arXiv:1208.0106v1 [gr-qc] 1 Aug 2012

arXiv:

Critical exponents of gravity with quantum perturbations

Hongsheng Zhang^∗ and Xin-Zhou Li^† Center for Astrophysics , Shanghai Normal University, 100 Guilin Road, Shanghai 200234,China (Dated: August 2, 2012)

Phase transition and critical phenomenon is a very interesting topic in thermodynamics and statistical mechanics. Gravity is believed to has deep and inherent relation to thermodynamics. Near the critical point, the perturbation becomes significant. Thus for ordinary matter (govern by interactions besides gravity) the critical behavior will become very different if we ignore the perturbations around the critical point, such as mean field theory. We find that the critical exponents for RN-AdS spacetime keeps the same values even we consider the full quantum perturbations. This indicates a key difference between gravity and ordinary thermodynamic system.

PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x

I. INTRODUCTION

The relation between gravity theory and thermodynamics is an interesting and profound issue. The key quantities bridging the gravity and thermodynamics are temperature and entropy. Temperature of an ordinary system denotes the average kinetic energy of microscopic motions of a single particle. To gravity the temperature becomes subtle. Since we do not have a complete quantum theory of gravity, for general case we can not use the usual way to get the temperature of the gravity field. Under this situation one can set up some thermodynamics and statistical quantities of gravity by using semi-quantum (matter field is quantized, but gravity remains classical) theory, though the concept of gravitational particle is not clear. The black hole thermodynamics (in fact, spacetime thermodynamics, because the physical quantities in black hole thermodynamics should be treated as the quantities of the globally asymptomatic flat manifold) is set up in [1] and confirmed by Hawking radiation [2].

The Hawking radiation is a pivotal discovery in the history of black hole thermodynamics, which has been confirmed in several different ways. An intuitive reasoning of Hawking radiation in tunneling scenario is proposed in [3]. This method not only realized some early intuitive thought on the Hawking radiation, but find the correction to the blackbody spectrum of the radiation. The correction to the original Hawking radiation is easy to understand: In the early work, the mass of black hole is assumed to be a constant, which is of course only an approximation since energy flows away with the radiations. In the original tunneling scenario, semi-classical approximations are essential in the deduction. The full quantum perturbations, i.e., the quantum corrections to all orders for Hawking radiation, is found in [4]. More importantly, this study of quantum perturbations is a self-consistent approach. The corrections for entropy, temperature and other quantities are given in the same frame, in which the first law of thermodynamics is satisfied. The leading correction for entropy just takes a log form, which has been obtained several times in several studies from many aspect of black hole entropy. It can be obtained from thermal perturbations, quantum perturbations, loop quantum gravity, Euclidean path integral approach, etc [5]. Most of the early approaches are not self-consistent: Only the correction to entropy is considered, which breaks the first law. Consistent black hole thermodynamics with perturbation effects from very different aspects can be found in [6].

More and more analogies are found between ordinary thermodynamics and black hole thermodynamics through more and deep studies. The four laws of black hole dynamics can be mapped to the four law of thermodynamics. Every quantity finds its counterpart in ordinary thermodynamics. It is generally known that phase transition and critical phenomenon play a central role in modern thermodynamics and statistical mechanics. The phase transition is also discovered in black hole physics. To describe phase transition and critical phenomenon by using an electrodynamic analogy has a fairly long history [7]. In an asymptotic AdS space, a first order phase transition occurs in a charged black hole (Hawking-Page phase transition) [8]. AdS gets increasing attentions since the AdS/CFT correspondence was proposed[9]. A most simple version of AdS/CFT says that gravity in AdS space exactly maps to a supersymmetric Yang-Mills theory on its boundary. This can be treated as a perfect example of holographic principle. The Hawking- Page phase transition maps to quark confinement/definement transition in the CFT part [10], such that gets more physical significance. Moreover, RN-AdS black undergoes a second order phase transition and a critical point appears, which is very similar to what happens in van der Waals-Maxwell gas-liquid system [11]. The behavior of the electric potential and the charge play the role of volume and pressure in van der Waals-Maxwell gas-liquid system. However,

∗ Electronic address: hongsheng@shnu.edu.cn † Electronic address: kychz@shnu.edu.cn

this is only an apparent analogy from the plots of electric potential vs. charge and volume vs. pressure. The critical exponents are essentially different between the two systems.

The van der Waals-Maxwell gas-liquid is a typical instance of mean field theory (MFT). MFT was suggested many times in history, including Weiss molecular field theory, Landau-Ginzburg superconductor model, Bragg-Williams approximation, etc. All of them share the same critical exponents. The essence of MFT is to ignore the perturbations around the critical point: it treats all effects working on a particle from all the other particles in a system as a “Mean Field”. When the phase transition in RN-AdS space time is explored, no perturbation is considered. The other important property of the phase transition in RN-AdS is the critical exponents are dimension-independent [12]. This is also a key property of MFT. We may habitually conjecture that the critical exponents of RN-AdS take the same values of MFT. But the result is surprising in some sense. It is different from neither MFT nor Kadanoff-Wilson (renormolization group) theory. However it inherits an exponent from MFT (δ) and an exponent from renormalization group (β), and has its own exponents (α, γ). The spirit of Kadanoff-Wilson theory is that there is no length scale in a system at the critical point. But, it is an inherent scale in gravity theory G^{−1/2}, which generates the difficulties to construct a no-scale theory for gravity at the critical points. However, we can include the effects of the perturbations in a very different way. In this letter we develop a new method to consider the full quantum perturbations at the critical points.

II. CRITICAL EXPONENTS OF RN-ADS WITH FULL QUANTUM PERTURBATIONS

The thermodynamics of RN-AdS in different dimensions have discussed by many authors by several different methods [13]. First, we revisit the principle results of 4-dimensional RN black hole in asymptotic AdS space. The metric reads,

ds^2 = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2dΩ^2, (1)

where dΩ^2 denotes a unit 2-sphere and

f(r) = 1 − 2M r + q^2 r^2 + r^2 l^2 (2) M and q label the ADM mass associated to the Killing vector^∂_{∂t} and electric charge of the black hole respectively (We adopt nature unit G = c = ℏ = k_B = 1 without notations). Generally RN-AdS black hole has two horizons, inner Cauchy horizon and outer event horizon, located at r_− at r_+ respectively. The two horizons are determined by mass, electric charge, and the cosmological constant,

2M = r_+ + r_− + r^4_+ − r^4_− l^2(r_+ − r_−) (3)

q^2 = r_+r_− ( 1 + r^3_+ − r^3_− l^2(r_+ − r_−) ) . (4)

When q^2 ≥ M^2 a naked singularity will appear. As usual, the black hole entropy S is a quarter of the outer horizon, S = 1 4 A = πr^2_+. (5)

The first law dM = T dS + ϕdq yields the temperature and the electric potential, T = ( ∂M ∂S ) q = (r_+ − r_−)(l^2 + 3r^2_+ + 2r_+r_− + r^2_−) 4πl^2r^2_+ (6) and

ϕ = ( ∂M ∂q ) S = √ r_+r_−[1 + (r^2_+ + r_+r_− + r^2_−)/l^2] r_+ = q r_+

. (7)

The EOS of the RN-AdS black hole f(T, q, ϕ) = 0 can be obtained by using Eq. (3)-Eq. (7),

4πT qϕ = ϕ^2 − ϕ^4 + λq^2, (8) where λ/3 = 1/l^2. The critical values of temperature T_c, charge q_c, and potential ϕ_c can be calculated routinely,

T_c = √ 2λ 3π , (9)

q_c = 1 √ 12λ , (10)

ϕ_c = 1 √ 6 . (11)

The critical exponents around the critical points are defined as follows. (1) q − q_c ∼ |ϕ − ϕ_c|^δ (T = T_c), (2) ϕ − ϕ_c ∼ |T − T_c|^β (q = q_c), (3) C_q ∼ |T − T_c|^{−α} (q = q_c), (4) κ_T ∼ |T − T_c|^{−γ} (q = q_c). (12)

These exponents have been worked out [12],

δ = 3, β = 1/3, α = 2/3, γ = 2/3. (13)

Interestingly, these exponents are dimension-free, which is a significant property of MFT. It is not surprised since we do not include any perturbations around the critical point, where perturbations, in fact, dominates the whole process approaching the point. To include the perturbations will shift the physical quantities, such as temperature, pressure, entropy, etc.

The quantum perturbation on a classical gravity background has been explored for several years. However, most of them are not self-consistent approaches in sense of thermodynamics. The corrected quantities do not satisfy the laws of thermodynamics, not like what classical theory can do. In principle, any from of matters should obey thermodynamics, since thermodynamics does not depends on the concrete form of matter. A recent approach of quantum perturbation of black hole realizes a consistent thermodynamics after quantum corrections. In this approach, the corrected temperature T_{qu} reads,

T_{qu} = T ( 1 + ∑ i β_i ℏ^i M^{2i} )_{−1} , (14)

where β_i are dimensionless constants, T represents the “classical” Hawking temperature, and M denotes the mass of the black hole. In the above equation we restore the Planck constant ℏ to clear the order of the corrections. Thus, it is clear that in the classical limit (ℏ → 0) the temperature degenerates to the original Hawking temperature. The series in bracket can be worked out if (β_iℏ)^i = k, T_{qu} = T ( 1 − k M^2 ) . (15)

This equation includes the total effects of the quantum perturbations to all orders. With a corrected entropy, the consistent first law can be obtained in this frame [4]. Note that there is no extra corrections to mass, charge and angular momentum. Thus, with quantum corrections the equation of state (8) becomes T_{qu} = ( 1 − k M^2 ) ( ϕ^2 − ϕ^4 + λq^2 ) , (16)

where the mass M relates to q and ϕ by, M = 1 2 ( q ϕ + ϕq + λq^3 3ϕ^3 ) . (17)

The second order phase transition occurs at ( ∂q ∂ϕ ) T = 0, (18) and ( ∂^2q ∂ϕ^2 ) T = 0. (19)

(18) yields

q { q^2 ( −ϕ^2 + 3ϕ^4 + λq^2 ) ( 3ϕ^2 + 3ϕ^4 + λq^2

)_3 − 36kϕ^6 [ −6ϕ^6 + 15ϕ^8 + 14λϕ^2q^2 + 7λ^2q^4 + ϕ^4 ( 3 − 6λq^2 )]} ϕq^2 (−ϕ^2 + ϕ^4 + λq^2) (3ϕ^2 + 3ϕ^4 + λq^2)^3 + 36kϕ^7 [3ϕ^8 − 14λϕ^2q^2 − 7λ^2q^4 − ϕ^4 (3 + 4λq^2)]

= 0. (20)

It is an algebraic equation of degree 16 with respect to ϕ, or degree 10 with respect q. Furthermore, (19) yields a more complicate algebraic equation. It is no hope to get any analytic solution. From the experiences of the previous studies of the critical points of second order phase transition, we develop a special method to get the critical point. In fact, we need not to get all the solutions of (18) and (19). The essential condition is that two roots of (18) degenerates to one. Under this condition, (20) with respect to ϕ^2 ≡ x is equivalent to

(x − x_c)^2(c_0 + ... + c_5x^5 + x^6) = 0, (21)

where x_c, c_0, ..., c_5 are constants. A comparison of the coefficients with (20) generates the following equation set,

c_0x^2_c − λ^4q^8 81 = 0, (22)

(−2c_0xc + c_1x^2_c ) − 8 81 λ^3q^6 = 0, (23)

( c_0 − 2c_1x_c + c_2x^2_c ) − ( 18λ^2q^6 + 12λ^3q^8 ) 81q^2

= 0, (24)

(c_1 − 2c_2x_c + c_3x^2_c ) −

(180kλ^2q^4 + 72λ^2q^6) (81q^2)

= 0, (25)

( c_2 − 2c_3x_c + c_4x^2_c ) − ( −27q^2 + 360kλq^2 + 108λq^4 + 54λ^2q^6 ) 81q^2

= 0, (26)

(c_3 − 2c_4x_c + c_5x^2_c ) −

(324k − 648kλq^2 + 216λq^4) 81q^2

= 0, (27)

( c_4 − 2c_5x_c + x^2_c ) − ( −648k + 162q^2 + 108λq^4 ) 81q^2

= 0, (28)

(c_5 − 2x_c) −

(−108k + 216q^2)

81q^2

= 0. (29)

In the above set, we treat x_c, q, c_0, c_1..., c_5 as variables. We do get the analytic solution of the above equation set. But, unfortunately, it is rather lengthy (more than ten pages for a single solution of one variable) and has no illumination in physical sense. Hence we do not display it here. We only show some numerical results to compare with the original RN-AdS case.

Fig 1 displays the critical isotherm of RN-AdS black hole without perturbation, while Fig 2 illustrates the corresponding with a quantum perturbation. One sees that the shapes of the two figures become different when q is small. However, the critical exponents depend only on the properties of the system around the critical point. By definition (12), we find the critical exponents of the perturbed RN-AdS by series expansion,

δ = 3, β = 1/3, α = 2/3, γ = 2/3. (30)

FIG. 1: The critical isotherm of RN-AdS black hole, in which Tc =^{√2}_{3π} , ϕc =^{1√}_6 , qc =^1_2^√_3 .

FIG. 2: The critical isotherm of perturbed RN-AdS black hole, in which we set k = 0.01, Tc = 0.1479, ϕc = 0.3697, qc = 0.2435.

This fact is very interesting since the equation of state of the perturbed RN-AdS (16) is very different from the unperturbed one (8), while their critical behaviors are exactly the same. The result will be especially significant if one is familiar with critical phenomenon of ordinary matters. For ordinary matter, MFT and RGT present different critical exponents. Theoretically, MFT omits the perturbations around the critical point, while RGT carefully considers the perturbation effects at the critical point. In RGT, the whole system at the critical point is length scale free, that is, there is no special length scale in this system. In a gravity system, there is an inherent length scale G^{−1/2}, which makes the RGT cannot do its work in a gravity system. A popular result is that the G^{−1/2} with a length scale hinders us to renormalize gravity. Here it hinders us to apply RGT in gravity, which makes the perturbed gravity and unperturbed gravity share the same critical exponents, though the perturbation shifts the critical point. This is our main result of this work.

III. CONCLUSION

In this letter, we calculate the critical exponents of RN-AdS with quantum perturbations to all orders. The critical point is shifted due to the perturbations. The perturbations yield a smaller T_c, ϕ_c, and q_c in general. Also, the phase portraits (T, ϕ, q) of the perturbed RN-AdS and unperturbed RN-AdS seem different. However, the most important parameter to describe the behavior around the critical point, i.e., the critical exponents, are not changed by the perturbation. This is surprising since perturbation is always important at the critical point, as we learn from thermodynamics and statistical mechanics for ordinary matters. A profound reason maybe that there is no complete analogy between thermodynamics and black hole physics. We can easily present some known examples about this gap [14]. Gravity has some special laws, even though we found the close relation between gravitational theory and thermodynamics.

Acknowledgments. This work is supported by the Program for Professor of Special Appointment (Eastern Scholar) at Shanghai Institutions of Higher Learning, National Education Foundation of China under grant No. 200931271104, Shanghai Municipal Pujiang grant No. 10PJ1408100, and National Natural Science Foundation of China under Grant No. 11075106.

[1] J. M. Bardeen, B. Carter and S. W. Hawking, Commun. Math. Phys. 31, 161 (1973). [2] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975).

[3] M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000) [hep-th/9907001]. [4] R. Banerjee and B. R. Majhi, JHEP 0806, 095 (2008) [arXiv:0805.2220 [hep-th]]. [5] D. N. Page, New J. Phys. 7, 203 (2005) [hep-th/0409024].

[6] R. -G. Cai, L. -M. Cao and N. Ohta, JHEP 1004, 082 (2010) [arXiv:0911.4379 [hep-th]]; M. Cvetic, S. Nojiri and S. D. Odintsov, Nucl. Phys. B 628, 295 (2002) [hep-th/0112045].

[7] T.D. Lee, Statistical Mecahincs (in Chinese), Lectures given at Chinese Academy of Sciences 1979, Published in 2006 by Shanghai Press of Sciences and Technology.

[8] S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).

[9] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [hep-th/9711200]; O. Aharony, S.S. Guber, J. Maldacena, H.

Ooguri and Y. Oz, Phys. Rep. 323, 183 (2000).

[10] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].

[11] A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, Phys. Rev. D 60, 104026 (1999) [arXiv:hep-th/9904197]; Phys.

Rev. D 60, 064018 (1999) [arXiv:hep-th/9902170].

[12] X. N. Wu, Phys. Rev. D 62, 124023 (2000); C. Niu, Y. Tian and X. N. Wu, Phys. Rev. D 85, 024017 (2012) [arXiv:1104.3066 [hep-th]].

[13] J. -y. Shen, R. -G. Cai, B. Wang and R. -K. Su, Int. J. Mod. Phys. A 22, 11 (2007) [gr-qc/0512035]; R. -G. Cai and A. Wang, Phys. Rev. D 70, 064013 (2004) [hep-th/0406057]; R. -G. Cai, Phys. Rev. D 63, 124018 (2001) [hep-th/0102113]; H. Liu, H. Lu, M. Luo and K. -N. Shao, JHEP 1012, 054 (2010) [arXiv:1008.4482 [hep-th]]; Y. -H. Wei, Phys. Rev. D 80, 024029 (2009); J. L. Alvarez, H. Quevedo and A. Sanchez, Phys. Rev. D 77, 084004 (2008) [arXiv:0801.2279 [gr-qc]]; H. Saadat, Int. J. Theor. Phys. 51, 316 (2012).

[14] J. Preskill, P. Schwarz, A. D. Shapere, S. Trivedi and F. Wilczek, Mod. Phys. Lett. A 6, 2353 (1991);