arXiv:1207.5999v2 [hep-lat] 4 May 2013

The QCD equation of state from the lattice

Owe Philipsen Institut für Theoretische Physik, Goethe-Universität Frankfurt, Max-von-Laue-Str. 1, 60438 Frankfurt am Main, Germany

May 7, 2013

Abstract

The equation of state of QCD at finite temperatures and baryon densities has a wide range of applications in many fields of modern particle and nuclear physics. It is the main ingredient to describe the dynamics of experimental heavy ion collisions, the expansion of the early universe in the standard model era and the interior of compact stars. On most scales of interest, QCD is strongly coupled and not amenable to perturbative investigations. Over the past decade, first principles calculations using lattice QCD have reached maturity, in the sense that for particular discretisation schemes simulations at the physical point have become possible, finite temperature results near the continuum limit are available and systematic errors begin to be controlled. This review summarises the current theoretical and numerical state of the art based on staggered and Wilson fermions.

Contents

1 Introduction 3

2 Statistical mechanics of QCD 3 2.1 QCD at finite temperature and quark density . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Centre symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.3 Chiral symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.4 The finite temperature phase transition of QCD . . . . . . . . . . . . . . . . . . . . . . 7 2.5 Ideal gases: fermions, bosons and hadron resonances . . . . . . . . . . . . . . . . . . . . 8

3 Lattice QCD at finite temperature 9 3.1 Lattice gauge action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2 Including fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.3 Naive lattice fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.4 Wilson fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.5 Staggered fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.6 Observables related to centre and chiral symmetry on the lattice . . . . . . . . . . . . . 14 3.7 Tuning temperature, continuum limit and lines of constant physics . . . . . . . . . . . . 16 3.8 Constraints on lattice simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.9 The ideal boson gas on the lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.10 The ideal fermion gas on the lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.11 The equation of state from strong coupling expansions . . . . . . . . . . . . . . . . . . 20 3.12 The hadron resonance gas from strong coupling lattice QCD . . . . . . . . . . . . . . . 22

4 Improved actions 23 4.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 4.2 Improved gauge actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.3 Clover-improved Wilson fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.4 Twisted Mass Wilson fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.5 Naik and p4 improvement of staggered fermions . . . . . . . . . . . . . . . . . . . . . . 26 4.6 Fat links for p4, asqtad and HISQ staggered actions . . . . . . . . . . . . . . . . . . . . 27 4.7 Stout links . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.8 Comparison of the weakly interacting gas for improved actions . . . . . . . . . . . . . . 30 4.9 Comparison of taste splitting for staggered actions . . . . . . . . . . . . . . . . . . . . . 31

5 Computing the equation of state by Monte Carlo simulation 34 5.1 The derivative method for anisotropic lattices . . . . . . . . . . . . . . . . . . . . . . . 34 5.2 The integral method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 5.3 The fixed scale method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 5.4 Thermodynamic potentials from momentum distributions . . . . . . . . . . . . . . . . . 37

6 Numerical results for pure gauge theory 39 6.1 SU(3) Yang-Mills . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 6.2 SU(3) at high temperatures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 6.3 SU(N) with N > 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

7 Numerical results with staggered fermions 43 7.1 The pseudo-critical temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 7.2 Flavour dependence and interpretation of the equation of state . . . . . . . . . . . . . . 45 7.3 Equation of state for almost physical quark masses: hotQCD . . . . . . . . . . . . . . . 45 7.4 The equation of state for physical quark masses: BMW . . . . . . . . . . . . . . . . . . 48 7.5 Towards inclusion of the charm quark . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

8 Numerical results with Wilson fermions 53

9 Comparing results from different discretisations 54 9.1 Staggered vs. staggered fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 9.2 Staggered vs. Wilson fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

10 The equation of state at finite density 60 10.1 Qualitative results from Taylor expansion and imaginary μ . . . . . . . . . . . . . . . . 60 10.2 Equation of state to order μ^6 with almost physical quarks . . . . . . . . . . . . . . . . . 62 10.3 Equation of state to order μ^2 for physical quark masses . . . . . . . . . . . . . . . . . . 63

11 Summary and Outlook 65

1 Introduction

Quantum Chromodynamics (QCD) is the fundamental quantum field theory describing the strong interactions within the Standard Model. As such it is also the fundamental theory of nuclear matter. One of its many well-tested features is asymptotic freedom, according to which the coupling vanishes at asymptotically high energy scales revealing the nature of its constituents, the quarks and gluons. Conversely, the coupling is strong on hadronic energy scales <∼ 1 GeV and we observe confinement of quarks and gluons which is not amenable to weak coupling expansions. Asymptotic freedom implies fascinating changes of dynamics when QCD is considered under extreme conditions, where either a high temperature sets the dominant momentum scale, as in the early universe, or a high baryon density, as in compact stars. Heavy ion collision experiments have succeeded in creating the hot quark gluon plasma in the laboratory and operate to further understand its properties, while future heavy ion experiments and astronomical observations aim to investigate cold and dense matter. Of particular phenomenological importance is the equation of state of the hot and/or dense system. As a fundamental property of the thermal system, it is in principle accessible to experiment allowing for a direct comparison with theoretical predictions. Moreover, the equation of state constitutes important input for further dynamical analyses of thermal systems, such as the hydrodynamical description of heavy ion collisions [1] or the search for new physics in the early universe [2].

Because of the inherently non-perturbative nature of the theory, numerical simulations of lattice QCD are the only tool allowing for predictions from first principles, for which it is known how to remove the associated systematic errors. Investigations of the equation of state have been going on for about two decades. After rapid initial successes with the pure gauge plasma, the step to include dynamical fermions has proved soberingly difficult. Systematic errors associated with fermion discretisations were initially underestimated, leading to apparent contradictions. However, after an impressive collective effort in man and machine power, these issues appear to be finally resolved. It was demonstrated that, while it may take some time and effort, systematic errors eventually can be controlled and removed, teaching us a lot about the underlying dynamics in the process. The equation of state at finite temperature and zero baryon density is now known for N_f = 2 + 1 quark flavours with physical masses very close to its continuum limit, which should be taken within the next year. This is based on the staggered fermion discretisation. Calculations with Wilson fermions are somewhat behind, but will soon serve as an independent cross check for remaining theoretical issues with the staggered formulation. Refinements to include the charm quark are also well on the way. The situation at finite density is much less satisfactory. Because of the sign problem of lattice QCD, direct simulations at finite baryon density are impossible and further approximations have to be made which are valid for sufficiently small chemical potentials. Nevertheless, important first steps in this direction have been made and we also understand the response of the equation of state to a small baryon chemical potential.

Rather than on a complete history, the focus in this review is on the more recent calculations closest to the continuum or the physical point, and hence on staggered and Wilson fermions. The control of systematic errors being the main task of current lattice calculations, Secs. 3-5 are devoted to a detailed discussion of the different discretisation schemes and their associated cut-off effects along with improvement schemes to minimise them. The aim is to also give the non-practitioner some insight into what is being done in different calculations. The numerical results on the equation of state are then collected in Secs.6-10.

2 Statistical mechanics of QCD

We wish to describe a system of particles in some volume V which is in thermal contact with a heat bath at temperature T . Associated with the particles may be a set of conserved charges N_i, i = 1, 2, . . .

(such as particle number, electric charge, baryon number etc.). In quantum field theory, the most direct description is in terms of the grand canonical ensemble. Its density operator and partition function are given as ρ = e^{− 1T (H−μiNi)} , Z = T̂rρ , T̂r(. . .) = ∑ n ⟨n|(. . .)|n⟩ , (1) where μ_i are chemical potentials for the conserved charges, and the quantum mechanical trace is a sum over all energy eigenstates of the Hamiltonian. Thermodynamic averages for an observable O are then obtained as ⟨O⟩ = Z^{−1}T̂r(ρO) .

From the partition function, all other thermodynamic equilibrium quantities follow by taking appropriate derivatives. In particular, the (Helmholtz) free energy, pressure, entropy, mean values of charges and energy are obtained as F = −T ln Z , p = ∂(T ln Z) ∂V , S = ∂(T ln Z) ∂T ,

N̄_i = ∂(T ln Z) ∂μ_i , E = −pV + T S + μ_iN̄_i . (2)

Since the free energy is known to be an extensive quantity, F = fV , and we are interested in the thermodynamic limit, it is often more convenient to consider the corresponding densities, f = F V , s = S V , n_i = N̄_i V , ϵ = E V , (3)

for which we in addition have p = −f, ϵ = T^2 V ∂ ln Z ∂T = − 1 V ∂ ln Z ∂T^{−1} . (4)

In a relativistic system, another quantity of interest is the energy momentum tensor for a liquid or gas,

T^{μν} = (p + ϵ)u^μu^ν − pg^{μν} , (5)

where u^μ = (1, 0, 0, 0) is the four velocity of a volume element in the rest frame of the medium. Its so-called trace anomaly corresponds to

I(T ) ≡ T^{μμ}(T ) = T^5 ∂ ∂T p(T ) T^4

. (6)

Various useful relations between these quantities are then I = ϵ − 3p , s = ϵ + p T , c^2_s = dp dϵ , (7)

where the energy derivative of the pressure in the last equation corresponds to the speed of sound in the thermal medium. The equation of state is the functional relationship among the thermodynamic parameters for a system in thermal equilibrium, f(p, V, T, μ_i) = 0 , (8) and constitutes the input for many further analyses of a thermal system.

2.1 QCD at finite temperature and quark density

Let us now consider the grand canonical partition function of QCD. The derivation of its path integral representation is discussed in detail in the textbooks [3],

Z(V, μ_f , T ; g, m_f ) = T̂r ( e^{−(H−μf Qf )/T} ) = ∫ DA Dψ̄ Dψ e^{−Sg [Aμ]} e^{−Sf [ψ̄,ψ,Aμ]}, (9) with the Euclidean gauge and fermion actions

S_g[A_μ] = 1/T∫ 0 dτ ∫ V d^3x 1 2 Tr F_{μν} (x)F_{μν} (x),

S_f [ψ̄, ψ, A_μ] = 1/T∫ 0 dτ ∫ V d^3x N_f∑

f=1 ψ̄_f (x) (γ_μD_μ + m_f − μ_f γ_0) ψ_f (x). (10)

The index f labels different quark flavours, and the covariant derivative contains the gauge coupling g,

D_μ = (∂_μ − igA_μ), A_μ = T^aA^a_μ(x), a = 1, . . . N^2 − 1, F_{μν} (x) = i g [D_μ, D_ν ] . (11)

The thermodynamic limit is obtained by sending the spatial three-volume V → ∞. The difference to the Euclidean path integral at T = 0 describing vacuum physics is the compactified temporal direction with a radius defining the inverse temperature, 1/T . To ensure Bose/Einstein statistics for bosons and the Pauli principle for fermions, the path integral is to be evaluated with periodic and anti-periodic boundary conditions in the temporal direction for bosons and fermions, respectively,

A_μ(τ, x) = A_μ(τ + 1 T , x), ψ(τ, x) = −ψ(τ + 1 T , x) . (12)

The path integral for vacuum QCD in infinite four-volume is smoothly recovered from this expression for T → 0.

The partition function depends on the external macroscopic parameters T, V, μ_f , as well as on the microscopic parameters like quark masses and the coupling constant. The conserved quark numbers corresponding to the chemical potentials μ_f are

Q_f = ψ̄_f γ_0ψ_f . (13)

We will consider mostly two and three flavours of quarks, and always take m_u = m_d. The case m_s = m_{u,d} is then denoted by N_f = 3, while N_f = 2 + 1 implies m_s ≠ m_{u,d}. When the heavier charm quark is taken into account as well, we have N_f = 2 + 1 + 1.

2.2 Centre symmetry

Consider the partition function of pure gauge theory. The action is invariant under gauge transformations g(x) which obey the same periodic boundary conditions, g(τ, x) = g(τ + 1/T, x),

A^g_μ(x) = g(x) ( A_μ + i g ∂_μ ) g^†(x) . (14)

It is also invariant under gauge transformations g^′, which are periodic up to a global SU(N) matrix h, g^′(τ, x) = hg(τ + 1/T, x). The gauge transformed field satisfies the boundary condition,

A^{g′} (τ + 1/T, x) = hA^{g′}_μ (τ, x)h^† , (15) which is the originally demanded one if h ∈ Z(N) is in the centre of the group, h = z1 = exp(i2πk/N), k ∈ {0, 1...N − 1}. Hence pure gauge theory allows for gauge transformations which are periodic up to a twist factor from the centre of the group. For fermions one has instead

ψ^{g′} (τ + 1/T, x) = −zψ^{g′} (τ, x) , (16)

which is anti-periodic for z = 1 only, i.e. fermions break the centre symmetry of the pure gauge action. The order parameter for centre symmetry is the Polyakov loop, i.e. a traced temporal Wilson line,

L(x) = TrW (x) = P exp ( ig ∫_{1/T} 0 dτA_4(x) ) , (17)

which corresponds to the propagator of a static quark in euclidean time wrapping around the torus. Under gauge transformations, W^g(x) = g(x)W (x)g^{−1}(x) it picks up a centre element when transformed with a winding transformation, L^g = L, L^{g′} = z^∗L . (18) The expectation value of the Polyakov loop gives the free energy difference between a Yang-Mills plasma with and without the static quark. ⟨L⟩ = 1 Z ∫ DU TrW e^{−Sg} = Z_Q Z = e^{−(FQ−F0)/T} , (19) For T = 0 pure gauge theory is confining and it costs infinite energy to remove the quark to infinity, i.e. F_Q = ∞ and therefore ⟨L⟩ = 0. For T → ∞ one has ⟨L⟩ ≠ 0, which is no longer invariant under centre transformations and signals the spontaneous breaking of centre symmetry. Therefore, QCD in the quenched limit has a true (non-analytic) deconfinement phase transition corresponding to the breaking of the global centre symmetry. When finite mass fermions are added, the centre symmetry is broken explicitly, i.e. ⟨L⟩ ≠ 0 always and there is no need for a non-analytic phase transition.

2.3 Chiral symmetry

The QCD action is invariant under U(1) transformations on the quark fields

ψ^′_f = exp(iα) ψ_f , (20)

the corresponding conserved charge is baryon number. For n_f degenerate quark flavours, the corresponding spinors can be written as an n_f -plet ψ = (ψ_f , . . . ψ_{nf} ), and the QCD action is symmetric under the global SU(n_f ) vector rotations

ψ^′_f ′ = exp(iθ^aT^a)_f ′_f ψ_f , a = 1, . . . n^2_f − 1, . (21)

In nature, m_u ≈ m_d and this is SU(2) isospin symmetry. For n_f zero mass flavours QCD is furthermore invariant under the corresponding U_A(1) and SU_A(n_f ) axial transformations,

ψ^′_f = exp(iαγ_5) ψ_f , ψ^′_f ′ = exp(iθ^aT^aγ_5)_f ′_f ψ_f , a = 1, . . . n^2_f − 1 . (22)

Hence, in the chiral limit the total symmetry is

U(1)_B × U(1)_A × SU(n_f )_L × SU(n_f )_R , (23)

where the L, R denote the left and right handed linear combinations of the vector and axial-vector rotations. The axial U(1)_A is anomalous, quantum corrections break it down to Z(n_f ). The remainder

Figure 1: Left: Schematic phase transition behaviour of N_f = 2 + 1 QCD for different choices of quark masses at μ = 0. On finer lattices, the chiral critical line moves towards smaller quark masses. Right: Chiral and deconfinement critical surfaces swept by the critical lines as μ is turned on. Depending on its curvature, a QCD chiral critical point is present or absent.

gets spontaneously broken to the diagonal subgroup, SU(N_f )_L × SU(N_f )_R → SU(N_f )_V , giving rise to n^2_f − 1 massless Goldstone bosons, the pions.

At finite temperatures, chiral symmetry gets restored above some critical temperature T_c. The order parameter signalling chiral symmetry is the chiral condensate, ⟨ψ̄ψ_f ⟩ = T V ∂ ∂m_f ln Z. (24)

It is nonzero for T < T_c, when chiral symmetry is spontaneously broken, and zero for T > T_c. Hence, in the chiral limit there is a non-analytic finite temperature phase transition corresponding to chiral symmetry restoration. This is of first order for N_f ≥ 3 and either second order with O(4) universality or first order for N_f = 2, depending on the strength of the U(1)_A anomaly at T_c [4]. For non-zero quark masses, chiral symmetry is broken explicitly and the chiral condensate ⟨ψ̄ψ_f ⟩ ≠ 0 for all temperatures. Again, in this case there is no need for a non-analytic phase transition.

2.4 The finite temperature phase transition of QCD

The order of the finite temperature phase transition at zero density depends on the quark masses and is schematically shown in Fig. 1 (left). In the limits of zero and infinite quark masses (lower left and upper right corners), order parameters corresponding to the breaking of a global symmetry exist, and for three degenerate quarks one numerically finds first order phase transitions at small and large quark masses at some finite temperatures T_c(m). On the other hand, one observes an analytic crossover (without singularities in the thermodynamic functions) at intermediate quark masses, with second order boundary lines separating these regions. Both lines have been shown to belong to the Z(2) universality class of the 3d Ising model [5, 6]. The critical lines bound the quark mass regions featuring a chiral or deconfinement phase transition, and are called chiral and deconfinement critical lines, respectively.

QCD with physical values for the quark masses breaks both the chiral and the centre symmetries explicitly, Hence, the finite temperature transition does not break or restore either symmetry and there is no reason for it to be non-analytical. Indeed, physical QCD is in the crossover region as established using the staggered fermion discretisation in two independent ways: i) by showing that the finite temperature transition at the physical point is non-critical and analytic in the continuum limit [7], ii) by explicitly mapping out the chiral critical line (so far on coarse lattices only) [8]. At finite density the situation is much less clear, since straightforward Monte Carlo simulations are impossible due to the sign problem, cf. Sec. 10. For larger chemical potentials some techniques signal the presence of a critical point. However, these are not yet independently confirmed. On the other hand, for small μ/T <∼ 1 all independent methods find that both the chiral and deconfinement transitions weaken with chemical potential, so there is no chiral critical point at small chemical potentials as in Fig. 1 (right). Reviews of the current status can be found in [9, 10].

Associated with the deconfinement and chiral phase transitions is a critical temperature T_c(m_f , μ_f ), which depends on the number of flavours and quark masses. The method to locate a transition in statistical mechanics is to look for inflection points in the changes of observables O(x), O ∈ {L, ψ̄ψ_f , . . .}, or for the peak in the associated susceptibilities. Note that for an analytic crossover the pseudo-critical couplings defined from different observables do not need to coincide. The partition function is analytic everywhere and there is no uniquely specified “transition”. This holds in particular for pseudo-critical couplings extracted from finite lattices. As the thermodynamic limit is approached, the couplings defined in different ways will merge where there is a non-analytic phase transition, and stay separate in the case of a crossover.

2.5 Ideal gases: fermions, bosons and hadron resonances

Much of our intuition for QCD at finite temperatures is based on the behaviour of free gases. For example, the qualitative expectation of a rise in the pressure as a signal for deconfinement is based on the ideal hadron resonance gas in the low temperature phase and an ideal gas of quarks and gluons in the deconfined phase. This is also true on the lattice. At high temperature perturbative investigations allow for a controlled analytic understanding of the leading cut-off effects on the equation of state. At low temperatures a strong coupling expansion provides new qualitative insights by showing the emergence of the hadron resonance gas as a true effective theory of QCD in the strong coupling limit.

The partition function for an ideal gas reads

ln Z^1_i (V, T ) = ην_iV ∫ d^3p (2π)^3 ln(1 + η e^{−(ωi−μi)/T} ) , (25)

where η = −1 for bosons and η = 1 for fermions, ν_i gives the number of degrees of freedom for the particle i and μ_i is the chemical potential for a conserved charge associated with the particle. In the massless limit the momentum integration can be done in closed form and gives the Stefan-Boltzmann pressure p = ν_i π^2 90 T^4 × { 1 bosons 7 8 fermions . (26)

For an ideal gas of gluons and massless quarks we have two polarisation states for each of the (N^2 − 1) gluons, two polarisation states per quark, N colours per quark and the same for anti-quarks, p T^4 = ( 2(N^2 − 1) + 4NN_f 7 8 ) π^2 90 . (27)

This is the Stefan-Boltzmann limit of the QCD pressure which is valid for vanishing coupling g = 0, i.e. in the limit T → ∞.

There is another ideal gas system that is useful to model the low temperature behaviour of QCD, assuming that at low temperatures, when we still have confinement, the QCD partition function is close to that of a free gas of hadrons. While strong coupling effects are responsible for confinement of the quarks and gluons, the colour forces are screened beyond the hadron radius and interactions between colour neutral hadrons are considerably weaker. Neglecting them, the QCD partition function factorises into one-particle partition functions, ln Z(V, T, μ_i) ≈ ∑ i ln Z^1_i (V, T, μ_i), and the pressure reads p = T V ∑ i∈{mesons} ln Z^1_i (V, T, μ_i) + T V ∑ i∈{baryons} ln Z^1_i (V, T, μ_i) , (28)

with η = −1, 1 in the mesonic and baryonic terms, respectively. The particles to be inserted are the known hadrons and hadron resonances (for QCD purposes electroweak decays are to be neglected). Taking experimental values for the energies from the particle data group [11], one can supply this formula with hundreds of hadron resonances, do the momentum integral and obtain a thermodynamic pressure that compares remarkably well with Monte Carlo simulations of QCD [12]. It was later shown that this is no accident, but that the hadron resonance gas model can actually be derived from lattice QCD as an effective theory for low temperatures, i.e. strong coupling [13], see Sec. 3.12.

3 Lattice QCD at finite temperature

Experience has shown that in order to avoid misleading conclusions, it is most important to understand and control systematic errors due to the lattice discretisation when attempting to extract continuum physics from results of numerical simulations. For this reason it is worth discussing the discretisation in some detail.

3.1 Lattice gauge action

We consider the lattice formulation of a SU(N) pure gauge theory on a hypercubic lattice, N^3_s ×N_τ , with lattice spacing a and spatial and temporal lengths L = aN_s, T^{−1} = aN_τ , respectively. The standard Wilson gauge action reads

S_g[U] = ∑ x ∑ 1≤μ<ν≤4 β ( 1 − 1 3 ReTrU_{μν} (x) ) , (29)

where U_{μν} (x) = u_p(x) = U_μ(x)U_ν (x + aμ̂)U^†_μ(x + aν̂)U^†_ν (x) is the elementary plaquette, and the bare lattice and continuum gauge couplings are related by β = 2N/g^2. For numerical simulations one imposes periodic boundary conditions in all directions,

U_μ(τ, x) = U_μ(τ + N_τ , x), U_μ(τ, x) = U_μ(τ, x + N_s). (30)

To see the relation to the continuum action, write the links as infinitesimal parallel transport between neighbouring lattice points. Inserting this in the plaquette and expanding down the exponential yields,

U_μ(x) = exp(−iagA_μ(x)) , U_{μν} (x) = exp ( ia^2F_{μν} (x) + O(a^3) ) . (31)

In the limit of small lattice spacings the action reproduces the classical continuum action,

S_g[U] = a^4 2g^2 ∑ x ∑ μ,ν ( TrF^2_{μν} (x) + O(a^2) ) . (32)

However, there are infinitely many more terms suppressed by increasing powers of the lattice spacing. As long as this is finite, the action and all results differ from the continuum action by these discretisation effects. As a consequence, the lattice action is not unique, only its classical continuum limit is. One may add or subtract any terms that vanish in the continuum limit without affecting the continuum physics. This is made use of in the construction of improved lattice actions, which attempt to reduce discretisation effects.

The connection between zero and finite temperature physics is most easily exhibited by the transfer matrix, which evolves quantum mechanical states by one lattice spacing in Euclidean time. It relates the path integral representation of a Euclidean lattice field theory to the Hamiltonian formulation and is completely specified by the lattice action [14], to put the partition function in its quantum mechanical form Z = T̂r(T^{Nτ} ) = T̂r(e^{−Nτ aH} ), 1 T ≡ aN_τ . (33)

In this form we can immediately see that Z is equivalent to the partition function of a thermal system if we identify the temporal lattice extent with inverse temperature. The thermal expectation value of an observable is then

⟨O⟩ = Z^{−1}T̂r(e^{− HT} O) = Z^{−1} ∑ n ⟨n|T^{Nτ} O|n⟩ = ∑ n⟨n|O|n⟩ e^{−aNτ En} ∑ n e^{−aNτ En} . (34)

As in the continuum, we are interested in the thermodynamic limit and hence N_s → ∞, while keeping aN_τ = 1/T finite. In this form we easily see the connection to T = 0 physics: projection on the vacuum expectation value is achieved by taking N_τ to infinity, with E_0 the vacuum energy, ⟨0|O|0⟩ = lim_{Nτ →∞} ∑ n⟨n|O|n⟩ e^{−aNτ (En−E0)} ∑ n e^{−aNτ (En−E0)} . (35)

In order to describe our gauge theory at finite temperatures, we simply need to dispense with this step. The spectral decomposition of a thermal expectation value in Eq. (34) gives some important qualitative insights. Its value is governed by the eigenvalues and eigenstates of the Hamiltonian, i.e. the spectrum of the theory at zero temperature. The effect of temperature is the Boltzmann-weighted contribution of higher states. This makes it plausible why for T < T_c the hadron resonance gas should give a good description of thermal expectation values: the E_n in this case are the masses, momentum and scattering eigenstates of hadrons, and the hadron resonance gas description only neglects the latter.

This argument is valid up to the phase transition. It can be extended by defining a transfer matrix and Hamiltonian in a spatial direction, Z = Tr(e^{−aNz Hz} ). N_τ is now hidden in the definition of the Hamiltonian. Thermal physics is thus equivalent to the “zero temperature” (N_z → ∞) physics of the Hamiltonian H_z, which acts on states defined on a space with two infinite and one finite, compactified direction. For large N_τ the eigenstates of H_z are equivalent to those of H, i.e. the vacuum hadron states. Now finite temperature is nothing but a finite size effect: thermal effects become noticeable once N_τ is small enough for the system to be sensitive to the boundary. For T > T_c, the eigenstates of H_z are the screening masses m ∼ T . These general considerations remain the same when fermions are included.

3.2 Including fermions

Once a suitable fermion action

S_f = ∑ x,y ∑ f ψ̄_f (x)D_{xy}(m_f ) ψ_f (y) (36)

has been selected and minding the appropriate anti-periodic boundary conditions in the temporal direction, the Gauss integral can be done and we end up with the partition function

Z(N_s, N_τ ; β, m_f ) = ∫ DU ∏ f Dψ̄_f Dψ_f e^{−Sg [U]−Sf [U,ψ̄f ,ψf ]} = ∫ DU ∏ f det M(m_f ) e^{−Sg [U]} ,

U_μ(τ, x) = U_μ(τ + N_τ , x), ψ(τ, x) = −ψ(τ + N_τ , x) . (37)

However, the selection of an appropriate lattice action is far more intricate than in the pure gauge case. Even more difficult is the treatment of finite baryon chemical potential. Here we set μ_B = 0 and postpone the discussion of finite density to Sec. 10.

3.3 Naive lattice fermions

In the naive discretisation, one simply replaces the partial derivative with a symmetrised finite difference, ∇_μf(x) = f(x + μ̂) − f(x − μ̂) 2a a→0−→ ( ∂_μ + 1 6 a^2∂^3_μ + O(a^4) ) f(x) . (38)

which introduces leading order O(a^2)-corrections to the action. Making the derivative covariant, the Dirac operator reads (with U_{−μ}(x) = U^†_μ(x − μ̂)) D_{xy}(m) = (_4 ∑ μ=1 γ_μ∇_μ(U) + m ) xy = 4∑ μ=1 γ_μ 1 2a (U_μ(x)δ_{x+μ̂,y} − U_{−μ}(x)δ_{x−μ̂,y}) + m δ_{xy} . (39) The corresponding Fourier transform and quark propagator are

D(p) = m + i a 4∑ μ=1 γ_μ sin(ap_μ),

D^{−1}(p) = m − ia^{−1} ∑ μ γ_μ sin(ap_μ) m^2 + a^{−2} ∑ μ sin^2(ap_μ) = m − ia^{−1} ∑ μ γ_μp̄_μ m^2 + a^{−2}p̄^2

, (40)

with the periodic lattice momentum p̄_μ ≡ sin(ap_μ), which is a consequence of the discrete Fourier transform. Consequently, in the chiral limit m = 0, the fermion propagator has 16 poles (ap_μ = {0, π} per space-time direction μ). It thus describes 16 degenerate flavours of massless quarks where only one is desired. Since this is true for any lattice spacing however small, those 16 flavours survive an extrapolation to zero lattice spacing, thus leading to an incorrect continuum limit with an enlarged particle content. The same observation holds for m ≠ 0 with poles shifted away from zero. There are several ways of dealing with this problem, see e.g. [15, 16]. In the following we shall focus on Wilson fermions and staggered fermions, since they allow for the most realistic numerical simulations presently. For all fermion species, at finite temperature the temporal component of momentum is represented by the Matsubara frequencies ω_n = (2n + 1)πT , reflecting the anti-periodic boundary conditions for the spinor fields in the temperature direction.

3.4 Wilson fermions

A straightforward cure of the doubling problem is due to Wilson. His lattice Dirac operator is given by

D^W_{xy} (m) = ( m + 4 a ) δ_{x,y} − 1 2a ±4∑ μ=±1 (1 − γ_μ)U_μ(x)δ_{x+μ̂,y} , (41)

with the notation γ_{−μ} = −γ_μ. Note the additional mass term ∼ 4/a. The corresponding Fourier transform and quark propagator read

D^W (p) = m + i a 4∑ μ=1 γ_μ sin(ap_μ) + 1 a 4∑ μ=1 (1 − cos(ap_μ))

(D^W )^{−1}(p) = m − ia^{−1} ∑ μ γ_μp̄_μ +^1_2p̂^2 + am p̄^2 +

(_1 2p̂^2 + am

)_2 , (42) with p̂_μ = 2 sin(ap_μ/2). The third term in the Fourier transform is the Wilson term, which vanishes for p = 0 but contributes 2/a whenever a momentum component p_μ = π/a. Hence, the mass degeneracy of the doublers is lifted. In the massless limit there is only one pole at p_μ = 0 while the 15 others have poles ∼ a^{−1}, with appropriate shifts for m ≠ 0. So for a → 0 the doublers become infinitely heavy and decouple from the theory. Therefore, on sufficiently fine lattices Wilson fermions have no doubling problem.

The prize to pay is a complete loss of chiral symmetry, since the Wilson term is not invariant under the transformations Eq. (22). That is, even in the massless limit there is no chiral symmetry and hence no spontaneous breaking of it either. As a consequence, the quark mass receives both additive and multiplicative renormalisation. One still may obtain massless pions by an appropriate tuning of the bare parameters, but they do not correspond to Goldstone bosons for any finite lattice spacing. Consequently, there is no true chiral symmetry restoration at finite temperatures. Acting as a mass and hence symmetry breaking term, the Wilson term should soften any chiral phase transition, similar to the quark masses in Fig. 1. Fortunately, since the Wilson term decouples in the continuum limit, all continuum symmetries get gradually restored as the lattice spacing vanishes. One would then expect that Wilson fermions are more cumbersome when it comes to physics related to chiral symmetry, but that eventually the correct continuum physics is obtained.

Finally, for numerical simulations it is often more convenient to express the Wilson Dirac operator in a slightly different form by a rescaling of fields and introducing the hopping parameter κ, D^W_{xy} = (1 − κH_{xy}), κ = 1 2am + 8 , H_{xy} = ∑ μ δ_{y,x+μ̂}(1 + γ_μ)U_μ(x) . (43)

3.5 Staggered fermions

The staggered action is obtained from the naive action Eq. (39) by a series of field transformations mixing lattice and Dirac indices of the original spinor fields, for detailed formulae see [15, 16]. The result is diagonal in the spinor indices, i.e. corresponds to four identical terms in the action for each value of the spinor index. The fermion doubling problem may then be reduced by simply discarding three of those terms. The resulting action can be written as

S^{st}_f = ∑ x,y χ̄(x)D_{xy}(m) χ(y) , (44) with the staggered Dirac operator

D^{st}_{xy}(m) = 1 2 4∑ μ=1 η_μ(δ_{x+μ̂,y}U_μ(x) − δ_{x,y+μ̂}U_μ(y)^†) + δ_{xy}am , (45) and the staggered sign function

η_μ(x) = (−1)^{x1+···+xμ−1} , (μ > 1), η_1(x) = 1 . (46)

Note that this Dirac operator contains no γ-matrices and the fields χ(x) in the action have no Dirac indices, i.e. are one-component fields. Hence, this action is expected to describe only four fermion species compared to the 16 of the naive fermion action.

As a by-product of this reduction, the one-component fermion field is significantly cheaper in numerical simulations than four-component spinors. A further advantage of the staggered discretisation is that it retains a part of the continuum chiral symmetry. Defining η_5(x) to be a staggered phase playing the role of the γ_5 matrix, η_5(x) = (−1)^{x1+x2+x3+x4} , (47) one verifies that in the chiral limit, m = 0, the action Eq. (44) is invariant under continuous transformations with α ∈ R, χ(x) → e^{iαη5(x)}χ(x), χ̄(x) → χ̄(x)e^{iαη5} (x) . (48) While Eq. (44) thus offers a few advantages, one must also make sure that its reduced degrees of freedom describe Dirac fermions as desired. In order to see this, let us simplify without loss of generality to the non-interacting case, i.e. U_μ(x) = 1. The action can be reformulated once more by transforming the fields back into Dirac spinors ψ^{(t)}α [15, 16], with a spinor index α = 1, . . . 4 and t = 1, . . . 4 labelling different fermion species,

S_f = b^4 ∑ z [_4 ∑ t=1 ( m ψ̄^{(t)}(z)ψ^{(t)}(z) + 4∑ μ=1 ψ̄^{(t)}(z)γ_μ∇_μψ^{(t)}(z) )

− b 2 4∑ t,t^′=1 4∑ μ=1 ψ̄^{(t)}(z)γ_5(τ_5τ_μ)_{tt′} Δ_μψ^{(t′)}(z) ] . (49)

These Dirac spinors live on a blocked lattice with twice the original lattice spacing, b = 2a, implying a new coordinate z_μ = 0, 1, . . . N_s/2 − 1, and finite differences over b, ∇_μf(z) = f(z + μ̂) − f(z − μ̂) 2b , Δ_μf(z) = f(z + μ̂) − 2f(z) + f(z − μ̂) b^2

, (50)

where we have introduced matrices τ_μ = γ^T_μ , μ = 1, 2, . . . 5. The Fourier transform and quark propagator now read

D(p) = m + i b 4∑ μ=1 γ_μ sin(bp_μ) − 1 b (1 − cos(bp_μ))γ_5τ_μτ_5

D^{−1}(p) = m − ib^{−1} ∑_4 μ=1 γ_μ sin(bp_μ) +^2_b γ_5τ_μτ_5 sin^2(bp_μ/2) 4 b^2

∑_4

μ=1 sin^2(bp_μ/2) + m^2

. (51)

Indeed, the poles at p_μ = π/a have disappeared thanks to the factor 1/2 inside the sin-function of the denominator, and we are left with only one pole at p_μ = 0 for each ψ^{(t)}. The staggered action thus indeed describes N_t = 4 species of fermions. Since these are remnant doublers, they are usually called “tastes” in order to distinguish lattice artefacts from the physical fermion species called flavours.

The kinetic and mass terms in the first line of Eq. (49) are diagonal and hence display a SU(4) taste symmetry. The third term breaks this symmetry by mixing different tastes, thus lifting the degeneracy of their masses. However, for a → 0 the last term is suppressed compared to the other two and vanishes. Hence, in the continuum limit the four tastes become mass-degenerate and identical. This motivates the final step: doing the Gaussian fermionic path integral, the staggered action gives a determinant representing four tastes. In order to describe one single flavour it is then customary to take the fourth root of the staggered determinant, whereas two mass-degenerate flavours are approximated by taking the square root. Hence, for N_f = 2 + 1 staggered fermions, ∫ Dψ̄Dψ e^{−Sstf [ψ̄,ψ,U]} = det[D^{st}(m_{ud})]^{1/2} det[D^{st}(m_s)]^{1/4} . (52)

It must be stressed that this last step is only well-motivated in the continuum limit, when the tastes are degenerate. In a numerical simulation at finite lattice spacing, this is not the case and one has to worry about the systematic effect that this introduces. With four tastes of quarks, there are 16 meson states which fall into eight multiplets [17], characterised by different masses and degeneracies. These index Γ^F multiplicity n_i 0 γ_5 1 1 γ_0γ_5 1 2 γ_iγ_5 3 3 γ_iγ_j 3 4 γ_iγ_0 3 5 γ_i 3 6 γ_0 1 7 1 1

Table 1: Pion taste multiplets labeled by taste matrices Γ^F have multiplicity n_i within the multiplets.

can be ordered according to the generator matrices that distinguish between the tastes, Γ^F , which can be chosen to be products of γ-matrices [17, 18], as in Table 1. Of the 16 pions listed in the table, only the one corresponding to Γ^F = γ_5 is a Goldstone boson, i.e. its mass m_G vanishes for vanishing quark mass. Of course, this is consistent with the remnant pattern of chiral symmetry breaking for staggered fermions, where only one generator gets broken. The other pseudo-scalar mesons are non-Goldstone bosons and have masses m^2_i = m^2_G + δm^2_i , with δm^2_i ∼ αa^2 . (53)

On coarse lattices with lattice spacing a >∼ 0.25 fm some can be as heavy as several hundred MeV, as we shall see in detailed numerical analyses in Sec. 4.9.

Aside from the taste splitting, there are several other conceptual questions concerning staggered fermions which are still under investigation and debate. It is not entirely clear whether the rooted determinants can be represented by a local lattice field theory when re-exponentiated. This has repercussions on whether the continuum limit of the staggered theory falls into the correct universality class. Another question concerns the coupling between topological sectors and zero modes of the staggered Dirac operator, since the coordinate and spinor degrees of freedom are staggered on different lattice sites. This is important in the small mass region close to the chiral limit, when the U(1)_A anomaly plays a role. For references discussing these issues, see [19, 20, 21, 22]. Since so far there are no conflicting results between staggered and Wilson fermions, the working assumption for the purposes of this review is that these latter questions can be satisfactorily answered one day, leaving cut-off effects and taste breaking as systematic errors to monitor in numerical simulations.

3.6 Observables related to centre and chiral symmetry on the lattice

In Sec. 2.2 we have seen that the centre symmetry of the partition function corresponds to a subgroup of the gauge symmetry of Yang-Mills theory. Since gauge symmetry is fully realised in the lattice formulation, so is centre symmetry. The Polyakov loop is represented by a product of temporal links,

L(x) = N_τ∏

x_0

U_0(x) , (54)

with the same transformation behaviour as in the continuum. Also in analogy to the continuum, centre symmetry on the lattice is broken by including finite mass fermions. While the Polyakov loop is no longer an order parameter for confinement in this situation, it nevertheless signals a change in the dynamics by measuring the free energy of a static quark in the plasma.

The self energy of the static quarks cause a UV-divergence, and for comparisons between different actions one needs to consider renormalised quantities. Since the Polyakov loop is not directly related to an experimentally observable quantity, there is some freedom in its renormalisation,

L_R(T ) = Z(β)^{Nτ} L(β) . (55)

One possible choice to fix the renormalisation factor Z(β) is to relate it to the free energy of a static quark anti-quark pair at infinite separation, L_R(T ) = exp (−F_∞(T )/2T ) [23]. A more practical procedure is to normalise the zero temperature static potential, obtained from Wilson loops, at a given distance to a prescribed value, e.g. V_R(r_0) = 0, and then use the same additive shift for the free energy obtained from Polyakov loops at the same lattice spacing [24]. This translates into Z(β) = exp(V (r_0, β)/2), with the unrenormalised zero temperature static potential.

Similarly, the continuum chiral symmetry is explicitly broken by the quark masses and the finite temperature transition is a smooth crossover instead of a phase transition. While the chiral condensate for a light flavour is no longer a true order parameter, it still signals changes in the dynamics. It is usually expressed by the inverse propagator, ⟨ψ̄ψ_f ⟩ = 1 4 1 N^3_σ N_τ Tr⟨D^{−1}_f ⟩, f = l, s , (56) for the light and strange flavours, respectively. Other interesting fermionic quantities are the corresponding quark number susceptibilities, χ_f T^2 = 1 V T^3

∂^2 ln Z ∂(μ_f /T )^2 | | | |_{μf =0} , f = l, s . (57)

As we have already discussed, the lattice situation for chiral symmetry differs significantly from the continuum. For Wilson fermions, chiral symmetry is broken explicitly for any finite lattice spacing, even for massless quarks, whereas for N_f = 2 staggered fermions it is reduced to a O(2) subgroup. Due to the breaking of chiral symmetry on the lattice, both additive and multiplicative renormalisation of the chiral condensate are necessary. Renormalisation of the chiral condensate for Wilson fermions is discussed in [25], the presentation here follows [26, 27]. The dimension three operator ψ̄ψ features a divergence ∼ a^{−3} which can be removed by subtracting the corresponding vacuum value. The multiplicative divergence gets removed by multiplying appropriate factors of quark masses displaying the same divergence, ensured by axial Ward identities. Near the continuum limit the following relations hold between renormalised and PCAC quark masses,

m_R⟨ψ̄ψ⟩_R(T ) = m_{P CAC} Z_AΔ¯_{ψψ}(T ) + O(a) , (58) m_R⟨ψ̄ψ⟩_R(T ) = 2N_f m^2_{P CAC} Z^2_AΔ_{P P} (T ) + O(a) , (59)

where Z_A is a finite renormalisation constant. The latter can be eliminated together with m_{P CAC} to arrive at m_R⟨ψ̄ψ⟩_R(T ) = Δ^2_{ψ̄ψ}(T ) 2N_f Δ_{P P} (T )

+ O(a) . (60)

For the condensate one has Δ¯_{ψψ}(T ) = ⟨ψ̄ψ⟩(T ) − ⟨ψ̄ψ⟩(T = 0) , Δ_{P P} (T ) = ∫ d^4x⟨P_0(x)P_0(0)⟩(T ) − ∫ d^4x⟨P_0(x)P_0(0)⟩(T = 0) , (61)

where ⟨ψ̄ψ⟩ and P_0(x) are the bare chiral condensate and bare pseudo-scalar density, respectively [25]. Note that Eqs. (59, 60) have different corrections and hence different scaling behaviour, which must be determined numerically at this point. Finally, a definition for a finite condensate which is used in many analyses employing staggered fermions is [28] (the indices τ, 0 denote finite or zero temperature expectation values, respectively)

Δ_{l,s}(T ) = ⟨ψ̄ψ⟩_{l,τ} −^{ml}_{ms} ⟨ψ̄ψ⟩_{s,τ} ⟨ψ̄ψ⟩_{l,0} −^{ml}_{ms} ⟨ψ̄ψ⟩_{s,0} . (62)

3.7 Tuning temperature, continuum limit and lines of constant physics

According to Eq. (33), the simplest way of tuning temperature in a numerical simulation on the lattice is by choosing N_τ for a given lattice spacing a. This is known as the fixed scale approach whose application to the equation of state is discussed in Sec. 5.3. Often this is not satisfactory as this allows only discrete temperatures. Then it is more practical to keep N_τ fixed and vary the lattice spacing a via the coupling, β = 2N/g^2(a), thus affecting temperature. This implies a few marked differences to simulations at zero temperature. In particular, simulation points at different temperature correspond to different lattice spacings and thus have different cut-off effects. The continuum limit, a → 0, via the running coupling corresponds to the limit β → ∞ while keeping observables fixed in physical units. For simulations at fixed temperature T , this also implies N_τ → ∞. A continuum extrapolation therefore requires simulations on a sequence of lattices with different N_τ .

In order to take the continuum limit, we need to compute expectation values of our observables of interest, ⟨O⟩(β, m_f ), in the thermodynamic limit for various lattice spacings a. Then we can extrapolate to a → 0 while keeping temperature and physical masses fixed. Similarly, when simulating different temperatures on a lattice with fixed N_τ the lattice spacing is different for different temperatures. This means that also the bare quark masses in lattice units, am_f , need to be tuned such that the masses in physical units stay constant. A line of constant physics is an implicitly defined curve in parameter space along which the bare quark masses are tuned together with the lattice gauge coupling, such that the renormalised quark masses in physical units is kept constant, m^R_f (am_{u,d}(β), am_s(β), β) = const . (63) Renormalised quark masses are scheme dependent and complicated to compute. In practice it is better to define the lines of constant physics by physical observables that can be straightforwardly computed in lattice simulations, such as hadron masses or decay constants. These are renormalisation group invariants and the corresponding lines of constant physics read O^{phys}_i (am_{u,d}(β), am_s(β), β) = const, i = 1, 2, 3, . . . , (64) where we need as many observables as parameters to tune. In principle, all chosen observables must lead to the same result. However, in practice the presence of cut-off effects also in those quantities renders different choices inequivalent. For finite lattices spacings, observables display lattice corrections, O^{phys}(a) = O^{phys} + c_1a + c_2a^2 + . . . , (65) with different coefficients for different observables (and actions). Keeping some observables fixed in physical units will have other observables move while changing the lattice spacing. Thus different lines of constant physics become equivalent only in the continuum limit, and careful choices have to be made in order to minimise cut-off effects during the extrapolation.

The relation between the lattice spacing a and the bare parameters β, m_f is given by the renormalisation group. E.g., in units of the Lambda-parameter in lattice regularisation we have to leading order in perturbation theory for SU(3) pure gauge theory,

aΛ_L = ( 6b_0 β )_{−b1/2b}2_0 e^{− β12b}0 ,

b_0 = 1 16π^2 ( 11 − 2 3 N_f ) , b_1 = ( 1 16π^2

)_2 [ 102 − ( 10 + 2 3 ) N_f ] . (66)

Similar relations exist for the running of the quark masses. However, perturbation theory is not convergent for most accessible lattice spacings. The way out is to express the calculated observables in terms of known physical quantities of the same mass dimension. For example, if we want to compute the pseudo-critical temperature of the QCD phase transition, T_c, by keeping N_τ fixed and tuning β, the location of a phase transition will be given as a critical coupling β_c. The critical temperature in units of a hadron mass is then T_c m_H = 1 a_cm_H N_τ = 1 a(β_c)m_H N_τ . (67)

In order to set the physical scale for T_c, we then have to calculate the zero temperature hadron mass in lattice units at the value of the critical coupling, (am_H )(β_c). Equating this number with the hadron mass in physical units times the lattice spacing provides the scale for the lattice,

a^{−1} = m_H [MeV] (am_H )(β_c)

. (68)

This is easily translated back to the critical temperature in physical units. Of course, the same procedure applies for observables other than the temperature, and besides a choice of hadron masses, also decay constants or other observables that are easy to measure on the lattice may be used.

This procedure is good as long as simulations take place at physical quark masses. For many problems, this is not yet the case, and furthermore there are many interesting theoretical questions concerning regimes with unphysical quark masses, such as the quenched and the chiral limits. In order to set a scale in those cases, one uses quantities that display only little sensitivity to the quark mass values. Frequently used is the Sommer scale r_0 and its variant r_1, which are based on the potential of a static quark anti-quark pair evaluated to prescribed values [29], ( r^2 dV¯_{QQ}(r) dr ) r=r_0 = 1.65 , ( r^2 dV¯_{QQ}(r) dr ) r=r_1 = 1.0 . (69)

The advantage of these quantities is that they can be straightforwardly computed in lattice calculations using Wilson loops, and that their numerical values change indeed very little with variations of the sea quark masses over wide ranges. The disadvantage is that the signal to noise ratio for the potential is worse than for typical hadron masses, and some care has to be taken concerning rotational symmetry when using improved estimators. Moreover, numerical determinations yield dimensionless numbers in lattice units, r_0/a, r_1/a, but there are no direct experimental measurements for these quantities. Therefore, additional lattice simulations are necessary in order to establish a relation to experimental observables, introducing additional systematics. The closest relation of the static potential is to spectral quantities of heavy quarkonia. Examples used in recent precision calculations [30] are the mass splitting of different radial excitations of bottomonium, the mass splitting between the D_s and η_c mesons or the decay constant of the fictitious η_{s̄s}, which is in turn related to f_π, f_K . Another possibility is to set the scale for the lattice spacing by a simulation of a light hadron mass at physical quark mass values as described above, and then compute r_0/a, r_1/a in order to set the scale also away from the physical point.

It should be clear that determining the lines of constant physics as well as setting the physical scale, albeit being performed at zero temperature, are an important part of a finite temperature simulation and play a major role in controlling and eliminating the cut-off dependence of numerical results.

3.8 Constraints on lattice simulations

Lattice simulations are beset by systematic errors and uncertainties, the two obvious being finite lattice spacing and finite volume. An important question before running a simulation or when interpreting its results is then: how large and fine does a lattice need to be for a particular problem? The Compton wave length of a hadron is proportional to its inverse mass m^{−1}_H , and the largest Compton wave length constitutes the correlation length of the statistical system. To keep both finite size and discretisation errors reasonably small, we need to require a ≪ m^{−1}_H ≪ aN_s. (70) For the low T confined phase we thus need a lattice size of several inverse pion masses. The push to do physical quark masses is only just beginning to be a possibility on the most powerful machines and with the cheapest actions (i.e. staggered, with Wilson rapidly catching up). On the other hand, at high T screening masses scale as m_H ∼ T , thus

N^{−1}_τ ≪ 1 ≪ N_sN^{−1}_τ . (71)

While we desire large N_τ in order to have fine lattices for a given temperature, the spatial lattice size should be significantly larger than the temporal one. This combination of requirements limits the directly accessible temperatures to a few times T_c.

To get some numbers, for a temperature T = 200 MeV ∼ 1 fm^{−1}, Eq. (33) with N_τ = 4, 8, 12 implies a lattice spacing a ≈ 0.25, 0.125, 0.083 fm. We shall see later that the scaling region for the equation of state for most actions is entered only for a <∼ 0.1 fm. Demanding only m_πL >∼ 2 means for the physical pion L >∼ 2·1.5 fm. From this the required lattice sizes N_s follows for N_τ = 10 to be at least N_s >∼ 30. On the other hand, renormalisation requires also zero temperature calculations, i.e. N_τ as large as possible. For a = 0.1 fm, N_τ = 30 corresponds to T ∼ 7 MeV.

3.9 The ideal boson gas on the lattice

Similar to the continuum, we can evaluate the ideal gas for a bosonic field on the lattice. Starting point is the equation employing the free propagator,

ln Z_0 = − 1 2 ln det Δ = 1 2 Tr ln Δ^{−1} = V N_τ /2−1 ∑ n=−N_τ /2 ∫ π_a π a d^3p (2π)^3 ln(p̂^2 + (am)^2) , (72)

where now the integration is over the Brillouin zone and we have the lattice momenta,

p̂^2 = 4 sin^2( aω_n 2 ) + 4 3∑ j=1 sin^2( ap_j 2 ), 4ω̂^2 = 4 3∑ j=1 sin^2( ap_j 2 ) + (am)^2 . (73)

Due to the finite lattice spacing the Matsubara sum is only from −N_τ /2, ....N_τ /2 − 1. After performing the Matsubara sum (for details, see [31]), and a change of variables by ω̂ = sinh(aE/2) the partition function reads

ln Z_0 = −V ∫ π_a −^π_a d^3p (2π)^3 ln(1 − e^{−Nτ aE} ) . (74)

Note that, despite the fact that the details of the calculation are quite different, this formula could have been obtained from the continuum case, Eq. (25), by simply replacing momenta, energies and integration ranges by their lattice analogues.

One can now study the approach to the continuum by expanding in small lattice spacing. The integration range of the coefficients then gets extended to infinity and the lattice corrections to the partition function are due to the lattice corrections to the dispersion relation E(p). The latter is defined by the zeros of the denominator of the propagator. Writing

E(p) = E^{(0)}(p) + aE^{(1)} + a^2E^{(2)}(p) + . . . , E^{(0)}(p) = √ p^2 + m^2, (75) and expanding the dispersion relation

sinh^2( aE 2 ) = 3∑ j=1 sin^2( ap_j 2 ) + (am)^2 4 , (aE)^2 4 + (aE)^4 48 = 3∑ j=1 ( (ap_j )^2 4 − (ap_j )^4 48 ) + (am)^2 4 + O(a^6), (76)

one finds the leading a^2-correction to the dispersion relation

E^{(2)}(p) = − 1 24E^{(0)}(p)

(_3 ∑ j=1 p^4_j + E^{(0)4}(p) ) . (77)

Note that this correction term breaks the continuum rotational invariance of the dispersion relation at the p^4_i -level of momentum components. Changing to dimensionless variables, x_i = p_i/T, ε = E/T , we have for the expansion of the pressure p T^4 = ( p T^4 ) cont − a^2 ∫ d^3x (2π)^3 ε^{(2)}(x) e^{ε(0)(x)} − 1

+ . . . (78)

Hence the pressure of a free gas of bosons has leading lattice corrections of O(a^2). For the massless case the integral can be done in closed form and one arrives at (for details, see [31])^1 p p_{cont}

= 1 +

8π^2 21 1 N^2_τ + O ( 1 N^4_τ ) , (79)

where p_{cont} is the continuum result Eq. (26). A similar calculation including finite size effects due to finite volume can be found in [34].

3.10 The ideal fermion gas on the lattice

This procedure can be generalised to the fermionic case [35] to obtain p T^4

= N^3_τ ∫ π_a −^π_a d^3p (2π)^3 [ ln(1 + e^{aμNτ} e^{−Nτ aE} ) + ln(1 + e^{−aμNτ} e^{−Nτ aE} ) ] . (80)

For Wilson fermions, the inverse propagator is of the form

D(p_4, ⃗p) = p̄^2 + ( p̂^2 2 + am )_2

, p̄_μ = sin(ap_μ) (81)

Introducing again the energy variable sin^2(ap_4) = − sinh^2(aE), the dispersion relation is

(aE)^2 + 1 12 (aE)^4 − ∑ i ( (ap_i)^2 −

(ap_i)^4 3 ) −(am)^2 − a^4p^4 4 + 1 2 (aE)^2a^2p^2 +am ( (aE)^2 − a^2p^2 ) = 0 , (82)

which implies for the leading lattice correction

E^{(0)} = √ p^2 + m^2, E^{(1)} = − m^3 2E^{(0)}

. (83)

Figure 2: Stefan-Boltzmann limit for massless fermions, normalised to the continuum result. The solid line is the analytic O(1/N^2_τ ) prediction. From [36].

The dispersion relation for staggered quarks to order p^4_i is

(aE)^2 − a^2p^2 − (am)^2 + 1 3 3∑ j=1 (ap_j )^4 + 1 3 (aE)^4 = 0 (84)

with the solution

E^{(2)}(p) = − 1 6 (_3 ∑ j=1 p^4_j + E^{(0)4} ) . (85)

As in the pure gauge case, the corrections to the continuum result start at O(a^2), whereas for Wilson fermions this is only true in the massless limit. The approach to the continuum between free massless staggered and Wilson fermions is shown in Fig. 2. Note that the scaling region, where leading lattice corrections are ∼ a^2 = T^2/N^2_τ , sets in for N_τ >∼ 10 only, for coarser lattices corrections seem to be smaller in absolute size for staggered fermions.

3.11 The equation of state from strong coupling expansions

Strong coupling expansions are well known from spin models and QCD at zero temperature. In contrast to the asymptotic series obtained by weak coupling expansions, they yield convergent series in the lattice gauge coupling β = 2N/g^2 within a finite radius of convergence. The series approximate the true answer the better the lower β. For a fixed N_τ this means low temperatures and hence the confined phase. For pure gauge theory, β_c of the deconfinement transition represents an upper bound on the radius of convergence. A detailed introduction to strong coupling methods in the vacuum can be found in [14]. Here we merely discuss modifications for finite temperature and the calculation of the pressure [37, 13].

Using the formalism of moments and cumulants [14], the pressure of pure gauge theory on a lattice with temporal extent N_τ can be written as

p(N_τ ) = 6 a^4 ln c_0(β) + 1 N_τ V ∑ C=(X^{ni}_i ) a(C) ∏ i Φ(X_i)^{ni} , (86)

1In the first calculations [32, 33] the leading coefficient is incorrectly reported as 10π^2/21.

Figure 3: Leading order tube contributing to the pressure for N_τ = 4.

where C specifies a cluster of graphs and a(C) is a combinatorial factor [14]. Φ(X_i) is the contribution of a graph X_i, Φ(X_i) = ∫ DU ∏ p∈X_i d_rc_rχ_r(U_p) , (87)

with χ_r(U_p) the character of the d_r-dimensional representation r of the plaquette U_p, and c_r(β) are expansion coefficients. The ones for the lowest-dimensional representations go as u = β 18 + O(β^2), v = β^2 432 + O(β^4), w = β^2 288 + O(β^4) , (88)

and the fundamental representation coefficient c_f = u serves as an effective expansion parameter. The limit N_τ → ∞ corresponds to the zero temperature contribution.

The physical pressure is given by the difference p_{phys} = p(N_τ ) − p(∞) , (89) where the subtraction of vacuum contributions is necessary for renormalisation. The lowest order graph X_1 contributing to the difference is a tube of length N_τ with a cross-section of one single plaquette, as shown in Fig. 3. There are three spatial directions for the cross section of the tube, giving a factor of 3. Translations in time take the graph into itself and do not give a new contribution, while we get V Φ(X_1) from all spatial translations, and a factor of two for the fundamental and anti-fundamental representation of SU(3). Thus, the leading order result for the pressure is

p_{phys} = Φ(X_1) = 3 N_τ u^{4Nτ} . (90)

If we now consider fixed N_τ , low β and u(β) corresponds to low temperature. We thus recognise the exponential suppression of the pressure in the low temperature, strong coupling regime.

Corrections consist of plaquettes in higher dimensional representations inside the torus, additional cubes on the tube and slits by inserting two fundamental plaquettes at the same location. One finds for all N_τ ≥ 5 up to O(u^8) in the correction [13] (with c = 1 + 3u + 6v + 8w − 18u^2)

a^4p(N_τ , u) = 3 N_τ u^{4Nτ} { c^{Nτ} [ 1 + 12 N_τ u^4 + 42 N_τ u^5 −

115343 2048

N_τ u^6 − 597663 2048

N_τ u^7 + ( 83 N_τ^2 +

72206061

40960 N_τ ) u^8 ]

+b^{Nτ} [ 1 + 12 N_τ u^4 + 30 N_τ u^5 −

17191 256 N_τ u^6

−180 N_τ u^7 + ( 83 N_τ^2 +

3819 10 N_τ ) u^8 ]} . (91)

Similar techniques can be used to include dynamical fermions [13]. Wilson’s fermion action in the form of Eq. (43) permits an expansion in powers of the hopping matrix,

− S^f_q = −tr ln (1 − κ_f H) = ∑ l κ^l_f l tr H^l . (92)

A truncation of this expansion is valid for heavy quarks, for which κ_f is small. For sufficiently strong coupling, the gluonic contribution to the partition function can be omitted and

Z(κ_f ) = ∫ [dU] exp [ ∑ f ∞∑ l=1 κ^l_f l tr M_f [U]^l ] . (93)

In principle the sum extends over all closed loops l on the lattice, which for finite temperature lattices can have non-trivial winding numbers, resulting in Polyakov loops. Expanding all terms up to O(κ^{3Nτ} ) and doing the group integrals one finds for the pressure for two flavours up and down [13] , p = 1 N_τ a^3 { 4(2κ_u)^{2Nτ} + 8(2κ_u2κ_d)^{Nτ} + 4(2κ_d)^{2Nτ} }

+ 1 N_τ a^3 { 4(2κ_u)^{3Nτ} + 6 [ (2κ_u)^22κ_d ]_{Nτ}

+ 6 [ 2κ_u(2κ_d)^2 ]_{Nτ} + 4(2κ_d)^{3Nτ} }( e^{3aμNτ} + e^{−3aμNτ} ) . (94)

3.12 The hadron resonance gas from strong coupling lattice QCD

It is now interesting to ask how the QCD pressure can be interpreted in the strong coupling regime. It can be shown from first principles that it corresponds to a hadron resonance gas, without recourse to experimental numbers [13]. Since the hopping expansion is valid for heavy quarks, it is convenient to use the non-relativistic approximations E ≃ m + p^2/(2m). Inserting this in the expression for the ideal gas, the momentum integration gets trivial and the ideal gas pressure takes the form

p_i = ν_i N_τ a^3 η ln [ 1 + ηe^{−(mi−μi)Nτ} ] . (95)

For non-relativistic particles it is also justified to consider the limit m ≫ T = 1/N_τ , which yields p = ∑ i p_i = 1 N_τ a^3 ∑ i ν_ie^{−(mi −μi)Nτ} . (96) Using the fact that to each baryon with μ_B there is an anti-baryon with −μ_B , we obtain p = 1 N_τ a^3 ∑ M ν_M e^{−mM Nτ} + 1 N_τ a^3 ∑ B ν_B e^{−mB Nτ} cosh(μ_BN_τ ), (97)

where we have split the sum into a mesonic and a baryonic part. It is this form of the pressure which can be derived from a first principles strong coupling calculation.

In the case of SU(3) pure gauge theory, the three lowest lying glueball states, which can be extracted from the strong coupling series of plaquette correlators, have masses of [38, 39]

am_1(A) = −4 ln u − ln ( 1 + 3u + 6v_1 + 8w − 18u^2 ) + O(u^4) am_2(E) = −4 ln u − ln ( 1 + 3u + 6v_1 + 8w − 18u^2 ) + O(u^4) am_3(T ) = −4 ln u − ln (1 − 3u − 6v_1 + 8w) + O(u^4). (98)

The arguments of the masses denote the spin representation of the associated point group for lattice rotations, and the subscript the corresponding spin degeneracy of the glueball. The strong coupling series for the pressure, Eq. (91), can now be rewritten as p = 1 N_τ a^3 [ e^{−m1(A)Nτ} + 2e^{−m2(E)Nτ} + 3e^{−m3(T )Nτ} ] ( 1 + O ( u^4 )) , (99) which has to be compared with Eq. (97). We see that the hadron resonance gas result equals the one derived with strong coupling methods to the orders considered here. Corrections to the ideal hadron gas results appear in O(u^4).

These considerations can be extended to include dynamical fermions. Using am_f ≈ − ln 2κ_f , which is valid for heavy fermions [40, 41], one may derive the hadron masses to leading order hopping expansion

Mesons: am_f¯_f ′ = − ln 2κ_f − ln 2κ_f ′ Baryons: am_{ff} ′_f ′′ = − ln 2κ_f − ln 2κ_f ′ − ln 2κ_f ′′ . (100)

The pressure, Eq. (94), may then be rewritten as p = 1 N_τ a^3 { ∑ 0^−

e^{−m}(^{0−})^{Nτ} + 3 ∑ 1^−

e^{−m}(^{1−})^{Nτ} }

+ 1 N_τ a^3 { 4 ∑ 1 2 + e^{−m}(^{12 +})^{Nτ} + 8 ∑ 3 2 + e^{−m}(^{32 +})^{Nτ} } cosh ( μ_B N_τ ) , (101)

where the sum over the pseudoscalar mesons includes the pions as well as the η^0, and the vector mesons include also the ω^0, since the calculation is valid for heavy quarks. The prefactors for the baryons include the spin degeneracy as well as a factor 2 counting the corresponding anti-baryons.

We may thus conclude this section with the remarkable observation that, in the fully interacting theory, the hadron resonance gas emerges from a first principles calculation in the strong coupling limit of the equation of state for lattice QCD. Interactions between hadrons are suppressed by high powers of the inverse coupling 1/g^2 until very close to the critical temperature. Conversely, agreement of simulation data with hadron resonance gas predictions signals that the underlying dynamics is governed by strong coupling. Furthermore, these results show from first principles that the pressure is exponentially small for temperatures not far below the quark hadron transition.

4 Improved actions

4.1 Generalities

Since lattice actions are not unique, one may use the freedom in the choice of irrelevant terms to minimise cut-off effects. This can be systematised by making all a-dependence explicit. We are interested in a lattice action S_L. Following Symanzik [42], one may write down an effective continuum action with the same symmetries as S_L,

S_{eff} = ∫ d^4x { L_0(x) + aL_1(x) + a^2L_2(x) + . . . } , (102)

where the L_k are composite local operators with canonical dimension 4 + k and L_0 corresponds to the continuum theory. S_{eff} thus produces the same vertex functions as S_L up to a certain order in a. Similarly, one may define effective fields as a power series in the cut-off, ϕ_{eff}(x) = ϕ_0(x) + aϕ_1(x) + . . . The idea of improvement is to construct lattice representatives of the L_k, ϕ_k and add them to the lattice action S_L and the fields in the observables of interest. If the coefficients are appropriately chosen, lattice corrections to a certain power in a can be made to disappear. The task of improvement lies in the choice of the coefficients. A straightforward way to determine them is lattice perturbation theory, but in this case the improvement is not complete as it holds to only a finite order in the coupling constant. Alternatively, one can determine the improvement coefficients non-perturbatively through simulations upon which the improvement is exact to a given order in the lattice spacing. However, this is often complicated or associated with high computational cost. The only non-perturbatively complete improvements to date are O(a)-improved Wilson fermion actions, see below.

Besides the Symanzik program, there is also a more “empirical” way to improve lattice actions and operators. These are based on the idea that the discretisation effects arise through short wave length fluctuations of the gauge fields on the scale of the cut-off. Smoothing these fluctuations should decrease cut-off effects. This can be achieved by replacing elementary links by more extended objects, such as linear combinations of a link with the adjacent staples. These “smeared” or “fattened” objects have their dominant fluctuations on the scale of several lattice spacings instead of one. In some cases fat links are related to a perturbative improvement to some order in the coupling constant or lattice spacing, but in most others the improvement is not complete to any definite order in a. Rather, the improvement effect has to be judged experimentally by comparing calculations in different schemes. Besides the theoretical performance of a particular improvement scheme, its numerical efficiency is of course also an issue, but detailed comparative measurements in the thermodynamic context are missing to date. In the following sections, we discuss some schemes that have found applications in calculations of the equation of state.

4.2 Improved gauge actions

The Symanzik program for SU(N) gauge theories has been discussed in [43, 44]. In addition to the plaquette in the standard Wilson action Eq. (29), one may add larger planar loops of size k × l in such a way that the leading O(a^2g^0) corrections are subtracted and deviations from the continuum start with O(a^4g^0, a^2g^2). The improved gauge action then reads

S_g = β ∑ x 4∑ 1≤μ<ν [ c_0 ( 1 − 1 3 ReTrU^{1×1}_{μν} (x) ) + c_1 ( 1 − 1 6 ReTrU^{k×l}_{μν} )] , (103)

where U^{k×l}_{μν} is the sum of the k × l and l × k rectangles. The coefficients in general are functions of the gauge coupling, c_i(g^2), and in the weak coupling limit g^2 → 0 need to satisfy c_0(0) = 1 − k^2l^2c_1(0) in order to reproduce the correct classical continuum theory. For the choice

c_1(0) = − 2 k^2l^2(l^2 + k^2 − 2)

, (104)

the leading O(a^2) corrections to the classical continuum limit are removed. Since this holds to leading order in perturbation theory, the action is said to be tree-level improved. The standard Symanzik improvement employs six-link rectangles, k × l = 1 × 2.

One can push this to higher orders in g^2 by adding further loops of larger length and non-planar loops. A non-perturbatively optimised expansion is obtained by multiplying the expansion coefficients with so called tadpole factors, which are to be determined self-consistently from plaquette expectation values [45],

c_{1,tad} = u^{−2(k+l−2)}

0 c_1(0), u^4_0 = 1 6N^3_s N_τ ⟨ ∑ x,ν>μ ( 1 − 1 3 ReTrU_{μν} (x) )⟩ . (105)

This amounts to a resummation of higher order terms to create a better expansion parameter, in the sense that convergence is faster. However, one should keep in mind that the resulting improvement is still not complete (i.e. not to all orders in the coupling constant) and depends on the efficiency of the resummation. Finally, renormalisation group methods have been used to design an action which is close to the true effective action in the renormalisation group sense along a renormalised line of constant physics [46]. This action can again be projected onto a two-parameter space as in Eq. (103).

β_{pl} β_{rt} β_{pg}

tree-level Symanzik 5 3 − 1 6 0 p4 5 3 − 1 6 0 asqtad 1 − 1 10u^2_0

(1 + 0.4805α_s) −0.1330 1 u^2_0 α_s Iwasaki 5 3 -0.662 0

Table 2: Couplings β_x, x = pl, rt, pg defining the pure gauge part of the actions used in this review. Here u_0 is the tadpole coefficient, Eq. (105), and α_s = −4 ln(u_0)/3.0684.

Often combinations of these possibilities are taken, and the gauge action can be written as [47]

S_G = ∑ x,μ<ν [β_{pl}(1 − P_{μν} ) + β_{rt}(1 − R_{μν} )] + β_{pg} ∑ x,μ<ν<σ (1 − C_{μνσ}) . (106)

It consists of the ordinary plaquette as well as of planar and non-planar six-link terms, with μ, ν, σ ∈ 1, 2, 3, 4 and P_{μν} , R_{μν} and C_{μνσ} denote the normalised trace of products of gauge field variables U_{x,μ}: P_{μν} = 1 3 Re Tr U_{x,μ}U_{x+μ̂,ν} U^†_{x+ν̂,μ}U^†_{x,ν} R_{μν} = 1 6 Re Tr ( U_{x,μ}U_{x+μ̂,μ}U_{x+2μ̂,ν} U^†_{x+μ̂+ν̂,μ}U^†_{x+ν̂,μ}U^†_{x,ν} + (μ ↔ ν) )

C_{μνσ} = 1 12 Re Tr ( U_{x,μ}U_{x+μ̂,ν} U_{x+μ̂+ν̂,σ}U^†_{x+ν̂+σ̂,μ}U^†_{x+σ̂,ν} U^†_{x,σ} +(μ ↔ ν) + (ν ↔ σ) + (μ ↔ ν, μ ↔ −μ)) . (107) The choice of parameters for different versions used in the context of the equation of state are summarised in Table 2.

4.3 Clover-improved Wilson fermions

An improvement scheme for Wilson fermions which is frequently used in numerical simulations, both at zero and finite temperatures, are clover improved Wilson fermions [48],

S_{SW} = S_W + c_{SW} iga^4 ∑ x,μ,ν 1 4a ψ(x)σ_{μν} F^{SW}_{μν} (x)ψ(x) , F^{SW}_{μν} (x) = 1 8iga^2 ∑ μ,ν=± ( U_{μν} (x) − U^†_{μν} (x) ) , σ_{μν} = i 2 [γ_μ, γ_ν] . (108)

The additional term involves the clover of all four plaquettes sharing the lattice point x in each plane. In this case one uses the propagator of standard Wilson fermions, but with rescaled bare quark mass and gauge coupling [49],

m^{SW} = (m − m_c)(1 + b_m am), g^2_{SW} = g^2(1 + b_g am) . (109)

Here m_c(g^2) denotes the additive quark mass shift corresponding to the chiral limit, which like the coefficients c_{SW}, b_m(g^2), b_g(g^2) can be determined order by order in perturbation theory,

c_{SW} = 1 + O(g^2), b_m = − 1 2 + O(g^2), b_g = O(g^2) . (110)

The tree-level dispersion relation at zero momentum reads

E(0) = m(1 − 1 2 am) + O(a^2) = m^{SW} + O(a^2), (111)

and is O(a)-improved after rescaling the bare parameters. The tuning of c_{SW}(β) has also been done nonperturbatively, resulting in an interpolation formula [50] which provides a completely O(a)-improved Wilson fermion action in the β-range covered.

4.4 Twisted Mass Wilson fermions

The twisted mass formulation is obtained by a chiral rotation in flavour space and requires an even number of pairwise degenerate flavours. For N_f = 2, after a rescaling of the fermion fields its action takes the form S_{tm} = S_W + iμ ψ̄γ_5τ^3ψ. (112) Here μ denotes the twisted mass parameter and the diagonal Pauli matrix τ^3 acts in flavour space. The bare quark mass m_q in this formulation is a combination of the bare mass m in the standard Wilson action and the twist parameter,

m_q = √ m^2 + μ^2, m = m_q cos(ω), μ = m_q sin(ω) . (113)

Twisted mass fermions provide an automatic O(a)-improvement over Wilson fermions if the quark mass is solely determined by the twisted mass parameter μ, which is the case at maximal twist, ω = π/2. For a detailed derivation and recent review of twisted mass QCD, see [51].

The free quark propagator for twisted mass fermions is

D_{tm}(p) = −i ∑ ν γ_ν p_ν +^1_2p̂^2 + am − iaμγ_5τ^3 p^2 +

(_1 2p̂^2 + am

)_2

+ (aμ)^2

, (114)

with the usual dimensionless lattice momenta

p_μ = sin(ap_μ) , p̂_μ = 2 sin(ap_μ/2) . (115)

The standard Wilson propagator is recovered in the limit ω → 0. The dispersion relation E(p) can again be expanded in small lattice spacing and for vanishing spatial momentum we have

E(0) = m_q ( 1 − 1 2 am_q cos(ω) ) + O(a^2) . (116)

Cut-off effects of O(a) set in with quark mass, and their removal at maximal twist, ω = π/2, is apparent.

4.5 Naik and p4 improvement of staggered fermions

Let us recall that for the staggered fermion action Eq. (44), the leading order corrections are O(a^2). Improvement of staggered fermions thus operates on the same level as that of the gauge action. Treelevel improvement for the staggered fermion action has been performed in [52], by replacing the lattice covariant derivative by a higher order discretised version, cf. Eq. (38), ∇_μ(U) → ∇_μ(U) − a^2 6 ∇^3_μ(U) . (117)

The second term contains three links connecting fermion fields separated by one lattice spacing. A similar effect can be achieved when also including fermion fields separated by up to three lattice spacings. This can be illustrated denoting the free and massless staggered Dirac operator by [53] D_{xy} = ∑ μ η_μ(x) ( ∑ i=1,3 [c_{i,0}δ_{x+iμ̂,y} − δ_{x−iμ̂,y}] + ∑ ν≠μ ∑ j=±2 c_{1,j}[δ_{x+μ̂+jν̂,y} − δ_{x−μ̂+jν̂,y}] ) (118)

The constraints

c_{1,0} + 3c_{3,0} + 6c_{1,2} = 1 2 c_{1,0} + 3c_{3,0} + 6c_{1,2} = 24 c_{1,2} (119)

ensure that the dispersion relation is rotationally invariant through order p^4. For the Naik action, this is achieved by the choice c_{1,0} = 9/16, c_{3,0} = −1/48, with dispersion relation

E = p + 3 40 ( p^5 − 1 p ∑ i p^6_i ) a^4 + O(a^6) , (120)

which is duly improved through O(a^2). The so-called p4 action corresponds to the choice c_{1,0} = 3/8, c_{1,±2} = 1/48. While this particular choice still leaves a^2-corrections in the action, it has the same dispersion relation Eq. (120), but smaller coefficients O(a^6). To improve the thermodynamics of ideal gases improved dispersion relations are sufficient, while higher order corrections are smaller than in the case of the Naik action. It should be stressed, however, that this construction relies on weak coupling which is realised only at very high temperatures. At lower temperature the perturbatively determined coefficients get increasingly out of tune with the renormalised couplings in the true effective action. Moreover, both the Naik and the p4 improvement have little effect on the taste splitting caused by the staggered action.

4.6 Fat links for p4, asqtad and HISQ staggered actions

Taste splitting at order a^2 can be cancelled by adding four-quark operators to the staggered action. However, a similar effect can be achieved by replacing the link in the lattice covariant derivative with specific fat links [54, 55]. The simplest fat links are obtained by replacing the link with itself plus the surrounding staples [56], such as the first term in the square brackets of Eq. (122). Expanding down the gauge fields from the link variables, the fattened link adds a term [57]

a^2w_3ψ̄D_ν F_{νμ}ψ + O(a^4) (121)

to the fermionic action in continuum notation (as well as to the staggered action after field transformations). Clearly, it affects O(a^2)-improvement. From the pure gauge structure of this term, it will generally mix with similar terms appearing in improvement schemes for the pure gauge action, and care has to be taken as to appropriate combinations of the two. The staples used above are paths using three links. In a further extension also longer and non-planar paths are used [58, 59],

U^{fat}_μ (x) = c_1U_μ(x) + ∑ ν [ w_3S^{(3)}_{μν} (x) + ∑ ρ ( w_5S^{(5)}_{μνρ}(x) + ∑ σ w_7S^{(7)}_{μνρσ}(x) ) + w_LS^{(L)}_{μν} (x) ] (122)

with the three-, five- and seven link terms, Fig. 4,

S^{(3)}_{μν} (x) = U_ν (x)U_μ(x + ν̂)U^†_ν (x + μ̂) S^{(5)}_{μνρ}(x) = U_ν (x)S^{(3)}_{μρ} (x + ν̂)U^†_ν (x + μ̂) S^{(7)}_{μνρσ} (x) = U_ν (x)S^{(5)}_{μρσ} (x + ν̂)U^†_ν (x + μ̂) S^{(L)}_{μν} (x) = U_ν (x)S^{(3)}_{μν} (x + ν̂)U^†_ν (x + μ̂) . (123)

Figure 4: The simple link, three link staple, five link staple, seven link staple and double staple used in suppressing taste symmetry breaking. From [60].

c_1 c_3 c_{12} p4 3 8 0 1 96 asqtad 1 2 − 1 48u^2_0 0

Table 3: Coefficients c_i for the fermionic p4 and asqtad actions, Eq. (124), as used in Sec. 7.3.

It can be shown that for appropriately tuned parameters with the first three terms the tree-level O(a^2) taste splitting is removed, but an a^2-correction due to low momentum modes gets introduced by the seven link path. This is removed again by the double length staple S^{(L)} [61]. A staggered action including the Naik term, fat-5, fat-7 links and the double staple removes all tree-level a^2 errors, resulting in leading corrections of O(a^4, g^2a^2) [60]. The corresponding action is hence called asq, while the version with additionally tadpole improved coefficients is called asqtad. All these features can be summarised following the compact unified presentation (with changed normalisation of the coefficients) [47], cf. Table 3, D[U]_{xy} = m δ_{xy} + ( c_1 A[U]_{xy} + c_3 B_1[U]_{xy} + c_{12} B_2[U]_{xy} ) (124) A[U]_{xy} = ∑ μ η_μ(x) ( U^{fat}_{x,μ}δ_{x y−μ̂} − U^{fat†}_{x−μ̂,μ}δ_{x y+μ̂} )

B_1[U]_{xy} = ∑ μ η_μ(x) ( U_{x,μ}U_{x+μ̂,μ}U_{x+2μ̂,μ}δ_{x y−3μ̂} − U^†_{x−μ̂,μ}U^†_{x−2μ̂,μ}U^†_{x−3μ̂,μ}δ_{x y+3μ̂} )

B_2[U]_{xy} = ∑ μ η_μ(x) ∑ ν≠μ [( U_{x,μ}U_{x+μ̂,ν} U_{x+μ̂+ν̂,ν} δ_{x y−μ̂−2ν̂} − U^†_{x−ν̂,ν} U^†_{x−2ν̂,ν} U^†_{x−μ̂−2ν̂,μ}δ_{x y+μ̂+2ν̂} )

+ ( U_{x,ν} U_{x+ν̂,ν}U_{x+2ν̂,μ}δ_{x y−μ̂−2ν̂} − U^†_{x−μ̂,μ}U^†_{x−μ̂−ν̂,ν} U^†_{x−μ̂−2ν̂,ν} δ_{x y+μ̂+2ν̂} )

+ ( U^†_{x−ν̂,ν} U^†_{x−2ν̂,ν} U_{x−2ν̂,μ}δ_{x y−μ̂+2ν̂} − U^†_{x−μ̂,μ}U_{x−μ̂,ν} U_{x−μ̂+ν̂,ν} δ_{x y+μ̂−2ν̂} )

+ ( U_{x,μ}U^†_{x+μ̂−ν̂,ν} U^†_{x+μ̂−2ν̂,μ}δ_{x y−μ̂+2ν̂} − U_{x,ν} U_{x+ν̂,ν} U^†_{x−μ̂+2ν̂,μ}δ_{x y+μ̂−2ν̂} )] .

A further significant improvement of the taste symmetry is achieved by the Highly Improved Staggered Quark action. In its original design in [62] it includes additional one-loop taste changing operators which are particularly useful for the spectroscopy of charmed mesons. For its use in thermodynamical

= ×1

×w

×w

Figure 5: Left: Fat links and APE smearing replacing a link by itself and the sum of surrounding staples. From [57]. Right: Expansion to first order in the ρ_{μν} of the stout link variable U^{(1)} in terms of the original links. Closed loops include a trace. From [64].

simulations discussed here, it contains the same ingredients as the asqtad fermion action, but the fat links are reunitarised. (Note that the sum of link matrices is no longer unitary). Its use in conjunction with the tree-level Symanzik improved gauge action has been dubbed HISQ/tree action [63].

4.7 Stout links

A more heuristic way to use smeared links in the Dirac operator is based on observations made in spectrum calculations at zero temperature, where smeared observables have less fluctuations on the scale on the cut-off. This suggests to use similar methods also on the level of lattice actions. One would expect that fluctuations on the scale of a lattice spacing get already damped in the generation of configurations, which is tantamount to reducing cut-off effects and hence improvement.

The simplest possibility is called fuzzing or APE-smearing and consists of replacing a spatial link with the sum of itself and a weight factor times the sum of the adjacent staples, as in Fig. 5 (left) [56]. To maintain all symmetries of the original link, a projection back to SU(3) is applied. Empirical investigations show that the projection back to SU(3) is very desirable for the improvement of taste symmetry in staggered simulations. On the other hand, the projection step is non-analytic whereas for use in a Monte Carlo algorithm one would like to have differentiable objects such that the response to infinitesimal changes can be computed. An analytic way to smear link variables goes under the name of stout links [64]. Consider the weighted sum of staples between neighbouring lattice sites,

C_μ(x) = ∑ ν≠μ ρ_{μν} ( U_ν (x)U_μ(x+ν̂)U^†_ν (x+μ̂) + U^†_ν (x−ν̂)U_μ(x−ν̂)U_ν (x−ν̂ +μ̂) . ) , (125)

The weights ρ_{μν} are tunable real parameters, with a common choice ρ ≡ ρ_{ik}, ρ_{μ4} = ρ_{4μ} = 0. Then an SU(3) matrix Q_μ can be constructed in the following way

Ω_μ(x) = C_μ(x) U^†_μ(x), (no summation) ,

Q_μ(x) = i 2 ( Ω^†_μ(x)−Ω_μ(x) ) − i 2N Tr ( Ω^†_μ(x)−Ω_μ(x) ) . (126)

This is the basis for an iterative smearing procedure, with a step from level n to n + 1,

U^{(n+1)}_μ (x) = exp ( iQ^{(n)}_μ (x) ) U^{(n)}_μ (x) . (127)

One can show that this step maintains all the relevant symmetries of the original link. The first such smearing step is shown schematically in Fig. 5 (right). For a related smearing procedure constructing hypercubic links, see [65]. It should be stressed, though, that these methods do not implement a subtraction of terms of a specific power of the coupling or lattice spacing from the action, nor do we know a relation between smearing steps and the renormalisation group. Rather, their improvement effect has to be monitored in the results of simulations.

4.8 Comparison of the weakly interacting gas for improved actions

As the previous sections have illustrated, constructing and choosing improved actions is a complicated matter with many aspects to be taken into account. Let us now see how the different choices perform under different conditions. First, let us discuss the high temperature behaviour, which is affected by the perturbative improvements. The lattice pressure for free quarks can be expanded as a power series in the lattice spacing a, which at finite temperature is equivalent to expanding in 1/N_τ , p T^4 = (aN_τ )^3 2π^3 ∫ d^3p ln ( 1 + e^{−Nτ aE(p,m)} ) = p^{(a0)} T^4 + p^{(a1)} T^4 1 N_τ + p^{(a2)}1 T^4 1 N^2_τ

+ . . . (128)

For massless quarks, the coefficients p^{(a2)}/T^4 and p^{(a4 )}/T^4 can be calculated in closed form [35] and remarkably are the same for standard staggered and Wilson-type fermions. Differences are introduced only in higher orders of the lattice spacing. In particular, for the Naik and p4 improved staggered actions, corrections now start as

f^{Naik} f_{SB} = 1 −

1143 980 ( π N_τ )_4 − 365 77 ( π N_τ )_6 + . . . p^{p4} p_{SB} = 1 −

1143 980 ( π N_τ )_4 − 73 2079 ( π N_τ )_6 + . . . (129)

A comparison of the free energy density of a gas of free massless staggered quarks is shown in Fig. 6 (left), where the standard, Naik and p4 actions are each normalised by the continuum result. Note that the leading cut-off effects of the Naik and p4 actions have the opposite sign compared to the standard action. It is apparent that the continuum value of the free energy density is approached more rapidly for the improved actions than for the bare action. However, one also sees that the improvement effect becomes significant only for sufficiently fine lattices, N_τ >∼ 6. Fig. 6 (right) shows the continuum approach between the p4 action and various actions using fat and smeared links. By design the p4, asqtad and HISQ actions remove O(a^2) discretisation errors in the dispersion relation and hence in the thermodynamic functions, whereas stout smearing still shows a remnant a^2-dependence in the free fermion gas.

However, for a controlled continuum extrapolation, it is not necessarily important that cut-off effects are small in absolute size, but that their functional behaviour is controlled. The expected a^2-behaviour is also shown by the stout action for N_τ >∼ 10, allowing for a continuum extrapolation, whereas for coarser lattices a^4-corrections become important.

The ideal gas and massless limits are somewhat extreme simplifications and far from the cases of practical interest. In [36] the effects of mass and interactions were taken into account. Note that in order to compare different discretisations in the massive case, the renormalised mass needs to be the same between different discretisation schemes. For non-vanishing masses the lattice corrections of Wilson actions to the free fermion gas start at O(a), in contrast to the staggered actions. However, the linear coefficient is found to be exceedingly small compared to the O(a^2) contribution which dominates in Fig. 7 (left). This also follows from the fact that the O(a)-improved Wilson actions do not scale better

Figure 6: The free energy density of an ideal quark gas calculated for different values of the temporal extent N_τ divided by the corresponding value for N_τ = ∞. From [53] (left), [63] (right).

than the unimproved one. Thus, for the ideal gas Wilson actions scale comparably to the unimproved staggered action and a continuum extrapolation using a^2-behaviour is possible for N_τ >∼ 10.

The leading O(g^2) corrections to the fermionic pressure due to interactions are given by two diagrams,

p^{(2)}_F = − 1 2 1 βV ( + ) . (130)

The result for massive fermions is shown in Fig. 7 (right). Despite the rather large numerical uncertainties, one finds a qualitative correspondence to non-interacting case, especially the small dependence on the quark mass and the particular discretisation. As in the free case, on lattices with N_τ ≥ 8 Wilson fermions are found to be competitive with unimproved staggered fermions. Again, a^2 scaling is not observed for any of the discretisations before N_τ >∼ 10. Note that for N_τ < 8 the absolute size of the cutoff effects for the unimproved Wilson action appears smaller than for the clover action. This indicates significant higher order contributions for the N_τ considered here.

The comparison of the scales between the free and the interacting situation shows that considerations based on the ideal gas limit alone may be insufficient for the discussion of improvement schemes. In a regime, where perturbation theory is valid, we can consider the relative cutoff error for the pressure,

|Δp_F | /p_{F,cont} = |p_{F,lat} − p_{F,cont}| /p_{F,cont}, (131)

where p_{F,cont} and p_{F,lat} are each calculated to some specified order in the coupling. In the weak coupling limit the denominator is dominated by the ideal gas limit, and the cutoff effects of the interactions get normalised to that number. However, one cannot draw any conclusions from this for the behaviour of the cut-off errors near T_c. Since the sign of the leading order corrections is negative, the relative error quickly develops a pole with growing coupling, beyond which results cannot be extrapolated. For longer series the pole might disappear, but the relative cut-off error as a rational function will be non-monotonic in general.

4.9 Comparison of taste splitting for staggered actions

A main source of systematic error for simulations with staggered fermions is the taste splitting, whose effect on thermodynamics has long been underestimated. Recall that the splittings are

m^2_i = m^2_G + δm^2_i , δm^2_i ∼ (α_sa^2) , (132)

Figure 7: Continuum approach of the pressure of massive fermions with a fixed renormalised quark mass m_R/T = 0.03. Left: Ideal gas. Right: Two-loop contribution. From [36].

to leading order in discretisation errors, where m_G corresponds to the true Goldstone boson with taste matrix Γ^F = γ_5, cf. Table 1. In [66] it was observed that the lattice spacing needs to be a <∼ 0.15 fm in order for this leading behaviour to dominate, larger lattice spacings still show splittings of even higher order in the lattice spacing. A detailed investigation of cut-off dependence of the splitting on finer lattices is shown for the asqtad and stout actions in Fig. 8, with the eight pion multiplets labelled as in Table 1. Both actions enter the a^2-scaling region within the plot, with the stout action featuring smaller splittings and significantly lower mass values for the heavier multiplets on coarser lattices. A similar study comparing the scaling between HISQ/tree and stout actions is shown in Fig. 9, with even smaller mass splittings for the HISQ/tree action. The lines correspond to linear continuum extrapolations in α^2_sa^2, where the gauge coupling has been fixed in calculations of the static potential, α_s = α_V [69].

Knowing that in the continuum limit the tastes become degenerate, one may identify the particle mass with the root mean square average over the tastes, which is another measure for the taste splitting. For the example of the pion, M^{RMS}_π = √ 1 16 ( M^2_{γ5} + M^2_{γ0γ5} + 3M^2_{γiγ5} + 3M^2_{γiγj} + 3M^2_{γiγ0} + 3M^2_{γi} + M^2_{γ0} + M^2_1 ) . (133)

This quantity is shown in Fig. 9 (right). According to the respective size of taste splittings, this quantity is largest for asqtad, whereas the HISQ/tree action features the smallest average mass. Note that the differences show up in a region where all actions have an averaged pion mass significantly away from the physical value, i.e. the lattices are too coarse to reproduce pion dynamics. In order for the averaged mass to be close to the physical mass, lattices with N_τ >∼ 12 are required.

As discussed in Sec. 3.12, for low temperatures the hadron resonance gas should give a good approximation to the equation of state and it is useful to compare its predictions against lattice data. However, the taste splitting plots illustrate that for staggered fermions the hadron spectrum is distorted by taste splitting and gets fully restored only in the continuum limit. For comparisons with staggered fermions at finite lattice spacings, it was therefore suggested [70] to use the lattice spectrum including cut-off effects instead of the continuum spectrum in the hadron resonance gas. For this purpose the taste splittings are parametrised in terms of the scale parameter r_1 as

r^2_1 · δm^2_{psi} = a^i_{ps}x + b^i_{ps}x^2 (1 + c^i_{ps}x)^{βi}

, x = (a/r_1)^2 . (134)

An excellent description of the scaling behaviour of the different pion tastes is achieved in Fig. 10.

Figure 8: Pion multiplet masses as functions of the lattice spacing. Left: asqtad action [67]. Right: stout action [68]. Numbers label the taste multiplets, Table 1. The broad band indicates the range of lattice spacings for a thermodynamics study at N_τ = 8 between T = 120 and 180 MeV. The narrow band in the right panel corresponds to the same temperature range and N_τ = 16. The line labelled “0” is the pseudo-Goldstone boson with mass 220 MeV for the asqtad and 135 MeV for the stout results. From [68].

Figure 9: Left: Pion multiplet masses calculated with the HISQ/tree [63] and stout [66] actions as a function of α^2_V a^2. Right: RMS pion mass with M_G = 140 MeV as a function of the lattice spacing for the asqtad [69], stout [68] and HISQ/tree [63] actions. Vertical arrows indicate the lattice spacing corresponding to T ≈ 160 MeV for N_τ = 6, 8 and 12. From [63].

Figure 10: The quadratic splittings of non-Goldstone pseudo-scalar mesons in the seven different multiplets calculated with asqtad action at different lattice spacings [47]. The lines show the parametrisation Eq. (134). Open symbols refer to lattice data obtained with the stout action [66]. From [70].

One may now take the non-degenerate tastes of pions and kaons into the hadron resonance gas separately with a contribution [70] p^{π,K}/T^4 = 1 16 1 V T^3 7∑ i=0 d^i_{ps} ln Z^M (m_{psi} ), (135)

where m_{psi} , i = 1 − 7 is calculated according to Eq. (132) and m_{ps0} is equal to the pion or kaon mass used in the actual lattice calculations. We shall see in Sec. 7.3 that a good description of the asqtad equation of state is achieved in this way.

In summary, taste symmetry violation appears to be a systematic error with a large effect in staggered simulations. While formally of O(α_sa^2) for p4, stout and O(α^2_sa^2) for asqtad and HISQ/tree actions, its main effect on thermodynamical simulations is in the distortion of the pion spectrum. Identifying the Goldstone pion with the physical pion is not sufficient, since also the non-Goldstones contribute to the equation of state at finite lattice spacing. Hence, apart from an O(a^2)-errors in thermodynamic functions, the taste splitting effectively implies a pion mass out of tune with the physical value and distorted contributions of the tastes to the equation of state.

5 Computing the equation of state by Monte Carlo simulation

Once a suitable lattice action is chosen, the task at hand is to compute the free energy density from the full QCD partition function. A technical obstacle here is that, in a Monte Carlo simulation, one cannot compute the partition function directly, since all expectation values are normalised to Z,

⟨O⟩ = Z^{−1}Tr(ρO) . (136)

So we need to measure the expectation value of some observable O in order to access the partition function. This is achieved by calculating derivatives of the partition function with respect to some parameter, as in the derivative and integral methods in the next two sections.

5.1 The derivative method for anisotropic lattices

Theoretically the most direct way to obtain thermodynamic functions from lattice simulations is by the derivative method using anisotropic lattices with two lattice spacings a_s, a_t in the spatial and temporal directions, respectively. Temperature and spatial volume are then given by T = 1 a_τ N_τ , V = (a_sN_s)^3 , (137)

and the anisotropic pure gauge action reads

S_g[U] = ∑ x ∑ 1≤i<j≤3 β_s ( 1 − 1 3 ReTrU_{ij} (x) ) + ∑ x ∑ 1≤μ<4 β_τ ( 1 − 1 3 ReTrU_{μ4}(x) ) , (138)

which is split into terms containing only spatial and temporal plaquettes, respectively. There are now two bare lattice gauge couplings, β_s = 2N g^2_s ξ

, β_τ = 2Nξ g^2_τ

, (139)

which are related by the anisotropy parameter ξ ≡ a_s/a_τ . Using the thermodynamic relations Eq. (2,4), one derives the lattice versions of energy density and pressure as ϵ T^4 = ( N_τ ξN_s )_3 ⟨ a_τ ∂S ∂a_τ ⟩ , p T^4 = − 1 3 ( N_τ ξN_s )_3 ⟨ a_s ∂S ∂a_s ⟩ . (140)

Denoting the expectation values of the spatial and temporal plaquettes by R_{sp} = ⟨ 1 − 1 N ReTrU_{ij} (x) ⟩ , R_{tp} = ⟨ 1 − 1 N ReTrU_{i4}(x) ⟩ , (141)

one gets for the derivatives ⟨ a_τ ∂S ∂a_τ ⟩ = ( β_s + a_τ ∂β_s ∂a_τ ) ∑ sp R_{sp} + ( −β_τ + a_τ ∂β_τ ∂a_τ ) ∑ tp R_{tp} , ⟨ a_s ∂S ∂a_s ⟩ = ( −β_s + a_s ∂β_s ∂a_s ) ∑ sp R_{sp} + ( β_τ + a_s ∂β_τ ∂a_s ) ∑ tp R_{tp} . (142)

Thus, in order to compute the equation of state we need to know the beta-functions of the gauge couplings and measure the expectation values of spatial and temporal plaquettes. It is convenient to introduce a gauge coupling g^2 corresponding to an isotropic lattice with lattice spacing a_s. Then the anisotropic couplings can be expressed in terms of g and the anisotropy ξ,

g^{−2}_s = g^{−2} + C_s(g^2, ξ) = g^{−2} + c_s(ξ) + O(g^2) g^{−2}_t = g^{−2} + C_t(g^2, ξ) = g^{−2} + c_t(ξ) + O(g^2) , (143)

where the right hand expressions represent a perturbative expansion for small coupling in lattice perturbation theory [71, 72].

Similar expressions can be derived when quarks are included, whereupon also the beta-functions for the running of the quark masses appear. Note that also the anisotropy parameter ξ gets renormalised and has a corresponding beta-function. These various beta-functions are only known to some low order in perturbation theory, while their accurate non-perturbative determination is complicated. Moreover, while anisotropic lattices allow for a finer temperature resolution by choosing small a_t, there are clearly more parameters to tune than in the isotropic case, making for example the determination of lines of constant physics more difficult. These are less important when temperature is tuned via N_τ , but that in turn implies relatively coarse temperature steps. For these reasons, the most popular method in practice is the integral method described in the next section and we shall not further pursue the derivative method here. Recent numerical results and a discussion of the associated difficulties using standard staggered fermions on anisotropic lattices can be found in [73].

5.2 The integral method

The most frequently used method in practice is the integral method [74], in which a derivative of the free energy with respect to some parameter serves as observable, which then gets integrated again to yield the free energy density, e.g. x = T , f T^4 | | | T

T_o = − 1 V ∫_T T_o dx ∂ ∂x x^{−3} ln Z(V, x) . (144)

On the lattice, when doing simulations at fixed N_τ , it is convenient to take derivatives with respect to the bare lattice parameters instead, f T^4 | | | (β,m_f )

(β_o,m_{f 0}) = − N^3_τ N^3_s ∫_{β,mf} β_o,m_{f 0} ( dβ^′ [⟨ ∂ ln Z ∂β^′ ⟩ − ⟨ ∂ ln Z ∂β^′ ⟩ T =0 ]

+ ∑ f dm^′_f [⟨ ∂ ln Z ∂m^′_f ⟩ − ⟨ ∂ ln Z ∂m^′_f ⟩ T =0 ]) . (145)

We have subtracted the corresponding vacuum expectation value in each line to renormalise the free energy density and pressure to zero for T = 0. The expectation values of the derivatives correspond to the average plaquette action and chiral condensate, respectively, 1 N_τ N^3_s ∂ ln Z ∂β = 1 N_τ N^3_s ⟨ ∑ p U_p ⟩ = ⟨−s_g⟩ , 1 N_τ N^3_s ∂ ln Z ∂m_f = 1 N_τ N^3_s ⟨ ∑ x ψ̄_f (x)ψ_f (x) ⟩ . (146)

The vacuum expectation values correspond to N_τ → ∞. In a simulation a low temperature lattice with sufficiently large N^0_τ has to be chosen, which introduces an error ∼ (N_τ /N^0_τ )^4 in the subtracted quantity. The integration in Eq. (145) has to be performed along a line of constant physics, i.e. a curve β(m_f ) such that the renormalised quark masses stay constant. In this case the left hand side corresponds to the difference of the renormalised free energy density evaluated at two different temperatures, f T^4 | | | | (β,m_f )

(β_o,m_{f 0}) = f(T ) T^4 − f(T_0) T^4_0

. (147)

The integration has thus introduced a lower integration constant, which needs to be fixed for the result to be meaningful. Note, that for sufficiently small β_0 in principle this is possible with an analytic strong coupling calculation as in Sec. 3.11. However, these exist only for Wilson’s pure gauge action so far, whereas dynamical simulations require light fermions as well as modifications for improved actions. Many practitioners therefore simply choose β_0 low enough so that the pressure is numerically consistent with zero and can be neglected. However, this procedure is not practical for the chiral limit, when pions become massless and stay relativistic down to very low temperatures. Alternatively, below the quark hadron transition the free energy f(T_0) can be matched to the hadron resonance gas, which is again validated through the strong coupling expansion, cf. Sec. 3.12.

Finally, using Eq. (6), the derivatives appearing in the integrand of Eq. (145) are also related to the trace anomaly, I(T ) T^4 dT T = N^4_τ ( dβ⟨−s_g⟩^{sub} + ∑ f dm_f ⟨ψ̄_f ψ_f ⟩^{sub} ) , I(T ) T^4

= −N^4_τ ( a dβ da ⟨−s_g⟩^{sub} + ∑ f a dm_f da ⟨ψ̄_f ψ_f ⟩^{sub} ) , (148) where the superscript “sub” indicates that the difference with the corresponding vacuum quantity is to be taken. We have also converted the temperature derivative into one with respect to the lattice spacing, such that we need the lattice beta-functions for the variation of the gauge coupling and the masses along a line of constant physics. Hence, the quantity computed directly in a standard approach is the trace anomaly, while the pressure and other quantities are obtained by numerical integration of those data. Note that this introduces another systematic error, since the trace anomaly data have to be interpolated numerically for this purpose.

5.3 The fixed scale method

In the last section the temporal lattice extent N_τ was held fixed and temperature was tuned via the lattice gauge coupling and the lattice spacing a(β) in the relation T = (aN_τ )^{−1}. As a consequence, when calculating a given quantity like the thermodynamic functions as a function of temperature, one has different lattice spacings and hence different cut-off errors for different temperatures. This commonly leads to rather coarse lattices in the low temperature region and to a different quality of continuum extrapolation for different temperatures. An alternative use of the integral method is the so-called fixed scale approach, where one keeps the lattice gauge coupling, and hence the lattice spacing, constant, and varies N_τ instead to tune the temperature. Obviously, this allows only discrete temperature steps and the method has only become viable recently, since lattices are now fine enough such that reasonably interesting temperature steps can be obtained.

However, in this case integration over β is inapplicable. Instead, one uses T as integration variable [75]. Starting point is again the evaluation of the trace anomaly followed by integration over temperature, p T^4 = ∫_T T_0 dT I(T ) T^5 , I(T ) T^4 = 1 T^3V a db_i da ⟨ ∂S ∂b_i ⟩_{sub} , (149)

where ⃗b = (β, m_f , . . .) is a vector denoting all parameters of the lattice action with the corresponding beta-functions d⃗b/da along a line of constant physics. The crucial difference is that now integration is over temperature while holding β fixed, i.e. over N_τ . Clearly, this requires an interpolation to real values for N_τ , introducing a systematic error which has to be monitored. In [75] it was found that for sufficiently fine lattices (corresponding to N_τ >∼ 8 in the usual fixed N_τ approach) results are consistent between the two, cf. Sec. 6.

The fixed scale approach is complementary to fixed N_τ in that it has large discretisation effects at high T , when T >∼ a^{−1} and typical thermal fluctuations occur on the scale of the cut-off. On the other hand, at low and intermediate temperatures there are several advantages: for a fixed lattice spacing all temperatures are immediately on the same line of constant physics, without any tuning of parameters. Furthermore, only one zero temperature simulation at that same β is required in order to renormalise all observables. Finally, the continuum limit proceeds straightforwardly in complete analogy to vacuum calculations, by a series of simulations at different fixed lattice spacings a. Because of their complementarity, it will be extremely useful in the future to control systematic errors by using them both.

5.4 Thermodynamic potentials from momentum distributions

Both, the fixed N_τ and the fixed scale methods discussed above, require the subtraction of vacuum expectation values and have to deal with a lower integration constant that is not precisely fixed. These circumstances render both methods cumbersome and expensive when either very high or low temperatures are considered. A new approach avoiding these technical difficulties has been proposed in [76].

Starting point is the observation that momentum is a conserved quantity because of translation invariance. Hence quantum mechanical states with different momenta are orthogonal and a projection operator P̂^{(p)} onto states with momenta p can be defined. The momentum distribution in the grand canonical ensemble is then given by R(T, μ, p) L^3

= ⟨P̂^{(p)}⟩ = Tr{e^{−(Ĥ−μN̂)/T} P̂^{(p)}} Tr{e^{−(Ĥ−μN̂ )/T} } . (150)

One may now define a generating function K for the connected cumulants of the momentum distribution, e^{−K(β,μ,z)} = 1 L^3 ∑ p e^{ip·z} R(β, μ, p) , K_{{2n1,2n2,2n3}} (−1)^{n1+n2+n3+1} = ∂^{2n1} ∂z^{2n1}_1 ∂^{2n2} ∂z^{2n2}_2 ∂^{2n3} ∂z^{2n3}_3

K(z) L^3 | | |_{z=0} . (151)

Employing Ward identities for the conservation of energy and momentum, one can show that for μ = 0 the entropy s = (ϵ + p)/T is connected to the second order cumulant, while the specific heat is related to a combination of the second and fourth order cumulants [76, 77],

K_{2,0,0}((T, μ) = T (ϵ + p) , c_v = K_{4,0,0} 3T^4 − 3 K_{2,0,0}

T^2 = K_{2,2,0} T^4 − 3 K_{2,0,0} T^2

. (152)

On the other hand, the generating functional for the momentum distribution can also be expressed as a ratio of partition functions, e^{−K(T,μ,z)} = Z(T, μ, z) Z(T, μ) , Z(T, μ, z) = Tr{e^{−(Ĥ−μN̂ )/T +ip̂z}} , (153) where Z(T, μ, z) is a partition function in which states of momentum p are weighted by a phase e^{ip·z}. It can be represented as a Euclidean path integral, where the weight factor is absorbed in the shifted boundary conditions for the generic field,

ϕ(1/T, x) = ±ϕ(0, x + z) . (154)

Note that the cumulants represent connected correlation functions of conserved charges, i.e. momentum. As such they are physical observables and do not require renormalisation, even on the lattice [77], which therefore saves the vacuum subtraction required in the integral method. Hence, calculation of the ratio of the shifted and unshifted partition functions permits an evaluation of the entropy and other thermodynamic functions of relativistic field theories. Applications to SU(3) pure gauge theory and scalar field theory have been presented in [76, 77], respectively.

For pure gauge theory, the required ratio of partition functions is split up in factors Z(T, z) Z(T ) = n−1∏ i=0 Z(T, r_i) Z(T, r_{i+1}) , (155)

with partition functions Z(T, r_i), (r_i = i/n, i = 0, 1, . . . , n) and corresponding actions

S(U, r_i) = r_iS(U) + (1 − r_i)S(U^z) , (156)

where U^z obeys shifted boundary conditions, see Eq. (154). The continuum value of the second cumulant is obtained from a discrete lattice by a limiting procedure, s(T ) T^3 = K_{2,0,0}(T ) T^5

= lim_{a→0} 2K(T, z, a) |z|^2T^5L^3

, (157) where z = (n_za, 0, 0) and n_z has to stay constant when a → 0. Numerical results obtained by this method are shown in Sec. 6.2. Note that, while no subtraction of vacuum lattices is necessary in this approach, it requires the computation of an entire series of products of partition functions, Eq. (155), which is again computationally costly. It will be interesting to see in future investigations whether an optimised choice for the interpolating partition functions can render this method computationally advantageous.

6 Numerical results for pure gauge theory

6.1 SU(3) Yang-Mills

The results for the equation of state of pure gauge theory [78] are by now “historical” and well-known. Since systematic errors in this case are relatively benign, it still represents the only case with a complete continuum extrapolation and sets the standard of what can be achieved with lattice simulations. It is based on Wilson’s standard pure gauge action using lattices with N_τ = 4, 6, 8 and aspect ratios N_s/N_τ = 4 − 5.3.

SU(3) pure gauge theory has a first order finite temperature deconfinement transition at unique critical couplings β_c(N_τ ) associated with centre symmetry breaking, Sec. 2.2. In [78] those were determined from the location of the peak of the Polyakov loop susceptibility and converted to units of the string tension by calculating the latter on 32^4 vacuum lattices for the same β-values. In the continuum limit, T_c √ σ = 0.625 ± 0.003 (+0.004) , (158)

where the second error corresponds to estimated finite size corrections to the critical couplings. Together with √ σ = 420 MeV this gives a critical temperature T_c ≈ 265 MeV in terms of which all other dimensionful quantities can be expressed.

The equation of state was calculated by the integral method, Sec. 5.2. The trace anomaly for the pure gauge case reduces to I(T ) T^4

= N^4_τ a dβ da ( 3⟨TrU^t_p + TrU^s_p ⟩ − 6⟨TrU_p⟩_{T =0} ) , (159)

and requires evaluation of temporal and spatial plaquettes as well as the lattice beta-function. For the latter the difference in critical couplings corresponding to a doubling of the lattice spacing is computed, Δβ = β_c(2N_τ ) − β_c(N_τ ), and modelled by the perturbative two-loop beta-function modified by an effective coupling and a scaling factor. The corresponding trace anomaly for the three different values of N_τ is shown in Fig. 11 (left), including smooth spline functions as numerical interpolation between the data points. Note that, for a first order phase transition, a discontinuity in the energy density is expected in the thermodynamic limit. However, on a finite size lattice, there is tunnelling between the metastable phases resulting in a continuous average value for all temperatures. The pressure is then obtained by integrating the trace anomaly according to the first line of Eq. (145). The free energy density is neglected (statistically compatible with zero) for a lower integration limit below the critical coupling, β_0 <∼ β_c.

The numerical results show significant cut-off effects for N_τ = 4. A continuum extrapolation is thus performed for the pressure using the N_τ = 6, 8 data based on the ansatz ( p T^4 ) a = ( p T^4 ) 0 + c(T ) N^2_τ

, (160)

with a fit parameter c(T ). The resulting continuum curve, as well as those for energy and entropy densities, are shown in Fig. 11 (right).

Figure 11: Left: The trace anomaly (ϵ − 3p)/T^4 for pure gauge theory calculated on lattices with temporal extent N_τ = 4, 6, 8. Right: Continuum extrapolated results for pressure, energy and entropy density. From [78].

These results have proven stable against checks with improved actions, Fig. 12 (left). The data show that both the tree-level improved and tadpole improved Wilson actions [79] as well as a fixedpoint action [80] approach continuum results for the pressure already on rather coarse lattices with N_τ = 3, 4. In Fig. 12 (right) the trace anomaly is compared between the N_τ = 8 data from [78] and those produced with the fixed scale approach in [75]. In this work, the standard Wilson action was used with fixed lattice gauge couplings β = 6.0, 6.1. Using r_0 to set the scale, this corresponds to the lattice spacings a = 0.093, 0.068, respectively. Temperature was then tuned by varying N_τ leading to the data points in the figure. For the zero temperature subtraction, N_τ = 16, 22 lattices were used for the i2, i3 runs in the figure, respectively. For the beta-function, the data from [78] were used.

Fig. 12 (right) shows generally good agreement between the two methods. At low temperatures, one observes a finite volume effect, but no difference between the lattice spacings. On the other hand, at large temperatures, the fixed-scale results overshoot the fixed N_τ results. This is likely because for the former the cut-off effects are stronger at high temperatures, as discussed in Sec. 5.3. A sensitive measure for cut-off effects is provided by the peak height of the trace anomaly. It indicates that the continuum limit has indeed been reached in Yang-Mills theory, whereas for full QCD the peak height is not yet settled between different actions, as we shall see later.

6.2 SU(3) at high temperatures

As discussed in Sec. 3.8, simulations of thermal systems require 1 ≪ N_τ ≪ N_s in order to have manageable cut-off and finite size effects. This has limited simulations of the QCD equation of state to typically T <∼ 5T_c. On the other hand, one would like to make contact to weak coupling perturbation theory, which unfortunately converges rather poorly until much higher temperatures are reached. Improvements in the convergence behaviour can be achieved by employing screened perturbation theory, consisting of partial resummations to infinite orders rather than strict perturbation theory, cf. [81]. Recent calculations using the HTL-scheme have managed reasonable contact with lattice results at ∼ 4T_c for pure gauge theory [82] and dynamical QCD [83]. Nevertheless, it still is desirable to extend lattice simulations to higher temperatures where perturbation theory is fully controlled.

One possibility to achieve this is by use of the momentum distribution method discussed in Sec. 5.4. Its feasibility for pure gauge theory has been demonstrated in [76], with numerical results obtained

Figure 12: Left: Comparison of pure gauge calculations with tree-level improved, tadpole improved [79] and a fixed point [80] action on N_τ = 3 and 4 lattices. The arrows indicate the ideal gas result in the continuum limit. The solid line is the continuum extrapolation using the unimproved Wilson action [78]. From [79]. Right: Trace anomaly from the fixed scale approach [75], compared to the N_τ = 8 data from [78]. The dotted lines are spline interpolations, horizontal errors from insecurities in the scale are smaller than the symbols. From [75].

from the standard Wilson action as shown in Fig. 13 (left). Simulations have been performed for three different temperatures and the scale was set using r_0 and its related beta-function from [84]. Within the uncertainties good agreement for the lower temperatures with earlier results from the integral method [78] is observed. The continuum value for the entropy has again leading O(a^2) corrections.

Another attempt to develop methods in this direction has been reported in [85, 86], based on a modification of the integral method. Starting point is the observation that the vacuum divergence, which is subtracted to renormalise the free energy density or pressure, is temperature independent. The subtraction is therefore also achieved at two non-vanishing temperatures. In [85] it is suggested to consider the series with half-temperature steps,

p(T )_{ren} T^4 = p(T ) − p(0) T^4 = p(T ) − p(T/2) + p(T/2) − p(T/4) + p(T/4) . . . − p(0) T^4 = p(T ) − p(T/2) T^4 + 1 16 p(T/2) − p(T/4) (T/2)^4 + 1 256 p(T/4) − p(T/8) (T/4)^4

+ . . . (161)

The idea is to evaluate the different terms using only two lattices with N_τ and 2N_τ . The temperature for the successive terms is lowered by tuning the lattice gauge coupling. In practice, only a few terms are needed, because of the rapid suppression from the prefactor. This is demonstrated in Fig. 13 (right), which is based on the data from N_τ = 6, 8 lattices [78], i.e. with a suppression factor 6/8 instead of 1/2.

However, a word of caution is in order. Eq. (161) is written in continuum notation, where each term is represented by a β-integral from the lower integration limit β_0 to some β(T/x, N_τ ). The upper integration limits, and hence lattice spacings, are different in each term, leading to different cut-off effects. Thus, at finite lattice spacing the added and subtracted terms do not cancel exactly, as the continuum formula suggests. Rather the continuum limit should be taken for each term separately. It would be interesting to further investigate how improvement alleviates this problem or how small lattice spacings need to be to neglect this effect.

This proposal was applied to a calculation of the equation of state for pure gauge theory at high temperatures using a tree-level Symanzik improved action [86]. The savings on large N_τ lattices were then invested in a large range of aspect ratios N_s/N_τ = 4−24 and dedicated finite size analyses. Fig. 14 (left) shows the trace anomaly calculated on lattices with N_τ = 5, 6, 7, 8, in comparison with the known

Figure 13: Left: Scaling behaviour of s/T^3, Eq. (157). The Stefan-Boltzmann value reached in the high-T limit is also displayed. From [76]. Right: Pressure in lattice units calculated on 32^3 × 6 and 32^4 [78] compared to the sum of individual terms p^′ of Eq. (161) using 32^3 × 6 and 32^3 × 8 lattices. From [85].

low temperature lattice data from [78] as well as with standard perturbation theory through order g^5 [87] and HTL-resummed perturbation theory [82]. Note that the dimensionless trace anomaly I(T )/T^4 has been rescaled by (T/T_c)^2, in order to show deviations from perturbative behaviour. Since the effective expansion parameter for the latter is g^2T/m_E , where m_E ∼ gT is the electric screening mass scale, at most logarithmic corrections in temperature can modify the T^{−4} behaviour of the dimensionless trace anomaly in perturbation theory. Hence the linear, nearly constant section up to ∼ 4T_c is indicative of non-perturbative effects in the pressure, which then weakens at higher temperatures.

A study of the volume dependence and hence the requirements on the aspect ratio was also performed on N_τ = 5 lattices. From N_s/N_τ = 6 upwards the data do not show any finite size effects. This is an important observation, since the soft modes of the magnetic gauge fields live on the scale ∼ g^2(T )T and for high temperatures correspond to a large correlation length 1/(g^2(T )T ). However, the corresponding screening masses are those of the lightest glueball. However, the coefficient is large, m_0++ ≈ 2.5g^2(T )T [88], ξ ∼ 0.4/g^2(T )T and T grows faster than g(T ) shrinks. It is thus plausible that the finite size requirements are fulfilled on modest lattice volumes as observed in the simulations.

A continuum limit was then taken for the aspect ratio N_s/N_τ = 8 and the corresponding pressure is shown in Fig. 14 (right). The perturbative regime can thus be reached at about T >∼ 10T_c and the data can be used to fit the g^6-coefficient in the perturbative expression for the pressure [87]. The dashed curves in the figure represent a modelling of the non-perturbative temperature regime T_c < T <∼ 4T_c, by adding to the perturbative formula up to g^6 the contributions,

p = p_{pert}(g^6) + a_{np} , a_{np} = 0.879(2)(40) p = p_{pert}(g^6) + a_{np} + b_{np} ln(T/T_c) a_{np} = 1.371(1)(50), b_{np} = −0.618(2)(4) . (162)

The parametrisation including the log gives a good description of the data all the way down to the critical temperature. Together with the perturbative expression from [87], we then have a parametrisation of the equation of state for all of the deconfined phase at our disposal. Note that even at temperatures T ∼ 10T_c the pressure is still ∼ 10% below the ideal gas limit. This is of course consistent with the logarithmic running of the coupling constant. It illustrates however, that there are still significant interactions of the soft modes in the plasma and one must be very careful with intuition based on the Stefan-Boltzmann limit. The latter becomes accurate only at exceedingly high temperatures.

Figure 14: Left: Trace anomaly for different N_τ compared with previous lattice results [78], perturbation theory [87] and HTL-resummation [82]. Right: Continuum extrapolated pressure normalised to the ideal gas value and comparison with perturbative expressions. From [86].

6.3 SU(N) with N > 3

SU(N) pure gauge theory is also of theoretical interest in the limit N → ∞. Firstly, one would like to understand how far SU(3) is from this limit, for which considerable calculational simplifications apply and analytic treatments become feasible [89]. Secondly, the large N limit is a crucial ingredient for the modelling of QCD-like theories based on the AdS/CFT conjecture [90]. In order to see to which extent SU(3) can be described by large N theories, a non-perturbative calculation of the equation of state by lattice methods is useful also for N > 3.

Calculations for the critical temperature T_c have been extended to N = 10 [91], the equation of state exists for N = 3, 4, 5, 6, 8 [92, 93]. The simulations for the latter were run on 20^3 × 5 lattices for N = 3 and 16^3 × 5 lattices for N > 3. The calculation employs the integral method and the scale for SU(3) was set using r_0 [84]. For larger N, it was based on interpolated string tension values from [94]. The numerical results are displayed in Fig. 15. A rather remarkable scaling is observed for all thermodynamic potentials. Also shown are results from a prediction from a holographic QCD model [95] which agrees with the data remarkably well. (An earlier model compared to SU(3) is in [96]).

7 Numerical results with staggered fermions

As described in Sec. 3.5, staggered fermions are computationally the cheapest because they correspond to one-component fields in the action Eq. (44) rather than four-spinors. Their leading discretisation errors in the equation of state are O(a^2) in the standard formulation and suppressed when using improved actions. For those reasons simulations using staggered fermions are most advanced, in the sense of being closest to the physical masses and using the finest lattices. Extended series of simulations have provided evidence that, at the long last, systematic errors are getting under control and which actions have the best scaling behaviour in a given temperature range.

7.1 The pseudo-critical temperature

Let us recall that, for QCD with physical masses and a large neighbouring region, there is no chiral or deconfinement phase transition, merely an analytic crossover. Hence there is no uniquely defined

Figure 15: Trace anomaly and pressure, obtained for various numbers of colours, N. From [93].

critical temperature, only a pseudo-critical “T_c” depending on the observable used to define it.

The determination of the pseudo-critical temperature for QCD at the physical point has been the subject of some apparently contradictory results. Based on simulations with the asqtad action on N_τ = 4, 6, 8, T_c = 169(12)(4) MeV was quoted [97]. This was followed by the prediction T_c = 192(7)(4) MeV based on the p4 action on N_τ = 4, 6 [98]. In both cases simulations were performed at several light quark masses larger than physical and then extrapolated simultaneously to the physical point and the continuum limit. In [98] the extrapolation formula is

r_0T_c(m_l, m^{phys}_s , N_τ ) = r_0T_c(m^{phys}_l , m^{phys}_s , ∞) + A(r_0m_{ps})^d + B N^2_τ

. (163)

Here O(4) scaling in the chiral limit is assumed, the data being consistent with the associated critical exponent d. Moreover, the values for T_c based on susceptibilities of the Polyakov loop or chiral observables were found to be within 185 − 195 MeV, the quoted value representing an average.

By contrast, in a series of simulations using a stout link improved staggered action over a wide range of N_τ = 4, 6, 8, 10, 12, 16 [24, 66, 68], consistently lower values were quoted. The simulations were performed at the physical point and hence no extrapolation in the quark mass was necessary. For the continuum extrapolation the four largest N_τ corresponding to the finest lattices were used, providing moreover different values when extracted from the chiral condensate Δ_{l,s}, Eq. (62), or the Polyakov loop, Eq. (54), [68, 66]:

T_c = { 157(3)(3)MeV Δ_{l,s} 170(4)(3)MeV L . (164)

The continuum extrapolation is based on four lattice spacings, which allows to monitor that cut-off effects are small and truly scale as ∼ 1/N^2_τ . Note that the observable-dependent difference in T_c is completely consistent with the fact that there is no true phase transition at all, neither a chiral nor a deconfining one, merely a transition region in which the chiral and confinement properties change gradually and smoothly.

In the meantime the differences between these actions are understood and nearly resolved, especially since a new set of simulations with asqtad and HISQ/tree actions on N_τ = 8, 12 and an additional lighter quark mass [63] is available. A combined chiral and continuum extrapolation, based on the observable Δ_{l,s} gives T_c = 154(9) MeV, in complete agreement with the stout results above. The previous differences are largely due to underestimated cut-off effects due to taste splitting in the asqtad and p4 actions. Moreover, the corresponding data obtained for N_τ = 4, 6 are not in the N^{−2}_τ scaling region and could not yet be extrapolated with the formula used. The same effects are visible in the equation of state, and we shall discuss them together when we compare results between different actions in detail in Sec. 9.

7.2 Flavour dependence and interpretation of the equation of state

The results of a computation of the pressure with the p4 action [99] are shown in Fig. 16 (left). The data have been obtained for N_f = 2, 3 with (bare) mass m_q/T = 0.4 as well as for N_f = 2 + 1 with a heavier mass m^s_q/T = 1 on a very coarse lattice, N_τ = 4. For comparison, continuum extrapolated pure gauge results are also included. Without entering the details of the calculation, the plot tells us some interesting qualitative features. As in the pure gauge case we see a rapid rise of the pressure in a narrow transition region. The pseudo-critical temperature as well as the magnitude of p/T^4 rise with the number of degrees of freedom liberated at the transition. This last conclusion is firm, since the pressure also rises for fixed temperature when light quarks are added to the theory, consistent with the expectations based on the Stefan-Boltzmann limit. We may thus conclude that the rapid rise in the pressure signals deconfinement, in the sense that there are more and lighter degrees of freedom in the system. On the other hand, these are not yet free quarks and gluons, as the pressure falls significantly short of its Stefan-Boltzmann limit.

7.3 Equation of state for almost physical quark masses: hotQCD

The hotQCD collaboration employs and continues previous work of the MILC and RBC-Riken collaborations. They have been working with asqtad and p4 actions over several years. Simulations exist for N_f = 2 + 1 using three different lattice spacings, with N_τ = 4, 6 published in [100] (asqtad) and [28] (p4), while combined results for both actions and N_τ = 8 have been presented in [47].

The actions used for those simulations are those specified in Sec. 4.6. The strange quark mass m_s is fixed close to its physical value while m_s/m_{ud} = 10. This corresponds to a pion mass of m_π ≈ 220 MeV. The lines of constant physics are defined by keeping the meson masses in Table 4 fixed, where the scale is set by the Sommer parameter r_0. The latter is related to the Υ(2S − 1S) splitting in calculations with the asqtad action [101, 102]. This gives r_0 = 0.469(7) fm. For N_τ = 8, an aspect ratio N_s/N_τ = 4 was used throughout.

The beta-function for the lattice gauge coupling was fixed by fitting the β-dependence of r_0 to the

p4-action asqtad action m_{s̄s}r_0 1.59(5) 1.83(6) m_{s̄s}/m_K 1.33(1) 1.33(2) m_π/m_K 0.435(2) 0.437(3) m_πr_0 0.371(3) m_{s̄s}r_0 1.578(7) m_K r_0 1.158(5)

Table 4: The strange pseudo-scalar mass m_{s̄s} ≡ √ 2m^2_K − m^2_π in units of r_0 and mass ratios that characterise lines of constant physics for fixed ratios of light and strange quark masses, m_l/m_s = 0.1, above, and m_l/m_s = 0.05, below. Errors represent the variation over the lines of constant physics.

Figure 16: Left: Flavour dependence of the pressure for N_τ = 4 lattices compared to the continuum pure gauge result. From [99]. Right: The trace anomaly for m_l/m_s = 0.1 calculated on lattices with temporal extent N_τ = 6, 8. From [47].

ansatz r_0 a = 1 + e_râ^2(β) + f_râ^4(β) a_rR_2(β) (1 + b_râ^2(β) + c_râ^4(β) + d_râ^6(β))

, (165)

where R_2(β) is the two-loop beta-function for 3-flavour QCD and â(β) = R_2(β)/R_2(3.4). Similarly the beta-function for the quark mass was obtained from a parametrisation of the bare quark mass m_lr_0/a = m^{RGI} r_0 ( 12b_0 β )_{4/9} P (β) , (166)

with a sixth order rational fit function P (β) and the renormalisation group invariant m^{RGI} .

The trace anomaly calculated for both types of actions is shown in Fig. 16 (right). Good agreement between different lattice spacings and actions is observed for low and high temperatures, but differences remain in the peak region, indicating that there are still significant discretisation effects. In order to obtain a smooth curve, the data are interpolated numerically. The remaining thermodynamic quantities are then obtained by numerical integration, Eq. (145), and using the thermodynamic relations Eq. (2). This gives the results for the pressure, energy and the entropy, Fig. 17, and the speed of sound, Fig. 18 (left). The integration requires fixing the lower integration constant by normalising the pressure at some low temperature to a prescribed value. The figures correspond to setting p = 0 at T_0 = 0 and integrating the fits to the trace anomaly. Normalising the pressure to the hadron resonance gas prediction at T_0 = 100 MeV instead leads to a constant shift marked by the black bar in the upper right of the figures. The shape of the velocity of sound curve appears to depend on the details of the numerical interpolation of the data for the trace anomaly, as is evinced by the difference between the data points and the smooth curves. This difference should be interpreted as a measure of the systematic error associated with the processing of the original data for the trace anomaly.

These results were supplemented subsequently with an additional set of simulations using the p4 action with lighter quark masses, m_l/m_s = 0.05, corresponding to m_π ≈ 156 MeV, using 32^3 × 8 finite temperature and 32^4 zero temperature lattices [103]. The line of constant physics in this case was defined by the second set of quantities in Table 4. The resulting trace anomaly is shown in Fig. 18 (right) and compared to the previous calculations for heavier light quark masses. In order to see the mass effect, the N_τ = 8 data should be compared. Differences are visible for T <∼ 200 MeV, where the lighter quark values sit systematically higher. This is consistent with the decrease of the pseudo-critical

Figure 17: Left: Asqtad and p4 results for m_l/m_s = 0.1 on N_τ = 8. Crosses with error bars indicate the systematic error from different integration schemes. The black bar at high temperature indicates the systematic shift of data when matching to a hadron resonance gas at T = 100 MeV. The vertical band indicates the transition region 185 MeV < T < 195 MeV. Right: Entropy density. From [47].

Figure 18: Left: Pressure divided by energy density (p/ϵ) and velocity of sound (c^2_s) Lines without data points give c^2_s calculated from the interpolating curves for ϵ/T^4 and p/T^4. From [47]. Right: Comparison of m_l = 0.1m_s, 0.05m_s as well as with the HRG model which includes all the resonances up to 2.5GeV. Also shown are interpolations of the lattice data. From [103].

Figure 19: Left: Meson masses and ratios of quark masses and decay constants on the finest lattices denoted by squares in the left plot. Horizontal bands give experimental results. From [66]. Right: Lattice spacing as a function of β for N_f = 2 + 1 simulation. The curve corresponds to 2-loop perturbative running. From [105].

temperature for the crossover (within a given definition) with decreasing quark mass. On the other hand, for temperatures above the transition the quark mass dependence largely disappears. This is consistent with the fact that hadrons are deconfined and the screening masses corresponding to the same quantum number channels are proportional to ∼ 2πT , compared to which the bare quark masses are negligible.

Note that, for T <∼ 180 MeV, data from both masses are significantly lower than the hadron resonance gas prediction, pointing at the presence of discretisation errors in the light hadron sector. This is corroborated by a comparison with hadron resonance gas predictions using the distorted lattice spectrum including cut-off effects such as taste splitting [70], as outlined in Sec. 4.9, and is shown in Fig. 29 (right) in Sec. 9. When the hadron resonance gas model includes the taste splitting and cut-off effects in the mass values, excellent agreement is found between its predictions and the lattice data for T <∼ T_c. One is thus led to conclude that the observed deviations from the continuum hadron resonance gas predictions is to a smaller extent caused by larger than physical quark masses, and to a large extent by discretisation effects in the low lying hadron spectrum. In the final limits of physical masses and vanishing lattice spacing one would thus expect agreement with the continuum hadron resonance gas predictions.

7.4 The equation of state for physical quark masses: BMW

At the time of writing, only the Budapest-Marseille-Wuppertal collaboration has provided a series of calculations for physical quark masses. They are also working on the finest lattices used in this context and provide a full continuum extrapolation for a growing number of temperature values. Moreover, comparison between different lattice spacings suggests that cut-off effects are indeed small. Results for the equation of state on N_τ = 4, 6 can be found in [104], N_τ = 8, 10, 12 were added in [105, 107].

The actions used in this series of simulations are a tree-level Symanzik improved gauge action, Sec. 4.2, and the one-link staggered action, Eq. (44), where the link is stout-smeared, Sec. 4.6. The link smearing was applied twice, with parameter ρ = 0.15. The bare lattice parameters are fixed using as input the physical values m_π = 135 MeV, f_K = 155.5 MeV, m_K = 495 MeV [11] to define the line of constant physics. This translates to a fixed bare quark mass ratio m_s/m_{ud} = 28.15(1) along the line m_s(β). The required beta-functions were computed in two different ways. For 3.45 < β < 3.85 the hadronic observables were calculated on zero temperature lattices 24^3 × 32 up to 48^3 × 64, setting the scale using f_K . The masses of the Ω, ϕ, K^∗ mesons were then monitored to stay at their physical values, Fig. 19 (left). For the larger couplings 3.9 < β < 4.6 corresponding to the smallest lattice spacings, spectrum calculations would have been too expensive. Instead Creutz ratios were used to define an effective pure gauge coupling [106], which was then modified by including perturbative oneloop running of the quark masses. For a few β ≥ 3.99, control simulations were run to ascertain that the deviation from the true line of constant physics in this way remained smaller than 2%. The lattice gauge couplings employed reach the weak coupling region, where the corresponding beta-function is described by perturbative two-loop running, Fig. 19 (right).

A check for finite volume effects was run for N_τ = 6 with aspect ratios N_s/N_τ = 3, 6, corresponding to box sizes of ∼ 3.5, 7 fm, respectively. In addition, aspect ratios N_s/N_τ = 3, 4 were compared on N_τ = 8 [107]. No differences beyond the statistical errors were found, so all simulations on finer lattices were performed with N_s/N_τ = 3.

The main results characterising the equation of state are shown in Fig. 20, where tree-level improvement on the level of the observable has been applied in order to reduce cut-off effects. For the trace anomaly, there are data with four different lattice spacings. The N_τ = 8, 10, 12 data essentially lie on top of each other, indicating that cut-off effects are very small in this regime of lattice spacings. Only the N_τ = 6 data show some deviation on the right flank of the peak. The inset shows a comparison with the continuum hadron resonance gas model using physical masses, which describes the data well up to T ∼ 140 MeV. The panel showing the pressure consists of three lattice spacings corresponding to N_τ = 8, 10, 12. The two coarser lattice spacings cover a temperature range over an order of magnitude, T ∼ 100 − 1000 MeV. Since the lattice spacings shrink with T , the results are most reliable at high temperatures. Interestingly, N_τ = 6, 8 show no difference at higher temperatures and one may consider these lattices fine enough, even though stout fermion actions are not optimised for the ideal gas. This is consistent with the observation that for the highest temperatures, the pressure is still significantly short of the Stefan-Boltzmann limit. This means interactions still play an important role for those temperatures, even though the rise of the pressure signals deconfinement. Of course, this is to be expected based on the slow logarithmic running of the coupling α_s(T ).

On the other hand, at the lowest temperature T ≈ 100 MeV, the lattice spacing is a ∼ 0.2 fm on N_τ = 10, which is too coarse to be in the scaling region. This is also indicated by the fact that for this lowest temperature the pressure from the lattice is only about two thirds of what the hadron resonance gas predicts. While the latter of course does not constitute a complete result either, it should be better the lower the temperature. The authors quote the discrepancy to the hadron resonance gas as a measure of the remaining systematic error for low temperatures. Simulations at an additional N_τ = 12 followed by a continuum extrapolation should help to provide a final answer, see below. Finally, Fig. 20 also shows the entropy and energy densities, while the speed of sound is depicted in Fig. 21 (left).

N_f h_0 h_1 h_2 f_0 f_1 f_2 g_1 g_2 2 + 1

0.1396 -0.1800 0.0350

2.76 6.79 -5.29 -0.47 1.04 2 + 1 + 1 5.59 7.34 -5.60 1.42 0.50

Table 5: Parameters of the function in Equation (167) describing the trace anomaly in the N_f = 2 + 1 and in the N_f = 2 + 1 + 1 flavour cases.

Note that the results presented in the plots do not yet constitute a continuum extrapolation over the entire temperature range, which are however provided for T = 132, 167, 223 MeV. Nevertheless, on the grounds that no systematic shift with lattice spacing is visible, the authors provide an estimate for the continuum result by averaging the two finest lattices N_τ = 8, 10, with the low temperature discrepancy from the hadron resonance gas result quoted as a systematic error over the whole range. The resulting

Figure 20: Left: Equation of state as a function of temperature on N_τ = 6, 8, 10, 12. Upper Left: Trace anomaly. Upper Right: Pressure. Lower Left: Energy density. Lower Right: Entropy density. From [105].

trace anomaly is shown in Fig. 21 (right), together with a fit function which provides a convenient closed-form parametrisation over the entire temperature range, I(T ) T^4

= exp(−h_1/t − h_2/t^2) · ( h_0 + f_0 · [tanh(f_1 · t + f_2) + 1] 1 + g_1 · t + g_2 · t^2 ) . (167)

Here, t = T/(200MeV) and the parameter values describing the simulation data are given in Table 5.

Since the publication of [105], further data were collected on N_τ = 12 lattices, working towards a true continuum extrapolation, with preliminary results presented in [107]. The data points for all N_τ were interpolated by standard cubic splines and then extrapolated to the continuum using a ∼ 1/N^2_τ fit ansatz. The results are shown in Fig. 22 (left). Note that tree-level lattice corrections were subtracted from the plotted data, but not from the data entering the continuum extrapolation. Excellent agreement with the hadron resonance gas prediction using physical masses is obtained.

Finally, for purposes of comparing with simulations at different parameter values also the effect of quark mass has been studied on an N_τ = 8 lattice. This is shown in Fig. 22 (right), where the results for the physical parameter values for all three quarks are compared with the mass-degenerate N_f = 3 case, where m_{u,d} = m^{phys}_s . This corresponds to a rather heavy m_π ∼ 720 MeV. Qualitatively, similar changes as in Fig. 18 are observed, only much more pronounced as the mass difference is larger. The peak shifts to lower temperatures and decreases in height with shrinking light quark masses. Note that for large temperatures the quark mass dependence disappears. This is consistent with the fact that confinement is lost while the leading order screening masses in the corresponding quantum number channels are ∼ 2πT , against which the bare quark masses are negligible. This is also why it makes sense to compare with massless perturbation theory in the plot.

Figure 21: Left: Speed of sound on N_τ = 6, 8, 10. Right: Trace anomaly based on the average of N_τ = 6, 8 data as “continuum estimate”. Also shown is the parametrisation Eq. (167). From [105].

Figure 22: Left: Attempt for a continuum extrapolation based on four lattice spacings. The plotted data points are tree-level improved, but not the data entering the continuum extrapolation. From [107]. Right: Mass dependence of the trace anomaly. From [105].

7.5 Towards inclusion of the charm quark

Several years ago, based on next-to-leading order perturbative investigations it has been suggested that the equation of state gets modified by thermalised charm quarks at temperatures starting at T >∼ 2T_c [108], as depicted in Fig. 23 (left). If thermalisation happens sufficiently fast, this would affect heavy ion collisions at LHC, where such temperatures will be reached, and certainly the equation of state of the Standard Model in the early universe [2]. The behaviour predicted in perturbation theory was confirmed by initial lattice studies where the charm was treated in the quenched approximation [109, 105], Fig. 23 (right). One would imagine this to be a good approximation, since quantum fluctuations of the charm (quark loops) are suppressed by its mass. On the other hand, the same argument would suggest a small effect on the physics, so the question merits a closer look.

A detailed investigation, comparing quenched and dynamical simulations, was recently started in [107]. According to the formula used for the integral method, Eq. (145), the charm quark may modify the expectation values of the gauge action and the chiral condensate. Its influence on the beta-function is known to be small. Fig. 24 (left) compares the contribution of the gauge action with and without a dynamical charm quark, with practically no difference visible, and the same finding for the quark

Figure 23: Left: Perturbative calculation of the pressure matched to the resonance gas for three and four flavours of quarks. From [108]. Right: Lattice results for N_f = 2+1+1 with charm in the quenched approximation compared to N_f = 2 + 1 (dynamical) [109]. From [110].

Figure 24: Left: Gauge action used in the integral technique from the N_f = 2 + 1 data set, as in a partially quenched calculation, compared to the preliminary results for N_f = 2 + 1 + 1. Right: N_f = 2 + 1 + 1. The data points are tree-level corrected and compared to the N_f = 2 + 1 continuum estimate. From [107].

contribution to the pressure. The effect of the charm quark on the pressure then enters likely through the integration, i.e. solely through the modification of the line of constant physics. Nevertheless, in [107] the full dynamical calculation was performed, with its result in Fig. 24 (right).

The result shows clear differences to the quenched calculation discussed above. The main observation is that the effect of the charm quark is delayed to T ∼ 300 MeV now, similar to what is seen in the perturbative estimate. This is a very interesting observation, calling for a closer investigation. In particular, one would now like to see an explicit evaluation of the effect of the charm on the lines of constant physics. Another interesting question concerns cut-off effects. It is well known that at zero temperature heavy quarks are beset by large discretisation errors when their mass gets too close to the cut-off. By contrast, the data in Fig. 24 (right) appear to show no significant cut-off effects even at low temperatures, where the lattices are coarsest. This is somewhat surprising, since a N_τ = 6 lattice at low temperatures corresponds to a >∼ 0.2 fm. At high temperature the lattice spacing is finer and the situation should be better. It will be interesting to see future investigations of these questions. In any case, the conclusion emerges that for temperatures T >∼ 400 MeV indeed a thermalised charm quark significantly affects the equation of state of QCD and the Standard Model.

8 Numerical results with Wilson fermions

The Wilson discretisation of the fermionic action gets rid of the doublers dynamically, by providing them with masses ∼ a^{−1} which lead to decoupling as the continuum is approached. There is no reduction of spin degrees of freedom on the level of the partition function, as for staggered fermions, and hence the simulations require both more memory and time. To a large part this explains why there are less Wilson results at finite temperature. For a long time, a study of the equation of state existed only for two flavours on relatively coarse lattices [111]. Recently some efforts were made to study the quark hadron transition on finer lattices up to N_τ = 12 and lighter quark masses, down to m_π ∼ 400 MeV [112, 113, 114], but these are again for N_f = 2 and so far without results for the equation of state. The first thermodynamics studies with N_f = 2 + 1 flavours of Wilson fermions appeared only very recently [115, 26, 27].

In [115] the trace anomaly was calculated based on the equation, ϵ − 3p T^4 = N^3_t N^3_s ( a dβ da ⟨ ∂S ∂β ⟩ sub + a dκ_{ud} da ⟨ ∂S ∂κ_{ud} ⟩ sub + a dκ_s da ⟨ ∂S ∂κ_s ⟩ sub ) (168)

The authors work with the fixed-scale approach, cf. Sec. 5.3, using an RG-improved gauge action, Sec. 4.2, and non-perturbatively clover-improved Wilson fermions, Sec. 4.3. For the finite temperature configurations, lattice 32^3 × N_τ with N_τ = 4, 6, 8, . . . 16 are used. For the zero temperature subtraction, they use data from the CP-PACS+JLQCD collaboration [116]. These correspond to a physical strange quark mass, defined by m_{ηs̄s} /m_Φ ≈ 0.74 and light quark masses defined by m_π/m_ρ = 0.63, with pions of m_π ∼ 620 MeV. On the 28^3 × 56 vacuum lattices, the lattice spacing was determined as r_0/a = 7.06(3) [117], or a ≈ 0.07 fm.

A main ingredient for the study of the equation of state is a good knowledge of the beta-functions along the line of constant physics. In a direct evaluation one would measure the values of am_ρ, m_π/m_ρ, m_{ηs̄s} /m_ϕ and fit those as functions of the three lattice couplings β, κ_{ud}, κ_s. However, the quark mass beta functions, adκ_i/da, are much smaller than the gauge part and the errors in the matrix inversion are often too large for an accurate determination. The authors of [115] therefore directly fit the lattice couplings β, κ_{ud}, κ_s as a function of the meson masses using a third order polynomial ansatz in am_ρ, (m_π/m_ρ), (m_{ηs̄s} /m_ϕ). As an example, the result for the lattice gauge coupling is shown in Fig. 25 (left), with similar plots for the other lattice couplings [115]. These fits can then be numerically converted to the required beta functions.

The resulting trace anomaly is depicted in Fig. 25 (right). The thick error bars give an estimate of the systematic error due to variations of setting the scale by different quantities. Akima splines are used for interpolation and the numerical integration of the trace anomaly to yield the pressure. Starting point for the temperature integration is N_τ = 16, for which T is low enough for the trace anomaly to be statistically compatible with zero. The authors also find that the variation associated with using different interpolation methods for the integration is smaller than the error bars. This is an interesting observation since, in the fixed scale method, simulation points for different temperatures can only be varied in discrete steps. The current spacing of temperature values could be halved by inserting odd values for N_τ . In addition, the temperature resolution can of course be improved by simulating on finer lattices in the future.

Figure 25: Left: Global fit for β as a function of m_ρa. Square symbols show coupling parameters in the CP-PACS/JLQCD study. Solid lines show global fit results at each simulation point with corresponding m_ρ/m_π and m_{ηss} /m_ϕ. Right: Trace anomaly, energy density and pressure for QCD with clover improved Wilson fermions, m_π ∼ 620 MeV. Thin and thick vertical bars represent statistic and systematic errors, respectively. The curves are drawn by the Akima spline interpolation. From [115].

There are also preliminary results for the equation of state based on the twisted mass formulation of N_f = 2 Wilson fermions. Using also tree-level Symanzik improvement, the relevant formula for the trace anomaly is ϵ − 3p T^4 = ( a dβ da ) N^4_τ ( c_0 3 ⟨ReTrU_{μν} ⟩_{sub} + c_1 6 ⟨ ReTrU^{1×2}_{μν} ⟩ sub + ∂κ_c ∂β ⟨¯ ψH[U]ψ ⟩ sub − ( 2aμ ∂κ_c ∂β + 2κ_c ∂(aμ) ∂β ) ⟨¯ ψiγ_5τ^3ψ ⟩ sub ) . (169)

Note that κ is tuned to κ_c(β) to ensure maximal twist and the quark mass is tuned with the twist parameter μ.

Preliminary numerical results are based on simulations reported in [114] as well as so far unpublished data, running on 32^3 × N_τ lattices with N_τ = 6, 8, 10, 12, where the standard integral method is used. The pion mass is m_π ∼ 400 MeV. The required beta function is obtained from interpolations of the chirally extrapolated r_0 parameter provided by the T = 0 simulations of the ETMC collaboration [118]. This is shown in Fig. 26 (left). Similarly, the vacuum expectation values needed for renormalisation are obtained from interpolations of ETMC data. The resulting trace anomaly is shown in Fig. 26 (right). While it is too early to draw conclusions at this stage, scaling appears to set in at N_τ >∼ 8 which would permit a continuum limit once enough statistics has been collected.

9 Comparing results from different discretisations

Once a controlled continuum extrapolation has been performed, all lattice actions must, for fixed physical parameters and observables, give the same answers, lest a particular lattice formulation is fundamentally flawed. Working with different discretisation schemes therefore is a necessary and powerful check of the validity of the results. It is however natural to also compare results even before the continuum limit has been taken. Different actions have different cut-off effects. Notable discrepancies are therefore

Figure 26: Left: Interpolation of the chirally extrapolated scale parameter r_0 from the ETMC collaboration [118]. Right: Trace anomaly for N_f = 2 twisted mass fermions with m_π ∼ 400 MeV.

an indicator that the quantity under investigation has not yet reached its continuum value in at least one of the studied schemes.

9.1 Staggered vs. staggered fermions

Comparisons of the trace anomaly between different staggered fermion actions were made in [105, 119]. Note that in pure gauge theory, N_τ = 6, 8 with an unimproved action proved to be fine enough for a continuum extrapolation in the ∼ 1/N^2_τ scaling region, passing later tests by improved actions, as discussed in Sec. 6. This might have been the reason for an overly optimistic approach to dynamical simulations. A comparison between p4, asqtad, stout and HISQ/tree actions from [119] is shown for N_τ = 8 in Fig. 27 (left). Striking differences are apparent. Note that the pions have physical masses for the stout data, but are slightly heavier for the other discretisations, m_π ≈ 160 MeV. However, the quark mass dependence quickly diminishes for T > T_c, since there are no more hadrons and the screening masses in the same quantum number channels are dominated by ∼ 2πT , compared to which the vacuum masses of the pions are small. Hence, the quark masses should only affect the data below T_c. By contrast and consistent with the calculations of T_c alluded to earlier, features like the rising flank and the peak position of the hotQCD results appear shifted towards higher temperatures. Much larger than this shift, however, is the difference in the peak height, which at the maximum corresponds to almost 50%. If it is not the difference in quark mass, the difference must be accounted for by discretisation effects. It is interesting to note the evolution of the different discretisations with N_τ and compare with the corresponding evolution of the stout data shown in Fig. 22. However, at least for the N_τ = 6, 8 data shown, neither the HISQ/tree nor the asqtad data decrease the peak in the trace anomaly noticeably. It will be necessary and highly interesting to see N_τ = 12 data with the HISQ/tree action to clarify this discrepancy.

Similarly, differences are observed when looking at the chiral condensate and the strange quark number susceptibility. This is shown in Fig. 27 (right) and Fig. 28 (left), respectively. In these observables a very clear trend can be seen. The data of both, the asqtad and the HISQ/tree action, move significantly towards the stout results with increasing N_τ , i.e. on finer lattices. A smaller discrepancy is observed in the renormalised Polyakov loop, Fig. 28 (right). Note the gradual decrease in cut-off effects in these three observables. The light quark condensate Δ_{l,s} is particularly sensitive to the chiral properties of the action. These are dominated by the pion sector and the associated cut-off effects by taste splitting.

Figure 27: Left: Trace anomaly computed by different actions on N_τ = 8. Data for p4fat and asqtad are from [47, 103], HISQ/tree from [119], those for stout correspond to the continuum estimate based on N_τ = 6, 8, 10 in [105]. From [119]. Right: The subtracted chiral condensate for the asqtad and HISQ/tree actions [63] with m_l = m_s/20 compared with the continuum extrapolated stout action results [105]. The temperature T is converted into physical units using r_1. From [63].

Accordingly, the actions with the smallest taste splittings, i.e. the stout and HISQ/tree actions are expected to do best for this observable. By contrast, the Polyakov loop is a pure gauge observable and couples only indirectly to the sea quark effects. It is therefore less sensitive to taste splitting. For all observables, the scaling seems to be improved when the scale is set with f_K rather than r_1 [66, 63].

Finally, it is instructive to compare the numerical results below T_c with the hadron resonance gas prediction. In Sec. 3.12 we have seen that the hadron resonance gas is more than just a model description, but becomes increasingly accurate the lower the temperature, and hence the lattice gauge coupling at fixed N_τ . We have also seen how to adapt the hadron resonance gas to finite lattice spacings, by including the taste splittings as well as the hadron spectrum shifted by finite cut-off effects, Sec. 4.9. Following [70], the BMW collaboration performed a comparative analysis of hadron resonance gas descriptions with and without inclusion of cut-off effects [68]. This is shown in Fig. 29. Up to T ∼ T_c, the continuum extrapolated stout data are in complete agreement with the hadron resonance gas using the physical continuum spectrum. On the other hand, similar agreement is achieved for the asqtad action when appropriate cut-off effects for the hadron masses are included in the hadron resonance gas description, corresponding to the “distorted” curves in Fig. 29.

Let us attempt to draw some conclusions. If we take agreement with the hadron resonance gas for a criterion, we obtain indeed one explanation for all discussed observables. The trend for the p4 and asqtad actions to push features of the curves to slightly larger temperatures is then due to cut-off effects manifested in the hadron spectrum and mainly in the pion splitting. On the other hand, the cut-off effects in the dispersion relation appear to matter less in the transition region. This is not surprising, their improvement effect is relevant for the ideal or weakly interacting gas and hence at very high temperatures. The fact that the equation of state up to almost T_c is described by the hadron resonance gas shows to the contrary that it is strong coupling physics that is at work here, and hence the cut-off effects on the hadron spectrum that matter most. For this reason the stout and HISQ/tree actions perform best in this range of temperatures. (Note that an improvement scheme that is complete to some order in the lattice spacing works of course on all scales). All of this is of course also consistent with the notion of a strongly coupled quark gluon plasma just above T_c. Finally the observation that, for all observables considered, the stout data for N_τ ≥ 8 appear to sit on top of each other within

Figure 28: Left: Strange quark number susceptibility for m_π ≈ 160 MeV with the asqtad and HISQ/tree actions compared to the continuum extrapolated stout results at physical masses [105]. From [63]. Right: Renormalised Polyakov loop for the asqtad and HISQ/tree actions [119] compared with the continuum extrapolated stout result [105]. From [119].

small errors indicates that, for the temperature range considered, they have reached the scaling regime and a reliable continuum extrapolation can be performed once the N_τ = 12 data are complete. This constitutes the last step in the determination of the equation of state within that discretisation scheme. It is now most desirable to confirm this with an independent discretisation, and the HISQ/tree action is the most promising candidate.

9.2 Staggered vs. Wilson fermions

Wilson and staggered quarks have different systematic errors and hence make for a valuable one-to-one comparison of results in physical units. In the continuum limit, both must give the same results of course, if there are no fundamental problems with either discretisation. Conversely, deviations at finite lattice spacings give valuable insight into systematic errors and limitations, since in this case we are not only comparing cut-off effects of the same kind with different size, but really two conceptually different ways of dealing with the doubling problem. The difficulty is to find simulations performed at the same physical masses so as to be directly comparable. So far the equation of state itself is not yet available for this purpose, but the behaviour of the chiral condensate and the Polyakov loop through the transition have been studied by the BMW collaboration in a direct comparison between Wilson and staggered quarks [26, 27].

For the Wilson simulations they use the fixed scale approach, employing a tree-level Symanzik improved gauge action, Sec. 4.2. The Wilson fermion action has a tree-level clover improvement term, c_{SW} = 1 Sec. 4.3, and employs stout smeared links with six iterations and smearing parameter ρ = 0.11, Sec. 4.7. The scale was set by m_Ω = 1672 MeV and the line of constant physics was determined by the mass ratios in Table 6, utilising data from previous spectrum calculations at zero temperature [120, 121, 122]. This translates to m_π ≈ 545 MeV and m_K ≈ 614 MeV. On the other hand, the staggered results entering in the comparison are those obtained at fixed N_τ , following the same procedure to fix the lines of constant physics as in [123, 24, 66, 68], cf. Sec. 7.4. Essentially the beta function for the strange quark was determined while keeping the bare quark mass ratio fixed at m_l/m_s = 2/3. The resulting ratios m_π/m_Ω, m_K /m_Ω were then found to be within 3% of the Wilson results. In order to renormalise the Polyakov loop, the authors of [26, 27] simply fix a value L^∗ = 1.2 at a temperature

Figure 29: Left: Strange quark number susceptibility from continuum extrapolated stout data [68] at physical masses, compared to HISQ/tree and asqtad [47, 119]. Also shown are hadron resonance gas predictions using physical and cut-off-distorted spectra. Right: Renormalised Polyakov loop for the asqtad and HISQ/tree actions [63] compared with the continuum extrapolated stout result [105]. From [68]. β m_π/m_Ω m_K /m_Ω m_s/m_{ud} am_Ω a [fm] 3.30 0.332(3) 0.373(3) 1.529(2) 1.16(1) 0.139(1) 3.57 0.319(6) 0.359(4) 1.531(2) 0.777(9) 0.093(1) 3.70 0.326(5) 0.369(5) 1.531(3) 0.586(8) 0.070(1) 3.85 0.314(7) 0.358(6) 1.528(4) 0.480(8) 0.057(1)

Table 6: Spectroscopy from zero temperature Wilson simulations. The quark mass ratios are m_s/m_{ud} = (2m^2_K − m^2_π)/m^2_π. The lattice spacings are set by m_Ω = 1672 MeV.

T^∗ = 0.143m_Ω. The renormalised Polyakov loop is then

L_R(T ) = ( L_∗ L(T_∗) ) T∗_T L(T ) . (170)

A comparison between results from staggered and Wilson fermions is shown in Fig. 30 [26]. For the Polyakov loop good agreement is observed in the entire range. For the chiral condensate, the Wilson data corresponding to the two larger β-values nicely fall on the curve of the staggered data, while the two coarser lattice spacings show large deviations that get stronger with temperature, as expected in the fixed scale approach. Note that the Polyakov loop appears to be less sensitive to discretisation effects than the chiral condensate, which is presumably because the latter is sensitive to the chiral symmetry breaking of the Wilson action at finite lattice spacing.

Interestingly, this cut-off effect of the Wilson action can be largely reduced by employing the definition Eq. (59) for the renormalised chiral condensate. For an O(a)-improved action, its corrections start only at O(a^2), with leading order corrections cancelling between m_R and ⟨ψ̄ψ⟩_R. Of course, this definition requires in addition the definition and calculation of Z_A and m_{P CAC} . With the combined tree-level clover and stout link improvement this appears to be almost achieved and a much improved scaling

Figure 30: Comparison of the renormalised Polyakov loop (left) and chiral condensate (right) between simulations using staggered and Wilson fermions. From [26].

Figure 31: Continuum extrapolated results for the renormalised Polyakov loop (left) and the chiral condensate (right). Perfect agreement is found between Wilson and staggered fermion discretisations. From [27].

behaviour for the chiral condensate of the Wilson data is observed [27]. This allows for a continuum extrapolation of both types of discretisations over the whole temperature range, providing perfectly agreeing continuum limits, Fig. 31.

We may thus conclude that, for pions with m_π >∼ 500 MeV, thermodynamics simulations using the staggered or Wilson discretisation schemes indeed arrive at the same continuum limit, i.e. the different lattice artifacts disappear from each formulation as desired. However, there is one caveat left prohibiting us from drawing the same conclusion for all quark masses. Concerns about a potentially wrong continuum limit of staggered fermions employing the rooting trick are to a large extent based on the U(1)_A anomaly and its relation to the fermionic zero modes [21]. This potential problem is not an issue for the relatively heavy quarks considered here, but becomes relevant when quarks are light such as in the physical case. It is thus mandatory to continue such comparisons until Wilson simulations either reach or can be extrapolated to the physical mass values.

10 The equation of state at finite density

Heavy ion collisions proceed at a given baryon number, depending on the choice of nuclei. Within the grand canonical potential, this corresponds to a non-vanishing chemical potential for baryon number, which can also be tuned by the collision energy of the ions. A long term goal for future facilities like FAIR at GSI (Darmstadt, Germany), is to also probe cold high density matter that is relevant for the interior of compact stars. Unfortunately, few first-principles predictions exist for these regimes, because of the so-called sign problem of lattice QCD. For a complex quark chemical potential, the determinant satisfies det(γ_μD_μ + m − γ_0μ) = det^∗(γ_μD_μ + m + γ_0μ^∗) , (171)

which is complex unless Re μ = 0. However, a complex fermion determinant cannot be interpreted as a probability measure for importance sampling and the evaluation of the path integral by Monte Carlo methods is spoiled. On the other hand, simulations at imaginary μ or finite isospin chemical potential, μ_u = −μ_d, feature a positive determinant and can be simulated in the same way as at μ = 0.

It should be stressed that this is merely an algorithmic problem, the partition function and physics remain completely well defined. The same problem appears also in condensed matter physics, whenever fermionic systems with a net density of particles vs. anti-particles or particles vs. holes are considered. Existing solutions to sign problems with cluster algorithms [124], world line representations [125] or complex Langevin simulations [126] could not yet be adapted to full dynamical QCD. Available methods for QCD are reweighting techniques [127], Taylor expansions about μ/T = 0 [128, 129], simulations at imaginary chemical potentials followed by analytic continuation [130, 131] and use of the canonical ensemble [132]. All of these introduce (partly related) additional systematic errors and are valid only for μ/T <∼ 1. For a pedagogical introduction, see [31]. Because of technical difficulties and computational effort associated with these calculations, most are restricted to comparatively coarse and small lattices. Recent reviews are given in [9, 133, 134, 135]. Here we merely collect some results for the effect of finite baryon density on the equation of state.

First qualitative results for the dependence of the equation of state on quark chemical potential were produced using reweighting techniques in [136], for coarse lattices with N_τ = 4 employing standard staggered fermions corresponding to m_π ≈ 400 MeV. Similarly, the Taylor expansion approach with cumulant approximations to the fermion determinant was tested on N_τ = 4 lattices with two flavours of Wilson fermions with m_π ∼ 500 MeV [137]. In the meantime, there are more realistic calculations, all of them based on the Taylor expansion approach which we thus review here, after some more general considerations.

10.1 Qualitative results from Taylor expansion and imaginary μ

The study of the finite density modifications of the equation of state based on a Taylor expansion is straightforward. Essentially, corrections to the zero density equation of state are calculated order by order in sufficiently small chemical potentials. Let us begin with some qualitative considerations for the theory with N_f = 2 [138]. The pressure is written as a Taylor series Δp T^4 ≡ p(μ_u, μ_d) − p(0, 0) T^4 = ∑ n,m=1 1 n!m! f_{nm} (μ_u T )_n (μ_d T )_m , (172)

where f_{nm} are the Taylor expansion coefficients, which vanish for odd (n + m) because of CP-symmetry, and the zero density contribution has been subtracted. When the quark masses are equal, one has f_{nm} = f_{mn}. The standard procedure is to calculate the coefficients at μ = 0. However, in [138] it was remarked that the f_{nm}’s are also related to derivatives χ_{ij} of the pressure measured at non-zero

Figure 32: Left, Middle: Taylor coefficients f_{11} and f_{20}. Right: χ^2/dof of various polynomials as a function of T/T_c with fitting range aμ_I is 0.0-0.24. From [138].

chemical potential by T^{i+j−4}χ_{ij} = ∂^{i+j} (p(μ_u, μ_d)/T^4) ∂(μ_u/T )^i∂(μ_d/T )^j = ∑ n=i,m=j 1 (n − i)!(m − j)! f_{nm} (μ_u T )_{n−i} (μ_d T )_{m−j} . (173)

At zero density χ_{ij} = f_{ij} T^{4−i−j}, while at non-zero densities χ_{ij} includes higher order f_{nm} terms, and does not vanish for odd (i + j). The proposal of [138] is to evaluate the χ_{ij} at imaginary or isospin chemical potential, where simulations can be carried out, by fitting all of them simultaneously to the polynomial expansion Eq. (173). In practice, imaginary chemical potential μ = iμ_i was used and eight different χ_{ij} evaluated up to i + j = 4. The data were then fitted to the corresponding polynomial expansions Eq. (173) truncated to a given order (n + m), which gives the corresponding f_{nm}. Knowledge of the coefficients f_{nm} then allows to reconstruct the thermodynamic potentials.

In the confined phase the equation of state is well described by the hadron resonance gas. In this case the expansion in chemical potentials reads [139] Δp(μ_u, μ_d) T^4

= G[cosh( 2μ_{Is} T ) − 1] + R[cosh( 3μ_q T ) cosh( μ_{Is} T ) − 1] (174)

+ W [cosh( 3μ_q T ) ( cosh( μ_{Is} T ) + cosh( 3μ_{Is} T ) ) − 2], where G, R and W are constants related to the hadron spectrum which can be translated again to the f_{nm}. Quark and isospin chemical potentials μ_q and μ_{Is} are defined as μ_q = (μ_u + μ_d)/2 and μ_{Is} = (μ_u − μ_d)/2 respectively.

To test those propositions, simulations have been performed for N_f = 2 flavours of standard staggered quarks on exploratory 8^3 ×4 lattices, with a bare quark mass am = 0.05, with a range of imaginary chemical potentials aμ_i = 0.0, . . . 0.24 and a temperature range T/T_c = 0.83, . . . 2.0 [138]. Fig. 32 shows examples for two Taylor coefficients extracted by fitting a sixth order polynomial. They are found to agree well with coefficients computed directly as derivatives, but the results from fitted polynomials have smaller errors. The main finding of the investigation concerns the possibility to capture the physics accurately with truncated polynomials. In Fig. 32 (right) the χ^2/dof of the fits is shown as a function of temperature. A fourth order polynomial does not allow for good fits anywhere in the temperature range, and even a sixth order polynomial has difficulties around T_c. The conclusion is that for a reliable description one needs eighth order polynomials at least, which is the best currently available information on coarse lattices within the Taylor series approach [140].

10.2 Equation of state to order μ^6 with almost physical quarks

The Taylor expansion approach is followed by the MILC and hotQCD collaborations for N_f = 2 + 1 flavours, with chemical potentials for the light and strange quarks, μ_{l,s}/T , respectively [109]. The pressure and trace anomaly are now sums in these variables, p T^4 = ln Z T^3V = ∞∑ n,m=0 c_{nm}(T ) (μ̄_l T )_n (μ̄_s T )_m , (175) I T^4 = − N^3_τ N^3_s d ln Z d ln a = ∞∑ n,m b_{nm}(T ) (μ̄_l T )_n (μ̄_s T )_m . (176)

The bar over the chemical potential indicates that they are measured in units of MeV rather than in units of temperature. The partition function is an even function of chemical potential due to its CP symmetry, i.e. n + m is even. The coefficients c_{nm}, b_{nm} are the appropriate derivatives evaluated at zero density. Since all μ-dependence resides in the determinants, what is required are expressions like

∂ ln det M ∂μ_i = Tr ( M^{−1} ∂M ∂μ_i )

∂^2 ln det M ∂μ^2_i = Tr ( M^{−1} ∂^2M ∂μ^2_i ) − Tr ( M^{−1} ∂M ∂μ_i M^{−1} ∂M ∂μ_i )

etc. (177)

These are traces of local operators which can be evaluated using random noise vectors. Explicit expressions for the coefficients can be found in [141].

The coefficients have been computed through μ^6 using the configurations generated with the asqtad staggered fermion action for physical strange quark mass and m_l/m_s = 0.1, m_π ≈ 220 MeV, i.e. those entering the zero density calculations covered in Sec. 7.3. Examples for some of the coefficients are shown in Fig. 33 (top) for lattices with N_τ = 4, 6 [109]. Given previous experience at zero density, it is not surprising that in some coefficients there are differences between the N_τ = 4 to N_τ = 6 results, indicating the sizeable discretisation errors present at N_τ = 4.

Once the coefficients are at hand, the change ΔX = X(μ_{l,s})−X(0) in the thermodynamic potentials can be computed. Note that since the c_{n1}(T ) terms are non-zero, a non-vanishing strange quark density n_s is induced even for μ_s = 0. Conversely, in order to have zero strange quark density, one needs to tune the strange quark chemical potential μ_s(T, μ_l). The corresponding results for the pressure are shown in Fig. 33 (bottom left). As in the coefficients, cut-off effects are clearly visible in the equation of state.

In heavy ion collisions, once the plasma has thermalised, it expands to cool at constant entropy. To get closer to the experimental situation, it is then interesting to consider the isentropic equation of state, for which the ratio of entropy to baryon number is held fixed. Isentropes in heavy ion collisions are trajectories in (μ_l, μ_s, T )-space with n_s = 0, which are characterised by different values for s/n_B = C. For AGS, SPS, and RHIC, s/n_B ≈ 30, 45, and 300, respectively [142]. For a two flavour theory, they were first calculated on the lattice in [143]. The pressure evaluated along those isentropes is shown in Fig. 33 (bottom right). Interestingly, the discretisation effects appear smaller in these quantities. The authors explain that this is due to the fact that the zero density contribution, i.e. the first term in the Taylor series, is largest for these quantities and there the difference between N_τ = 4, 6 was observed to be small [100]. However, it should be kept in mind that these lattices are too coarse for scaling and this can not be taken as an indication of the proximity to the continuum, as we have seen in Sec. 9.

Figure 33: Top row: Some coefficients c_{nm} in the Taylor expansion of the pressure as a function of temperature. Arrows indicate the respective (massless) Stefan-Boltzmann limits. Bottom row: Change in the pressure due to the non-zero chemical potentials (left) and pressure along different isentropes (right). From [109].

10.3 Equation of state to order μ^2 for physical quark masses

Recently, the finite density corrections to the equation of state have also been evaluated by the BMW collaboration [144], making use of their μ = 0 configurations generated with the stout link improved staggered action at physical quark masses for various lattice spacings. The results discussed here are the finite density extension of those covered in Sec. 7.4. Specifically, they look at the leading order correction, which is the second derivative with respect to chemical potentials, χ^{ij}_2 ≡ T V 1 T^2

∂^2 log Z ∂μ_i∂μ_j | | | μ_i=μ_j =0

. (178)

The trace anomaly to quadratic order is then I(T, μ) T^4 = T ∂ ∂T p(T, μ) T^4 + μ^2 T^2 χ_2 = I(T, 0) T^4 + μ^2 2T ∂χ_2 ∂T . (179)

Chemical potentials were fixed such as to keep strange quark number density to zero, n_s = 0,

μ_L/3 ≡ μ_u = μ_d, μ_s = −2 χ^{us}_2 χ^{ss}_2 μ_u . (180)

Alternatively, one may assign the same chemical potential for baryon number to all quark flavours, μ_B = μ_u = μ_d = μ_s.

The required derivatives were calculated in the temperature range 125 MeV < T < 400 MeV. We recall that configurations on N_τ = 6, 8, 10, 12 were available for this purpose, which have been

Figure 34: Left: Difference between the pressure at μ > 0 and μ = 0. Right: Trace anomaly for non-zero μ_L. From [144].

supplemented by N_τ = 16 [145]. Hence all intermediate quantities can be extrapolated to the continuum. For lower temperatures the partition function for the hadron resonance gas was used in order to obtain the appropriate derivatives. The following figures are therefore to be interpreted as continuum results at the physical point.

Fig. 34 (left) shows the difference in the pressure due to finite chemical potential for the light quarks. Again perfect agreement with the continuum hadron resonance gas is observed roughly up to the transition temperature. The change in the trace anomaly due to chemical potential μ_L = 400 MeV is shown in Fig. 34 (right). In a similar fashion, results for the pressure, the energy and densities as well as the speed of sound are compared for μ = 0, 400 MeV in [144].

In a second step, the isentropic trajectories corresponding to constant entropy over quark number, S/N, are located, Fig. 35 (left). Note that there are significant deviations from leading order perturbative predictions. Furthermore, in the low temperature region T <∼ 130 MeV, the isentropes require chemical potentials too large for the Taylor expansion to be valid, so these results are to be taken with care. The thermodynamic functions evaluated along the isentropes are shown in Figs. 35, 36. As in the case of zero density, the authors of [144] provide convenient parametrisations that reproduce the data over the whole range 0 < T < 400 MeV, I(T ) T^4 = e^{−h1/t−h2/t2} · [ h_0 + f_0 ·[tanh(f_1 · t + f_2) + 1] 1 + g_1 · t + g_2 · t^2 ] , χ_2(T ) = e^{−h3/t−h4/t2} · f_3 · [tanh(f_4 · t + f_5) + 1], (181)

with the appropriately fitted constants given in Table 7. The trace anomaly for small chemical potentials follows then from Eq. (179), and the pressure by T -integration.

h_0 h_1 h_2 f_0 f_1 f_2 g_1 g_2 0.1396 -0.1800 0.0350 2.76 6.79 -5.29 -0.47 1.04

μ h_3 h_4 f_3 f_4 f_5 μ_L -0.3364 0.3902 0.0940 6.8312 -5.0907 μ_B -0.5022 0.5950 0.1359 6.3290 -4.8303

Table 7: Parameters for the functions (181).

Finally, a comment on the reliability is in order. The results discussed in this section are valid in the continuum and for physical quark masses, but only up to order μ^2. In order to check the

Figure 35: Left: Trajectories of constant S/N_L on the phase diagram. The lines in the upper part of the plot represent the leading order perturbative expressions. Right: Trace anomaly along the isentropes. From [144].

Figure 36: Pressure (left) and energy density (right) along the isentropes. From [144].

systematics, also the subleading coefficient χ_4 was checked in [144]. The statement there is that the (μ_B/T )^4 contribution to the pressure makes up <∼ 10% of the leading order contribution for μ_B/T ≤ 2 and <∼ 35% up to μ_B /T ≤ 3. Hence, good accuracy is only achieved at high temperatures around and beyond the transition. We should also keep in mind the finding of Sec. 10.1, according to which a good description of the functional μ-behaviour takes several more but the leading coefficient. Future calculations of higher order contributions are thus necessary before the μ-dependence can be regarded as controlled.

11 Summary and Outlook

After many years of intense studies and improvements on the theoretical, computational and algorithmic level, we are converging towards a fully non-perturbative and quantitative understanding of the QCD equation of state at finite temperatures and zero density. Lattice studies using the staggered fermions with stout link improvement give accurate predictions for physical masses and temperatures 125 < T < 1000 MeV, a complete continuum extrapolation based on four lattice spacings in this temperature range is around the corner. We thus have a fully non-perturbative prediction for QCD in the continuum. An independent check of these results with a different staggered discretisation is also on the way. A last

Pure gauge Gauge action Smallest a Cont. limit for Reference Section

Wilson 0.125 fm T ≈ 220 − 1350 MeV [78] 6.1 trS, tad, RG 0.25 fm [79] 6.1 Wilson 0.068 fm [75] 6.1 trS 0.125 fm T ≈ 270 − 13500 MeV [86] 6.2 N_f = 2 + 1 Gauge action Fermion action m_π Smallest a Cont. limit for Reference Section p4, asqtad p4, asqtad 220 MeV 0.125 fm [47] 7.3 p4 p4 156 MeV 0.125 fm [103] 7.3 trS stout staggered 135 MeV 0.083 fm T ≈ 100 − 500 MeV [105, 107] 7.4 RG Wilson clover 620 MeV 0.07 fm [115] 8 HISQ/tr HISQ/tr 160 MeV 0.125 fm [63] 9.1 N_f = 2 + 1 + 1 Gauge action Fermion action m_π Smallest a charm Reference Section asqtad asqtad 220 MeV 0.17 fm quenched [109] 7.5 trS stout staggered 135 MeV 0.1 fm dynamical [107] 7.5 N_f = 2 + 1, μ ≠ 0 Gauge action Fermion action m_π Smallest a order in μ Reference Section asqtad asqtad 220 MeV 0.17 fm μ^6 [109] 10.2 trS stout staggered 135 MeV 0.063 fm μ^2, cont. limit [144] 10.3

Table 8: Some phenomenologically relevant simulations of the equation of state covered in this review. trS=tree-level Symanzik, tad=tadpole, RG=fixed point or Iwasaki, p4, asqtad all refer to improvement schemes explained in Sec. 4. The smallest lattice spacing a is measured at T ≈ 200 MeV. All tabulated N_f = 2 + 1 simulations work with the physical strange quark mass.

source of potential systematic error concerns the question whether rooted staggered fermions have a fundamental flaw in their continuum approach. This will be answered by the corresponding Wilson simulations as discussed in this review. Extending those comparisons down to the physical light quark masses will require a few more years. Furthermore, people have started thermodynamical simulations using dynamical overlap fermions which have the correct (lattice) chiral symmetry [146, 147]. However, it will take much longer for those to reach the same level of maturity.

At low temperatures the lattice results for the equation of state match smoothly to the hadron resonance gas predictions, which in itself is a non-trivial finding supported by first principles calculations based on strong coupling expansions. Together with the fact that for temperatures up to 1 GeV one observes significant deviations ∼ 10% from the ideal gas predictions, this is testament to the strongly coupled nature of the plasma around T_c, with significant contributions from strongly interacting soft modes up to much higher temperatures. Within pure gauge theory contact to the perturbative regime could be established and there is no fundamental problem extending this to the dynamical case. Therefore, we may conclude that a complete description of the continuum equation of state at zero density and all temperatures is within reach.

Finally, some interesting extensions have also been achieved, though not yet at the same level of refinement. We have learned that the inclusion of the charm quark has a significant effect at high temperatures relevant for the LHC. A continuum limit for these predictions is also in reach within a few years. Moreover, significant progress has been made in the treatment of small baryon densities. Leading order μ^2 modifications on the equation of state have been computed, and the technologies to extend these to higher orders using Taylor expansion and simulations at imaginary chemical potentials or employing reweighting are available. A quick reference to all these developments is provided in Table 8. We may thus conclude that the quark hadron transition at zero and low baryon density, together with the associated equation of state, constitute the first fully non-perturbative, first principles predictions from the lattice for physical QCD under extreme conditions.

Acknowledgements

I thank Christopher Pinke as well as both referees for their careful reading and constructive comments. This work is supported by the German BMBF, contract number 06MS9150, and by the Helmholtz International Center for FAIR within the LOEWE program launched by the State of Hesse.

References

[1] P. F. Kolb and U. W. Heinz, In *Hwa, R.C. (ed.) et al.: Quark gluon plasma* 634-714 [nuclth/0305084].

[2] M. Hindmarsh and O. Philipsen, Phys. Rev. D 71 (2005) 087302 [hep-ph/0501232]. [3] J. I. Kapusta and C. Gale, Cambridge, UK: Univ. Pr. (2006) 428 p [4] R. D. Pisarski and F. Wilczek, Phys. Rev. D 29 (1984) 338.

[5] F. Karsch, E. Laermann and C. Schmidt, Phys. Lett. B 520 (2001) 41 [arXiv:hep-lat/0107020]. [6] P. de Forcrand and O. Philipsen, Nucl. Phys. B 673 (2003) 170 [arXiv:hep-lat/0307020]. [7] Y. Aoki, G. Endrödi, Z. Fodor, S. D. Katz and K. K. Szabo, Nature 443 (2006) 675 [heplat/0611014].

[8] P. de Forcrand and O. Philipsen, JHEP 0701 (2007) 077 [hep-lat/0607017]. [9] O. Philipsen, Acta Phys. Polon. Supp. B 5 (2012) 825 [arXiv:1111.5370 [hep-ph]]. [10] P. de Forcrand, PoS LAT2009 (2009) 010 [arXiv:1005.0539 [hep-lat]]. [11] C. Amsler et al. [Particle Data Group Collaboration], Phys. Lett. B 667 (2008) 1. [12] F. Karsch, K. Redlich and A. Tawfik, Eur. Phys. J. C 29 (2003) 549 [hep-ph/0303108]. [13] J. Langelage and O. Philipsen, JHEP 1004 (2010) 055 [arXiv:1002.1507 [hep-lat]]. [14] I. Montvay and G. Münster, “Quantum fields on a lattice,” Cambridge, UK: Univ. Pr. (1994) 491 p. (Cambridge monographs on mathematical physics) [15] H. J. Rothe, “Lattice gauge theories: An Introduction,” World Sci. Lect. Notes Phys. 74 (2005) 1. [16] C. Gattringer and C. B. Lang, “Quantum chromodynamics on the lattice,” Lect. Notes Phys. 788 (2010) 1.

[17] M. F. L. Golterman, Nucl. Phys. B 273 (1986) 663.

[18] H. Kluberg-Stern, A. Morel, O. Napoly and B. Petersson, Nucl. Phys. B 220 (1983) 447. [19] S. Dürr, PoS LAT 2005 (2006) 021 [hep-lat/0509026]. [20] S. R. Sharpe, PoS LAT 2006 (2006) 022 [hep-lat/0610094]. [21] M. Creutz, PoS LAT 2007 (2007) 007 [arXiv:0708.1295 [hep-lat]]. [22] A. S. Kronfeld, PoS LAT 2007 (2007) 016 [arXiv:0711.0699 [hep-lat]].

[23] O. Kaczmarek, F. Karsch, P. Petreczky and F. Zantow, Phys. Lett. B 543 (2002) 41 [heplat/0207002].

[24] Y. Aoki, Z. Fodor, S. D. Katz and K. K. Szabo, Phys. Lett. B 643 (2006) 46 [hep-lat/0609068].

[25] L. Giusti et al., Nucl. Phys. B538 (1999) 249-277. [hep-lat/9807014].

[26] S. Borsanyi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, D. Nogradi, B. C. Toth and K. K. Szabo et al., arXiv:1111.3500 [hep-lat].

[27] S. Borsanyi, S. Dürr, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, D. Nogradi and B. C. Toth et al., JHEP 1208 (2012) 126 [arXiv:1205.0440 [hep-lat]].

[28] M. Cheng, N. H. Christ, S. Datta, J. van der Heide, C. Jung, F. Karsch, O. Kaczmarek and E. Laermann et al., Phys. Rev. D 77 (2008) 014511 [arXiv:0710.0354 [hep-lat]].

[29] R. Sommer, Nucl. Phys. B 411 (1994) 839 [hep-lat/9310022].

[30] C. T. H. Davies et al. [HPQCD Collaboration], Phys. Rev. D 81 (2010) 034506 [arXiv:0910.1229 [hep-lat]].

[31] O. Philipsen, “Lattice QCD at non-zero temperature and baryon density,” in: Modern perspectives in lattice QCD, eds. L. Lellouch et al., Oxford University Press, New York (2011) p. 273 [arXiv:1009.4089 [hep-lat]].

[32] J. Engels, F. Karsch and K. Redlich, Nucl. Phys. B 435 (1995) 295 [hep-lat/9408009]. [33] B. Beinlich, F. Karsch and E. Laermann, Nucl. Phys. B 462 (1996) 415 [hep-lat/9510031]. [34] J. Engels, F. Karsch and H. Satz, Nucl. Phys. B 205 (1982) 239.

[35] P. Hegde, F. Karsch, E. Laermann and S. Shcheredin, Eur. Phys. J. C 55 (2008) 423 [arXiv:0801.4883 [hep-lat]].

[36] O. Philipsen and L. Zeidlewicz, Phys. Rev. D 81 (2010) 077501 [arXiv:0812.1177 [hep-lat]]. [37] J. Langelage, G. Münster and O. Philipsen, JHEP 0807 (2008) 036 [arXiv:0805.1163 [hep-lat]]. [38] G. Münster, Nucl. Phys. B 190, 439 (1981) [Erratum-ibid. B 200, 536 (1982), Erratum-ibid. B 205, 648 (1982)].

[39] K. Seo, Nucl. Phys. B 209, 200 (1982).

[40] P. Hasenfratz, F. Karsch and I. O. Stamatescu, Phys. Lett. B 133 (1983) 221. [41] T. A. DeGrand and C. E. DeTar, Nucl. Phys. B 225 (1983) 590. [42] K. Symanzik, Nucl. Phys. B 226 (1983) 187. [43] P. Weisz, Nucl. Phys. B 212 (1983) 1.

[44] P. Weisz and R. Wohlert, Nucl. Phys. B 236 (1984) 397 [Erratum-ibid. B 247 (1984) 544]. [45] G. P. Lepage and P. B. Mackenzie, Phys. Rev. D 48 (1993) 2250 [hep-lat/9209022]. [46] Y. Iwasaki, Nucl. Phys. B 258 (1985) 141.

[47] A. Bazavov, T. Bhattacharya, M. Cheng, N. H. Christ, C. DeTar, S. Ejiri, S. Gottlieb and R. Gupta et al., Phys. Rev. D 80 (2009) 014504 [arXiv:0903.4379 [hep-lat]].

[48] B. Sheikholeslami and R. Wohlert, Nucl. Phys. B259 (1985) 572.

[49] M. Lüscher, S. Sint, R. Sommer and P. Weisz, Nucl. Phys. B 478 (1996) 365 [arXiv:heplat/9605038].

[50] K. Jansen et al. [ALPHA Collaboration], Nucl. Phys. B 530 (1998) 185 [Erratum-ibid. B 643 (2002) 517] [hep-lat/9803017].

[51] A. Shindler, Phys. Rept. 461 (2008) 37 [arXiv:0707.4093 [hep-lat]]. [52] S. Naik, Nucl. Phys. B 316 (1989) 238.

[53] U. M. Heller, F. Karsch and B. Sturm, Phys. Rev. D 60 (1999) 114502 [hep-lat/9901010]. [54] G. P. Lepage, Phys. Rev. D 59 (1999) 074502 [hep-lat/9809157]. [55] J. F. Lagae and D. K. Sinclair, Phys. Rev. D 59 (1999) 014511 [hep-lat/9806014]. [56] M. Albanese et al. [APE Collaboration], Phys. Lett. B 192 (1987) 163.

[57] T. Blum, C. E. Detar, S. A. Gottlieb, K. Rummukainen, U. M. Heller, J. E. Hetrick, D. Toussaint and R. L. Sugar et al., Phys. Rev. D 55 (1997) 1133 [hep-lat/9609036].

[58] K. Orginos et al. [MILC Collaboration], Phys. Rev. D 59 (1999) 014501 [hep-lat/9805009]. [59] K. Orginos, R. Sugar and D. Toussaint, Nucl. Phys. Proc. Suppl. 83 (2000) 878 [hep-lat/9909087]. [60] K. Orginos et al. [MILC Collaboration], Phys. Rev. D 60 (1999) 054503 [hep-lat/9903032]. [61] G. P. Lepage, Phys. Rev. D 59 (1999) 074502 [hep-lat/9809157].

[62] E. Follana et al. [HPQCD and UKQCD Collaborations], Phys. Rev. D 75 (2007) 054502 [heplat/0610092].

[63] A. Bazavov, T. Bhattacharya, M. Cheng, C. DeTar, H. T. Ding, S. Gottlieb, R. Gupta and P. Hegde et al., Phys. Rev. D 85 (2012) 054503 [arXiv:1111.1710 [hep-lat]].

[64] C. Morningstar and M. J. Peardon, Phys. Rev. D 69 (2004) 054501 [hep-lat/0311018]. [65] A. Hasenfratz and F. Knechtli, Phys. Rev. D 64 (2001) 034504 [hep-lat/0103029]. [66] Y. Aoki, S. Borsanyi, S. Dürr, Z. Fodor, S. D. Katz, S. Krieg and K. K. Szabo, JHEP 0906 (2009) 088 [arXiv:0903.4155 [hep-lat]].

[67] A. Bazavov, D. Toussaint, C. Bernard, J. Laiho, C. DeTar, L. Levkova, M. B. Oktay and S. Gottlieb et al., Rev. Mod. Phys. 82 (2010) 1349 [arXiv:0903.3598 [hep-lat]].

[68] S. Borsanyi et al. [Wuppertal-Budapest Collaboration], JHEP 1009 (2010) 073 [arXiv:1005.3508 [hep-lat]].

[69] C. Aubin, C. Bernard, C. DeTar, J. Osborn, S. Gottlieb, E. B. Gregory, D. Toussaint and U. M. Heller et al., Phys. Rev. D 70 (2004) 094505 [hep-lat/0402030].

[70] P. Huovinen and P. Petreczky, Nucl. Phys. A 837 (2010) 26 [arXiv:0912.2541 [hep-ph]]. [71] F. Karsch, Nucl. Phys. B 205 (1982) 285.

[72] A. Hasenfratz and P. Hasenfratz, Nucl. Phys. B 193 (1981) 210.

[73] L. Levkova, T. Manke and R. Mawhinney, Phys. Rev. D 73 (2006) 074504 [hep-lat/0603031]. [74] J. Engels, J. Fingberg, F. Karsch, D. Miller and M. Weber, Phys. Lett. B 252 (1990) 625. [75] T. Umeda, S. Ejiri, S. Aoki, T. Hatsuda, K. Kanaya, Y. Maezawa and H. Ohno, Phys. Rev. D 79 (2009) 051501 [arXiv:0809.2842 [hep-lat]].

[76] L. Giusti and H. B. Meyer, Phys. Rev. Lett. 106 (2011) 131601 [arXiv:1011.2727 [hep-lat]]. [77] L. Giusti and H. B. Meyer, JHEP 1111 (2011) 087 [arXiv:1110.3136 [hep-lat]]. [78] G. Boyd, J. Engels, F. Karsch, E. Laermann, C. Legeland, M. Lütgemeier and B. Petersson, Nucl.

Phys. B 469 (1996) 419 [hep-lat/9602007].

[79] B. Beinlich, F. Karsch, E. Laermann and A. Peikert, Eur. Phys. J. C 6 (1999) 133 [hep-lat/9707023]. [80] A. Papa, Nucl. Phys. B 478 (1996) 335 [hep-lat/9605004].

[81] J. P. Blaizot, E. Iancu and A. Rebhan, Phys. Rev. D 68 (2003) 025011 [hep-ph/0303045]. [82] J. O. Andersen, M. Strickland and N. Su, JHEP 1008 (2010) 113 [arXiv:1005.1603 [hep-ph]]. [83] J. O. Andersen, L. E. Leganger, M. Strickland and N. Su, JHEP 1108 (2011) 053 [arXiv:1103.2528 [hep-ph]].

[84] S. Necco and R. Sommer, Nucl. Phys. B 622 (2002) 328 [hep-lat/0108008]. [85] G. Endrödi, Z. Fodor, S. D. Katz and K. K. Szabo, PoS LAT 2007 (2007) 228 [arXiv:0710.4197 [hep-lat]].

[86] S. Borsanyi, G. Endrödi, Z. Fodor, S. D. Katz and K. K. Szabo, arXiv:1104.0013 [hep-ph]. [87] K. Kajantie, M. Laine, K. Rummukainen and Y. Schröder, Phys. Rev. D 67 (2003) 105008 [hepph/0211321].

[88] A. Hart, M. Laine and O. Philipsen, Nucl. Phys. B 586 (2000) 443 [hep-ph/0004060]. [89] G. ’t Hooft, Nucl. Phys. B 72 (1974) 461.

[90] J. Erdmenger, N. Evans, I. Kirsch and E. Threlfall, Eur. Phys. J. A 35 (2008) 81 [arXiv:0711.4467 [hep-th]].

[91] S. Datta and S. Gupta, Phys. Rev. D 82 (2010) 114505 [arXiv:1006.0938 [hep-lat]]. [92] M. Panero, Phys. Rev. Lett. 103 (2009) 232001 [arXiv:0907.3719 [hep-lat]]. [93] M. Panero, PoS LAT 2009 (2009) 172 [arXiv:0912.2448 [hep-lat]]. [94] B. Lucini, M. Teper and U. Wenger, JHEP 0406 (2004) 012 [hep-lat/0404008]. [95] U. Gürsoy, E. Kiritsis, L. Mazzanti and F. Nitti, Nucl. Phys. B 820 (2009) 148 [arXiv:0903.2859 [hep-th]].

[96] O. Andreev, Phys. Rev. D 76 (2007) 087702 [arXiv:0706.3120 [hep-ph]]. [97] C. Bernard et al. [MILC Collaboration], Phys. Rev. D 71 (2005) 034504 [hep-lat/0405029]. [98] M. Cheng, N. H. Christ, S. Datta, J. van der Heide, C. Jung, F. Karsch, O. Kaczmarek and E. Laermann et al., Phys. Rev. D 74 (2006) 054507 [hep-lat/0608013].

[99] F. Karsch, E. Laermann and A. Peikert, Phys. Lett. B 478 (2000) 447 [hep-lat/0002003]. [100] C. Bernard, T. Burch, C. E. DeTar, S. Gottlieb, L. Levkova, U. M. Heller, J. E. Hetrick and R. Sugar et al., Phys. Rev. D 75 (2007) 094505 [hep-lat/0611031].

[101] M. Wingate, C. T. H. Davies, A. Gray, G. P. Lepage and J. Shigemitsu, Phys. Rev. Lett. 92 (2004) 162001 [hep-ph/0311130].

[102] A. Gray, I. Allison, C. T. H. Davies, E. Dalgic, G. P. Lepage, J. Shigemitsu and M. Wingate, Phys. Rev. D 72 (2005) 094507 [hep-lat/0507013].

[103] M. Cheng, S. Ejiri, P. Hegde, F. Karsch, O. Kaczmarek, E. Laermann, R. D. Mawhinney and C. Miao et al., Phys. Rev. D 81 (2010) 054504 [arXiv:0911.2215 [hep-lat]].

[104] Y. Aoki, Z. Fodor, S. D. Katz and K. K. Szabo, JHEP 0601 (2006) 089 [hep-lat/0510084]. [105] S. Borsanyi, G. Endrödi, Z. Fodor, A. Jakovac, S. D. Katz, S. Krieg, C. Ratti and K. K. Szabo, JHEP 1011 (2010) 077 [arXiv:1007.2580 [hep-lat]].

[106] E. Bilgici, A. Flachi, E. Itou, M. Kurachi, C. -J D. Lin, H. Matsufuru, H. Ohki and T. Onogi et al., Phys. Rev. D 80 (2009) 034507 [arXiv:0902.3768 [hep-lat]].

[107] S. Borsanyi, G. Endrödi, Z. Fodor, S. D. Katz, S. Krieg, C. Ratti, C. Schroeder and K. K. Szabo, PoS LATTICE 2011 (2011) 201 [arXiv:1204.0995 [hep-lat]].

[108] M. Laine and Y. Schröder, Phys. Rev. D 73 (2006) 085009 [hep-ph/0603048]. [109] C. DeTar, L. Levkova, S. Gottlieb, U. M. Heller, J. E. Hetrick, R. Sugar and D. Toussaint, Phys.

Rev. D 81 (2010) 114504 [arXiv:1003.5682 [hep-lat]].

[110] L. Levkova, PoS LATTICE 2011 (2011) 011 [arXiv:1201.1516 [hep-lat]]. [111] A. Ali Khan et al. [CP-PACS Collaboration], Phys. Rev. D 64 (2001) 074510 [hep-lat/0103028]. [112] V. G. Bornyakov, R. Horsley, S. M. Morozov, Y. Nakamura, M. I. Polikarpov, P. E. L. Rakow, G. Schierholz and T. Suzuki, Phys. Rev. D 82 (2010) 014504 [arXiv:0910.2392 [hep-lat]].

[113] E. -M. Ilgenfritz, K. Jansen, M. P. Lombardo, M. Müller-Preussker, M. Petschlies, O. Philipsen and L. Zeidlewicz, Phys. Rev. D 80 (2009) 094502 [arXiv:0905.3112 [hep-lat]].

[114] F. Burger, E. -M. Ilgenfritz, M. Kirchner, M. P. Lombardo, M. Müller-Preussker, O. Philipsen, C. Urbach and L. Zeidlewicz, arXiv:1102.4530 [hep-lat].

[115] T. Umeda et al. [WHOT-QCD Collaboration], Phys. Rev. D 85 (2012) 094508 [arXiv:1202.4719 [hep-lat]].

[116] T. Ishikawa et al. [JLQCD Collaboration], Phys. Rev. D 78 (2008) 011502 [arXiv:0704.1937 [heplat]].

[117] Y. Maezawa et al. [WHOT-QCD Collaboration], PoS LAT 2009 (2009) 165 [arXiv:0911.0254 [hep-lat]].

[118] R. Baron et al. [ETM Collaboration], JHEP 1008 (2010) 097 [arXiv:0911.5061 [hep-lat]]. [119] A. Bazavov et al. [for the HotQCD Collaboration], PoS LATTICE 2010 (2010) 169 [arXiv:1012.1257 [hep-lat]].

[120] S. Dürr, Z. Fodor, J. Frison, C. Hoelbling, R. Hoffmann, S. D. Katz, S. Krieg and T. Kurth et al., Science 322 (2008) 1224 [arXiv:0906.3599 [hep-lat]].

[121] S. Dürr, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, T. Kurth, L. Lellouch and T. Lippert et al., Phys. Lett. B 701 (2011) 265 [arXiv:1011.2403 [hep-lat]].

[122] S. Dürr, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, T. Kurth, L. Lellouch and T. Lippert et al., JHEP 1108 (2011) 148 [arXiv:1011.2711 [hep-lat]].

[123] Y. Aoki, G. Endrödi, Z. Fodor, S. D. Katz and K. K. Szabo, Nature 443 (2006) 675 [heplat/0611014].

[124] U. J. Wiese, Int. J. Mod. Phys. B 17 (2003) 5435.

[125] Y. Delgado, H. G. Evertz and C. Gattringer, Acta Phys. Polon. Supp. 4 (2011) 703 [arXiv:1110.6862 [hep-lat]].

[126] G. Aarts, F. A. James, E. Seiler and I. -O. Stamatescu, Eur. Phys. J. C 71 (2011) 1756 [arXiv:1101.3270 [hep-lat]].

[127] Z. Fodor and S. Katz, Phys. Lett. B534, 87 (2002). [128] R.V. Gavai and S. Gupta, Phys. Rev. D68, 034506 (2003); [129] C.R. Allton et al., Phys. Rev. D68, 014507 (2003);

[130] P. de Forcrand and O. Philipsen, Nucl. Phys. B673, 170 (2003); Nucl. Phys. B642, 290 (2002). [131] M. D’Elia and M.P. Lombardo, Phys. Rev. D67, 014505 (2003).

[132] M. G. Alford, A. Kapustin and F. Wilczek, Phys. Rev. D 59 (1999) 054502 [hep-lat/9807039]. [133] P. de Forcrand, PoS LAT 2009 (2009) 010 [arXiv:1005.0539 [hep-lat]]. [134] Z. Fodor and S. D. Katz, arXiv:0908.3341 [hep-ph]. [135] S. Gupta, PoS LATTICE 2010 (2010) 007 [arXiv:1101.0109 [hep-lat]].

[136] F. Csikor, G. I. Egri, Z. Fodor, S. D. Katz, K. K. Szabo and A. I. Toth, JHEP 0405 (2004) 046 [hep-lat/0401016].

[137] S. Ejiri et al. [WHOT-QCD Collaboration], Phys. Rev. D 82 (2010) 014508 [arXiv:0909.2121 [hep-lat]].

[138] T. Takaishi, P. de Forcrand and A. Nakamura, PoS LAT 2009 (2009) 198 [arXiv:1002.0890 [heplat]].

[139] C. R. Allton et al., Phys. Rev. D 71 (2005) 054508 [arXiv:hep-lat/0501030]. [140] R. V. Gavai and S. Gupta, Phys. Rev. D 71 (2005) 114014 [hep-lat/0412035]. [141] C. Bernard, C. E. DeTar, L. Levkova, S. Gottlieb, U. M. Heller, J. E. Hetrick, R. Sugar and D. Toussaint, Phys. Rev. D 77 (2008) 014503 [arXiv:0710.1330 [hep-lat]].

[142] M. Bluhm, B. Kampfer, R. Schulze, D. Seipt and U. Heinz, Phys. Rev. C 76 (2007) 034901 [arXiv:0705.0397 [hep-ph]].

[143] S. Ejiri, F. Karsch, E. Laermann and C. Schmidt, Phys. Rev. D 73 (2006) 054506 [heplat/0512040].

[144] S. Borsanyi, G. Endrödi, Z. Fodor, S. D. Katz, S. Krieg, C. Ratti and K. K. Szabo, JHEP 1208 (2012) 053 [arXiv:1204.6710 [hep-lat]].

[145] S. Borsanyi, Z. Fodor, S. D. Katz, S. Krieg, C. Ratti and K. Szabo, JHEP 1201 (2012) 138 [arXiv:1112.4416 [hep-lat]].

[146] S. Borsanyi, Y. Delgado, S. Dürr, Z. Fodor, S. D. Katz, S. Krieg, T. Lippert and D. Nogradi et al., Phys. Lett. B 713 (2012) 342 [arXiv:1204.4089 [hep-lat]].

[147] G. Cossu, S. Aoki, S. Hashimoto, T. Kaneko, H. Matsufuru, J. -I. Noaki and E. Shintani, PoS LATTICE 2011 (2011) 188 [arXiv:1204.4519 [hep-lat]].