arXiv:1207.7250v1 [gr-qc] 31 Jul 2012

A no-go on strictly stationary spacetimes in four/higher dimensions

Tetsuya Shiromizu, Seiju Ohashi and Ryotaku Suzuki Department of Physics, Kyoto University, Kyoto 606-8502, Japan

We show that strictly stationary spacetimes cannot have non-trivial configurations of form fields/complex scalar fields and then the spacetime should be exactly Minkowski or anti-deSitter spacetimes depending on the presence of negative cosmological constant. That is, self-gravitating complex scalar fields and form fields cannot exist.

I. INTRODUCTION

Whether the self-gravitating and stationary/static configuration exists or not is fundamental issue in general relativity. The famous and elegant Lichnerowicz theorem tells us that the vacuum and strictly stationary spacetimes should be static [1]. The phrase “strict stationarity” means that the existence of the timelike Killing vector field in the whole region of the spacetime is assumed (no black holes!). Since the total mass of the spacetime is zero, the positive mass theorem shows us that the spacetime should be the Minkowski spacetime [2, 3]. The similar discussion has been extended into asymptotically anti-deSitter spacetimes [4]. But, we know that there is the static non-trivial solution for the Einstein-Yang-Mills systems [5] (See Ref. [6] and references therein). Holographic arguments of condensed matters is deeply related to the existence of non-trivial self-gravitating configurations in asymptotically anti-deSitter spacetimes (See Ref. [7] for a review).

Recently, there are interesting new issues on self-gravitating objects and final fate of gravitational collapse in asymptotically anti-deSitter spacetimes [8–10](See also Ref. [11, 12]). Therein non-stationary numerical solutions with 1-Killing vector field was found in the Einstein-complex scalar system [10](This is a kind of boson stars. For boson stars, see Ref. [13] and reference therein). A kind of no-go theorem or Lichnerowicz-type theorem is also important. This is because they provide us some definite informations about the above issue in an implicit way.

In this paper we present a no-go theorem for non-trivial self-gravitating configurations composed of p-form fields/complex scalar fields in strictly stationary spacetimes. We will consider asymptotically flat or anti-deSitter spacetimes. This no-go does not contradict with the results of recent works [8–10] because the spacetimes there are not strictly stationary or there are some coupling between gauge fields and scalar fields and so on. See Ref. [14] for related issues about static configurations.

The organisation of this paper is as follows. In Sec. II, we discuss the strictly stationary spacetimes in four dimensions, and show that the Maxwell field and complex scalar field cannot have non-trivial configuration. In Sec. III, we generalised this into higher dimensions with p-form fields and complex scalar fields. In Appendix A, we present a technical detail. In Appendix B, we discuss an alternative argument for asymptotically anti-deSitter spacetimes.

II. FOUR DIMENSIONS

Bearing the recent work [10] in mind, we consider the following system L = R − 1 2 F^2 − 2|∂π|^2 − 2Λ, (1)

F and π are the field strength of the Maxwell field and a complex scalar field, respectively. There is no source term for the Maxwell field and no potential of π. The Einstein equations are R_{ab} = F^c_a F_{bc} − 1 4 g_{ab}F^2 + ∂_aπ∂_bπ^∗ + ∂_aπ^∗∂_bπ + Λg_{ab}. (2)

Let us focus on the strictly stationary spacetimes, that is, we assume that there is a timelike Killing vector field k^a everywhere. In addition, we assume that the Maxwell field and complex scalar field are also stationary, £_kF = 0, k^a∂_aπ = 0. Then we see £_kT_{ab} = 0 which is consistent with the spacetime stationarity.

The twist vector ω^a is defined by

ω_a = 1 2 ϵ^{bcd}_a k_b∇_ck_d. (3) Then, from the definition of ω_a, one can show

∇_a(ω^aV^{−4}) = 0, (4) where V^2 = −k_ak^a. We introduce the electric and magnetic components of the Maxwell field as E_a = k^bF_{ba} (5) and B_a = − 1 2 ϵ_{abcd}F^{bc}k^d, (6) respectively. Using E^a and B^a, the field strength of the Maxwell field is written as V^2F_{ab} = −2k_{[a}E_{b]} + ϵ_{abcd}k^cB^d. (7) The source-free Maxwell equation becomes ∇_{[a}E_{b]} = 0, (8)

∇_{[a}B_{b]} = 0, (9)

∇_a(E^aV^{−2}) − 2ω_aB^aV^{−4} = 0 (10) and ∇_a(B^aV^{−2}) + 2ω_aE^aV^{−4} = 0. (11) From the first two equations, we see that E^a and B^a have the potentials as E_a = ∇_aΦ, B_a = ∇_aΨ. (12) Using the Einstein equations, we can show that ∇_{[a}ω_{b]} = B_{[a}E_{b]} (13) holds. The right-hand side is the Poynting flux. To show the above, we used the assumption of the stationarity of the complex scalar field. Using the fact that the electric and magnetic fields are written in terms of the potential for each, we can rewrite the above in several different ways, for examples, we have the following typical two equations ∇_{[a}(ω_{b]} − ΨE_{b]}) = 0 (14) and ∇_{[a}(ω_{b]} + ΦB_{b]}) = 0. (15) Therefore, the existence of scalar functions are guaranteed as ω_a − ΨE_a = ∇_aU_E (16) and ω_a + ΦB_a = ∇_aU_B . (17) Then, using the Maxwell equation, Eqs. (4), (16) and (17) give us ∇_a ( U_E ω^a V^4 − Ψ 2V^2 B^a ) = ω_aω^a V^4 − B_aB^a 2V^2

. (18) and ∇_a ( U_B ω^a V^4 − Φ 2V^2 E^a ) = ω_aω^a V^4 − E_aE^a 2V^2

. (19) They correspond to Eq. (6.35) in page 156 of Ref. [15] which has an error of the sign(For example, see Ref. [16]).

On the other hand, the Einstein equations give us 2 V^2 R_{ab}k^ak^b = ∇_a (∇aV 2 V^2 ) + 4 ω_aω^a V^4

= −2Λ +

E_aE^a + B_aB^a V^2

. (20)

Note that this corresponds to the Raychaudhuri equation for non-geodesics.

It is easy to see that Eqs. (18), (19) and (20) implies ∇_a (∇aV 2 V^2

+ W^a ) = −2Λ, (21)

where

W^a = 2(U_E + U_B ) ω^a V^4 − ΨB^a + ΦE^a

V^2

. (22)

Let us first consider the cases with Λ = 0. Then we see ∇_a ( ∇aV 2 V^2

+ W^a ) = 0, (23)

The space volume integral of the above implies the surface integral. Since W^a does not contribute to the surface integral, we see that it will be the total mass and then

M = 0 (24)

(See Appendix A). Here note that the positive mass theorem holds because the dominant energy condition is satisfied. Thus, the corollary of the positive mass theorem tells us that the spacetime should be the Minkowski spacetime [2, 3]. This means that the electro-magnetic fields and complex scalar field vanish.

Next we consider the cases with Λ < 0. Introducing the vector field, r^a, satisfying

∇_ar^a = −2Λ, (25)

we find ∇_a ( ∇aV 2 V^2

− r^a + W^a ) = 0. (26)

The volume integral shows us

M = 0 (27)

again. Then the positive mass theorem implies that the spacetime should be the exact anti-deSitter spacetime [17, 18]. In Appendix A, we discuss the existence of r^a satisfying Eq. (25). However, one may not want to introduce this r^a. This is possible for a restricted case. In Appendix B, we present an alternative proof for asymptotically anti-deSitter spacetimes. Price we have to pay is that we cannot include the Maxwell field in the argument.

One may wonder if one can extend this result to the cases with positive cosmological constant, Λ > 0. Although there are some efforts [19], we do not have the positive mass theorem which holds for general asymptotically deSitter spacetimes. Thus, we cannot have the same statement with our current result.

Note that almost of all basic equations presented here was derived in Ref. [20]. However, these equations was applied to the stationary axisymmetric black holes to derive the Smarr formula and so on. On the other hand, we focused on the strictly stationary spacetimes which are not ristricted to be axisymmetric in general and do not contain black holes.

III. HIGHER DIMENSIONS

Let us examine the same issue in higher dimensions. The Lagrangian we consider is L = R − 1 p! H^2_{(p)} − 2|∂π|^2 − 2Λ, (28)

where H_{(p)} is the field strength of a (p − 1)-form field potential and π is a complex scalar field. We consider the strictly stationary spacetimes, p-form fields and complex scalar fields, £_kH_{(p)} = 0, £_kπ = 0.

The Einstein equations become R_{ab} = 1 p! ( pH^{c1 ···cp−1} a H_{bc1···cp−1} − p − 1 n − 2 g_{ab}H^2_{(p)} ) + ∂_aπ∂_bπ^∗ + ∂_aπ^∗∂_bπ + 2 n − 2 Λg_{ab}. (29) The field equations for source free p-form field are ∇_aH^{a1···ap−1a} = 0 (30) and the Bianchi identity. Let us decompose the p-form field strength into the electric (E_{a1 ···ap−1} ) and magnetic parts (B_{a1 ···an−p−1} ) as V^2H_{a1···ap} = −pk_{[a1} E_{a2 ...ap]} + ϵ_{a1···apap+1ap+2···an} k^{ap+1} B^{ap+2···an} . (31) where we define the each component by E_{a1 ...ap−1} = H_{aa1···ap−1} k^a (32) and B_{a1...an−p−1} = 1 p!(n − p − 1)! ϵ_{b1 ···bpca1···an−p−1} k^cH^{b1···bp1} . (33) Here we define the twist tensor ω_{a1···an−3} as ω_{a1···an−3} = αϵ_{a1 ···an−3bcd}k^b∇^ck^d, (34) where α is a constant. From the definition of the twist, it is easy to check that ∇_{an−3} ( ωa_1···a_{n−3} V^4 ) = 0 (35) holds. From the field equations, we have ∇_{[a1} E_{a2 ···ap]} = 0 (36) and ∇_{[a1} B_{a2···an−p]} = 0. (37) Then there are the potentials, that is, E_{a1···ap−1} = ∇_{[a1} Φ_{a2 ···ap−1]} (38) and B_{a1 ···ap−1} = ∇_{[a1} Ψ_{a2···an−p−1]}. (39) It is seen from the definition of E_{a1 ···ap−1} and B_{a1···ap−1} that k^{a1} Φ_{a1...ap−2} = 0 and k^{a1} Ψ_{a1...an−p−2} = 0 hold. The other field equations give us Φ_{a1 ···ap−2} ∇_{ap−1} (Ea_1 ...a_{p−2}a_{p−1} V^2 ) = α^{−1}(−1)^nω^{a1···ap−2b1 ···bn−p−1} Φ_{a1···ap−2} B_{b1 ···bn−p−1} V^4

(40) and Ψ_{a1···an−p−2} ∇_a ( Ba_1...a_{n−p−2}a V^2 ) = −α^{−1} (−1)^p (n − p − 1)!(p − 1)! ω^{b1 ···bp−1a1···an−p−2} Ψ_{a1···an−p−2} E_{b1 ···bp−1} V^4

. (41) Using the Einstein equations, we can show α^{−1}ϵ^{abcd1···dn−3} ∇_cω_{d1···dn−3} = 2(n − 3)!(−1)^n(k^aR^b_c − k^bR^a_c)k^c = − 2(−1)^{n+p}(n − 3)!

(p − 1)! ϵ^{abcd1···dn−3} E_{cd1···dp−2} B_{dp−1···dn−3} . (42)

Note that we used the fact of the stationarity of the complex scalar field. Then we see that there are the (n − 4)-forms U^E and U^B satisfying ∇_{[a1} U^E_{a2···an−3]} = ω_{a1···an−3} − (−1)^n2α(n − 3)!

(p − 1)! E_{[a1···ap−1} Ψ_{ap···an−3]} (43) and ∇_{[a1} U^B_{a2···an−3]} = ω_{a1 ···an−3} + (−1)^{n+p}2α(n − 3)!

(p − 1)! Φ_{[a1···ap−2} B_{ap−1···an−3]}, (44) respectively. Using U^{E,B} and Eq. (35), we can have the following equations ∇_a ( U^E_{a1 ···an−4} ω^{a1···an−4a} V^4

− (−1)^pα^2β Ψ_{a1···an−p−2} B^{a1 ···an−p−2a} V^2 ) = (−1)^n ( ω2 V^4 − α^2β B^2 V^2 ) (45) and ∇_a ( U^B_{a1···an−4} ω^{a1 ···an−4a} V^4

− (−1)^{n+p}α^2γ Φ_{a1 ···ap−2} E^{a1 ···ap−2a} V^2 ) = (−1)^n ( ω2 V^4 − α^2γ E^2 V^2 ) , (46)

where β = 2(n − 3)!(n − p − 1)! and γ = 2(n − 3)!/(p − 1)!. On the other hand, the Einstein equations give us 2 V^2 R_{ab}k^ak^b = ∇_a (∇aV 2 V^2 ) + 1 α^2(n − 3)!

ω^2 V^4 = 2(n − p − 1) (p − 1)!(n − 2)

E^2 V^2 + 2(p − 1)(n − p − 1)! n − 2 B^2 V^2 − 4 n − 2 Λ. (47)

Then, together with Eqs. (45) and (46), this implies ∇_a (∇aV 2 V^2

+ X^a ) = − 4 n − 2 Λ, (48)

where X^a is defined by

X^a =

(−1)^n α^2(n − 2)! ( (p − 1)U^E_{a1···an−4} + (n − p − 1)U^B_{a1···an−4} ) ωa_1···a_{n−4}a V^4 −(−1)^{n+p} 2(p − 1)(n − p − 1)! n − 2 Ψ_{a1···an−p−2} B^{a1 ···an−p−2a} V^2 − (−1)^p 2(n − p − 1) (p − 1)!(n − 2) Φ_{a1···ap−2} E^{a1···ap−2a} V^2

. (49)

In the similar argument with four dimensional case, we can show that the mass vanishes. Then, using the positive mass theorem in higher dimensions^1, this means that the spacetime is exactly Minkowski/anti-deSitter spacetimes depending on the presence of the negative cosmological constant. In any cases, the p-form fields and complex scalar fields vanish. For asymptotically anti-deSitter case, we had to introduce the vector field r^a satisfying

∇_ar^a = − 4 n − 2 Λ. (50)

The existence of this r^a is discussed in Appendix A. As in the four dimensions, the argument which avoids to introduce r^a is given in Appendix B.

IV. SUMMARY AND DISCUSSION

In this paper we showed that strictly stationary spacetimes with p-form and complex scalar fields should be Minkowski or anti-deSitter spacetime depending on the presence of the negative cosmological constant.

From our result, we have no room where we have the self-gravitating solution composed of complex scalar fields in strictly stationary spacetimes. Therefore, if one wishes to explore new solution, one has to think of the set-up which breaks some assumptions imposed here. For example, we can find a new configuration which is non-stationary, but has non-stationary 1-Killing vector field [10].

For asymptotically anti-deSitter spacetimes, we had to introduce a vector r^a to show the no-go. As shown in Appendix B, there is a way to avoid this additional treatment for the Einstein-complex scalar system. However, it it quite hard to extend this into the cases with p-form fields. This is left for future works.

1 If one considers spin manifolds, the positive mass theorem is easily proven as in the four dimensional Witten’s version [3]

Acknowledgments

TS is partially supported by Grant-in-Aid for Scientific Research from Ministry of Education, Culture, Sports, Science and Technology(MEXT) of Japan (No. 21244033). SO is supported by JSPS Grant-in-Aid for Scientific Research (No. 23-855). SO and RS are supported by the Grant-in-Aid for the Global COE Program ”The Next Generation of Physics, Spun from Universality and Emergence” from MEXT of Japan. The authors also thank the Yukawa Institute for Theoretical Physics at Kyoto University, where this work was initiated during the YITP-T-11-08 on ”Recent advances in numerical and analytical methods for black hole dynamics”.

Appendix A: The evaluation of boundary term

In this Appendix, we present the detail of the calculation of the integral of Eqs. (26) and (48). Since the argument for asymptotically flat spacetimes is included in asymptotically anti-deSitter cases, we will focus on the latter.

In asymptotically anti-deSitter spacetimes, the leading behaviour of the metric is

ds^2 = −V^2dt^2 + V^{−2}dr^2 + r^2dΩ^2_{n−2} + · · · , (A1)

where

V^2 = 1 − 2M r^{n−3} − 2 (n − 2)(n − 1)

Λr^2. (A2)

Let us consider the vector r^a satisfying

∇_ar^a = − 4 n − 2 Λ. (A3)

Near the infinity, r^a will be given by r^a ≃ − 4 (n − 2)(n − 1)

Λr(∂_r )^a + · · · . (A4)

The global existence of r^a is guaranteed as follows. Without loss of generality, one can suppose the form of r^a = ∇^aφ. Then the above equation becomes ∇^2φ = −2Λ. We can redefine φ so that −2Λ is subtracted and then ∇^2φ̃ = S, where S is a non-singular source term. The existence of the solution to this is well-known fact in regular Riemannian manifolds. Therefore, we can always introduce that r^a in general.

For the vectors V^a satisfying V^ak_a = 0, the space-time divergence is written as

∇_aV^a = 1 √ −g ∂_μ( √ −gV^μ) = 1 V √ q ∂_i(V √ qV^i) (A5)

where q is the determinant of the spacial metric and the index i stands for the space component. Therefore, the volume integral of the left-hand side of Eq. (26) or (48) becomes the surface integral and then it is evaluated as ∫ S_∞ ( ∂_iV^2 − V r_i ) dS^i = ω_{n−2}r^{n−2} ( ∂_rV^2 + 4 (n − 2)(n − 1) Λr ) = 2(n − 3)ω_{n−2}M, (A6)

where ω_{n−2} is the volume of the unit (n − 2)-dimensional sphere.

For asymptotically flat spacetimes, we do not introduce r^a and the evaluation at the boundary is same with the above in the limit of Λ = 0.

Appendix B: Alternative proof

For asymptotically anti-deSitter spacetimes, one may want to avoid to introduce the vector r^a satisfying Eq. (50). This is because its introduction is artificial. Therefore, we try to present an alternative proof. Here we focus on the Einstein gravity with complex scalar fields. In the following proof, unfortunately, we cannot include the p-form fields. The argument here is basically following Ref. [21] which devoted to the vacuum case (See also Ref. [22]).

In the absence of the p-form fields, the volume integrals of Eqs. (18) and (45) give us ω_{a1···an−2} = 0 (B1) and then the spacetimes must be static. Here we assumed that the scalar fields is also stationary, £_kπ = 0. Then we can employ the following metric form

ds^2 = −V^2(x^i)dt^2 + g_{ij} (x^k )dx^idx^j . (B2)

The Ricci tensor becomes

R_{00} = V D^2V = n − 1 ℓ^2

V^2 + S_{00} (B3)

R_{ij} =^{(n−1)}R_{ij} − 1 V D_iD_j V = − n − 1 ℓ^2 g_{ij} + S_{ij} , (B4)

where ℓ^{−2} = −2Λ/(n − 1)(n − 2) and S_{ab} = T_{ab} − 1 n − 2 g_{ab}T = ∂_aπ∂_bπ^∗ + ∂_aπ^∗∂_bπ. (B5)

For the current case, S_{00} = 0 and S_{ij} = D_iπD_j π^∗ + D_iπ^∗D_j π.

The (n − 1)-dimensional Ricci scalar becomes

(n−1)R = − (n − 1)(n − 2)

ℓ^2 + 1 V^2

S_{00} + S^i_i = −

(n − 1)(n − 2) ℓ^2

+ 2|Dπ|^2. (B6)

Using the Einstein equations, we have the equation

D^2ψ − V^{−1}D_iV D^iψ = 2 ( D_iD_j V − 1 ℓ^2 g_{ij} V )_2

+ 2S^{ij} D_iV D_j V + 2D^iV V D_iS_{00} − 2 V^2

S_{00}(DV )^2 + 2 ℓ^2

S_{00} = 2 ( D_iD_j V − 1 ℓ^2 g_{ij} V )_2

+ 4|D^iV D_iπ|^2 ≥ 0, (B7)

where ψ = (DV )^2 + ℓ^{−2}(1 − V^2). Since ψ → 0 as r → ∞, the maximum principle implies ψ ≤ 0. Thus, we have the following inequality

(DV )^2 ≤ (V^2 − 1)ℓ^{−2}. (B8)

We will used this later soon.

Let us perform the conformal transformation defined by

ḡ_{ij} = (1 + V )^{−2}g_{ij} . (B9)

Then we see that the Ricci scalar of ḡ_{ij} is non-negative,

(n−1)R̄(1 + V )−2 = (n−1)R + 2(n − 2) D 2V V + 1

− (n − 1)(n − 2)

(DV )^2 (1 + V )^2 = ( 1 V^2 + 2(n − 2) V (V + 1) ) S_{00} + S^i_i +

(n − 1)(n − 2) ℓ^2 ( − 1 − V 1 + V − ℓ^2 (DV )^2 (1 + V )^2 )

= − (n − 1)(n − 2) (1 + V )^2 ψ + 2|Dπ|^2 ≥ 0. (B10)

The r = ∞ boundary is the unit sphere in the conformally transformed space and the trace of the extrinsic curvature is k̄|_{r=∞} = n−2. Thus, the conformally transformed space is a compact Riemannian manifold, M̄, with the boundary of the unit sphere, ∂M̄ =: S^{n−2}. Pasting the flat space removing the ball with the unit radius with M̄ along S^{n−2}, we can construct the manifold with the zero mass. Since the Ricci scalar is non-negative there, we can apply the positive mass theorem [2, 23] and then see that the space should be flat. This means R̄ = 0 and then Eq. (B10) implies

D_iπ = 0 (B11) and ψ = 0. (B12)

Then Eq. (B7) implies

D_iD_j V = 1 ℓ^2 g_{ij} V. (B13)

Therefore,^{(n−1)}R_{ij} = −(n − 2)ℓ^{−2}g_{ij} . Due to the conformal flatness, the Weyl tensor with respect to g_{ij} is zero and then the Riemann tensor becomes^{(n−1)}R_{ijkl} = −^1_{ℓ2} (g_{ik}g_{jl} − g_{il}g_{jk}). Using the Einstein equations, we can compute the Riemann tensor of spacetime as follows

R_{0i0j} = V D_iD_j V =

V^2 ℓ^2 g_{ij} = − 1 ℓ^2 g_{00}g_{ij} (B14) R_{ijkl} =^{(n−1)}R_{ijkl} = − 1 ℓ^2 (g_{ik}g_{jl} − g_{il}g_{jk}). (B15) Therefore, R_{abcd} = −ℓ^{−2}(g_{ac}g_{bd} − g_{ad}g_{bc}) holds and then the spacetime is exactly anti-deSitter spacetimes.

[1] A. Lichnerowicz, Theories Relativistes de la Gravitation et de l’Electromagnetisme, (Masson, Paris, 1955). [2] R. Schoen and S. -T. Yau, Commun. Math. Phys. 79, 231 (1981). [3] E. Witten, Commun. Math. Phys. 80, 381 (1981).

[4] W. Boucher, G. W. Gibbons and G. T. Horowitz, Phys. Rev. D 30, 2447 (1984). [5] R. Bartnik and J. Mckinnon, Phys. Rev. Lett. 61, 141 (1988). [6] E. Winstanley, Lect. Notes Phys. 769, 49 (2009) [arXiv:0801.0527 [gr-qc]]. [7] S. A. Hartnoll, arXiv:1106.4324 [hep-th].

[8] P. Bizon and A. Rostworowski, Phys. Rev. Lett. 107, 031102 (2011) [arXiv:1104.3702 [gr-qc]]. [9] O. J. C. Dias, G. T. Horowitz and J. E. Santos, arXiv:1109.1825 [hep-th].

[10] O. J. C. Dias, G. T. Horowitz and J. E. Santos, JHEP 1107, 115 (2011) [arXiv:1105.4167 [hep-th]]. [11] S. Stotyn, M. Park, P. McGrath and R. B. Mann, Phys. Rev. D 85, 044036 (2012) [arXiv:1110.2223 [hep-th]]. [12] S. A. Gentle, M. Rangamani and B. Withers, JHEP 1205, 106 (2012) [arXiv:1112.3979 [hep-th]]. [13] S. L. Liebling and C. Palenzuela, Living Rev. Rel. 15, 6 (2012) [arXiv:1202.5809 [gr-qc]]. [14] G. W. Gibbons, Lect. Notes Phys. 383, 110 (1991) [arXiv:1109.3538 [gr-qc]].

[15] B. Carter, Black hole equilibrium states, in “Black Holes”, edited by C. DeWitt and B. DeWitt(New York, 1973) [16] M. Heusler, Living Rev. Rel. 1, 6 (1998).

[17] G. W. Gibbons, S. W. Hawking, G. T. Horowitz and M. J. Perry, Commun. Math. Phys. 88, 295 (1983). [18] G. W. Gibbons, C. M. Hull and N. P. Warner, Nucl. Phys. B 218, 173 (1983).

[19] T. Shiromizu, Phys. Rev. D 49, 5026 (1994); T. Shiromizu, D. Ida and T. Torii, JHEP 0111, 010 (2001) [hep-th/0109057];

D. Kastor and J. H. Traschen, Class. Quant. Grav. 19, 5901 (2002) [hep-th/0206105]. [20] M. Heusler, Helv. Phys. Acta 69, 501 (1996) [gr-qc/9610019]. [21] X. Wang, Acta Math. Sinica, 21, 917(2005). [22] J. Qing, Ann. Henri Poincare 5, 245(2004). [23] P. Miao, Adv. Theor. Math. Phys. 6, 1163(2002).