arXiv:1208.0449v3 [astro-ph.CO] 3 Apr 2013

Generalized models of unification of dark matter and dark energy

Neven Čaplar^∗and Hrvoje Štefančić^{1,†}

1 Theoretical Physics Division, Rudjer Bošković Institute, P.O.Box 180, HR-10002 Zagreb, Croatia

Abstract

A model of unification of dark matter and dark energy based on the modeling of the speed of sound as a function of the parameter of the equation of state is introduced. It is found that the model in which the speed of sound depends on the power of the parameter of the equation of state, c^2_s = α(−w)^γ , contains the generalized Chaplygin gas models as its subclass. An effective scalar field description of the model is obtained in a parametric form which in some cases can be translated into a closed form solution for the scalar field potential. A constraint on model parameters is obtained using the observational data on the Hubble parameter at different redshifts.

1 Introduction

The expansion of the universe is one of the most fascinating phenomena that science has encountered so far. It has served as a rich source of information on the nature and the composition of the universe. One of recently established astonishing features of cosmic expansion is that it is currently undergoing a phase of acceleration [1, 2, 3, 4]. The source of this acceleration has not yet been unambiguously identified, although many proposals for its nature have been put forward (see [5, 6] and references therein). The existence of dark energy, a mysterious component with negative pressure is still the most serious candidate. Another dark component of the universe, dark matter, seems to leave its imprint on astrophysical

∗ncaplar@webmail.fizika.org †shrvoje@thphys.irb.hr and cosmological scales, ranging from galaxies to galactic clusters and large scale structure in the universe.

The idea that both dark matter and dark energy are actually the manifestations of a single dark component is both natural and appealing. It appeared early in the literature and its the most acclaimed representative is probably the Chaplygin gas [7] as a model of unification of dark matter and dark energy [8]. The class of unifying DM-DE models is often referred to as quartessence [9, 10]. This phenomenologically introduced model can be motivated from string theory [8, 11, 12]. Its usually studied extension, the generalized Chaplygin gas model, was first introduced in [13]. The agreement of the Chaplygin gas and its extensions with observations has been extensively tested, including the analyses with the supernova Ia data [14, 15], CMB [16], observable Hubble parameter data [17, 18] and large scale structure observations [19, 20, 21, 22, 23], including the nonlinear evolution in structure formation [24] and gravastar formation [25]. Different data can be combined to produce tighter parameter constrains such as in [26, 27, 28, 29]. Strong constraints on the generalized Chaplygin gas have been obtained that question its viability as a cosmological model distinguishable from the ΛCDM model. In order to better accommodate observational constrains, various unified models based on Chaplygin gas have been proposed, such as the modified Chaplygin gas model [30, 31], recently reviewed and constrained in [32, 33, 34] or hybrid Chaplygin gas leading to transient acceleration [35]. The fact that perfect fluid model can be fully described by defining speed of sound equation has been used in [36]. The idea of DM-DE unification with non-canonical scalar fields has been recently studied in [37, 38]. An interesting model called Dusty Dark Energy, recently introduced in [39], achieves the DM-DE unification in the formalism of the λφ-fluid, resulting in the zero speed of sound and one scalar degree of freedom. Other approaches to models of DM-DE unification that avoid the speed of sound problem are purely kinetic k-essence models [40, 41, 42] and tachyon models [43, 44].

The structure of the paper is the following. After the introduction presented in this section, in the second section a general class of barotropic fluid models defined by the function c^2_s is discussed. In the third section the model with the constant speed of sound is studied and in the fourth section the principal model of the paper, defined by c^2_s(w) = α(−w)^γ is introduced. The fifth section is focused on an effective representation of the model in terms of a minimally coupled scalar field. In the sixth section the comparison of the model prediction against the observational data on the Hubble parameter at different redshifts is made and the constraints on the model parameters are presented. The seventh section closes the paper with the discussion and conclusions. The Appendix outlines an approach in which the solution with the piecewise constant speed of sound is used as an approximation of the dynamics of a fluid with a general dependence of c^2_s on w.

2 The model

The equation of state of a barotropic cosmic fluid can in general be written as an implicitly defined relation between the fluid pressure p and its energy density ρ

F (ρ, p) = 0 . (1)

The parameter of the equation of state w = p/ρ can be used to substitute the pressure, p = wρ, so that the relation (1) becomes G(ρ, w) = 0, with G(ρ, w) = F (ρ, p). This relation implies that ρ and p can be considered as functions of w, i.e. ρ = ρ(w) and p = p(w) = wρ(w). Strictly speaking, the inversion of the expression G(ρ, w) = 0 may result in several solutions for ρ(w) (and p(w)). In particular, for some value of w there could be several values ρ(w). The considerations presented below apply to each of these individual solutions.

The speed of sound waves in the barotropic cosmic fluid is defined as

c^2_s = dp dρ . (2)

From (1) it follows ∂F ∂ρ dρ + ∂F ∂p dp = 0 , (3)

which leads to

c^2_s = − ∂F ∂ρ ∂F ∂p . (4)

Inserting the relation p = wρ into (3) and using (4), one readily obtains dρ ρ = dw c^2_s − w

. (5)

Combining this expression with the continuity equation for the fluid

dρ + 3ρ(1 + w) da a = 0 , (6)

one finally obtains dw (c^2_s − w)(1 + w)

= −3 da a = 3 dz 1 + z

. (7)

As p and ρ are functions of w, the expression for the speed of sound can be written as c^2_s = dp dρ = dp dw dρ dw , (8)

i.e. c^2_s = c^2_s(w). Therefore, the expression (7) is a dynamical law for the EOS parameter w.

The only unknown part in (7) is the functional form of c^2_s(w). By its very definition there are some constraints on it, such as that it should be nonnegative and smaller than the speed of light squared, c^2. The modeling of cosmic fluid unifying dark matter and dark energy by modeling c^2_s as a function of w may, therefore, be more suitable since the requirements on c^2_s can be immediately built in. Furthermore, the properties of the solutions of (7) depend on the zeros of the function c^2_s(w) − w. In particular, the dynamics of w(z) is confined to intervals determined by the zeros of c^2_s(w)−w and w = −1. For some models with a variable speed of sound see [45, 46, 47, 48].

In the following two sections we discuss specific choices for c^2_s and discuss their relation with models previously studied in the literature.

3 Constant speed of sound

The simplest possibility is a constant speed of sound. This possibility was recently studied in [36], see also [49, 50, 51, 52]. A direct inspection of (7) shows that for the case of constant speed of sound w is confined to one of the intervals: (−∞, −1), (−1, c^2_s ) and (c^2_s, ∞). For c^2_s = const, the parameter of EOS evolves with the scale factor as w = c^2_s^{1+w0}_{c2s−w0} (1 + z)^{3(1+c2s )} − 1

1+w_0 c^2_s−w_0 (1 + z)

3(1+c^2_s ) + 1 , (9)

with w(0) = w_0. From this relation it immediately follows

ρ = ρ_0 c^2_s − w_0 c^2_s − w

= ρ_0 c^2_s − w_0 1 + c^2_s [ 1 + w_0 c^2_s − w_0

(1 + z)^{3(1+c2s )} + 1 ] (10) and p = c^2_sρ − ρ_0(c^2_s − w_0) = ρ_0 c^2_s − w_0 1 + c^2_s [ c^2_s

1 + w_0 c^2_s − w_0

(1 + z)^{3(1+c2s )} − 1 ] . (11)

Finally we obtain ρ + p = ρ_0(1 + w_0)(1 + z)^{3(1+c2s )} . (12)

For −1 < w < c^2_s, the energy density remains positive throughout the evolution of the universe. With the cosmic expansion, the pressure evolves from positive to negative values. In particular, the pressure changes sign at 1+z = (c^2_s(1+w_0)/(c^2_s − w_0))^{−1/(3(1+c2s ))}. For w_0 < −1 the pressure is negative throughout the evolution of the universe, p < 0. The energy density evolves from negative to positive values with the expansion and it changes sign at 1+z = (−(1+w_0)/(c^2_s −w_0))^{−1/(3(1+c2s ))}. For w_0 > c^2_s, the pressure is always positive, whereas the energy density evolves from positive to negative values with the expansion, with a change of sign at 1 + z = ((1 + w_0)/(w_0 − c^2_s))^{−1/(3(1+c2s ))}.

The solution for c^2_s = const can be used as a building block for approximating general functional forms c^2_s(w). The discussion of a piecewise constant approximation of the general c^2_S redshift dependent function is given in the Appendix.

4 Power law dependence: c^2_s = α(−w)^γ

For a more general parametrization

c^2_s = α(−w)^γ , (13)

the equation (7) in general needs to be solved numerically to obtain w = w(z). An example of such a numerical solution is presented in Fig 1. The redshift dependence of the speed of sound is presented in Fig. 2. We are primarily interested in the solutions in which w is confined to the interval (−1, 0) and the model is properly defined for w < 0. For γ > 1 and α > 0 the dynamics of w is confined to one of the intervals (−∞, −1), (−1, 0), (0, ∞). For γ > 1 and α < 0, Eq. (7) can be written as (1 + z) dw dz = −3αw(w + 1)((−w)^{γ−1} − (−w_∗)^{γ−1}) , (14) 4 where w_∗ = −(−1/α)^{1/(γ−1)} is the additional zero of the denominator in (7). For α < −1, w_∗ falls in the interval (−1, 0) which is of primary interest in this paper. Depending on the relation of w_0 and w_∗, there are two distinct cases. For w_0 > w_∗, with the expansion w(z) evolves from w = 0 at early times towards w_∗ which it asymptotically reaches in the infinity. For w_0 < w_∗ the expansion starts from w = −1 and asymptotically reaches w_∗ in the infinity. In the latter case the model cannot serve as a model of unification of dark matter and dark energy, but it could serve as a model of dark energy only.

Figure 1: The redshift dependence of the EOS parameter of the unified DM-DE component for several values of (α, γ) parameters. For all parameter values the present value of the EOS parameter, w_0, is selected to match the value of the spatially flat ΛCDM model.

The EOS of the cosmic fluid with this parametrization of the speed of sound, however, can be calculated analytically. From the definition

c^2_s = dp dρ = α ( − p ρ )_γ , (15)

for γ ≠ 1, one readily obtains

ρ = ρ_0 [ α + (−w_0)^{1−γ} α + (−w)^{1−γ} ]_{1/(1−γ)} . (16)

For γ = 1, the EOS becomes p = Aρ^{−α} . (17)

The result (17) reveals that for γ = 1, the parametrization (13) is equivalent to generalized Chaplygin gas, whereas for γ = 1, α = 1 the EOS of Chaplygin gas

Figure 2: The redshift dependence of the speed of sound squared, c^2_s, of the unified DM-DE component for several values of (α, γ) parameters. For all parameter values the present value of the EOS parameter, w_0, is selected to match the value of the spatially flat ΛCDM model.

is reproduced. Therefore, (13) represents a broad new class of unification models which contains the Chaplygin gas as its special case and the generalized Chaplygin gas as its subclass. The study of the model (13) could potentially lead to deeper understanding of strong constraints appearing in the comparison of the Chaplygin gas and the generalized Chaplygin gas with the observational data.

For γ = 2 and α ≠ −1, Eq. (7) can be solved analytically and presented in a closed form:

w_0 w ( w + 1 w_0 + 1

)_{1/(α+1)} ( w − 1/α w_0 − 1/α )_{α/(α+1)} = (1 + z)^3 . (18)

Furthermore, for a special case α = 1, explicit expressions for the evolution can be obtained. The function w(z) then yields w(z) = − 1 √ 1 +^{1−w20}_{w20} (1 + z)^6

, (19)

whereas the energy density and pressure read

ρ(z) = −w_0ρ_0 1 + √ 1 +^{1−w20}_{w20} (1 + z)^6

−w_0 + 1

(20) and

p(z) = ρ_0w_0

1 +^1 √ 1+^{1−w20}_{w20} (1+z)^6

−w_0 + 1

, (21)

respectively.

Finally, for α = −1/2 Eq. (18) can also be presented as an explicit expression for w(z):

w(z) = −1 + 1 √ 1 +^{1−(w0+1)2}

(w_0+1)^2 (1 + z) −3 . (22)

The energy density and pressure are given by the expressions

ρ(z) = ρ_0 −w_0 w_0 + 2 √ 1 +^{1−(w0+1)2}

(w_0+1)^2 (1 + z)

−3 + 1 √ 1 +^{1−(w0+1)2}

(w_0+1)^2 (1 + z) −3 − 1 (23)

and p(z) = ρ_0 w_0 w_0 + 2

1 + 1 √ 1 +^{1−(w0+1)2}

(w_0+1)^2 (1 + z) −3 . (24)

Once the expressions for ρ(z), p(z) and w(z) are available, the expression for H(z) can be readily obtained. A straightforward integration would then yield a(t), the scale factor as a function of the cosmic time, which represents the full dynamical information. As the expressions for dynamical quantities in terms of redshift are sufficient for the description of the transition between the DM regime and DE regime and for the comparison with the observational data, we do not present numerical solutions for a(t).

5 Scalar field representation

If the cosmic fluid with the speed of sound (13) is the dominant component in the universe, in a spatially flat FLRW universe the Hubble parameter is

H^2 = 8πG 3 ρ . (25)

In this section we focus on finding the effective description of the cosmic dynamics with the cosmic fluid defined by (13) in terms of a minimally coupled scalar field φ with a potential V (φ). For an effective representation of the cosmic fluid in terms of the scalar field, the expressions for ρ and p are ρ = 1 2 φ̇^2 + V (φ) (26) and p = 1 2 φ̇^2 − V (φ) . (27)

The time derivative of the scalar field can be expressed as φ̇^2 = ρ + p = (1 + w)ρ(w) from (26) and (27). On the other hand

φ̇ = dφ dw dw dt = dφ dw (−3)H(c^2_s − w)(1 + w) . (28)

Combining these two expressions for φ̇ and using (25), the following equation is obtained √ 8πG 3 dφ = ∓ 1 3 1 √ 1 + w(c^2_s − w) dw . (29) Integration of this equation leads to φ = φ(w). In a similar way, combining (26) and (27) the scalar field potential is

V (φ) = 1 2 (1 − w)ρ(w) . (30)

Therefore, assuming that (29) is analytically integrable, the scalar field representation is available in the parametric form as φ = φ(w) and V (φ) = V (w). Even in the case when it is not possible to analytically integrate (29), Eqs (29) and (30) provide a direct procedure (including numerical integration for each value of w) for the parametrically defined pair of quantities φ(w), V (w). In the remainder of this section we consider an analytical scalar field reconstruction for several specific examples and use the abbreviation ϕ = √_{8πG} 3 φ.

5.1 c^2_s = α

For the case of constant sound speed with α > −1, the equations (10) and (30) yield V (ϕ) = 1 2 ρ_0(α − w_0) 1 − w α − w . (31)

On the other hand, Eq. (29) is readily integrated to

ϕ − ϕ_0 = ∓ 1 3 √ 1 + α ( ln √ 1 + w + √ 1 + α √ 1 + w_0 + √ 1 + α

− ln √ 1 + w − √ 1 + α √ 1 + w_0 − √ 1 + α ) . (32)

The parameter of EOS is then

w = (1 + α) ( y + 1 y − 1 )_2

− 1 , (33)

where y = √ 1 + w_0 + √ 1 + α √ 1 + w_0 − √ 1 + α e^{∓3√1+α(ϕ−ϕ0)} ≡ −e^{∓3√1+α(ϕ−ϕ̃)} . (34) Combining (31), (33) and (34) the scalar field potential is

V (ϕ) = 1 2 ρ_0(α − w_0) [ 1 + 1 − α 1 + α ( cosh ( 3 2 √ 1 + α(ϕ − ϕ̃) ))_2] . (35)

5.2 c^2_s = −αw

In this section we consider the sound speed linearly dependent on the EOS parameter. As already shown in section 4, such a dependence is characteristic of the generalized Chaplygin gas. In this subsection we reconstruct the scalar potential for the generalized Chaplygin gas using the method of parametric definition of ϕ and V (ϕ) in terms of w. The integration of (29) gives

± 3(1 + α)(ϕ − ϕ_0) = ln √ 1 + w − 1 √ 1 + w_0 − 1

− ln √ 1 + w + 1 √ 1 + w_0 + 1

, (36)

which results in w = ( 1 + y 1 − y )_2

− 1 , (37)

where y = √ 1 + w_0 − 1 √ 1 + w_0 + 1 e^{±3(1+α)(ϕ−ϕ0 )} ≡ −e^{±3(1+α)(ϕ−ϕ̃)} . (38)

The scalar field potential is

V (ϕ) = 1 2 ρ_0(1 − w) ( w w_0 )_{−1/(1+α)} . (39)

The combination of (37), (38) and (39) results in the potential

V (ϕ) = 1 2 ρ_0 ( − 1 w_0 )_{−1/(1+α)} [( cosh ( 3 2 (1 + α)(ϕ − ϕ̃) ))_{2/(1+α)}

+ ( cosh ( 3 2 (1 + α)(ϕ − ϕ̃) ))_{−2α/(1+α)}] (40)

for the generalized Chaplygin model. Specifying α = 1 we obtain the potential for the Chaplygin gas

V (ϕ) = 1 2 ρ_0(−w_0)^{1/2} ( cosh(3(ϕ − ϕ̃)) + 1 cosh(3(ϕ − ϕ̃)) ) . (41)

5.3 c^2_s = α(−w)^2

For γ = 2 the integration of (29) leads to

ϕ = ϕ_0∓ 1 3 ln [ √ 1 + w + 1 √ w_0 + 1 + 1 √ 1 + w_0 − 1 √ w + 1 − 1 (√ 1 + w_0 + β √ w + 1 + β )_{1/β} ( √ 1 + w − β √ w_0 + 1 − β )_{1/β}] , (42) where β = √ (α + 1)/α. The scalar field potential has the form

V (ϕ) = 1 2 ρ_0 w_0 αw_0 − 1 (1 − w)(αw − 1) w . (43)

Equations (42) and (43) provide the solution for the scalar field potential in a parametric form. For γ > 1 the evolution of the EOS parameter w is confined to the interval (−1, 0). Taking the values for w from this interval the plots of V (ϕ) are readily obtained. The functional forms of V (ϕ) for several values of α are depicted in Fig. 3.

Figure 3: The effective scalar field potential for several values of parameters (α, γ). The potential V (ϕ) is presented in units of ρ_0, using ϕ_0 = 0 and the + sign in (42).

6 Numerical analysis and the comparison with the observational data

In this section we perform a numerical analysis in order to find constraints on the model parameters from the comparison with the observational data. We use the measurements of the Hubble parameter at different redshifts obtained from the passively evolving galaxies [53] and baryon acoustic oscillations (BAO). The principal idea of the former measurement technique is that for a pair of passively evolving galaxies at close redshifts, the differential of their age can be determined. Then from the expression H(z) = −^1_{1+z}^{dz}_{dt} the value of H(z) can be calculated. This method has been recently successfully used to constrain the parameters of the generalized Chaplygin gas [18]. To constrain the model parameters α and γ, we use the H(z) data reported in [54].

We restrict our analysis to the spatially flat Robertson-Walker metric motivated by the inflationary expansion and data on CMB anisotropies [55]. Furthermore, we fix the share of baryons in the present energy density to Ω^0_b = 0.0458 [55], in accordance with primordial nucleosynthesis requirements. The expression for the Hubble parameter then becomes

H^2 = 8πG 3 (ρ_b + ρ) , (44)

where ρ_b denotes the energy density of baryons evolving with redshift as ρ_b(z) = ρ_{b,0}(1 + z)^3 and ρ denotes the energy density of the unified DM-DE component evolving with redshift as ρ(z) = ρ_0f(z), where (16) gives f(z) = [ α + (−w_0)^{1−γ} α + (−w(z))^{1−γ} ]_{1/(1−γ)} . (45)

The expression for the Hubble parameter then becomes

H(z) = H_0 ( Ω^0_b (1 + z)^3 + (1 − Ω^0_b )f(z) )_{1/2} , (46)

where H_0 = 100h km s^{−1} Mpc^{−1} is the present value of the Hubble parameter. The functions H(z)/H_0 for different values of (α, γ) along with the observational data are presented in Fig. 4. The χ^2 function is calculated according to the expression

χ^2 = ∑ i (H^{th}(z_i) − H^{obs}(z_i))^2

σ^2_i

, (47)

with the observational data for H(z) taken from [54]. Finally, from (47) the probability is calculated as P = Ae^{−χ2/2} , (48)

where the symbol A denotes the normalization.

Although the theoretically preferred region for α is (0, 1), we run our model for a broader range of parameters −5 < α < 5 and 1 < γ < 10. While we marginalize over the parameter h, we select w_0 = −Ω^0_Λ/(1−Ω^0_b ) = −0.76 (where Ω^0_Λ and Ω^0_b refer to percentages of the cosmological constant and the baryonic matter in the ΛCDM model [55]) to obtain constraints on the parameters (α, γ) which produce the present total EOS consistent with the value of the ΛCDM model. The (68.3%, 95.4%, 99.7%) contours of the marginalized probability density are given in Fig 5. They are calculated as curves for which Δχ^2 = (2.30, 6.17, 11.8) where Δχ^2 denotes the difference of χ^2 at some point and its minimal value [56, 57]. From the figure it is clear that the allowed interval of α grows with the increase of γ.

Figure 4: The redshift dependence of the Hubble parameter for several values of (α, γ) parameters with Ω^0_b = 0.0458 and w_0 = −0.76. The observed values for the Hubble parameters are taken from [54] and the value for the present value of the Hubble parameter is H_0 = 70.2 ± 1.4 km s^{−1} Mpc^{−1} [55].

Figure 5: The 68.3% (white), 95.4% (light gray) and 99.7% (gray) probability contours in the (α, γ) plane after marginalizing over h.

The contour plot for the (68.3%, 95.4%, 99.7%) probability intervals when no marginalization over h is performed and the value for the Hubble parameter is taken from [55] to be h = 0.702 is presented in Fig. 6. From figures 5 and 6 it is evident that the probability contours for the (α, γ) parameters with and without marginalization are quite similar.

Figure 6: The 68.3% (white), 95.4% (light gray) and 99.7% (gray) probability contours in the (α, γ) plane for h = 0.702 [55].

7 Discussion and conclusions

The analysis presented in the preceding section serves primarily as an orientation regarding the allowed part of the parametric (α, γ) space. A more complete analysis should consider the growth of inhomogeneities and make the comparison of the model predictions with other observational data, such as the data on the matter power spectrum, supernovae of the type Ia and cosmic microwave background. Although preliminary analyses in this direction have already been made [58], a detailed analysis of observational data is left for future work [59].

From Figs 5 and 6 it is evident that for larger values of the exponent γ, a wider interval of the coefficient α is allowed. A similar conclusion follows from the preliminary analysis of the matter power spectrum [58]. This feature can be understood on qualitative grounds using the following argumentation. For large values of γ, as long as the EOS parameter is not far from w = 0, the speed of sound of the dark component remains small and suppressed by the large exponent γ. This fact prevents the formation of the sound horizon and its adverse effects on structure formation.

The generalized model of unification of dark matter and dark energy introduced in this paper opens a novel perspective on Chaplygin gas and its modifications and generalizations. The model defined by the relation c^2_s = α(−w)^γ encompasses both the Chaplygin gas (for γ = 1, α = 1) and the generalized Chaplygin gas (for γ = 1) as a specific subclass. It could therefore serve as a wider framework for the analysis how much these models need to be extended to satisfy the constraint from the observational data. From the modeling perspective, the crucial element of our model is the relation between the speed of sound, c^2_S , and the parameter of the EOS, w. This relation connects the quantity governing the growth of inhomogeneities with the quantity determining the global evolution of the universe. This feature might allow easier and more direct transformation of the phenomenological knowledge acquired from the data into workable models of the dark sector. In particular, an adaptive model assuming piecewise constant values of the speed of sound in consecutive redshift intervals is presented in the Appendix.

A particular challenge for the future research is finding a microscopic explanation of the dependence c^2_S (w). Here the corresponding microscopic models for the Chaplygin gas might serve as a good starting point. In particular, the method of representing the evolution in terms of minimally coupled scalar fields, presented in section 5 could provide useful information on such microscopic models.

Acknowledgements. H. Š. acknowledges useful discussions with D. Huterer in the early phase of this work. The authors would like to thank N. Bilić for useful comments on the manuscript. This work was supported by the Ministry of Education, Science and Sports of the Republic of Croatia under the contract No. 098-0982930-2864.

Appendix

In the comparison of models where the sound speed of the cosmic fluid is tested against the observational data, the goal is to test as general functional form c^2_S (w) as possible. As this is in general quite a formidable task, a powerful approximation to the general case is to assume that c^2_S is piecewise constant, i.e. that for every interval of redshift [z_{i−1}, z_i), with z_0 = 0, the speed of sound is constant, i.e. c^2_S = c^2_{S,i}. In this approach the parameters are borders of the intervals z_i and the constant sound speed values c^2_{S,i}. An example of this simple, but powerful parametrization was given in [60] for the case of w(z) function. The equations (9), (10) and (11) in the redshift interval [z_{i−1}, z_i) become

w(z) = c^2_{s,i}^{1+wi−1} c^2_{s,i}−w_{i−1} (_{1+z} 1+z_{i−1} )_{3(1+c}2_{s,i)} − 1 1 +^{1+wi−1} c^2_{s,i}−w_{i−1} (_{1+z} 1+z_{i−1} )_{3(1+c}2_{s,i)} , (49)

ρ(z) = ρ_{i−1} c^2_{s,i} − w_{i−1} 1 + c^2_{s,i} [ 1 + 1 + w_{i−1} c^2_{s,i} − w_{i−1} ( 1 + z 1 + z_{i−1}

)_{3(1+c}2_{s,i)}] (50) and p(z) = ρ_{i−1} c^2_{s,i} − w_{i−1} 1 + c^2_{s,i} [ c^2_{s,i} 1 + w_{i−1} c^2_{s,i} − w_{i−1} ( 1 + z 1 + z_{i−1}

)_{3(1+c}2_{s,i)} − 1 ] . (51)

The relations between the parameters w_i and ρ_i in neighboring intervals are given by relations

w_i ≡ w(z_i) = c^2_{s,i}^{1+wi−1} c^2_{s,i}−w_{i−1} (_{1+zi} 1+z_{i−1} )_{3(1+c}2_{s,i)} − 1 1 +^{1+wi−1} c^2_{s,i}−w_{i−1} (_{1+zi} 1+z_{i−1} )_{3(1+c}2_{s,i)} (52)

and ρ_i ≡ ρ(z_i) = ρ_{i−1} c^2_{s,i} − w_{i−1} 1 + c^2_{s,i} [ 1 + 1 + w_{i−1} c^2_{s,i} − w_{i−1} ( 1 + z_i 1 + z_{i−1}

)_{3(1+c}2_{s,i)}] . (53)

The expression (50) can be used, e.g. for the comparison of the model with piecewise constant speed of sound against the SN Ia data.

References

[1] A.G. Riess, et al., Astron. J. 116 (1998) 100. (arXiv:astro-ph/9805201) [2] S. Perlmutter et al., Astrophys. J. 517 (1999) 565. (arXiv:astro-ph/9812133) [3] D.N. Spergel, et al., Astrophys. J. Suppl. 148 (2003) 175.

(arXiv:astro-ph/0302209) [4] M. Tegmark, et al., Astrophys. J. 606 (2004) 702. (arXiv:astro-ph/0310725) [5] E.J. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006) 1753.

(arXiv:hep-th/0603057v3) [6] Y-F. Cai, E.N. Saridakis, M.R. Setare, J-Q. Xia, Phys. Rept. 493 (2010) 1.

(arXiv:0909.2776v2 [hep-th]) [7] A.Y. Kamenshchik, U. Moschella, V. Pasquier, Phys. Lett. B 511 (2001) 265.

(arXiv:gr-qc/0103004) [8] N. Bilić, G. B. Tupper, R. D. Viollier, Phys. Lett. B 535 (2002) 17.

(arXiv:astro-ph/0111325)

[9] M. Makler, S. Q. de Oliveira, I. Waga, Phys. Lett. B 555 (2003) 1.

(arXiv:astro-ph/0209486) [10] R.R.R. Reis, M. Makler, I. Waga, Phys. Rev. D 69 (2004) 101301.

(arXiv:astro-ph/0403378v1) [11] N. Ogawa, Phys. Rev. D 62 (2000) 085023. (arXiv:hep-th/0003288v7) [12] R. Jackiw, arXiv:physics/0010042.

[13] M.C. Bento, O. Bertolami, A.A. Sen, Phys. Rev. D 66 (2002), 043507.

(arXiv:gr-qc/0202064v2) [14] J.C. Fabris, S.V.B Goncalves, P.E. de Souza, Gen. Rel. Grav. 34 (2002) 53.

(arXiv:astro-ph/0207430v1) [15] R. Colistete, J.C. Fabris, S.V.B. Gonzalves, Int. J. Mod. Phys. D 14 (2005) 775. (arXiv:astro-ph/0409245v1) [16] L. Amendola , F. Finelli, C. Burigana, D. Carturan, JCAP 0307 (2003) 005.

(arXiv:astro-ph/0304325v2) [17] P. Wu, H. Yu, Phys. Lett. B 644 (2007) 16. (arXiv:gr-qc/0612055) [18] J.C. Fabris, P.L.C. de Oliveira H. Velten, Eur. Phys. J. C 71 (2011) 1773.

(arXiv:1106.0645v1 [astro-ph.CO]) [19] H. Sandvik, M. Tegmark, M. Zaldarriaga, I. Waga, Phys. Rev. D 69 (2004) 123524. (arXiv:astro-ph/0212114) [20] L.M.G. Beca, P.P. Avelino, J.P.M. de Carvalho, C.J.A.P. Martins, Phys. Rev.

D 67 (2003) 101301. (arXiv:astro-ph/0303564) [21] J.C. Fabris, S.V.B. Goncalves, H.E.S. Velten, W. Zimdahl, Phys. Rev. D 78 (2008) 103523. (arXiv:0811.2367v1 [astro-ph]) [22] V. Gorini, A.Y. Kamenshchik, U. Moschella, O.F. Piattella, A.A. Starobinsky, JCAP 0802 (2008) 016. (arXiv:0711.4242v2 [astro-ph]) [23] J.C. Fabris, H.E.S. Velten, W. Zimdahl, Phys. Rev. D 81 (2010) 087303.

(arXiv:1001.4101v1 [astro-ph.CO]) [24] N. Bilić, R. J. Lindebaum, G. B. Tupper, R. D. Viollier, JCAP 0411 (2004) 008. (arXiv:astro-ph/0307214v4) [25] N. Bilić, G. B. Tupper, R. D. Viollier, JCAP 0602 (2006) 013.

(arXiv:astro-ph/0503427v3) [26] C. Park, J. Hwang, J. Park, H. Noh, Phys. Rev. D 81 (2010) 063532.

(arXiv:0910.4202v1 [astro-ph.CO]) [27] R. Bean, O. Dore, Phys. Rev. D 68 (2003) 023515.

(arXiv:astro-ph/0301308v2) [28] S. Campo, J. Villanueva, Int. J. Mod. Phys. D 18 (2009) 2007.

(arXiv:0909.5258v1 [astro-ph.CO]) [29] Z. Li, P. Wu, H. Yu, JCAP 09 (2009) 017. (arXiv:0908.3415v2 [astro-ph.CO]) [30] J.D. Barrow, Nucl. Phys. B 310 (1988) 743.

[31] H.B. Benaoum, arXiv:hep-th/0205140v1.

[32] J. Lu, L. Xu, J. Li, B. Chang, Y. Gui, H. Liu, Phys. Lett. B 662 (2008) 87.

(arXiv:1004.3364v1 [astro-ph.CO]) [33] X. Deng, Braz. J. Phys. 41 (2011) 333. (arXiv:1110.1913 [gr-qc]) [34] J. Lu, L. Xu, Y. Wu, M. Liu, Gen. Rel. Grav. 43 (2011) 819.

(arXiv:1105.1870v1 [astro-ph.CO]) [35] N. Bilić, G. B. Tupper, R. D. Viollier, JCAP 0510 (2005) 003.

(arXiv:astro-ph/0503428v4) [36] L. Xu, Y. Want, H. Noh XU-KASI/02 (arXiv:1112.3701v1 [astro-ph.CO]) [37] D. Bertacca, N. Bartolo, JCAP 0711 (2007) 026. (arXiv:0707.4247v3 [astroph]) [38] J.C. Fabris, T.C.C. Guio, M. Hamani Daouda, O.F. Piattella, Grav. Cosmol.

17 (2011) 259. (arXiv:1011.0286v3 [astro-ph.CO]) [39] E.A. Lim, I. Sawicki, A. Vikman, JCAP 1005 (2010) 012. (arXiv:1003.5751v2 [astro-ph.CO]) [40] R. J. Scherrer, Phys. Rev. Lett. 93 (2004) 011301. (arXiv:astro-ph/0402316v3) [41] D. Bertacca, S. Matarrese, and M. Pietroni, Mod. Phys. Lett. A 22 (2007) 2893. (arXiv:astro-ph/0703259v3) [42] L.P. Chimento, Phys. Rev. D 69 (2004) 123517. (arXiv:astro-ph/0311613v2) [43] T. Padmanabhan, T. Roy Choudhury, Phys. Rev. D 66 (2002) 081301R.

(arXiv:hep-th/0205055v2) [44] N. Bilić, G. B. Tupper, R. D. Viollier, Phys. Rev. D 80 (2009) 023515.

(arXiv:0809.0375v4 [gr-qc]) [45] D. Bertacca, N. Bartolo, A. Diaferio, S. Matarrese, JCAP 10 (2008) 023.

(arXiv:0807.1020v3 [astro-ph]) [46] S. Camera, D. Bertacca, A. Diaferio, N. Bartolo, S. Matarrese, Mon. Not.

Roy. Astron. Soc. 399 (2009) 1995. (arXiv:0902.4204v2 [astro-ph.CO]) [47] S. Camera, T.D. Kitching, A.F. Heavens, D. Bertacca, A. Diaferio, arXiv:1002.4740v2 [astro-ph.CO].

[48] S. Camera, A. Diaferio, arXiv:1104.3955v1 [astro-ph.CO]. [49] C. Quercellini, M. Bruni, A. Balbi, Class. Quant. Grav. 24 (2007) 5413.

(arXiv:0706.3667v2 [astro-ph]) [50] A. Aviles, J.L. Cervantes-Cota, Phys. Rev. D 84 (2011) 083515, Erratum-ibid.

D 84 (2011) 089905. (arXiv:1108.2457v2 [astro-ph.CO]) [51] O. Luongo, H. Quevedo, arXiv:1104.4758v1 [gr-qc].

[52] O. Luongo, H. Quevedo, Astrophysics and Space Science 338 (2012) 345. [53] R. Jimenez, A. Loeb, Astrophys. J. 573 (2002) 37.

(arXiv:astro-ph/0106145v1)

[54] T-J. Zhang, C. Ma and T. Lan, Adv. in Astron. (2010) 184284.

(arXiv:1010.1307v2 [astro-ph.CO]) [55] E. Komatsu et al., Astrophys. J. Suppl. 192 (2011) 18. (arXiv:1001.4538v3 [astro-ph.CO]) [56] L. Verde, arXiv:0911.3105v1 [astro-ph.CO]. [57] A. Havens, arXiv:0906.0664v3 [astro-ph.CO].

[58] N. Čaplar, M. Sc. thesis, December 2010, unpublished (supervisor H.

Štefančić).

[59] N. Čaplar, H. Štefančić, in preparation.

[60] D. Huterer, A. Cooray, Phys. Rev. D 71 (2005) 023506.

(arXiv:astro-ph/0404062v1)