arXiv:1208.0206v1 [hep-th] 1 Aug 2012

Tensor Network and Black Hole

Hiroaki Matsueda^{a∗}, Masafumi Ishihara^{b†}, and Yoichiro Hashizume^{c‡} aSendai National College of Technology, Sendai 989-3128, Japan bWPI-Advanced Institute for Materials Research (WPI-AIMR), Tohoku University, Sendai 980-8577, Japan bDepartment of Physics, Tokyo University of Science, Tokyo 102-0073, Japan (Dated: August 2, 2012)

A tensor network formalism of thermofield dynamics is introduced. The formalism relates the original Hilbert space with its tilde space by a product of two copies of a tensor network. Then, their interface becomes an event horizon, and the logarithm of the tensor rank corresponds to the black hole entropy. Eventually, multiscale entanglement renormalization anzats (MERA) reproduces an AdS black hole at finite temperature. Our finding shows rich functionalities of MERA as efficient graphical representation of AdS/CFT correspondence.

PACS numbers: 11.25.Tq, 11.25.Hf, 04.70.Dy, 05.10.Cc, 89.70.Cf

I. INTRODUCTION

Applications of anti-de Sitter space / conformal field theory (AdS/CFT) correspondence [1] to statistical and condensed matter physics are hot topics in string theory. On the other hand, it is recognized that a new class of variational anzats in statistical physics, so called multiscale entanglement renormalization anzats (MERA), would be a discrete version of the AdS/CFT correspondence [2–7]. Both of them overcomes difficulties of realspace renormalization in critical systems. It is thus attracting attention to examine their complementarity in a mathematical level.

The MERA is a kind of tensor network (product) states (TNS, TPS) of quantum many-body systems on lattices [7–10]. Historically, the TNS formalism was constructed so that the ground-state variational wave function satisfies the entanglement-entropy scaling. The examination was first developed for gapped cases. In the gapped cases, the entropy obeys the well-known arealaw scaling [11–15]. In spatially one dimension (1D), the wave function appropriate for the scaling is matrix product state (MPS). Actually, the MPS is numerically optimized by the density matrix renormalization group (DMRG) method, and the DMRG is known to be the most powerful method in quantum 1D systems [16–18]. A natural generalizartion of the MPS to higher dimensions is to make the tensor contraction that represents a set of short-range entangled pairs on bonds. In that sense, the TNS is also called projected entangled pair state (PEPS). When the tensor rank and the surrounding area of a partial system are m and A respectively, the entanglement entropy between the partial system and its enviromnent is given by S_{EE} = A ln m ∝ A. On the other hand, in critical cases, the area-law scaling violates logarithmically [19–29]. Then, we must take a large m

∗matsueda@sendai-nct.ac.jp †masafumi@wpi-aimr.tohoku.ac.jp ‡hashizume@rs.tus.ac.jp

value of the order of the total sites L, if we keep the basic TNS structure. However, it is possible to construct a hierarchical tensor network in one higher dimension that has a managable size of the tensor rank and shows the logarithmic divergence of the entropy. That is a concept of the MERA network.

FIG. 1: 2D binary MERA network. Filled dots, diamonds, and filled triangles are the original sites in a quantum 1D critical system, disentangler tensors, and isometries, respectivery. The vertical direction denotes renormalization flow. A red line represents the causal cone enclosing a partial system. The surface area of the causal cone is given by the sum of the number of the boundary points in each layer.

The MERA network has its graphical representation as shown in Fig. 1, and it is easy to visualize the entanglement structure inherent in the network. A key ingredient of MERA is that the network is composed of layers, each of which has its own energy and length scales. The layered structure emerges as a result of repeating the blockspin transformation as well as disentangling transformation. In an another viewpoint, the tensors with large χ in the TNS is decomposed into a set of tensors with smaller dimensions and with different functionalities. Then, the total entanglement entropy is given by the sum of the entropy in each layer compatible with the area-law scaling. The reason for the appearance of the area law is that the smaller tensor rank represents more classical-like shortrange correlation in this extended space. Graphically, the sum corresponds to the outside area of the causal cone in the discrete AdS space, and actually this is comparable to the Ryu-Takayanagi formula [30].

In this paper, we focus on general TNS and in particular MERA at finite temperature. In comparison with the ground states, finite temperature properties of the TNS are less understood. Because of the potential complementarity of MERA and AdS/CFT, the understanding also gives us deeper insight for application of the AdS/CFT to condensed matter physics [31–34]. In the application, it is necessary to deform the asymptotically AdS metric so that the IR geometry has a black hole solution. The black hole is a source of coarse graining, and determines the temperature at the conformal boundary of the AdS space. Then, we would like to know whether the black hole naturally emerges from the TNS formalizm without any phenomenological assumptions. This is the purpose of this paper.

In a viewpoint of the CFT, the TNS has rich functionalities. Let us briefly look at a basic property of the MPS that is the most primitive TNS in 1D. The property is about a dicrete version of the Calabrese-Cardy formula for the entanglement entropy [20, 21], the so called scaling of entanglement support given by S_{EE} = (cκ/6) ln χ, where c is the central charge, κ = 6/c( √ 12/c + 1) is the finite-entanglement scaling exponent, and χ is the matrix dimension [35–37]. It has been shown that the correlation length ξ is given by ξ = χ^κ. This means that the MPS is a very simple structure but catches the essential feature of the CFT. Therefore, we expect that the black hole is also described by the TNS. We will confirm this statement with use of the MERA network.

Since the MERA is a wave-function approach, it is straightforward to use thermofield dynamics (TFD) for finite-temperature formalism of quantum field theory (the readers may be aware of equivalence between TFD and dual CFT in a special case) [38–43]. For our purpose, we reformulate the original TFD so that the TFD wave function matches well with the tensor network representation. We will find that by this reformulation the event horizon naturally appears as a result of hidden quantum entanglement between the original Hilbert space and its tilde space. The entanglement produces a combined tensor network, and we will examine the basic properties of the network.

The paper is organized as follows. Section II is the main part of this paper. We first examine a single-site model, and find a method for constructing the TNS formalism of the thermal state. Then, we examine the finite-temperature MERA network. We will present microscopic derivation of the black hole entropy, the event horizon, and the temperature at the conformal boundary of the AdS space. In Sec. III and Sec. IV, we discuss related topics and summarize our study.

II. TENSOR NETWORK REPRESENTATION OF THERMAL STATE

A. Entanglement between Dual Hilbert Spaces and Thermal Entropy

Let us start with a particular model in TFD. In addition to the original Hilbert space, we introduce the tilde space that is isomorphic and decoupled to the original space. Then, it is able to represent a thermal average by the expectation value of the thermal state. We define a generator G and its evolution operator U(θ) by G = iℏω ( aã − a^†ã^† ) , (1) U(θ) = e^{iθG}, (2) where the parameters θ = β/2 = 1/2k_BT and ω characterize inverse temperature and the energy scale of excitation modes, respectively. The Fermion operators a and ã satisfy the anti-commutation relations { a, a^† } = { ã, ã^† } = 1, (3) {a, a} = {ã, ã} = 0. (4) Here, we assume {ã, a} = { ã, a^† } = 0. (5)

In the following, we define the vacuum state by | |0~0⟩ = |0⟩ ⊗ | |~0⟩, a^† |0⟩ = 0, and ã^† | |~0⟩ = 0. We use the notation a^† | |0~0⟩ = | |1~0⟩ , (6) ã^† | |0~0⟩ = | |0~1⟩ , (7) a^†ã^† | 0~0 ⟩ = | 1~1 ⟩ . (8)

Let us consider the following thermal state |O(θ)⟩ = U(θ) | |0~0⟩ (9) = ( u(θ) + v(θ)a^†ã^† ) | 0~0 ⟩ , (10)

where we can find

u(θ) = cos (ℏωθ) , (11) v(θ) = sin (ℏωθ) . (12)

In order to examine the entanglement entropy of this system, we define the partial density matrix ρ by ρ = T̃r |O(θ)⟩ ⟨O(θ)| (13) = u(θ)^2 |0⟩ ⟨0| + v(θ)^2 |1⟩ ⟨1| , (14)

where T̃r traces over degrees of freedom in the tilde space. In a context of TFD, this is nothing but the thermal density matrix. At the same time, ρ represents the amount of entanglement between the original and the tilde Hilbert spaces. The entanglement entropy is given by

S_{EE} = −Tr ( ρ ln ρ ) (15)

= −u(θ)^2 ln u(θ)^2 − v(θ)^2 ln v(θ)^2 (16) ≤ ln 2. (17)

On the other hand, the thermal entropy of this system is clearly (the system takes |0⟩ or |1⟩)

S_T = k_B ln 2. (18)

Identifying S_{EE} with S_T /k_B [14, 15, 44–48], we find ℏωθ = π/4 and T = 2ℏω πk_B , (19)

which maximizes S_{EE} and then S_{EE} looks like S_T .

B. Vector Product Form of Thermal State

In order to examine the physical meaning of Eq. (19), we first transform Eq. (10) into a vector product form. That is represented as |O(θ)⟩ = ∑ m,ñ=0,1 A^mA^ñ |mñ⟩ , (20)

where A^m and A^ñ are χ-dimensional vector and its tilde conjugate, respectively. The index m (ñ) takes 0 or 1. Usually it is considered that the original and the tilde Hilbert spaces are independent. However, this hidden correlation mediated by the rank χ plays an important role on the emergence of the black hole. The tilde conjugate of the vector is not defined in the original TFD, but in this paper we define it by the transposition as well as the complex conjugate of the vector elements. This wave function is nothing but the MPS. Here we consider the single-site problem with open boundary condition, and then the edge matrix is terminated by an appropriate vector in order to get a scalar coefficient.

We introduce the following representation

A^m = ( A^m_1 , A^m_2 , · · · , A^m_χ ) , A^ñ =

A^ñ_1 A^ñ_2 . . A^ñ_χ . (21)

Then, we obtain the following solutions

A^0 = (√ u(θ), 0 ) , A^1 = ( 0, √ v(θ) ) , (22) and A^{~0} = ( √ u(θ)^∗ 0 ) , A^{~1} = ( 0 √ v(θ)^∗ ) . (23)

We can find more general solutions, but according to symmetry of two Hilbert spaces, we take the vector elements so that A^ñ becomes a copy of A^m. In the present case, the proper (minimal) χ value is 2. When we compare Eq. (14) with Eqs. (22) and (23), we clearly find that the thermal entropy counts the degrees of freedom at the interface between A^m and A^ñ when they are maximally entangled. Futhermore, there is a fact that the entropy of extremal black holes known so far has been explained by assuming maximally entangled states, and this fact also matches with our situation. In that sense, our entropy seems to behave as the black hole entropy and the event horizon is located at the interface of A^m and A^ñ. Then, Eq. (19) corresponds to the Hawking temperature of our system. The maximally entangled system appears in the equal probability case (p_i = 1/χ for i = 1, 2, ..., χ) even when the degree of freedom increases. Then, the upper bound of the entanglement entropy is given by S^{max}_{EE} = − χ∑ i=1 p_i ln p_i = ln χ, (24)

and this also leads to the thermal entropy.

In general, the thermal state is represented as

|Ψ⟩ = ρ^{1/2} |I⟩ , (25)

where ρ is the density matrix, and we take |I⟩ = ∑ i | |iĩ⟩ according to the general representation theorem [49]. We decompose ρ into singular values {λ_j } as

ρ^{1/2} = V ΛṼ , (26)

where V and Ṽ are column unitary matrices, Λ is a diagonal matrix and diagΛ = (λ_1, λ_2, ...). Then the χ value is given by

χ = rank(V Λ^{1/2}) = rank(Λ^{1/2}Ṽ ). (27)

C. Decomposition of Vector into Truncated MERA Network and Emergence of AdS Black Hole

For general L-sites systems, Eq. (20) is extended as |Ψ⟩ = ∑ {m_j } ∑ {ñ_j } A^{m1m2 ···mL} A^{ñ1ñ2 ···ñL} × |m_1m_2 · · · m_Lñ_1ñ_2 · · · ñ_L⟩ , (28)

where m_j and ñ_j are local valuables and A^{m1 m2···mL} A^{ñ1ñ2 ···ñL} = χ∑ α=1 A^{m1 m2···mL} α A^{ñ1ñ2 ···ñL} α . (29)

It is argued in ref. [50, 51] that truncating some tensors from the complete MERA network roughly represents the AdS black hole. We derive it from a microscopic viewpoint. In our notation, A^{m1m2 ···mL}_α corresponds to the truncated tensor network. Thus, we decompose it into a set of tensors with smaller dimensions. The decomposition of A^{m1m2 ···mL} α into any network is always possible. Depending on criticality of our target models, we select an appropriate network. The tensor geometry should match with the symmetry of the original quantum system.

FIG. 2: Decomposition of the vector A into a set of tensors.

Hereafter we focus on the conformal field theory described by the 2D MERA network. Then, we decom- pose A^{m1 m2···mL} α into a MERA-like network. It is noted that the presence of the index α leads to the incomplete MERA network. Figure 2 is an example that is the foursites MERA network under the open boundary condition but the top tensor is truncated (the network is terminated). This diagram is mathematically represented as A^{m1 m2m3m4} α = ∑ m̄_2 ,m̄_3

W^γ_{m1m̄2} U^{m̄2m̄3}_{m2m3} W^δ_{m̄3 m4} , (30)

with use of isometry W and disentangler U. Since the vector rank is χ, the indices γ and δ take 1, 2, ..., √ χ. We generalize the above result. The total degrees of freedom at the interface is originally χ, but let us assume that the tensor rank and the number of the tensors at the interface are respectively m and A after the decomposition. Then, χ is represented as

χ = m^A. (31)

Here, A is related with L by the following condition L η^{τH} = A, (32)

where τ_H is the layer number starting from 0. In the binary MERA network, we take η = 2. In general, each renormalization process merges η-sites together. Substituting Eqs. (31) and (32) into the upper bound of the entanglement entropy, we obtain S^{max}_{EE} = L η^{τH} ln m. (33)

Now our discrete AdS space in Fig. 1 is represented by the metric

ds^2 = { d ( τ ln η )}_2 + ( η^{−τ} dx )_2 , (34)

and changing the valuable τ to z = η^τ (z is normalized by the AdS curvature), we obtain the standard notation

ds^2 = dz^2 + dx^2

z^2

. (35)

Thus, Eq. (33) is transformed into S^{max}_{EE} = L z_H ln m, (36) where z_H = η^{τH} . According to the CFT at finite temperature, the entanglement entropy of the original 1D quantum systems is given by S_{EE} = c 3 ln ( β πϵ sinh ( πL β )) , (37)

where ϵ is a UV cutoff. Assuming that β is small enough, we expand Eq. (37) as S_{EE} ≃ c 3 ln ( β 2πϵ ) + c 3 πL β . (38)

The second term is proportional to the system size L, and thus S_{EE} obeys the volume law at high temperature. When we identify Eq. (36) with Eq. (38), we find that

k_B T = ( 3 cπ ln m ) 1 z_H ∝ z^{−1}_H . (39)

This is nothing but the temperature scale arizing from the AdS black hole, and is consistent with the previous results based on the holographic principle [31–34, 52]. Our case is similar to ref. [53] in a sense that the black hole entropy is interpreted as the entanglement entropy in CFT living on the boundary of the AdS space. In our formulation, the separation of the CFT and the event horizon was derived from decomposition of A^{m1 m2···mL}_α into the truncated MERA network.

Before going to the next subsection, we further comment on the physical meaning of Eq. (39). We require consistency between our result and the holographic theories up to the coefficient. Then, the coefficient of z^{−1}_H should be given by 3 cπ ln m = 1 2π , (40)

and this requires that

m = e^{c/6} ∼ 1. (41)

Here we have supposed the minimal series (0 < c < 1) and the Gaussian CFT (c = 1). The right hand side of Eq. (40) has been obtained for continuous systems. Thus, Eq. (41) is just a criterion of the m value. However, the result indicates that the MERA generates a really ’classical’ space near the event horizon, since the quantum entanglement has been almost vanished for the m value. This small m value might be the reason for the success of semiclassical treatment of the black hole thermodynamics.

D. MERA - Tilde MERA Combined Network

Up to now, we have considered a method for decompo- sition of A^{m1 m2···mL} α into a terminated MERA network.

Let us imagine that the coefficient of the basis in Eq. (28) is a product of two terminated MERA networks. In the

FIG. 3: Combination of MERA (lower half) and tilde MERA (upper half) networks. A red wavy line represents an event horizon. Two pairs of isometries across the horizon are entangled.

FIG. 4: Higher temperature case of MERA - tilde MERA combined network. When we fix system size L, larger χ leads to the smaller layer number.

tilde-space side, we call it as ’tilde MERA’ network. Figure 3 shows schematic representation of our extended MERA network. We also show higher temeperature case in Fig. 4. The total system is composed of the original and tilde MERA networks. At finite temperature, some upper layers of the original MERA network is truncated as already discussed. Two truncated MERA networks are pasted together at the position of the event horizon. The surface area of the horizon is determined by Eq. (32), and the temperature of the conformal boundary is given by Eq. (39). In ref. [41], a similar viewgraph is introduced in a context of gravitational collapse in the AdS spacetime. Thus, our result is a strong support of similarity between MERA and AdS/CFT correspondece.

The most recent development of the MERA is to construct the branching MERA network that reproduces anomalous entanglement-entropy scaling [54]. The network looks like asymptotically the AdS space, but the IR geometry is separated into various types of multiple branches. In this case, the global structure of the MERA - tilde MERA combined network is topologically different from the present case. It will be an intersting work to examine how the genus affects the excitation modes on the conformal boundary.

III. DISCUSSION

Based on the present results, we give some insights for black hole thermodynamics and for numerical renormalization group in condensed matter physics studied with use of TFD or dual CFT.

It has been pointed out that the Kruskal transformation in general relativity is similar to the Bogoliubov one in TFD [39–42]. Both of them use hyperbolic functions for the basis transformation. When we look at the Penrose diagram, the diagram separates the whole spacetime into four blocks. They are two subspaces, and black and white holes. In between two subspaces, the black hole appears. This seems to be quite similar to our combined network. When an observer is in one of two subspaces, it is considered that the observer can not contact with the other subspace. However, we think that the observer indirectly contacts with the other space through hidden quantum entanglement. This information corresponds to the black hole entropy.

The TFD has been also applied to the finitetemperature DMRG in quantum spin chains [55]. The natural ordering of sites for the best DMRG performance is to set up site 1, ancilla ~1, site 2, ancilla ~2, etc. The DMRG is a kind of diagonalization of the Hamiltonian with use of the reduced basis set. The basis set is determined by the eigenvectors with large eigenvalues of the reduced density matrix that is obtained by tracing over environmental degrees of freedom in the whole system. Then, we would like to reduce the quantum entanglement between near-neighbor sites as much as possible. Since the state n and its ancilla ñ are maximally entangled at high temperature, they should be paired in the simulation. This means that in the MPS optimized by the DMRG the ancilla blurs the pure-state properties on each site. On the other hand, in our combined MERA network, the bulk structure of the MERA network is modified. In that sense, the role of the tilde space on the coarse graining by finite temperature looks quite different in classical description (MERA) and direct quantum description (MPS). This may be a kind of duality between them.

IV. SUMMARY

Summarizing, we have shown that the dual tensor network formalism by the TFD is efficient for describing the finite-temperature properties of quantum systems. The TNS is a simple tensor product, and we do not assume any gravitational setup. However, the black hole thermodynamics is automatically emerged from the formalism. In particular, the MERA network would be really representing the discrete AdS/CFT correspondence, and then it seems that Eq. (32) is a very strong constraint. In 2D maximally symmetric spaces, the negative curvature space only matches with the CFT in a group theoretical viewpoint, since the space is scale-invariant. Even if our MERA space is discretized, we think that the matching still remains. In the previous theories associated with MERA and AdS/CFT, the renormalization flow mechanism was mainly examined. On the other hand, the present study has approached the global spacetime structure of our extended MERA network. Thus, we hope that their interaction will leads to better understanding of MERA and AdS/CFT.

Acknowledgments

The work of M. I. was supported by World Premier International Research Center Initiative (WPI), MEXT, Japan.

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998). [2] G. Vidal, Phys. Rev. Lett. 99, 220405 (2007). [3] G. Vidal, Phys. Rev. Lett. 101, 110501 (2008). [4] Robert N. C. Pfeifer, Glen Evenbly, and Guifré Vidal, Phys. Rev. A 79, 040301 (2009).

[5] G. Evenbly and G. Vidal, Phys. Rev. B 79, 144108 (2009).

[6] B. Swingle, arXiv:0905.1317. [7] H. Matsueda, arXiv:1112.5566.

[8] F. Verstraete and J. I. Cirac, arXiv:cond-mat/0407066. [9] G. Vidal, Phys. Rev. Lett. 98, 070201 (2007). [10] F. Verstraete, J, I, Cirac, and V, Murg, Adv. Phys. 57, 143 (2008).

[11] Jacob D. Beckenstein, Phys. Rev. D 7, 2333 (1973). [12] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975). [13] S. W. Hawking, Phys. Rev. D 13, 191 (1976). [14] Luca Bombelli, Rabinder K. Koul, Joohan Lee, and Rafael D. Sorkin, Phys. Rev. D 34, 373 (1986).

[15] M. Srednicki, Phys. Rev. Lett. 71, 666 (1993). [16] S. R. White, Phys. Rev. Lett. 69, 2863 (1992); Phys.

Rev. B 48, 10345 (1993).

[17] S. Östlund and S. Rommer, Phys. Rev. Lett. 75, 3537 (1995); S. Rommer and S. Östlund, Phys. Rev. B55, 2164 (1997).

[18] F. Verstraete, D. Porras, and J. I. Cirac, Phys. Rev. Lett.

93, 227205 (2004).

[19] Christoph Holzhey, Finn Larsen, Frank Wilczek, Nucl.

Phys. B 424, 443 (1994).

[20] P. Calabrese and J. Cardy, J. Stat. Mech. 0406 (2004) P002 [note added: arXiv:hep-th/0405152].

[21] Pasquale Calabrese and John Cardy, J. Phys. A 42, 504005 (2009).

[22] M. B. Plenio, J. Eisert, J. Dreißig, and M. Cramer, Phys.

Rev. Lett. 94, 060503 (2005).

[23] A. Riera and J. I. Latorre, Phys. Rev. A 74, 052326 (2006).

[24] G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev, Phys.

Rev. Lett. 90, 227902 (2003).

[25] Michael M. Wolf, Phys. Rev. Lett. 96, 010404 (2006). [26] Dimitri Gioev and Israel Klich, Phys. Rev. Lett. 96, 100503 (2006).

[27] Dimitri Gioev, arXiv:math/0212215.

[28] Weifei Li, Letian Ding, Rong Yu, Tommaso Roscilde, and Stephan Haas, Phys. Rev. B 74, 073103 (2006).

[29] T. Barthel, M. C. Chung, and U. Schollwöck, Phys. Rev.

A 74, 022329 (2006).

[30] S. Ryu and T. Takayanagi, Phys. Rev. Lett. 96, 181602 (2006).

[31] Hong Liu, John McGreevy, and David Vegh, Phys. Rev.

D 83, 065029 (2011).

[32] N. Ogawa, T. Takayanagi, and T. Ugajin, J. High Energy Phys. 1201 (2012) 125.

[33] Liza Huijse, Subir Sachdev, and Brian Swingle, Phys.

Rev. B 85, 035121 (2012).

[34] E. Shaghoulian, JHEP 1205, 065 (2012). [35] L. Tagliacozzo, Thiago. R. de Oliveira, S. Iblisdir, and J.

I. Latorre, Phys. Rev. B 78, 024410 (2008).

[36] Frank Pollmann, Subroto Mukerjee, Ari M. Turner, and Joel E. Moore, Phys. Rev. Lett. 102, 255701 (2009).

[37] Hiroaki Matsueda, arXiv:1106.5624; Phys. Rev. E 85, 031101 (2012).

[38] Y. Takahashi and H. Umezawa, Collect. Phenom. 2, 55 (1975).

[39] W. Israel, Phys. Lett. 57 A, 107 (1976). [40] Juan Maldacena, arXiv:hep-th/0106112.

[41] Marcelo Botta Cantcheff, arXiv:1110.0867;

arXiv:1205.3113.

[42] Bartlomiej Czech, Joanna L. Karezmarek, Fernando Nogueira, Mark Van Raamsdonk, Class. Quant. Grav. 29, 155009 (2012); arXiv:1206.1323.

[43] Mark Van Raamsdonk, Gen. Rel. Grav. 42, 2323 (2010);

Int. J. Mod. Phys. D 19, 2429 (2010); arXiv:0907.2939. [44] L. Susskind and J. Uglum, Phys. Rev. D 50, 2700 (1994). [45] T. M. Fiola, J. Preskill, A. Strominger, and S. P. Trivedi, Phys. Rev. D 50, 3987 (1994).

[46] S. Hawking, J. M. Maldacena, and A. Strominger, J. High Energy Phys. 05 (2001) 001.

[47] R. Emparan, J. High Energy Phys. 06 (2006) 012. [48] Sergey N. Solodukhin, Phys. Rev. Lett. 97, 201601 (2006); arXiv:1104.3712.

[49] M. Suzuki, J. Phys. Soc. Jpn, 54, 4483 (1985). [50] Javier Molina-Vilaplana, arXiv:1109.5592. [51] J. Molina-Vilaplana and P. Sodano, J. High Energy Phys.

1110 (2011) 011.

[52] Brian Swingle and T. Senthil, arXiv:1112.1069. [53] Tatsuo Azeyanagi, Tatsuma Nishioka, and Tadashi Takayanagi, Phys. Rev. D 77, 064005 (2008).

[54] G. Evenbly and G. Vidal, arXiv:1106.1082. [55] Adrian E. Feiguin and Steven R. White, Phys. Rev. B 72, 220401(R) (2005).