arXiv:1207.7006v1 [astro-ph.CO] 30 Jul 2012

IPM/A-2012/013, YITP-12-65

Curvaton and the inhomogeneous end of inflation

Hooshyar Assadullahi^{1,2},^∗ Hassan Firouzjahi^3,^† Mohammad Hossein Namjoo^{4,5},^‡ and David Wands^{1§} 1 Institute of Cosmology and Gravitation, University of Portsmouth, Dennis Sciama Building, Burnaby Road, Portsmouth PO1 3FX, United Kingdom 2 School of Earth and Environmental Sciences, University of Portsmouth, Burnaby Building, Burnaby Road, Portsmouth PO1 3QL, United Kingdom 3School of Astronomy, Institute for Research in Fundamental Sciences (IPM), P. O. Box 19395-5531, Tehran, Iran 4Yukawa Institute for theoretical Physics, Kyoto University, Kyoto 606-8502, Japan and 5School of Physics, Institute for Research in Fundamental Sciences (IPM), P. O. Box 19395-5531, Tehran, Iran (Dated: July 31, 2012)

We study the primordial density perturbations and non-Gaussianities generated from the combined effects of an inhomogeneous end of inflation and curvaton decay in hybrid inflation. This dual role is played by a single isocurvature field which is massless during inflation but acquire a mass at the end of inflation via the waterfall phase transition. We calculate the resulting primordial non- Gaussianity characterized by the non-linearity parameter, fNL, recovering the usual end-of-inflation result when the field decays promptly and the usual curvaton result if the field decays sufficiently late.

PACS numbers:

I. INTRODUCTION

There are many mechanisms by which quantum fluctuations of light fields present during inflation could affect the primordial density perturbation [1, 2]. Variations in the local value of an inflaton field, slow-rolling during inflation, lead to variations in the local duration of inflation and hence the resulting local density after inflation has ended. But local variations in other fields, not necessarily evolving during inflation, could also affect the local expansion either during or after inflation. Variations orthogonal to the background field evolution during inflation have been characterized as entropy field perturbations [3] which can alter gauge-invariant density perturbations on very large (super-Hubble) scales even after inflation has ended due to variations in the local equation of state and non-adiabatic pressure perturbations [4]. While adiabatic field fluctuations in a single canonical inflaton field lead to Gaussian, adiabatic density perturbations after inflation, entropy field fluctuations during inflation may lead to a much richer phenomenology of non-Gaussian and non-adiabatic primordial density perturbations [1, 5–9].

A simple example of how isocurvature field perturbations can affect the primordial density perturbation is by altering the time at which inflation ends in hybrid inflation models where the end of inflation is triggered by an tachyonic instability in a “waterfall” field, leading to a rapid phase transition from false to true vacuum state [10–12]. If the local variations of an isocurvature field, coupled to the waterfall field, alter the point at which the false vacuum becomes unstable then they will lead to a primordial density perturbation [13–21]. On the other hand, in the curvaton scenario [22, 23] the isocurvature field is only weakly-coupled to the inflaton and its decay products, so that it survives after inflation has ended and may source the primordial density perturbation when it decays into radiation some time after inflation has ended.

In this paper we will study the effect of entropy fluctuations in a massless field during hybrid inflation, in a model originally considered by Lyth [14]. We will show how primordial density perturbations can be generated from inflaton field fluctuations and entropy fluctuations in the isocurvature field which is coupled to the waterfall field. Entropy fluctuations therefore affect the surface of end of inflation, and the field spontaneously acquires a mass at the waterfall transition. Therefore this massless field during inflation can play the role of a curvaton field which can have a significant energy density when the field oscillations decay some time after inflation.

We calculate the primordial density perturbations from all these effects using the δN formalism [4, 24–26]. We identify the non-linear dimensionless density perturbation, ζ [27–29], with the perturbation in the local integrated

∗Electronic address: hooshyar.assadullahi-AT-port.ac.uk †Electronic address: firouz-AT-mail.ipm.ir ‡Electronic address: mh.namjoo-AT-mail.ipm.ir §Electronic address: david.wands-AT-port.ac.uk

expansion, δN, from an initial uniform-curvature hypersurface up to a uniform-density hypersurface [30] in the long-wavelength limit [31] where the local expansion is a function of the local field fluctuations, δϕ_i, on the initial hypersurface: ζ = ∑ i N_{,i}δϕ_i + 1 2 ∑ i,j N_{,ij} δϕ_iδϕ_j + . . . . (1) where N_{,i} ≡ ∂N/∂ϕ_i. We consider the case of canonical light scalar fields, ϕ_i, where all these field fluctuations have a Gaussian distribution with power spectrum P_{δϕi} ≃ (^{Hk}_{2π} )^2 when the wave-mode of interest, k, leaves the Hubblehorizon, k = aH, with the Hubble expansion rate H_k. The primordial power spectrum is then given at leading order by P_ζ = ( H_k 2π )_2 ∑ i N^2_{,i} (2)

and the lowest-order non-Gaussianity parameter, f_{NL}, is given by [26] 6 5 f_{NL} = ∑ ,ij N_{,i}N_{,j} N_{,ij} (∑ j N^2_{,j} )_2 . (3)

We introduce the hybrid inflation model in Section II and discuss the inflaton field dynamics and perturbations. In Section III we discuss the end of inflation and the density perturbations produced due to the inhomogeneous end of inflation. In Section IV we discuss how the same isocurvature field can act as a curvaton field, producing additional density perturbations when it finally decays some time after inflation. We present our results for observable quantities, such as the tilt of the primordial power spectrum and the non-linearity parameter, f_{NL}, in Section V. We conclude in Section VI.

II. HYBRID INFLATION

Our specific hybrid inflation model contains three fields, the inflaton field ϕ, the waterfall field χ and the light isocurvature scalar field σ, which we will refer to as the curvaton field. The potential is V = λ 4 ( χ^2 −

M^2 λ )_2 + m^2 2 ϕ^2 + g^2 2 ϕ^2χ^2 + γ^2 2 χ^2σ^2 , (4)

where γ^2, g^2 and λ are dimensionless couplings. This is the same as the original hybrid inflation model considered in Refs. [11, 12] except that we have included the additional field, σ, coupled to the waterfall field, as proposed by Lyth [14]. The is the same as the model considered by Lyth, except that we have assumed for simplicity that there is no additional self-interaction potential for the σ-field.

We assume that ϕ is initially large and the χ field rapidly rolls to its local minimum χ = 0 for g^2ϕ^2 ≫ M^2. Inflation proceeds as the inflaton field, ϕ, rolls towards ϕ = 0. Assuming the inflaton is light during inflation, m^2 ≪ H^2, we have slow-roll inflation. Without loss of generality we assume that ϕ > 0 during inflation. Since σ is effectively massless when χ^2 = 0, we assume it remains fixed during inflation at some initial value σ_∗.

We will introduce the dimensionless mass parameters α and β for the inflaton and waterfall fields α ≡ m^2 H^2 = 12λm^2M^2_P M^4 , β ≡ M^2 H^2 = 12λM^2_P M^2

, (5)

where M_P = 1/ √ 8πG is the reduced Planck mass. The condition that the waterfall is heavy during inflation requires that β ≫ 1. To sustain a period of slow-roll inflation we require that α ≪ 1. Furthermore, the condition that the waterfall phase transition at the end of inflation is very sudden requires that [32, 33] αβ > 1.

A. Inflaton dynamics

For simplicity, we consider the limit where the potential is dominated by the vacuum term so that the Hubble parameter during inflation is approximately constant and given by

H^2 ≃ V (ϕ, 0) 3M^2_P ≃ M^4 12λM^2_P

. (6)

The attractor solution for the inflaton, ϕ, in the vacuum-dominated limit is then ϕ(N) = ϕ_ee^{−rN} , (7) where N is the number of e-folds (the logarithmic expansion) N = ∫_{te} t Hdt = ∫_{ϕe} ϕ H ϕ̇ dϕ , (8) and ϕ_e is the value of the inflaton field at the end of inflation.

In the slow-roll limit, α ≪ 1, we have r ≃ α/3 in Eq. (7) and hence ϵ ≡ − Ḣ H^2 ≃ α^2ϕ^2 18M^2_P

. (9)

In order to satisfy the vacuum domination condition (6), we require the ratio of inflaton energy density to the total potential, to be small, i.e., m^2ϕ^2/2 ≪ M^4/4λ which corresponds to ϵ ≪ α/3.

B. Inflaton perturbations during inflation

During inflation only the inflaton field ϕ is classically evolving towards its final value. Therefore quantum fluctuations in the inflaton field give rise to adiabatic curvature perturbations on super-Hubble scales. Since the dimensionless density perturbation, ζ = δN, remains constant for adiabatic perturbations on super-Hubble scales, it can be calculated in terms of the field values at Hubble-exit, N_{,ϕ}δϕ = N_{,ϕ∗} δϕ_∗ = −Hδϕ_∗/ϕ̇_∗, etc, and thus ζ_∗ = δN ≃ 3 αϕ_∗ δϕ_∗ − 3 2αϕ^2_∗ δϕ^2_∗ + . . . (10)

In the slow-roll limit non-linear terms are negligible, |N_{,ϕ∗ϕ∗} | ∼ αN^2_{,ϕ∗} ≪ N^2_{,ϕ∗} , and henceforth we will treat the density perturbation due to inflaton fluctuations as an effectively Gaussian distribution, ζ_∗ ≃ (3/α)δϕ_∗/ϕ_∗.

III. END OF INFLATION

A. Waterfall transition

From Eq. (4) the derivative of the potential with respect to the waterfall field vanishes at χ = 0 and also at λχ^2 = M^2 − γ^2σ^2 − g^2ϕ^2 for g^2ϕ^2 < M^2 − γ^2σ^2. The effective mass of the χ field is given by

V_{,χχ} = g^2ϕ^2 + γ^2σ^2 − M^2 + 3λχ^2 . (11)

Thus the χ field remains fixed at χ = 0 for g^2ϕ^2 > M^2 − γ^2σ^2.

In the original model of hybrid inflation, where γ = 0 [11, 12], inflation ends after the inflaton field reaches the critical value ϕ = ϕ_c, where ϕ_c ≡ M g . (12)

For ϕ < ϕ_c the waterfall field becomes tachyonic and it rolls to its global minima where ϕ = 0 and |χ| = M/ √ λ. We require αβ > 1 so that this transition is very sharp and inflation ends abruptly after the waterfall transition.

In the present model, due to the coupling of the waterfall field to the light field σ, the onset of the waterfall transition and hence the end of inflation is determined by the condition ϕ = ϕ_e where

ϕ^2_e + γ^2 g^2 σ^2 = ϕ^2_c , (13)

and ϕ_e ≤ ϕ_c represents the value of inflaton field at the end of inflation which is now a function of the local value of the isocurvature field, σ. It will be convenient to re-write this in a dimensionless form

ϕ^2_e ϕ^2_c

= 1 − F , (14) where F ≡ γ^2σ^2_∗ g^2ϕ^2_c

, (15)

is a dimensionless measure of the effect of the curvaton field at the end of inflation. Note that 0 ≤ F < 1^1. When F = 0 we recover the familiar hybrid inflation results where first-order density perturbations are solely due to inflaton fluctuations.

We will assume that the curvaton field, σ, is weakly coupled to the other fields so that its value remains fixed at the end of inflation when ϕ and χ evolve rapidly to settle at ϕ = 0 and

⟨χ^2⟩ = (1 − F)

M^2 λ . (16)

By assuming that the curvaton field evolves much more slowly than the inflaton and waterfall fields, we require that the curvaton effective mass remains much smaller than the effective masses of the inflaton and waterfall fields at the end of inflation and hence γ^2 ≪ min{g^2, λ}.

One important question in hybrid inflation is how inflation ends after the waterfall phase transition. The waterfall phase transition leads to two important back-reaction effects [32, 33]. Due to the interactions, g^2ϕ^2χ^2 and λϕ^4/4, the tachyonic growth of the waterfall field χ can back-react on ϕ and on itself. One natural criteria to determine end of inflation is when the coupling g^2χ^2ϕ^2 induces an effective mass for the inflaton larger then H so that the inflaton field becomes too heavy to sustain slow-roll inflation. Comparing this induced mass to H we have

g^2⟨χ^2⟩ H^2

= 12(1 − F)g^2

M^2_P M^2

= 12(1 − F) ( M_P ϕ_c )_2 . (17)

Therefore, in order for inflation to quickly end after the waterfall, one requires that [33] ϕ_c ≪ √ 12(1 − F) M_P .

Given the potential (4), where χ is classically zero during inflation, the σ field is massless during inflation. It acquires an effective mass, m_σ , spontaneously at the end of inflation due to the waterfall phase transition

m^2_σ = γ^2⟨χ^2⟩ = γ^2 λ (1 − F)M^2 . (18)

To make sure that σ does not trigger a second stage of inflation with the chaotic inflation potential m^2_σ σ^2/2, we require that σ is sub-Planckian at the end of inflation

σ_∗ < M_P . (19)

Note that the curvaton effective mass is a function of ⟨χ^2⟩ and hence σ. Therefore the curvaton mass can change as the curvaton itself evolves. However this effect is only important for F ≃ 1 and the curvaton mass is effectively constant for F ≪ 1.

Although the curvaton field is effectively massless and therefore has negligible energy density during inflation, ρ_{σ∗} ≃ 0, if the curvaton field suddenly acquires an effective mass (18) at the end of inflation then it also acquires an energy density ρ_{σe} = 1 2 m^2_σ σ^2_∗ = γ^2 2λ (1 − F)M^2σ^2_∗ . (20)

Therefore, the energy density suddenly acquired by the σ field relative to the total energy density at the end of inflation is given by Ω_{σe} ≡ ρ_{σe} 3m_{Pl}^2H^2 = 2λγ^2⟨χ^2⟩σ^2_∗

M^4

= 2F(1 − F) . (21)

Thus the fractional energy of the curvaton at the end of inflation is given by Ω_{σe} ≃ 2F for F ≪ 1. The fractional energy of the curvaton reaches a maximum, Ω_{σe} = 1/2 for F = 1/2 and then drops to zero as F → 1.

1 For γ^2σ^2_∗ > g^2ϕ^2_c (corresponding to F > 1) the waterfall field would remain fixed at χ = 0 even as ϕ → 0 and the field σ would then act as an inflaton field, slow-rolling towards its minimum to destabilize the waterfall field and end inflation.

FIG. 1: The non-linearity parameter, fNL defined in Eq. (3), from the inhomogeneous end of inflation as a function of the dimensionless parameter, F defined in Eq. (15), neglecting inflaton perturbations (wσ = 1). The exact result (25) is shown by the solid blue line, while the approximate form (52) is shown by the dashed red line.

B. Inhomogeneous end of inflation

Local fluctuations in the curvaton field at the end of inflation, δσ, can induce a change in the integrated expansion, δN in Eq.(1), which results in an inhomogeneous curvature perturbation at the end of inflation, ζ_e [14]. From Eq. (13), fluctuations in the field σ lead to a change in the value of the inflaton field at the end of inflation,

∂_σ ϕ_e = − γ^2σ g^2ϕ_e

. (22)

This leads to fluctuations in the integrated expansion at the end of inflation. From Eq. (8) we have N_{,ϕe} = H ϕ̇_e = −3 αϕ_e . (23)

Including both inflaton fluctuations during inflation and the fluctuations in the final value of the inflaton field at the end of inflation we obtain ζ_e = δN = N_{,ϕ∗} δϕ_∗ + N_{,ϕe} ∂_σ ϕ_eδσ + 1 2 [ N_{,ϕeϕe} (∂_σ ϕ_e)^2 + N_{,ϕe} ∂^2_σ ϕ_e ] δσ^2 + . . . (24)

Including all the relevant terms in Eq. (24) we then have [14]

ζ_e = 3δϕ_∗ αϕ_∗ + 3 α γ^2σ g^2ϕ^2_e δσ + 3 2α γ^2 g^2ϕ^2_e ( 1 + 2 γ^2σ^2 g^2ϕ^2_e ) δσ^2 + . . . , = 3 α [ δϕ_∗ ϕ_∗ + F 1 − F δσ σ + F(1 + F) 2(1 − F)^2 ( δσ σ )_2] + . . . . (25)

In figure 1 we illustrate the corresponding non-Gaussianity parameter (3) as a function of F.

IV. CURVATON DECAY

The curvaton field, σ, is assumed to be weakly coupled and therefore, in contrast to the inflaton and waterfall fields, the curvaton decay time may be much longer than the Hubble time at the end of inflation, Γ ≪ H_∗. We may have an extended period of time after inflation, before the curvaton decays, and thus even if the curvaton density is initially negligible at the end of inflation (F(1 − F) ≪ 1) it may become significant or even dominate the total energy density before it decays.

The non-linearly conserved radiation and matter perturbations, when the curvaton oscillates after the end of inflation but before the curvaton decays, can be given relative to the total curvature perturbation, ζ, and written in terms of the radiation and matter density perturbations on the uniform-density hypersurface as [30]

ζ_γ = ζ + 1 4 ln ( 1 + δρ_γ ρ_γ ) , (26)

ζ_σ = ζ + 1 3 ln ( 1 + δρ_σ ρ_σ ) . (27)

In particular we have δρ_γ = −δρ_σ on the uniform-density hypersurface at the end of inflation, and hence

ζ_γ = ζ_e + 1 4 ln ( 1 − Ω_σ 1 − Ω_σ δρ_σ ρ_σ ) , = ζ_e − F(1 − F) 1 − 2F(1 − F) δσ σ − F(1 − F)(1 + 2F(1 − F)) 2(1 − 2F(1 − F))^2 ( δσ σ )_2 + . . . . (28)

where δσ is the (isocurvature) curvaton field perturbation on uniform-density hypersurfaces. Comparing this expression with Eq. (25) we see that ζ_γ − ζ_e = O(α)ζ_e. This difference is small in the slow-roll limit and is usually neglected. However in our case we wish to consistently allow for the effect of the σ field both on the end of inflation and when it decays. Therefore we shall take account of this difference between the radiation density perturbation and the total density perturbation at the end of inflation, ζ_γ and ζ_e, for non-zero F.

In the sudden-decay approximation we can then derive the total non-linear perturbation, ζ, in terms of ζ_γ and ζ_σ at the decay hypersurface corresponding to H = Γ [34–36]

Ω_γ e^{4(ζγ −ζ)} + Ω_σe^{3(ζσ −ζ)} = 1 , (29)

ζ is non-linearly conserved on large scales for adiabatic density perturbations after the curvaton has decayed.

At zero-order this requires simply Ω_γ + Ω_σ = 1, while expanding up to second-order we have the non-linear perturbation

ζ = ζ_γ + f_d(ζ_σ − ζ_γ ) + f_d(1 − f_d)(3 + f_d) 2 (ζ_σ − ζ_γ )^2 + . . . , (30)

where f_d ≡ ( 3Ω_σ 4 − Ω_σ ) H=Γ . (31)

We will distinguish two cases according to whether the curvaton becomes underdamped and oscillates about its minimum immediately at the end of inflation (m^2_σ > H^2_∗ ) or whether it remains overdamped at the end of inflation (m^2_σ < H^2_∗ ) and only begins to oscillate when the Hubble rate drops below the curvaton mass some time after inflation. In either case we assume that the curvaton decay only happens once the field is oscillating (Γ < m_σ ).

A. Heavy curvaton after the end of inflation

First let us assume that the curvaton effective mass is larger than the Hubble scale at the end of inflation, m_σ > H_∗, which requires from Eq. (18) λ β(1 − F) < γ^2 ≪ λ . (32)

The curvaton first begins to oscillate at the end of inflation, when ζ = ζ_e, and from Eqs. (26) and (27) we have at this time

ζ_σ − ζ_γ = [ 1 3 ln ( 1 + δρ_σ ρ_σ ) − 1 4 ln ( 1 + δρ_γ ρ_γ )] e , = 2 3(1 − f_e) δσ σ − [ 3(1 − f_e)^2 − f_e(3 + 5f_e) 9(1 − f_e)^2 ] ( δσ σ )_2 + . . . , (33)

FIG. 2: The non-linearity parameter, fNL defined in Eq. (3), as a function of the curvaton density at decay, f_d, for a heavy curvaton after the end of inflation, with fixed curvaton density, fe = 0.001 and assuming wσ = 1. The exact result (35) is shown by the solid blue line, while the approximate form (53) is shown by the dashed red line.

FIG. 3: The non-linearity parameter, fNL, as a function of the curvaton density at decay, f_d, as in Figure 2 but for fe = 0.01.

where, by analogy with Eq. (31), we identify f_e ≡ ( 3Ω_σ 4 − Ω_σ ) e = 3F(1 − F) 2 − F(1 − F) . (34)

Combining Eqs. (28), (30) and (33) we obtain the primordial density perturbation due to inflaton perturbations and due to fluctuations in the σ field affecting the end of inflation and/or the curvaton effect due to late-decay

ζ = ζ_e + 2 3 ( f_d − f_e 1 − f_e ) δσ σ + ( 2f_d(1 − f_d)(3 + f_d) − 3f_d(1 − f_e)^2 − f_e(1 − f_d)(3 + 5f_e) 9(1 − f_e)^2 ) ( δσ σ )_2 + . . . . (35)

where ζ_e is given by Eq. (25). Note that, since f_d is an increasing function of time, we must have f_d ≥ f_e. In figures 2 and 3 we illustrate the corresponding non-Gaussianity parameter (3) as a function of f_d for two fixed values of f_e.

In the limit that the curvaton decays immediately after the end of inflation, f_d → f_e, we recover ζ → ζ_e, i.e., the density perturbation is exactly that given in Eq. (25) due to the inflaton perturbations plus the effect of the inhomogeneous end of inflation. On the other hand, for f_e ≪ f_d ≤ 1 we have ζ ≃ ζ_e + 2f_d 3 δσ σ + ( f_d(3 − 4f_d − 2f^2_d ) 9 ) ( δσ σ )_2 + . . . , ≃ 3 α δϕ_∗ ϕ_∗ + ( 2f_d 3 + 2f_e α ) δσ σ + ( f_d(3 − 4f_d − 2f^2_d ) 9 + f_e α ) ( δσ σ )_2

+ . . . . (36)

which is simply the sum of the usual curvaton perturbation plus the perturbations due to the inflaton and Lyth effect at the end of inflation. Note that for f_d ≫ f_e we require both Γ ≪ H_e and f_e ≪ 1, and hence from Eqs. (21) and (34) we have F ≃ 2f_e/3 in the above expression.

For f_d ≫ f_e/α, the perturbation induced by the inhomogeneous end of inflation becomes negligible and we have ζ ≃ 3 α δϕ_∗ ϕ_∗ + 2f_d 3 δσ σ + f_d(3 − 4f_d − 2f^2_d ) 9 ( δσ σ )_2

+ . . . . (37)

Note that for f_e ≪ 1 we have f_d/f_e ∝ a_d/a_e ∝ (H_e/Γ)^{1/2} and thus for f_d ≫ f_e/α we require f_e ≪ α and Γ ≪ α^2H_e. If f_d ≥ α or Γ ≥ α^2H_e then the effect of the inhomogeneous end of inflation cannot be neglected with respect to the effect of the curvaton decay.

On the other hand, assuming only that the curvaton is very sub-dominant when it decays, f_e ≤ f_d ≪ 1, we obtain directly from Eqs. (25) and (35) that ζ ≃ 3 α δϕ_∗ ϕ_∗ + ( 2(f_d − f_e) 3 + 2f_e α ) δσ σ + ( f_d − f_e 3 + f_e α ) ( δσ σ )_2

. (38)

We see that if the curvaton density at the end of inflation is non-negligible, then it can effect the primordial density perturbation not only through the inhomogeneous end of inflation, proportional to f_e/α, but also by modifying the transfer parameter for the curvaton decay, from f_d to f_d − f_e.

B. Light curvaton after the end of inflation

Alternatively, the curvaton effective mass may be smaller than the Hubble scale at the end of inflation, m_σ < H_∗, which requires from Eq. (18)

γ^2 < λ β(1 − F) ≪ λ . (39)

In this case the curvaton remain overdamped until the Hubble rate during the radiation era after inflation drops below the effective mass of the curvaton. For simplicity we assume that the curvaton remains fixed, σ = σ_∗, until we have H = m_σ at which point the field begins to oscillate and evolve like matter.

The radiation perturbation, ζ_γ , after inflation is given by Eq. (28) and this remains constant until the curvaton decays. On large scales, the uniform expansion hypersurface H = m_σ corresponds to a uniform-density hypersurface, δρ_γ = −δρ_σ and hence from Eqs. (26) and (27) we have

ζ_σ − ζ_γ = [ 1 3 ln ( 1 + δρ_σ ρ_σ ) − 1 4 ln ( 1 + δρ_γ ρ_γ )] H=m_σ (40) = 2 3(1 − f_o) δσ σ − [ 3(1 − f_o)^2 − f_o(3 + 5f_o) 9(1 − f_o)^2 ] ( δσ σ )_2 + . . . , (41)

where f_o ≡ ( 3Ω_σ 4 − Ω_σ ) H=m_σ , (42)

and we have f_d ≥ f_o ≥ f_e. After the curvaton starts oscillating it behaves like a pressureless fluid and the entropy perturbation, (40), remains constant on large scales until the curvaton decays into radiation. In the limit of a heavy curvaton that begins oscillating at the end of inflation, and hence f_o = f_e, we recover the previous result (33).

FIG. 4: The non-linearity parameter, fNL defined in Eq. (3), as a function of the curvaton density at decay, f_d, for a light curvaton after the end of inflation, with fixed curvaton density immediately after the end of inflation, fe = 0.001, and when the curvaton begins to oscillate, fo = 0.01, assuming wσ = 1. The exact result (43) is shown by the solid blue line, while the approximate form (53) is shown by the dashed red line.

FIG. 5: The non-linearity parameter, fNL, as a function of the curvaton density at decay, f_d, as in Figure 4 but for fe = 0.001 and fo = 0.1.

Substituting Eqs. (28) and (40) into Eq. (30) gives the resulting primordial density perturbation after the curvaton decays

ζ = ζ_e + 2 3 [ f_d 1 − f_o − f_e 1 − f_e ] δσ σ + [ f_d ( 2(1 − f_d)(3 + f_d) − 3(1 − f_o)^2 + f_o(3 + 5f_o) ) 9(1 − f_o)^2 − f_e(3 + 5f_e) 9(1 − f_e)^2 + ] ( δσ σ )_2 + . . . . (43)

Again one can check that in the limit f_o = f_e we recover the previous result (35). In figures 4 and 5 we illustrate the corresponding non-Gaussianity parameter (3) as a function of f_d for fixed values of f_e and two difference values of f_o.

If the curvaton mass is much smaller than the Hubble scale at the end of inflation (m ≪ H_e) and the curvaton is very sub-dominant at the end of inflation, we have f_e ≪ f_o ≤ f_d ≤ 1. In this case we can simplify Eq. (43) to give ζ ≃ ζ_e + 2f_d 3(1 − f_o) δσ σ + [ f_d ( 2(1 − f_d)(3 + f_d) − 3(1 − f_o)^2 + f_o(3 + 5f_o) ) 9(1 − f_o)^2 ] ( δσ σ )_2 . (44)

If in addition the curvaton is still very sub-dominant when it starts oscillating and the curvaton decay is slow relative to its mass (Γ ≪ m_σ ) so that f_e ≪ f_o ≪ f_d ≤ 1, then we recover the same result as we obtain for a heavy curvaton at the end of inflation when f_e ≪ f_d ≤ 1, Eq. (36).

On the other hand, assuming only that the curvaton is very sub-dominant when it decays, f_e ≤ f_o ≤ f_d ≪ 1, we can recover from Eq. (43) the same simple expression (38). This expression is the same regardless of whether the curvaton is heavy or light immediately after inflation ends.

V. OBSERVATIONAL PREDICTIONS

We have shown how a curvaton field can contribute to the primordial density perturbation both through its effect on the end of inflation, in a hybrid inflation model, and through its final decay into radiation. The relative contribution of σ to the power spectrum (2) can be written as

w_σ = N^2_{,σ} N^2_{,ϕ} + N^2_{,σ}

. (45)

Note that N_{,ϕ} = −H/ϕ̇ ≃ −(2ϵ)^{−1/2}M^{−1}_P , hence the power spectrum is dominated by inflaton perturbations if ϵ ≪ (2N^2_{,σ}M^2_P )^{−1} and dominated by perturbations in the σ-field if ϵ ≫ (2N^2_{,σ}M^2_P )^{−1}.

The spectral index is given in terms of slow-roll parameters as [37]

n_ζ − 1 ≃ −2ϵ + (1 − w_σ )(2η_ϕ − 4ϵ) , (46)

where η_ϕ = M^2_P V_{ϕϕ}/V . In the limit that the inflaton perturbations dominate the primordial power spectrum, w_σ ≪ 1, we recover the familiar result n_ζ ≃ −6ϵ + 2η_ϕ and hybrid inflation models of the form given in Eq. (4) produce a blue tilted spectrum, n_ζ > 1, in the vacuum-dominated limit [12].

If σ-field perturbations dominate the primordial power spectrum, w_σ ≈ 1 due to either the inhomogeneous end of inflation or curvaton decay, then we have n_ζ − 1 ≃ −2ϵ since the curvaton is massless during inflation. This is compatible with observational evidence favoring a red spectrum, n_s < 1, and from Eq. (9) we see that for α ≈ 0.5 and ϕ ≈ M_P we obtain n_ζ ≈ 0.97.

The primordial non-Gaussianity (3) can then be written as 6 5 f_{NL} = w^2_σ N_{,σσ} N^2_{,σ} . (47)

If the σ-field perturbations have a red spectrum, and the inflaton perturbations have a blue spectrum then the relative contribution of the two different field perturbations to the primordial density perturbation will be scale-dependent. This can yield a scale-dependence of the non-linearity parameter (47) [38–40]

n_{fNL} ≃ 4(1 − w_σ )(2ϵ − η_ϕ) ≃ −4ϵ + 2(1 − n_ζ ) . (48)

If the inflaton perturbations dominate the primordial power spectra, w_σ ≪ 1, then the non-linearity parameter, f_{NL}, is suppressed. On the other hand if the σ-field perturbations dominate, w_σ ≃ 1, then f_{NL} could be large, but it also becomes scale-independent. Self-interactions of the curvaton field during inflation, which we have assumed to be negligible, could lead to a scale-dependence of the non-linearity parameter, without affecting the scalar tilt of the power spectra [39].

In the following we will focus on the case w_σ ≈ 1 and ϵ ≃ 0.02, corresponding to n_ζ ≃ 0.96 and n_{fNL} ≪ |n_ζ − 1|.

A. End of inflation

Let us assume first of all that the curvaton decays soon after the end of inflation. This corresponds to a heavy curvaton at the end of inflation, m_σ > H, and a rapid decay, f_d ≃ f_e. Equation (35) then reduces to ζ = ζ_e, i.e., the primordial density perturbation is given solely by the inhomogeneous end of inflation (25).

The relative contribution of the σ field to the primordial power spectrum (45) is then

w_σ =

F^2ϕ^2_∗ (1 − F)^2σ^2_∗ + F^2ϕ^2_∗

. (49)

Thus we have w_σ ≈ 1 in the limit

(1 − F)^2σ^2_∗ ≪ F^2ϕ^2_∗ . (50)

The σ field perturbations will therefore dominate the primordial power spectrum so long as the σ field VEV is much smaller than that of the inflaton field during inflation.

The non-linearity parameter (47) is given by 3 5 f_{NL} = w^2_σ α 6 1 + F F . (51)

In the limit w_σ ≈ 1 and F ≪ 1 this can be re-written as

f_{NL} ≈ 5α 9Ω_{σ,e} . (52)

This agrees with the original result of Lyth [14], but here we have expressed it in terms of the fractional density of the field immediately after inflation, in analogy with the usual result for a curvaton field. Just as in the conventional curvaton scenario, we see that the non-Gaussianity becomes large in the limit that the curvaton density is small at the end of inflation.

If the σ-field decays rapidly at the end of inflation then the curvature perturbation is conserved on large scales throughout the radiation dominated era. However if the curvaton is sufficiently long-lived then it may further affect the primordial perturbation through the usual curvaton mechanism.

B. Curvaton decay

If we include the effect of the inhomogeneous decay of the curvaton sometime after the end of inflation then we may again get significant non-Gaussianity when the curvaton density is small, yet its contribution to the primordial power spectrum is significant. Assuming that the curvaton density remains sub-dominant throughout, Ω_{σ,d}, we have from Eq. (38)

f_{NL} = w^2_σ 5 4[f_d − f_e + (3f_e/α)]

, (53)

where

w_σ =

4α^2[f_d − f_e + (3f_e/α)]^2ϕ^2 81σ^2 + 4α^2[f_d − f_e + (3f_e/α)]^2ϕ^2 = 8ϵ[f_d − f_e + (3f_e/α)]^2m_{Pl}^2 9σ^2 + 8ϵ[f_d − f_e + (3f_e/α)]^2m_{Pl}^2

. (54)

This approximate form for the non-Gaussianity is shown in figures 2 and 3 alongside the exact result, Eq. (35), for a heavy curvaton field after the end of inflation, and in figures 4 and 5 alongside the exact result, Eq. (43), for a light curvaton field after the end of inflation.

The existence of primordial perturbations due to the inhomogeneous end of inflation then places an upper bound on the non-Gaussianity possible in this case:

f_{NL} ≤ 5α 12f_e . (55)

Assuming the initial curvaton density is sufficiently small, f_e ≪ α, and the decay rate is slow enough, Γ/H_e ≪ α^2, then the effect of the curvaton field at the end of inflation can be neglected and the expression for the curvaton perturbation reduces to (37). The corresponding non-linearity parameter is 3 5 f_{NL} = w^2_σ ( 3 − 4f_d − 2f^2_d 4f_d ) . (56)

In the limit f_d ≪ 1 and w_σ ≃ 1 this reduces to the famous result f_{NL} ≃ 5/4f_d. In terms of the fractional energy density when the curvaton decays, Eq. (31), this gives f_{NL} ≃ 5/3Ω_{σ,d}.

VI. DISCUSSION

In this paper we have studied a model of hybrid inflation within which the primordial density perturbation can be produced either through an inhomogeneous end of inflation or through a curvaton scenario when the field decays, or from a combination of the two. The perturbations originate from vacuum fluctuations during inflation in a light isocurvature field, σ. This field is coupled to the waterfall field, χ, whose tachyonic instability triggers the sudden end of hybrid inflation. Hence fluctuations, δσ, can affect the point at which the instability is triggered. Because the field σ acquires a mass at the phase transition, it will begin oscillating about its minimum when the mass is larger that the Hubble scale after inflation. If the oscillations are sufficiently long-lived then the energy density in the σ field may become significant and inhomogeneities in the energy density of the σ field are transferred to the primordial radiation density when the field decays, as in the curvaton scenario.^2

We are able to recover the standard results for primordial perturbations from an inhomogeneous end of inflation when the σ field decays instantaneously at the end of inflation. We also recover familiar curvaton results in the limit where the field is sufficiently long-lived and curvature perturbations produced at the end of inflation are negligible. In both cases we express the resulting non-linearity parameter, f_{NL}, in terms of the fractional density of the curvaton field, Ω_σ, either at the end of inflation or when the curvaton decays. We find that for large non-Gaussianity we have

f_{NL} ≈ { w^2_σ (5α/9Ω_{σ,e}) for Ω_{σ,e} ≫ αΩ_{σ,d} w^2_σ (5/3Ω_{σ,d}) for Ω_{σ,d} ≫ Ω_{σ,e}/α . (57)

Any contribution to the overall primordial power spectrum from inflaton fluctuations, w_σ < 1, tends to suppress the primordial non-Gaussianity.

Primordial perturbations from an inhomogeneous end of inflation are enhanced by the slow-roll parameter α. Nonetheless curvaton-type perturbations tend to dominate over the end-of-inflation effect when the decay is slow, Γ ≪ α^2H_e, unless the σ-density is already significant immediately after the end of inflation, Ω_{σ,e} > α. More generally we find that perturbations due to the inhomogeneous end of inflation place an upper bound on the non-Gaussianity

f_{NL} ≤ 5α 9Ω_{σ,e} . (58)

We have used sudden-end-of-inflation and sudden-decay approximations to match the curvature and density perturbations across the end-of-inflation hypersurface and the curvaton-decay hypersurface. We expect this instantaneous matching to be a good approximation on length-scales much larger than the corresponding Hubble length. This longwavelength approximation is usually an excellent approximation for scales relevant for the large-scale structure of our Universe [34, 42, 43]. On the other hand we know that the tachyonic instability in the waterfall field at the end of inflation leads to a very inhomogeneous fragmentation of the inflaton and waterfall field due to tachyonic preheating [44, 45]. If a curvaton field, σ, is weakly coupled to the waterfall field so that its mass remains less than the Hubble scale (a light curvaton immediately after inflation) then it remains overdamped and we would not expect the coherent curvaton field to be significantly disrupted by preheating in the inflaton and waterfall fields. On the other hand if the curvaton is sufficiently strongly coupled so that its mass becomes larger than the Hubble scale immediately after inflation, then its dynamics may be considerably more complicated, and possibly highly non-linear. Previous studies [46, 47] have considered resonant decay of the curvaton, but here we are considering possible parametric production of the curvaton itself. This has no effect on large scale density perturbations if all the fields rapidly thermalize, but short wavelength curvaton modes can alter the predictions in the curvaton scenario [34]. A full study of the effect on the curvaton production and decay after tachyonic preheating in this intermediate regime requires a careful numerical treatment which goes well beyond the present work.

Acknowledgement

We would like to thank A. A. Abolhasani, H. Bazrafshan, X. Chen, E. Lim and G. Tasinato for useful discussions. HF would like to thank the ICG, Portsmouth, for hospitality while this work was initiated and later finalized. MHN

2 Our model is very different from the recently proposed “hybrid curvaton” model of Dimopoulos et al [41] where the curvaton field has a waterfall-type potential, so that oscillations of the curvaton field are triggered by a tachyonic instability.

is in part supported by Yukawa Institute for Theoretical Physics (YITP), Kyoto University, under the Exchange Program for Young Researchers of YITP. DW is supported by STFC grant ST/H002774/1.

[1] B. A. Bassett, S. Tsujikawa and D. Wands, Rev. Mod. Phys. 78, 537 (2006) [astro-ph/0507632]. [2] D. H. Lyth and A. R. Liddle, Primordial Density Perturbation (Cambridge University Press, 2009). [3] C. Gordon, D. Wands, B. A. Bassett and R. Maartens, Phys. Rev. D 63, 023506 (2001) [astro-ph/0009131]. [4] D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, Phys. Rev. D 62, 043527 (2000) [astro-ph/0003278]. [5] D. S. Salopek, J. R. Bond and J. M. Bardeen, Phys. Rev. D 40, 1753 (1989). [6] A. D. Linde and V. F. Mukhanov, Phys. Rev. D 56, 535 (1997) [astro-ph/9610219]. [7] D. Langlois, Phys. Rev. D 59, 123512 (1999) [astro-ph/9906080].

[8] D. H. Lyth, C. Ungarelli, D. Wands, Phys. Rev. D67, 023503 (2003). [astro-ph/0208055]. [9] N. Bartolo, S. Matarrese and A. Riotto, Phys. Rev. D 69, 043503 (2004) [hep-ph/0309033]. [10] A. D. Linde, Phys. Lett. B 259, 38 (1991).

[11] A. D. Linde, Phys. Rev. D 49, 748 (1994) [arXiv:astro-ph/9307002]. [12] E. J. Copeland et al., Phys. Rev. D 49, 6410 (1994) [arXiv:astro-ph/9401011]. [13] F. Bernardeau, L. Kofman and J. -P. Uzan, Phys. Rev. D 70, 083004 (2004) [astro-ph/0403315]. [14] D. H. Lyth, JCAP 0511, 006 (2005). [astro-ph/0510443].

[15] G. Dvali, A. Gruzinov and M. Zaldarriaga, Phys. Rev. D 69, 023505 (2004) [astro-ph/0303591]. [16] M. Sasaki, Prog. Theor. Phys. 120, 159 (2008) [arXiv:0805.0974 [astro-ph]]. [17] A. Naruko and M. Sasaki, Prog. Theor. Phys. 121, 193 (2009) [arXiv:0807.0180 [astro-ph]]. [18] Q. -G. Huang, JCAP 0906, 035 (2009). [arXiv:0904.2649 [hep-th]];

Q. -G. Huang, JCAP 0905, 005 (2009). [arXiv:0903.1542 [hep-th]]. [19] S. Yokoyama and J. Soda, JCAP 0808, 005 (2008);

[20] R. Emami and H. Firouzjahi, JCAP 1201, 022 (2012) [arXiv:1111.1919 [astro-ph.CO]]. [21] D. H. Lyth and M. Karciauskas, arXiv:1204.6619 [astro-ph.CO]. [22] D. H. Lyth, D. Wands, Phys. Lett. B524, 5-14 (2002). [hep-ph/0110002].

[23] T. Moroi and T. Takahashi, Phys. Lett. B 522, 215 (2001) [Erratum-ibid. B 539, 303 (2002)] [hep-ph/0110096]. [24] A. A. Starobinsky, JETP Lett. 42, 152 (1985) [Pisma Zh. Eksp. Teor. Fiz. 42, 124 (1985)]. [25] M. Sasaki, E. D. Stewart, Prog. Theor. Phys. 95, 71-78 (1996). [astro-ph/9507001]. [26] D. H. Lyth and Y. Rodriguez, Phys. Rev. Lett. 95, 121302 (2005) [astro-ph/0504045]. [27] J. M. Bardeen, P. J. Steinhardt and M. S. Turner, Phys. Rev. D 28, 679 (1983). [28] J. M. Bardeen, DOE/ER/40423-01-C8.

[29] K. A. Malik and D. Wands, Phys. Rept. 475, 1 (2009) [arXiv:0809.4944 [astro-ph]]. [30] D. H. Lyth, K. A. Malik and M. Sasaki, JCAP 0505, 004 (2005) [astro-ph/0411220]. [31] D. S. Salopek and J. R. Bond, Phys. Rev. D 42, 3936 (1990).

[32] A. A. Abolhasani, H. Firouzjahi, Phys. Rev. D83, 063513 (2011). [arXiv:1005.2934 [hep-th]]. [33] A. A. Abolhasani, H. Firouzjahi, M. Sasaki, [arXiv:1106.6315 [astro-ph.CO]]. [34] M. Sasaki, J. Valiviita, D. Wands, Phys. Rev. D74, 103003 (2006). [astro-ph/0607627]. [35] H. Assadullahi, J. Valiviita and D. Wands, Phys. Rev. D 76, 103003 (2007) [arXiv:0708.0223 [hep-ph]]. [36] D. Langlois, F. Vernizzi, D. Wands, JCAP 0812, 004 (2008). [arXiv:0809.4646 [astro-ph]]. [37] D. Wands, N. Bartolo, S. Matarrese and A. Riotto, Phys. Rev. D 66, 043520 (2002) [astro-ph/0205253]. [38] C. T. Byrnes, S. Nurmi, G. Tasinato and D. Wands, JCAP 1002, 034 (2010) [arXiv:0911.2780 [astro-ph.CO]]. [39] C. T. Byrnes, M. Gerstenlauer, S. Nurmi, G. Tasinato and D. Wands, JCAP 1010, 004 (2010) [arXiv:1007.4277 [astroph.CO]].

[40] J. Fonseca and D. Wands, Phys. Rev. D 83, 064025 (2011) [arXiv:1101.1254 [astro-ph.CO]]. [41] K. Dimopoulos, K. Kohri and T. Matsuda, arXiv:1201.6037 [hep-ph]. [42] N. Deruelle and V. F. Mukhanov, Phys. Rev. D 52, 5549 (1995) [gr-qc/9503050]. [43] K. A. Malik and D. H. Lyth, JCAP 0609, 008 (2006) [astro-ph/0604387].

[44] G. N. Felder, J. Garcia-Bellido, P. B. Greene, L. Kofman, A. D. Linde and I. Tkachev, Phys. Rev. Lett. 87, 011601 (2001) [hep-ph/0012142].

[45] G. N. Felder, L. Kofman, A. D. Linde, Phys. Rev. D64, 123517 (2001). [hep-th/0106179]. [46] K. Enqvist, S. Nurmi and G. I. Rigopoulos, JCAP 0810, 013 (2008) [arXiv:0807.0382 [astro-ph]]. [47] A. Chambers, S. Nurmi and A. Rajantie, JCAP 1001, 012 (2010) [arXiv:0909.4535 [astro-ph.CO]].