisfactory and singularity-free alternative to GR in idealized universes filled with a single perfect fluid with constant equation of state. Though the homogeneous and isotropic case greatly improves the situation with respect to GR, the existence of divergences when anisotropies and inhomogeneities are present spoil the hopes deposited on this kind of Lagrangians. To the light of these results, new Palatini theories were explored [48] to determine if the introduction of new elements in the gravitational action could avoid the problems that appear in the f (R) models. This led to the study of isotropic and anisotropic cosmologies of some simple generalization of the f (R) family in which the Lagrangian takes the form f (R,Q), with Q = R_{μν} R^{μν} , and assuming that R_{[μν]} = 0. Using the particular Lagrangian

f (R,R_{μν} R^{μν} ) = R + a

R^2 R_P + R_{μν} R^{μν}

R_P

, (35)

where R_P ∼ l^{−2}_P is the Planck curvature, it was found that completely regular bouncing solutions exist for both isotropic and anisotropic homogeneous cosmologies filled with a perfect fluid. In particular, one finds that for a < 0 the interval 0 ≤ w ≤ 1/3 is always included in the family of bouncing solutions, which contains the dust and radiation cases. For a ≥ 0, the fluids yielding a non-singular evolution are restricted to w >^a_{2+3a} , which implies that the radiation case w = 1/3 is always nonsingular. For a detailed discussion and classification of the non-singular solutions depending on the value of the parameter a and the equation of state w, see [48].

According to (7) and (9), the field equations that follow from (35) are

f_RR_{μν} − f 2 g_{μν} + 2 f_QR_{μα} R^α_ν = κ^2T_{μν} , (36) ∇_β [√ −g ( f_Rg^{μν} + 2 f_QR^{μν} ) ] = 0 (37)

where f_R ≡ ∂_R f and f_Q ≡ ∂_Q f . The connection equation (37) can be solved in general introducing an auxiliary metric h_{αβ} such that (37) takes the form ∇_β [√ −hh^{μν} ] = 0, which implies that Γ^ρ_{μλ} can be written as the Levi-Civita connection of h_{μν} . When the matter sources are represented by a perfect fluid, T_{μν} = (ρ + P)u_μ u_ν + Pg_{μν} , one can show that h_{μν} and h^{μν} are given by [7]

h_{μν} = Ω ( g_{μν} − Λ_2 Λ_1 − Λ_2 u_μ u_ν ) (38)

h^{μν} = 1 Ω ( g^{μν} +

Λ_2 Λ_1 u^μ u^ν ) (39)

where

Ω = [Λ_1(Λ_1 − Λ_2)]^{1/2} , λ = √ κ^2P + f 2 + f^2_R 8 f_Q

(40)

Λ_1 = √ 2 f_Qλ + f_R 2 , Λ_2 = √ 2 f_Q [ λ ± √ λ^2 − κ^2(ρ + P) ] (41)

It is worth noting that (38) implies a disformal relation between the metrics g_{μν} and h_{μν} . A relation of this form between two metrics naturally arises in Bekenstein’s relativistic theory [53] of MOND and in previous versions of it. In the MOND theory, the vector u_μ is an independent dynamical vector field and the functions in front of it and in front of g_{μν} depend on another dynamical scalar field. In the theory described here, on the contrary, the metric tensor is the only dynamical field of the gravitational sector. Note also that a Palatini-like version of MOND has been recently proposed by Milgrom [54]. In terms of h_{μν} and the above definitions, (36) becomes

R_{μν} (h) = 1 Λ_1 [( f + 2κ^2P ) 2Ω h_{μν} +

Λ_1κ^2(ρ + P) Λ_1 − Λ_2 u_μ u_ν ] . (42)

In this expression, the functions f ,Λ_1, and Λ_2 are functions of the density ρ and pressure P. In particular, for our quadratic model one finds that R = κ^2(ρ − 3P), like in GR, and Q = Q(ρ,P) is given by Q 2R_P = − ( κ^2P + f̃ 2 + R_P 8 f̃^2_R ) + R_P 32 3 ( R R_P

+ f̃_R ) − √( R R_P

+ f̃_R

)_2 − 4κ^2(ρ + P) R_P 2 , (43) where f̃ = R+aR^2/R_P, and the minus sign in front of the square root has been chosen to recover the correct limit at low curvatures. In a universe filled with radiation, for which R = 0, the function Q boils down to [48] Q = 3R^2_P 8 1 − 8κ^2ρ 3R_P − √ 1 − 16κ^2ρ 3R_P . (44)

This expression recovers the GR value at low curvatures, Q ≈ 4(κ^2ρ)^2/3 + 32(κ^2ρ)^3/9R_P + ... but reaches a maximum Q_{max} = 3R^2_P/16 at κ^2ρ_{max} = 3R_P/16, where the squared root of (43) vanishes. At ρ_{max} the shear also takes its maximum allowed value, namely, σ^2_{max} = √ 3/16R^{3/2}_P (C^2_{12} + C^2_3 + C^2_{31}), which is always finite, and the expansion vanishes producing a cosmic bounce regardless of the amount of anisotropy. The model (35), therefore, avoids the well-known problems of anisotropic universes in GR [55], where anisotropies grow faster than the energy density during the contraction phase leading to a singularity that can only be avoided by sources with w > 1.

The evolution of inhomogeneities in the quadratic model discussed here was considered in [56], though the approximations used there to solve for the connection equation did not allow to see the existence of bouncing solutions. For this reason, in this case one cannot make any statement regarding the evolution of inhomogeneities across the bounce. The cosmology of f (R) and f (R_{μν} R^{μν} ) theories was also considered in some detail in [57]. The possibility of having a standard cosmological evolution in f (R,Q) models with a large cosmological constant has been considered recently[58]. Before concluding, we note that the f (R,Q) theories discussed here are able to reproduce other aspects of the expected phenomenology of quantum gravity at the Planck scale [59]. In particular, without imposing any a priori phenomenological structure, the quadratic Palatini model (35) predicts an energy-density dependence of the metric components that closely matches the structure conjectured in models of Doubly (or Deformed) Special Relativity [60] and Rainbow Gravity [61]. This confirms that Palatini theories represent a new and powerful framework to address different aspects of quantum gravity phenomenology.

ACKNOWLEDGMENTS

Work supported by the Spanish grant FIS2008-06078-C03-02 and the Consolider Programme CPAN (CSD2007-00042).

REFERENCES

1. C. M. Will, Living Rev. Rel. 9, 3 (2005) [arXiv:gr-qc/0510072].

2. E. J. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys. D15, 1753-1936 (2006), [hep-th/0603057];

V. Sahni, Lect. Notes Phys. 653, 141 (2004); T. Padmanabhan, Phys. Rep. 380, 235 (2003); P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003); S. M. Carroll, Living Rev. Relativity 4, 1 (2001); V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000).

3. T. W. B. Kibble, J. Math. Phys. 2, 212 (1961); D. W. Sciama, in: Recent Developments in General Relativity, p. 415 (Pergamon, 1962); D. W. Sciama, Rev. Mod. Phys. 36, 463 (1964).

4. F. W. Hehl and B. K. Datta, J. Math. Phys. 12, 1334 (1971). F.W. Hehl, P. Heyde, and G. D. Kerlick, Phys. Rev. D. 10, 1066 (1974).

5. N. J. Poplawski, arXiv:1111.4595 [gr-qc].

6. G. J. Olmo, Int. J. Mod. Phys. D 20, 413 (2011) [arXiv:1101.3864 [gr-qc]]. 7. G. J. Olmo, H. Sanchis-Alepuz, S. Tripathi, Phys. Rev. D80, 024013 (2009). [arXiv:0907.2787]. 8. H.A.Buchdahl, J.Phys.A:Math.Gen.12,1235 (1979); V.Tapia, M.Ujevic, Class.Quant.Grav. 15, 3719(1998); V.Vitagliano, T.P.Sotiriou and S.Liberati, Phys.Rev. D 82,084007 (2010).

9. D. N. Spergel et al. (WMAP Collaboration), Astrophys. J. Suppl. Ser. 148, 175 (2003); D. N. Spergel et al., Astrophys. J. Suppl. Ser. 170, 377 (2007).

10. A. G. Riess et al. (Supernova Search Team Collaboration), Astron. J. 116, 1009 (1998); S. Perlmutter et al. (Supernova Cosmology Project Collaboration), Astrophys. J. 517, 565 (1999); R. A. Daly and S. G. Djorgovski, Astrophys. J. 597, 9 (2003); A. G. Riess et al., Astrophys. J. 607, 665 (2004); P. Astier et al., Astron. Astrophys. 447, 31 (2006).

11. M. Tegmark et al. (SDSS Collaboration), Phys. Rev. D 69, 103501 (2004); U. Seljak et al. (SDSS Collaboration), Phys. Rev. D 71, 103515 (2005).

12. D. J. Eisenstein et al., Astrophys. J. 633, 560 (2005).

13. S. Hollands, R. M. Wald, Gen. Rel. Grav. 36, 2595-2603 (2004), [gr-qc/0405082]. 14. S. M. Carroll, V. Duvvuri, M. Trodden et al., Phys. Rev. D70, 043528 (2004). 15. Dan N. Vollick, Phys. Rev. D 68, 063510 (2003).

16. X.H. Meng, P. Wang, Class. Quant. Grav. 20, 4949 (2003); Phys.Lett. B 584, 1-7 (2004). 17. D. Barraco, V.H. Hamity, and H. Vucetich, Gen. Rel. Grav. 34(4), 533(2002). 18. S. Capozziello, V. F. Cardone, M. Francaviglia, Gen.Rel.Grav.38,711 (2006). 19. A. Borowiec, W. Godlowski, M. Szydlowski, Phys.Rev.D 74, 043502 (2006). 20. T. Koivisto, Phys. Rev. D 73, 083517 (2006). 21. M. Amarzguioui et al., A & A 454, 707 (2006).

22. B. Li, K. -C. Chan, M. -C. Chu, Phys. Rev. D76, 024002 (2007). [astro-ph/0610794]. 23. F. C. Carvalho, E. M. Santos, J. S. Alcaniz and J. Santos, JCAP 0809, 008 (2008) [arXiv:0804.2878]. 24. J. Santos, J. S. Alcaniz, F. C. Carvalho and N. Pires, Phys. Lett. B 669, 14 (2008) [arXiv:0808.4152]. 25. N.Pires, J. Santos, J. S. Alcaniz, Phys. Rev. D82, 067302 (2010); M. Campista, B. Santos, J. Santos et al., [arXiv:1012.3943 [astro-ph.CO]].

26. D. Stern, R. Jimenez, L. Verde, M. Kamionkowski and S. A. Stanford, JCAP 1002, 008 (2010). 27. X.-J. Yang and D.-M. Chen, Mon.Not.R.Astron.Soc. 394, 1449 (2009), [arXiv:0812.0660v2]. 28. M. L. Ruggiero [n Collaboration], Gen. Rel. Grav. 41, 1497 (2009) [arXiv:0712.3218 [astro-ph]]. 29. J. Santos, M. J. Reboucas, T. B. R. F. Oliveira, Phys. Rev. D81, 123017 (2010), arXiv:1004.2501 [astro-ph.CO]; arXiv:1007.1280 [astro-ph.CO].

30. S. Baghram, M. S. Movahed, S. Rahvar, Phys. Rev. D80, 064003 (2009); S. Baghram, S. Rahvar, Phys. Rev. D80, 124049 (2009); M. S. Movahed, S. Baghram, S. Rahvar, Phys. Rev. D76, 044008 (2007); S. Baghram, M. Farhang, S. Rahvar, Phys. Rev. D75, 044024 (2007); S. Baghram and S. Rahvar, arXiv:1004.3360 [astro-ph.CO].

31. B. Li and M.-C. Chu, Phys. Rev. D74, 104010 (2006). 32. K. Atazadeh, H. R. Sepangi, Int. J. Mod. Phys. D16, 687-698 (2007). 33. T. Koivisto and H. Kurki-Suonio, Class. Quant. Grav. 23, 2355 (2006). 34. K. Uddin, J. E. Lidsey, and R. Tavakol, Class. Quant. Grav. 24, 3951 (2007). 35. S.Fay, R. Tavakol, and S. Tsujikawa, Phys. Rev. D 75, 063509 (2007). 36. S. Tsujikawa, K. Uddin, and R. Tavakol, Phys. Rev. D 77, 043007 (2008). 37. T. P. Sotiriou, Phys. Rev. D 73, 063515 (2006); Class. Quant. Grav. 23, 1253-1267 (2006). 38. G. J. Olmo, Phys. Rev. Lett. 95, 261102 (2005); Phys. Rev. D72, 083505 (2005); Phys. Rev. Lett. 98, 061101 (2007). E. E. Flanagan, Phys. Rev. Lett.92, 071101 (2004);

39. B. Li, D. F. Mota and D. J. Shaw, Phys. Rev. D 78, 064018 (2008); Class. Quant. Grav. 26, 055018 (2009).

40. G. J. Olmo, Phys. Rev. D 77, 084021(2008).

41. A. Iglesias, N. Kaloper, A. Padilla et al., Phys. Rev. D76, 104001 (2007); E. Barausse, T.P. Sotiriou, and J.C. Miller, Class.Quant.Grav. 25,062001(2008); Class.Quant.Grav. 25,105008(2008).

42. M. Bojowald, Living Rev. Rel. 8, 11 (2005); A. Ashtekar, Nuovo Cim. 122 B, 135 (2007); A. Ashtekar, T. Pawlowski and P. Singh, Phys. Rev. Lett. 96, 141301 (2006); Phys. Rev. D 73, 124038 (2006); Phys. Rev. D 74, 084003 (2006); L. Szulc, W. Kaminski, J. Lewandowski, Class.Quant.Grav. 24, 2621 (2007); A. Ashtekar, T. Pawlowski, P.Singh, K. Vandersloot, Phys.Rev. D 75, 024035 (2007); K. Vandersloot, Phys.Rev. D 75, 023523 (2007); E. Bentivegna and T. Pawlowski, arXiv:0803.4446.

43. G.J.Olmo and P.Singh, JCAP 0901, 030 (2009).

44. P. Singh, Class. Quant. Grav. 26, 125005 (2009) [arXiv:0901.2750 [gr-qc]]. 45. B. Shahid-Saless, Journal Math.Phys. 31, 2429(1990).

46. C. Barragan, G. J. Olmo, H. Sanchis-Alepuz, Phys. Rev. D80, 024016 (2009). [arXiv:0907.0318 [gr-qc]].

47. C. Barragan, G. J. Olmo, H. Sanchis-Alepuz, [arXiv:1002.3919 [gr-qc]]; G. J. Olmo, AIP Conf. Proc.

1241, 1100-1107 (2010), [arXiv:0910.3734 [gr-qc]].

48. C. Barragan and G. J. Olmo, Phys. Rev. D 82, 084015 (2010), [arXiv:1005.4136 [gr-qc]]. 49. M.Novello and S.E. Perez Bergliaffa, Phys.Rep. 463, 127-213 (2008). 50. T.Koivisto, Phys. Rev. D 82, 044022 (2010).

51. M. F. Figueiro and A. Saa, Phys. Rev. D 80, 063504 (2009) [arXiv:0906.2588 [gr-qc]]. 52. T. Koivisto, Phys. Rev. D 76, 043527 (2007) [arXiv:0706.0974 [astro-ph]]. 53. J.D. Bekenstein, Phys. Rev. D 70, 083509 (2004).

54. M. Milgrom, Mon. Not. Roy. Astron. Soc. 403, 886 (2010) [arXiv:0911.5464 [astro-ph.CO]]. 55. J. Khoury, B.A. Ovrut, P.J. Steinhardt, and N. Turok,Phys. Rev. D 66 (2002) 046005; M. Gasperini and G. Veneziano, Phys. Rept. 373, 1 (2003) [arXiv:hep-th/0207130]; A. J. Tolley, N. Turok, and P.J. Steinhardt, Phys. Rev. D 69 (2004) 106005; J.K. Erickson, D.H. Wesley, P.J. Steinhardt, N. Turok, Phys. Rev. D 69 (2004) 063514; D. Garfinkle, W. Chet Lim, F. Pretorius, P.J. Steinhardt, Phys. Rev. D 78 (2008) 083537.

56. B.Li, J.D.Barrow, and D.F. Mota, Phys.Rev. D 76,104047 (2007). 57. G. Allemandi, A. Borowiec, and M. Francaviglia, Phys. Rev. D 70, 103503 (2004). 58. F. Bauer, Gen. Rel. Grav. 43, 1733 (2011) [arXiv:1007.2546 [gr-qc]]. 59. G. J. Olmo, JCAP 1110, 018 (2011) [arXiv:1101.2841 [gr-qc]].

60. G.Amelino-Camelia,Int.J.Mod.Phys. D11, 35 (2002); J. Magueijo and L. Smolin, Phys.Rev.Lett.88, 190403(2002); Phys.Rev. D67, 044017(2003); G. Amelino-Camelia and L. Smolin, Phys. Rev. D 80 (2009) 084017.

61. J.Magueijo and L.Smolin, Class. Quant. Grav.21, 1725 (2004).