arXiv:1208.1281v2 [hep-ph] 20 Feb 2013

Model-Independent Evolution of Transverse Momentum Dependent Distribution Functions (TMDs) at NNLL

Miguel G. Echevarría,^{1, ∗} Ahmad Idilbi,^{2, †} Andreas Schäfer,^{3, ‡} and Ignazio Scimemi^{1, §} 1Departamento de Física Teórica II, Universidad Complutense de Madrid (UCM), 28040 Madrid, Spain 2European Centre for Theoretical Studies in Nuclear Physics and Related Areas (ECT*), Villa Tambosi, Strada delle Tabarelle 286, I-38123, Villazzano, Trento, Italy 3Institüt für Theoretische Physik, Universität Regensburg, D-93040 Regensburg, Germany

Abstract

We discuss the evolution of the eight leading twist transverse momentum dependent parton distribution functions, which turns out to be universal and spin independent. We present a new approach within perturbative QCD to obtain the evolution kernel of these transverse momentum distributions, with large logarithms being resummed up to next-to-next-to-leading logarithms (NNLL). This resummed kernel gives unambiguous predictions –by avoiding the Landau pole– thus highly reducing the model-dependence inherent in the Collins-Soper-Sterman resummation technique. Applications to single-spin asymmetries, as the Sivers function, and the unpolarized transverse momentum dependent parton distribution function are given. The results agree very well with phenomenology.

∗Electronic address: miguel.gechevarria@fis.ucm.es †Electronic address: idilbi@ectstar.eu ‡Electronic address: andreas.schaefer@physik.uni-regensburg.de §Electronic address: ignazios@fis.ucm.es

I. INTRODUCTION

Transverse momentum distributions (TMDs) are needed for all processes for which intrinsic transverse parton momenta are relevant, which form a large group. For example spin-dependent transverse momentum asymmetries provide unique clues to clarify the internal spin, angular momentum and 3-dimensional structure of hadrons. While operating at different energies, experiments and facilities such as HERMES, COMPASS, JLab, Belle and BNL are pursuing intensive research programs to explore TMDs. On the theoretical side, Sivers [1] and Collins [2] asymmetries have been intensely studied (see [3] for a review of TMD functions in spin-physics), and have attracted much attention recently [4–10] in contexts with fundamental theoretical concepts. Basically, some of the observed spinasymmetries are linked to the presence of gauge links in non-local correlators needed to maintain gauge invariance.

In this paper we consider the evolution of TMDs and the resummation of large logarithms which is needed to be performed in order to obtain an accurate evolution kernel as much as possible. Based on the approach to TMDs developed by three of us in [11], which is a generalization of the one given in [12, 13], and the one of Collins [14] (see also [15]), we address the issue of model-dependence inherent in the well-known Collins-Soper-Sterman (CSS) approach [16]. Below we offer an alternative method to obtain a resummed evolution kernel which is motivated by effective field theory methodology and also by the recently extracted anomalous dimension of the unpolarized quark-TMDPDF up to O(α^3_s), as was explained in [11, 12].

The study of the unpolarized TMDs was pioneered by Collins and Soper [17, 18]. Collins’ new approach to TMDs [14] is based on defining those quantities in a way consistent with a generic factorization theorem, extracting their anomalous dimensions and their evolution properties. This approach relies mainly on taking some of the Wilson lines in the soft factor off-the-light-cone. When doing so, one introduces an auxiliary parameter ζ, which specifies the measure of “off-the-light-coness”. A differential equation with respect to ζ, the Collins-Soper evolution equation, is then derived and solved to resum large logarithms and determine the evolution of the non-perturbative TMDs with energy. The resummation of the Collins-Soper kernel is done following the CSS method which is based on using an effective strong coupling. This in turn leads to the emergence of the un-physical divergent coupling constant when hitting the Landau pole. This issue is then avoided by the introduction of an ad hoc and spurious “non-perturbative” model, which depends on an arbitrary parameter b_{max} (and others) that can only be extracted through fitting a resummed cross section to experimental data. It should be emphasized that this “non-perturbative” model does not represent a genuine long-distance QCD dynamics. For the evolution kernel itself, which is a perturbatively calculable quantity, this model-dependence is just a formal way of avoiding the Landau pole, which by itself, is an artifact of the (CSS) resummation method.

In this paper we present the evolution kernel of all leading twist polarized and unpolarized quark-TMDPDFs at NNLL and a new resummation technique based on the formalism developed in [11–13]. Using what we call the “resummed D” (D^R), explained below, we avoid the implementation of an effective coupling, and hence the appearance of the Landau pole. We work in impact parameter space in such a way that there is no need to introduce any auxiliary (cut-off) parameter, thereby eliminating the model-dependence to a precision far exceeding all current practical purposes. Nonetheless, a natural cutoff for D^R appears and we discuss its relation with Λ_{QCD}. On the other side, even for relatively low values of the initial evolution scale, the width in impact parameter space of the TMDs that we have tested is smaller than the radius of convergence of the evolution kernel. As a result, the evolution of TMDs turns out to be nearly model-independent which, phenomenologically, is the major point of this work.

For other approaches to avoid the Landau pole in q_T -resummation see [19–21]. The parameter-free prediction of our formalism agrees with the results obtained for the phenomenologically preferred value of b_{max} = 1.5 GeV^{−1} [22]. We see this as an important step towards a complete theory of TMDs.

II. DEFINITION OF QUARK-TMDPDF

Extending the work done in [11, 12], we define in impact parameter space a quark- TMDPDF of a polarized hadron, collinear in the +z direction with momentum P and spin ⃗S as F̃_{n,αβ} = Φ̃^{(0)}_{n,αβ}(Δ) √ S̃ (Δ, Δ) , (1)

where we have used the Δ-regulator as a particular choice to regulate the rapidity divergencies. Φ^{(0)}_{n,αβ} stands for a purely collinear matrix element, i.e., a matrix element which has no overlap with the soft region [23], and it is given by the bilocal correlator Φ^{(0)}_{n,αβ} = ⟨P ⃗S| [¯ ξ_{nα}W^T_n ] (0^+, y^−, ⃗y_⊥) [ W^{T †}_n ξ_{nβ} ] (0) |P ⃗S⟩ , (2) and the soft function S, which encodes soft-gluon emission, is given by

S = ⟨0| Tr [ S^{T †}_n S^T_{n̄} ] (0^+, 0^−, ⃗y_⊥) [ S^{T †}_{n̄} S^T_n ] (0) |0⟩ . (3)

We should mention that F̃_{n,αβ} is free from all rapidity divergences, which cancel in the combination of the collinear and soft matrix elements in Eq. (1), and thus the only Δdependence that it contains is pure infrared [11].

To obtain the eight leading-twist quark-TMDPDFs [24, 25], represented generically by F̃_n below, one can simply take the trace of F̃_{n,αβ} with the Dirac structures^{n̄/}_2 ,^{n̄/γ5}_2 and^{iσj+γ5}_2 for unpolarized, longitudinally polarized and transversely polarized quarks, respectively, inside a polarized hadron. The superscript T indicates transverse gauge-links T_{n(n̄)}, necessary to render the matrix elements gauge-invariant [26, 27]. The definitions of collinear (W_{n(n̄)}), soft (S_{n(n̄)}) and transverse (T_{n(n̄)}) Wilson lines for DY and DIS kinematics can be found in [12].

In [12] the anomalous dimension of the unpolarized TMDPDF was given up to 3-loop order based on a factorization theorem for q_T -dependent observables in a Drell-Yan process. Such factorization theorem for the hadronic tensor can be written in impact parameter space, using the definition of the TMDPDF given in Eq. (1), as

M̃ = H(Q^2/μ^2) F̃_n(x_n, b; Q, μ) F̃_{n̄}(x_{n̄}, b; Q, μ) + O ((bQ)^{−1}) , (4)

where H is the hard coefficient encoding the physics at the probing scale Q and which is a polynomial of only ln(Q^2/μ^2). This quantity is built, to all orders in perturbation theory, by considering virtual Feynman diagrams only, and no no real gluon emission has to be considered (even in diagrams with mixed real and gluon contributions). Moreover, the quantity H has to be free from infrared physics, no matter how the latter is regularized. This is a general principle and it should work whether one works on or off-the-light-cone.

Since the factorization theorem given above holds, at leading-twist, also for spindependent observables, one can apply the same arguments as for the unpolarized case, based on renormalization group invariance, to get a relation between the anomalous dimensions of F̃ and H. Since the anomalous dimensions of the two TMDPDFs in Eq. (4) are identical [11], then we have

γ_F = − 1 2 γ_H = − 1 2 [ 2Γ_{cusp} ln

Q^2 μ^2

+ 2γ^V ] , (5)

where γ_H is known at 3-loop level [28–30] (see Appendix A for more details). Γ_{cusp} stands for the well-known cusp anomalous dimension in the fundamental representation. This crucial result can be automatically extended to the eight leading-twist quark-TMDPDFs defined in Eq. (1), since the anomalous dimension is independent of spin structure.

III. EVOLUTION KERNEL

For spin-dependent TMDPDFs the operator product expansion in terms of collinear PDFs fails. For instance, Sivers function at large q_T is matched onto a twist-3 collinear operator [5]. Since nowadays the phenomenological extraction of this hadronic matrix element is not as good as for the integrated PDFs, one possibility is to resort to non-perturbative models for the TMDs themselves, fitted at low energies to experimental data in order to make predictions for higher energy experimental probes using their evolution. Obviously, knowing this evolution to the highest possible accuracy is very beneficial.

Starting from Eq. (1) the evolution of a generic quark-TMDPDF is given by^1

F̃ (x, b; Q_f , μ_f ) = F̃ (x, b; Q_i, μ_i) R̃(b; Q_i, μ_i, Q_f , μ_f ) , (6)

where the evolution kernel R̃ is [11, 12]

R̃(b; Q_i, μ_i, Q_f , μ_f ) = exp {∫_{μf} μ_i dμ̄ μ̄ γ_F ( α_s(μ̄), ln

Q^2_f μ̄^2 )} ( Q^2_f Q^2_i )−D(b;μ_i) . (7)

As explained in [11], this evolution kernel is identical to the one that can be extracted from Collins’ approach to TMDs [14] when one identifies √ ζ_i = Q_i and √ ζ_f = Q_f . Moreover, below we will choose μ_i = Q_i and μ_f = Q_f to illustrate the application of the kernel.

The D term can be obtained by noticing that the renormalized F̃ has to be well-defined when its partonic version is calculated pertubatively. This means that all divergences, other than genuine long-distance ones, have to cancel. This fundamental statement, that rapidity divergences cancel when the collinear and soft matrix elements are combined according to Eq. (1), allows one to extract all the Q^2-dependence from the TMDPDFs and exponentiate it with the D term (see Sec. 5 in [12]), thereby summing large logarithms ln(Q^2/q^2_T ). Applying

1 Since the evolution kernel is the same for F̃_n and F̃_{n̄}, we have dropped out the n, n̄ labels.

renormalization group invariance to the hadronic tensor M̃ in Eq. (4) we get the following relation, dD dlnμ = Γ_{cusp} , (8)

by which we can extract, for all the spin-dependent quark-TMDPDFs, the D term from the known Γ_{cusp} at three-loops [30]. The perturbative expansion of D is D(b; μ) = ∞∑ n=1 d_n(L_⊥) ( α_s 4π )_n , L_⊥ = ln μ^2b^2 4e^{−2γE} , (9)

where

d_1(L_⊥) = 2C_F L_⊥ ,

d_2(L_⊥) =

Γ_0β_0 4 L^2_⊥ + 1 2 Γ_1L_⊥ + C_F C_A ( 404 27 − 14ζ_3 ) − ( 112 27 ) C_F T_F n_f . (10)

The evolution of TMDPDFs, given by the evolution kernel in Eq. (7, is done in impact parameter space, thus we need to Fourier transform back to momentum space and large logarithms L_⊥ will appear then in the D term when b is either large or small. These logarithms need to be resummed in order to get sensible predictions. Below we present two approaches to handle this issue. First we present the standard CSS approach, based on using an effective coupling, and then our proposed approach that avoids the need of a non-perturbative model for all practical applications.

A. CSS Approach to the Evolution of TMDs

In various works following Collins’ approach to TMDs [5, 8, 14], large L_⊥ logarithms in the D term of the evolution kernel in Eq. (7) were resummed using the CSS approach [16], which, for the sake of completeness and comparison, we explain below.

First, the D term is resummed using its RG-evolution in Eq. (8),

D (b; Q_i) = D (b; μ_b) + ∫_{Qi} μ_b dμ̄ μ̄ Γ_{cusp} , (11)

where large L_⊥ logarithms in the D term on the right hand side are cancelled by choosing μ_b = 2e^{−γE} /b. Thus, they are resummed by evolving D from μ_b to Q_i. However, since we need to Fourier transform back to momentum space, at some value of b the effective coupling α_s(μ_b) will hit the Landau pole. In Fig. 1 we can see the evolution kernel R̃(b; Q_i = √ 2.4 GeV, Q_f = 5 GeV) where we have used Eq. (11) to resum the L_⊥ logarithms in D and the appearance of the Landau pole is manifest.

In order to avoid this issue, CSS did not actually introduce a sharp cut-off but a smoothed one defined as b^∗ = b/ √ 1 + (b/b_{max})^2. Obviously b^∗ cannot exceed b_{max} and the effective coupling α_s(μ_b∗ ) does not hit the Landau pole. As is shown in Fig. 2, the kernel saturates and does not present any uncontrolled behavior.

In the CSS approach the lost information for large b is recovered by adding a nonperturbative model that has to be extracted from experimental data of a measured cross

FIG. 1: Evolution kernel from Q_i = √ 2.4 GeV up to Q_f = 5 GeV using RG-evolution in Eq. (11) to resum the D term with μ_b = 2e^{−γE} /b. The Landau pole appears clearly. Phenomenological fits require to introduce in this treatment a cut-off b_{max} much below the Landau pole. Resummation accuracy is given in Table I.

FIG. 2: Evolution kernel from Q_i = √ 2.4 GeV up to Q_f = 5 GeV using RG-evolution in Eq.(11) to resum the D term, with μ_b∗ = 2e^{−γE} /b^∗ and b_{max} = 1.5 GeV^{−1} to avoid hitting the Landau pole.

section. When implementing, for example, the Brock, Landry, Nadolsky and Yuan model (BLNY) the evolution kernel can be written as

R̃^{CSS}(b; Q_i, Q_f ) = R̃^{Pert}(b^∗; Q_i, Q_f ) exp { − g_2b^2 2 ln Q_f Q_i } , (12)

where

R̃^{Pert}(b^∗; Q_i, Q_f ) = exp {∫_{Qf} Q_i dμ̄ μ̄ γ_F ( α_s(μ̄), ln

Q^2_f μ̄^2 )} ( Q^2_f Q^2_i )−D(b^∗;Q_i) , (13)

and D(b^∗; Q_i) is resummed using Eq. (11). In this model g_2 = 0.68 GeV^2 for b_{max} = 0.5 GeV^{−1} [33] and g_2 = 0.184 GeV^2 for b_{max} = 1.5 GeV^{−1} [22]. From the theoretical point of view these two choices are legitimate and they can be used to define the model dependence of the final result. However considering b_{max} as a fitting parameter the choice of b_{max} = 1.5 GeV^{−1} should be preferred according to Ref. [22]. Fig. 3 shows the complete evolution kernel with the CSS approach, Eq. (12) while implementing the BLNY model.

Order Accuracy ∼ α^n_s L^k γ^V Γ_{cusp} D N^iLL n + 1 − i ≤ k ≤ 2n (α^{i−1}_s ) α^i_s α^{i+1}_s α^i_s

TABLE I: Approximation schemes for the evolution of TMDs with CSS approach, where L = ln(Q^2_f /Q^2_i ) and α^i_s indicates the order of the perturbative expansion.

FIG. 3: Evolution kernel from Q_i = √ 2.4 GeV up to Q_f = 5 GeV using CSS approach with b_{max} = 1.5 GeV^{−1} and the BLNY non-perturbative model.

Note that in order to achieve a good description of experimental data a cut-off b_{max} of order 1.5 GeV^{−1} has to be introduced which suppresses all contributions associated to the Landau pole, and this suggests that formulations can be found which avoid the appearance of the Landau pole altogether. In the next section we present a new method to resum the logarithms in the D term which is based on effective field theory methodology where a crucial advantage is that the strong coupling constant depends on the initial perturbative scale Q_i. Explicit treatments of avoiding Landau pole in Soft Collinear Effective Theory can be found in [19, 31, 32]. In the effective theory approach the issue of Landau pole is avoided by construction.

B. New Approach to the Evolution of TMDs

A fundamental question concerning the evolution of TMDs is how model-dependent it is. In this section we discuss a new way to implement the evolution which reduces considerably this model dependence. Our strategy is to resum the large logarithms in the D term without using an effective coupling, thus avoiding the Landau pole problem and, in principle, the need of a non-perturbative model. The resummation that we propose is valid only in a certain region of impact parameter space, which coincides with the region where TMDs are relevant (and are not vanishingly small). Outside this region we would need a nonperturbative model, however for all practical purposes (see below) the TMDPDFs turn out to be almost insensitive to the details of the evolution in that region of the impact parameter space. As a result, the model-dependence of the evolved TMDs is suppressed to a precision exceeding all practical purposes. In order to simplify the discussion we consider again the evolution kernel in Eq. (7) with μ_i = Q_i and μ_f = Q_f .

1. Derivation of D^R

Matching the perturbative expansions of the D term, the cusp anomalous dimension Γ_{cusp} and the QCD β-function, one gets the following recursive differential equation

d^′_n(L_⊥) = 1 2 Γ_{n−1} + n−1∑ m=1 mβ_{n−1−m}d_m(L_⊥) , (14) where d^′_n ≡ dd_n/dL_⊥. Solving this equation one can get the structure of the first three d_n coefficients

d_1(L_⊥) =

Γ_0 2β_0

(β_0L_⊥) + d_1(0) ,

d_2(L_⊥) =

Γ_0 4β_0

(β_0L_⊥)^2 + ( Γ_1 2β_0

+ d_1(0) ) (β_0L_⊥) + d_2(0) ,

d_3(L_⊥) =

Γ_0 6β_0

(β_0L_⊥)^3 + 1 2 ( Γ_1 β_0 + 1 2 Γ_0β_1 β^2_0

+ 2d_1(0) ) (β_0L_⊥)^2 + 1 2 ( 4d_2(0) + β_1 β_0

2d_1(0) +

Γ_2 β_0 ) (β_0L_⊥) + d_3(0) . (15)

From known perturbative calculations of the Drell-Yan cross section we can fix the first two finite coefficients, as is explained in [19]^2:

d_1(0) = 0 ,

d_2(0) = C_F C_A ( 404 27 − 14ζ_3 ) − ( 112 27 ) C_F T_F n_f . (16)

Now, based on the generalization of Eq. (15) for any value of n and after some tedious algebra, we can derive the general form of the d_n(L_⊥) coefficients, being

2d_n(L_⊥) = (β_0L_⊥)^n ( Γ_0 β_0 1 n ) + (β_0L_⊥)^{n−1} ( Γ_0β_1 β^2_0 ( −1 + H^{(1)}_{n−1} ) |_{n≥3} +

Γ_1 β_0 |_{n≥2} )

+ (β_0L_⊥)^{n−2} ( (n − 1)2d_2(0)|_{n≥2} + (n − 1)

Γ_2 2β_0

|_{n≥3} + β_1Γ_1 β^2_0 s_n|_{n≥4} + β^2_1 Γ_0 β^3_0 t_n|_{n≥5} + β_2Γ_0 2β^2_0 (n − 3)|_{n≥4} ) + ... , (17) where

s_n = (n − 1)H^{(1)}_{n−2} + 1 2 (5 − 3n) ,

t_n = 1 2 [ (1 − n)H^{(2)}_{n−1} + (n + 1) + (n − 1)(ψ(n) + γ_E − 2)(ψ(n) + γ_E) ] . (18)

2 In the notation of [19], our d_n(0) corresponds to their d^q_n/2.

H^{(r)}n = ∑_n m=0 m^r is the r-th order Harmonic Number function of n and ψ(n) = Γ^′(n)/Γ(n) is the digamma function of n. Setting a = α_s/(4π), X = aβ_0L_⊥ and using the previous result we write the D term as

D^R = ∞∑ n=1 d_n(L_⊥)a^n = 1 2 ∞∑ n=1 { X^n ( Γ_0 β_0 1 n ) + aX^{n−1} ( Γ_0β_1 β^2_0 ( −1 + H^{(1)}_{n−1} ) |_{n≥3} +

Γ_1 β_0 |_{n≥2} )

+a^2X^{n−2} ( (n − 1)2d_2(0)|_{n≥2} + (n − 1)

Γ_2 2β_0

|_{n≥3} + β_1Γ_1 β^2_0 s_n|_{n≥4} + β^2_1 Γ_0 β^3_0 t_n|_{n≥5} + β_2Γ_0 2β^2_0 (n − 3)|_{n≥4} ) + ... } , (19)

where the label R stands for “resummed”. Once we have the series of the D term organized as above, each order in a can be summed for |X| < 1, giving

D^R = −

Γ_0 2β_0 ln(1 − X) + 1 2 ( a 1 − X ) [ − β_1Γ_0 β^2_0

(X + ln(1 − X)) +

Γ_1 β_0 X ]

+ 1 2 ( a 1 − X )_2 [

2d_2(0) +

Γ_2 2β_0

(X(2 − X)) + β_1Γ_1 2β^2_0

(X(X − 2) − 2ln(1 − X)) + β_2Γ_0 2β^2_0

X^2 + β^2_1 Γ_0 β^3_0

+121X^6 − 188X^5 + 13X^4 + 30X^3 + 12X^2 (1 − Li_2(X)) + 12X(X + 1)ln(1 − X) 24X^2 + β^2_1 Γ_0 2β^3_0

(1 − X)^2 ∞∑ n=5 X^{n−2}(n − 1) [ H^{(1)}_{n−1}

]_2 ] + ... , (20) For the last term in this expression we have found an analytic form of the sum of the series by using the approximation H^{(1)}_{n−1} = ln(n)+γ_E +^1_{2n} −^1_{12n2} +^1_{120n4} −^1_{256n6} +... which is precise enough for our purposes. As is clear from Eq. (20) this result for D^R can be analytically continued through Borel-summation and its validity can thus be extended to X → −∞, which corresponds to b → 0 (see Eq. (9)). The maximum value of X where each coefficient of a^n in Eq. (20) is valid is X = 1, which corresponds to

b_X = 2e^{−γE} Q_i exp [ 2π β_0α_s(Q_i) ] . (21)

2. Range of Validity of D^R in Impact Parameter Space

In Figs. 4 and 5 we show several examples of the evolution kernel between different scales, implementing CSS and our method. It is clear then that the convergence of the kernel using D^R at the leading logarithmic (LL), next-to leading logarithms (NLL) next-to-next leading logarithms (NNLL) is extremely good for a broad range of values of b and gets spoiled only when b ∼ b_X , as the plots on the top in these figures show. It is interesting then to study the behavior of the kernel when the impact parameter approaches b_X , which is

FIG. 4: Evolution kernel from Q_i = √ 2.4 GeV up to Q_f = √ 2.5 , 5 , 20 GeV with different approaches. The vertical line on the graph on top corresponds to b_{c2} as defined in the text.

the kinematic region where the analysis becomes more subtle. Using Eq. (20) we get the asymptotic expression of D^R when X <∼ 1, up to NNLL, D^R|_{X→1}− = − Γ_0 2β_0 ln(1 − X) [ 1 + ( a 1 − X ) β_1 β_0 + ( a 1 − X )_2 β_1Γ_1 β_0Γ_0 + ... ]

n_f =5 = − Γ_0 2β_0 ln(1 − X) [ 1 + ( a 1 − X ) 5.04 + ( a 1 − X )_2 34.84 + ... ] , (22)

where we have checked that the last term in Eq. (20) with the Harmonic Number function does not give any divergent contribution. Although we do not have a general proof, it might be the case that the ln(1−X) persists at higher orders and can be factored out as in Eq. (22) to all orders in perturbation theory. However whether this is the case or not, it does not affect the results up to the accuracy we are working on, as Figs. 4 and 5 show.

Another point to be noticed is that what appears in the evolution kernel in Eq. (7) is actually the exponential of −D^R, which guarantees that when b → b^−_X (X → 1^−), one has R̃ → 0, due to the sign of the exponent. For the leading order term in Eq. (20) we have lim_{b→b−} X D^R_0 = lim_{b→b−} X [ − Γ_0 2β_0 ln(1 − X) ] → +∞ , (23)

and this limit is not spoiled by higher order corrections, as it is obvious from Eq. (22).

From this discussion we deduce that the kernel with D^R appears as a series in powers of a/(1 − X) (once the ln(1 − X) is factored out, as in Eq. (22)) and that its validity is

FIG. 5: Evolution kernel from Q_i = 50 GeV up to Q_f = 91.19 , 182 , 500 GeV with different approaches. The vertical line on the graph on top corresponds to b_{c2} as defined in the text.

determined by the range of convergence of this series. The coefficients of this series are fixed by a combination of coefficients of the QCD β-function and the cusp anomalous dimension Γ_{cusp}, and we have shown the result up to order [a/(1 − X)]^2. In order to account for this restricted range of validity of R̃ we write it as

R̃(b; Q_i, Q_f ) = exp {∫_{Qf} Q_i dμ̄ μ̄ γ_F ( α_s(μ̄), ln

Q^2_f μ̄^2 )} ( Q^2_f Q^2_i )−D^R(b;Q_i) θ(b_c − b) , (24)

and we study its behavior for various values of b_c. In our examples in Section IV we have considered two possible values of b_c, namely: b_{c1}, which is chosen such that a/(1 − X) < 1, and b_{c2}, chosen such that a/(1 − X) < 0.2. These two cases give

b_{c1} = 2e^{−γE} Q_i exp [ 2π − α_s(Q_i)/2 β_0α_s(Q_i) ] = b_X exp [ − 1 2β_0 ] ≈ 0.937 b_X ,

b_{c2} = 2e^{−γE} Q_i exp [ 2π/5 − α_s(Q_i)/2 β_0α_s(Q_i)/5 ] = b_X exp [ − 5 2β_0 ] ≈ 0.72 b_X . (25)

In Table II we show some particular values of b_X , b_{c1} and b_{c2} for different values of Q_i. In Figs. 4 and 5 we have also plotted a vertical line corresponding to b_{c2} in some relevant cases.

For b > b_c in principle one would need some model to parameterize R̃. Moreover, comparing the CSS approach and ours in Figs. 4 and 5, the CSS kernel has a long tail which contrasts with the kernel that we propose in Eq. (24). In Section IV we will see that the role of this tail can be completely neglected for all practical purposes, since the TMDs to be evolved do not have support in that region.

Q_i(GeV) b_X (GeV^{−1}) b_{c1}(GeV^{−1}) b_{c2}(GeV^{−1}) √ 2.4 8.42 7.89 6.08 5 11.18 10.48 8.07 20 12.45 11.66 8.99 50 13.15 12.32 9.50 91.19 13.57 12.71 9.79

TABLE II: Different values of b_X , b_{c1} and b_{c2} depending on the scale Q_i.

3. A Remark on the Landau Pole and the Non-Perturbative Model for Large b

A point that is worth noting is that the divergence of the resummed D^R at X = 1 (b = b_X ) comes from the resummation method itself and how the series of D is reorganized, and does not correspond to the Landau pole. In fact, the Landau pole does not enter at all since we work with a strong coupling that is fixed at the perturbative scale (Q_i) as mentioned previously.

Using the usual expansion of Λ_{QCD} = Q exp [G(t_Q)] , where t_Q ≡ −2π/(β_0α_s(Q)) and

G(t) = t + β_1 2β^2_0 ln(−t) − β^2_1 − β_0β_2 4β^4_0 1 t − β^3_1 − 2β_0β_1β_2 + β^2_0 β_3 8β^6_0 1 2t^2

+ . . . , (26)

we find that Λ_{QCD} is fixed by the number of flavors n_f . For n_f = 5 and α_s(M_Z ) = 0.117, which has been used in our figures: Λ_{QCD} ≈ 157 MeV and correspondingly b_Λ =^{2e−γE}_{ΛQCD} ≈ 7.15 GeV^{−1}. On the other side, b_X does depend on the scale Q_i and it is larger than b_Λ for any Q_i > 0.69 GeV,

b_X = 2e^{−γE} Λ_{QCD} exp (−t_{Qi} + G(t_{Qi} )) > 2e^{−γE} Λ_{QCD}

= b_Λ . (27)

In any case, given the expressions above, it is clear that the divergence at X = 1 cannot be identified with the Landau pole, as can be concluded from the different values of b_X collected in Table II.

The fact that b_Λ is in general smaller than b_X does not represent a problem for the resummed D^R beyond b_Λ, because we do not use any effective coupling dependent on b as in the CSS approach, thus completely avoiding the spurious appearance of the Landau pole. Moreover, it is also worth noting that the evolution of TMDs is done from Q_i to Q_f (which both are perturbative scales), and not between two different values of q_T (or b). Thus, although our kernel convergence range covers values of b larger than b_Λ, this does not mean that we are evolving the TMDs below the QCD confinement scale.

To conclude this discussion, we would like to clarify the origin of the non-perturbative model needed for the evolution kernel at large values of b. In the case of the CSS approach it is clear that its origin is the avoidance of the spurious Landau pole that appears due to the implementation of an effective coupling α_s(μ_b). In our case, although we cannot go beyond the radius of convergence of D^R (or even before, around b_{c2}), this does not imply that the tail of the kernel is given by long-distance physics of QCD. As a matter of principle and practice, we could have reorganized the series of D^R in such a different way that its radius of convergence could have been different. Then, the need for an ansatz for large b is due to the breakdown of the perturbative calculation itself and not to a genuine non-perturbative effects.

IV. RESULTS AND CONCLUSIONS

In this section we compare the evolution of TMDs with CSS approach and ours. The resulting differences on the application of the two approaches to the evolution of two different TMDPDFs (unpolarized and Sivers function) are shown in Fig. 7. In order to perform the resummation of large logarithms consistently up to N^iLL order (or N^{i−1}LO in RG-improved perturbation theory) one needs the input shown in Tables I and III. In our approach one takes the resummed series in Eq. (20) up to the corresponding order i. In [4, 5, 8] the cusp anomalous dimension Γ_{cusp} was not implemented at 2-loop order, as it should be to get a complete NLL result. In Figs. 4, 5 and 7 we have followed the same scheme for CSS approach, i.e., we have implemented γ_F , Γ_{cusp} and D all at one loop, to compare what has been done in the literature with our approach.

Order Accuracy ∼ α^n_s L^k γ^V Γ_{cusp} D^R N^iLL n + 1 − i ≤ k ≤ 2n (α^{i−1}_s ) α^i_s α^{i+1}_s (α_s/(1 − X))^i

TABLE III: Approximation schemes for the evolution of the TMDs with D^R, where L = ln(Q^2_f /Q^2_i ) and α^i_s indicates the order of the perturbative expansion.

The unpolarized quark-TMDPDF at low energy is modeled as a Gaussian,

F̃_{up/P} (x, b; Q_i) = f_{up/P} (x; Q_i) exp[−σb^2_T ] , (28)

with σ = 0.38/4 GeV^2 [34] and f_{up/P} the up-quark integrated PDF, which has been taken from the MSTW data set [35]. The Sivers function at low energy is modeled following what are called the “Bochum” [36] and “Torino” [37] fits in [5]. As can be seen in Fig. 7, our implementation of CSS approach for unpolarized TMDPDF and Sivers function is consistent with [4, 5].

Concerning the behavior of the kernel in the two cases, we observe that for b <∼ b_c our R̃ is close to the CSS kernel with b_{max} = 1.5 GeV^{−1}. This value of b_{max} was indeed found in [22] by a comparison with experimental data. Previous fits did not consider b_{max} as a free parameter, but rather set it to 0.5 GeV^{−1} right from the start, fitting just the rest of the parameters of the non-perturbative model. The fact that our approach is in a good agreement with the phenomenologically preferred value of b_{max} makes us confident on its validity.

On the other hand, while our kernel is cut at b = b_c (see Eq. (24)) the kernel of CSS extends to the whole range of b. This fact has basically a marginal implication over the evolution of TMDs, since the TMDs themselves are negligible before reaching b_c. In Figs. 6 and 7 we have also tested different choices of b_c, say b_c = b_X , b_{c1}, b_{c2}, and the resulting lines overlap with each other and are not distinguishable. The reason for this is mainly phenomenological, i.e., the TMDs in impact parameter space tend to be smeared on a much shorter range of the impact parameter than the convergence interval of the evolution kernel, as can be checked by comparing Fig. 6 with the range of b in Tab. II. Actually, the exponential Sudakov factor that appears in the resummation of large logarithms in the TMDs suppresses the large b region for b > 1/Q [16, 38, 39], making the evolved TMDs insensitive to the nonperturbative physics at large b. Thus, in practice, no non-perturbative model is needed for that region and the model-dependence of the evolved TMDs is basically negligible. In other words, whether the kernel vanishes quickly for b > b_c or not, that does not have any sizable effect on the evolved TMDs.

FIG. 6: Evolved unpolarized up-quark TMDPDF and Sivers function (Bochum fit) from Q_i = √ 2.4 GeV up to Q_f = 5 , 20 GeV with the resummed D^R at NNLL.

Within CSS approach the model-dependence manifests itself as a dependence on b_{max} and the fit parameters of, for example, the BLNY model (g_2). In the literature two main choices of b_{max} are implemented, b_{max} = 0.5 GeV^{−1} and b_{max} = 1.5 GeV^{−1}, and the impact of these two choices is clear in Fig. 7. We emphasize the fact that if one considers b_{max} as a fit parameter, on the same footing as the ones of the non-perturbative model, then, as it was found in [22], from a global fit one obtains b_{max} = 1.5 GeV^{−1}.

Concluding, in this work we have shown that the evolution of TMDs, both in the polarized and unpolarized case, is driven by the same kernel, which can be implemented up to NNLL using the current knowledge of the cusp anomalous dimension and β-function. The kernel itself can be obtained by a resummation in impact parameter space, which we explained how to obtain up to any desired accuracy. Such kernel is valid in the region of the impact parameter space where TMDs are relevant and the resulting evolved TMDs are almost insensitive to the models for the kernel outside its resummation range. Comparing our kernel with the one of CSS we find that our results agree reasonably well with b_{max} = 1.5 GeV^{−1}, as was found by phenomenological fits in [22]. We consider a major result of our work the fact that the evolution of TMDs can be implemented perturbatively, and depends only marginally on non-perturbative models, improving its predictive power compared to the implementation of the CSS approach.

Finally, the definition of quark-TMDPDFs given in Eq. (1) and the new approach to determine the evolution kernel can be extended to gluon-TMDPDFs [40] and quark/gluon TMD Fragmentation Functions (TMDFFs). This new resummation technique can be applied as well to the evolution kernel of the complete hadronic tensor M̃ (built with two TMDs). One relevant application is to relate the q_T -spectrum of the Higgs boson production at the LHC at two different energies in a model-independent way.

FIG. 7: Up quark unpolarized TMDPDF and Sivers function (Bochum and Torino fits) evolved from Q_i = √ 2.4 GeV up to Q_f = 5 GeV with different approaches to the evolution kernel.

Acknowledgements

This work is supported by the Spanish MEC, FPA2011-27853-CO2-02. We would like to thank Umberto D’Alesio, V. Braun, M. Diehl, A. Metz and J. Zhou for useful discussions. M.G.E. is supported by the PhD funding program of the Basque Country Government. A.I. and A.S. are supported by BMBF (06RY9191). I.S. was partly supported by the Ramón y Cajal Program.

Appendix A: Evolution of the Hard Matching Coefficient

The evolution of the hard matching coefficient C_V , where H = |C_V |^2, is given by d dlnμ lnC_V (Q^2/μ^2) = γ_{CV} ( α_s(μ), ln

Q^2 μ^2 ) , γ_{CV} = Γ_{cusp}(α_s) ln

Q^2 μ^2

+ γ^V (α_s) , (A1)

where the cusp term is related to the evolution of the Sudakov double logarithms and the remaining term with the evolution of single logarithms. The exact solution of this equation is C_V (Q^2/μ^2_f ) = C_V (Q^2/μ^2_i ) exp [∫_{μf} μ_i dμ̄ μ̄ γ_{CV} ( α_s(μ̄), ln

Q^2 μ̄^2 )]

= C_V (Q^2/μ^2_i ) exp [∫_{αs(μf )} α_s(μ_i) dᾱ_s β(ᾱ_s) γ_{CV} (ᾱ_s) ] , (A2) where we have used that d/dlnμ = β(α_s) d/dα_s, where β(α_s) = dα_s/dlnμ is the QCD βfunction.

Below we give the expressions for the anomalous dimensions and the QCD β-function, in the MS renormalization scheme. We use the following expansions:

Γ_{cusp} = ∞∑ n=1 Γ_{n−1} ( α_s 4π )_n , γ^V = ∞∑ n=1 γ^V_n ( α_s 4π )_n , β = −2α_s ∞∑ n=1 β_{n−1} ( α_s 4π )_n . (A3)

The coefficients for the cusp anomalous dimension Γ_{cusp} are

Γ_0 = 4C_F ,

Γ_1 = 4C_F [( 67 9 − π^2 3 ) C_A − 20 9 T_F n_f ] , Γ_2 = 4C_F [ C^2_A ( 245 6 − 134π^2 27 + 11π^4 45 + 22 3 ζ_3 ) + C_AT_F n_f ( − 418 27 + 40π^2 27 − 56 3 ζ_3 )

+C_F T_F n_f ( − 55 3 + 16ζ_3 ) − 16 27 T^2_F n^2_f ] . (A4)

The anomalous dimension γ^V can be determined up to three-loop order from the partial three-loop expression for the on-shell quark form factor in QCD. We have γ^V_0 = −6C_F ,

γ^V_1 = C^2_F ( −3 + 4π^2 − 48ζ_3 ) + C_F C_A ( − 961 27 − 11π^2 3 + 52ζ_3 ) + C_F T_F n_f ( 260 27 + 4π^2 3 ) , γ^V_2 = C^3_F ( −29 − 6π^2 −

16π^4 5 − 136ζ_3 +

32π^2 3 ζ_3 + 480ζ_5 )

+ C^2_F C_A ( − 151 2 + 410π^2 9 + 494π^4 135 − 1688 3 ζ_3 −

16π^2 3 ζ_3 − 240ζ_5 )

+ C_F C^2_A ( − 139345 1458 − 7163π^2 243 − 83π^4 45 + 7052 9 ζ_3 −

88π^2 9 ζ_3 − 272ζ_5 )

+ C^2_F T_F n_f ( 5906 27 − 52π^2 9 − 56π^4 27 + 1024 9 ζ_3 )

+ C_F C_AT_F n_f ( − 34636 729 + 5188π^2 243 + 44π^4 45 − 3856 27 ζ_3 ) + C_F T^2_F n^2_f ( 19336 729 − 80π^2 27 − 64 27 ζ_3 ) . (A5) Finally, the coefficients for the QCD β-function are

β_0 = 11 3 C_A − 4 3 T_F n_f , β_1 = 34 3 C^2_A − 20 3 C_AT_F n_f − 4C_F T_F n_f ,

β_2 =

2857 54 C^3_A + ( 2C^2_F − 205 9 C_F C_A − 1415 27 C^2_A ) T_F n_f + ( 44 9 C_F + 158 27 C_A ) T^2_F n^2_f ,

β_3 =

149753 6 + 3564ζ_3 − ( 1078361 162 + 6508 27 ζ_3 ) n_f + ( 50065 162 + 6472 81 ζ_3 ) n^2_f +

1093 729 n^3_f ,

(A6) where for β_3 we have used N_c = 3 and T_F =^1_2 .

[1] D. W. Sivers, “Single Spin Production Asymmetries from the Hard Scattering of Point-Like Constituents”, Phys. Rev. D 41 (1990) 83.

[2] J. C. Collins, “Fragmentation of transversely polarized quarks probed in transverse momentum distributions”, Nucl. Phys. B 396 (1993) 161 [hep-ph/9208213].

[3] V. Barone, F. Bradamante and A. Martin, “Transverse-spin and transverse-momentum effects in high-energy processes”, Prog. Part. Nucl. Phys. 65 (2010) 267 [arXiv:1011.0909 [hep-ph]].

[4] S. M. Aybat and T. C. Rogers, “TMD Parton Distribution and Fragmentation Functions with QCD Evolution”, Phys. Rev. D 83 (2011) 114042 [arXiv:1101.5057 [hep-ph]].

[5] S. M. Aybat, J. C. Collins, J. -W. Qiu and T. C. Rogers, “The QCD Evolution of the Sivers Function”, Phys. Rev. D 85 (2012) 034043 [arXiv:1110.6428 [hep-ph]].

[6] S. M. Aybat, A. Prokudin and T. C. Rogers, “Calculation of TMD Evolution for Transverse Single Spin Asymmetry Measurements”, arXiv:1112.4423 [hep-ph].

[7] Z. -B. Kang, B. -W. Xiao and F. Yuan, “QCD Resummation for Single Spin Asymmetries”, Phys. Rev. Lett. 107 (2011) 152002 [arXiv:1106.0266 [hep-ph]].

[8] M. Anselmino, M. Boglione and S. Melis, “A Strategy towards the extraction of the Sivers function with TMD evolution”, arXiv:1204.1239 [hep-ph].

[9] P. Sun, B. -W. Xiao and F. Yuan, “Gluon Distribution Functions and Higgs Boson Production at Moderate Transverse Momentum”, Phys. Rev. D 84 (2011) 094005 [arXiv:1109.1354 [hepph]].

[10] B. U. Musch, P. Hägler, M. Engelhardt, J. W. Negele and A. Schäfer, “Sivers and Boer- Mulders observables from lattice QCD”, Phys. Rev. D 85 (2012) 094510 [arXiv:1111.4249 [hep-lat]].

[11] M. G. Echevarria, A. Idilbi and I. Scimemi, “Soft and Collinear Factorization and Transverse Momentum Dependent Parton Distribution Functions”, arXiv:1211.1947 [hep-ph].

[12] M. G. Echevarria, A. Idilbi and I. Scimemi, “Factorization Theorem For Drell-Yan At Low q_T And Transverse Momentum Distributions On-The-Light-Cone”, JHEP 1207 (2012) 002 [arXiv:1111.4996 [hep-ph]].

[13] M. G. Echevarria, A. Idilbi and I. Scimemi, “Definition and Evolution of Transverse Momentum Distributions”, arXiv:1209.3892 [hep-ph].

[14] J. Collins, “Foundations of perturbative QCD”, (Cambridge monographs on particle physics, nuclear physics and cosmology. 32) [15] J. C. Collins and T. C. Rogers, “Equality of Two Definitions for Transverse Momentum Dependent Parton Distribution Functions”, arXiv:1210.2100 [hep-ph].

[16] J. C. Collins, D. E. Soper and G. F. Sterman, “Transverse Momentum Distribution in Drell- Yan Pair and W and Z Boson Production”, Nucl. Phys. B 250 (1985) 199.

[17] J. C. Collins and D. E. Soper, “Parton Distribution and Decay Functions”, Nucl. Phys. B 194 (1982) 445.

[18] J. C. Collins and D. E. Soper, “Back-To-Back Jets in QCD”, Nucl. Phys. B 193 (1981) 381 [Erratum-ibid. B 213 (1983) 545] [Nucl. Phys. B 213 (1983) 545].

[19] T. Becher and M. Neubert, “Drell-Yan production at small q_T , transverse parton distributions and the collinear anomaly”, Eur. Phys. J. C 71 (2011) 1665 [arXiv:1007.4005 [hep-ph]].

[20] E. Laenen, G. F. Sterman and W. Vogelsang, “Higher order QCD corrections in prompt photon production”, Phys. Rev. Lett. 84 (2000) 4296 [hep-ph/0002078].

[21] E. Laenen, G. F. Sterman and W. Vogelsang, “Recoil and threshold corrections in short distance cross-sections”, Phys. Rev. D 63 (2001) 114018 [hep-ph/0010080].

[22] A. V. Konychev and P. M. Nadolsky, “Universality of the Collins-Soper-Sterman nonperturbative function in gauge boson production”, Phys. Lett. B 633 (2006) 710 [hep-ph/0506225].

[23] A. V. Manohar and I. W. Stewart, “The Zero-Bin and Mode Factorization in Quantum Field Theory”, Phys. Rev. D 76 (2007) 074002 [hep-ph/0605001].

[24] P. J. Mulders and R. D. Tangerman, “The Complete tree level result up to order 1/Q for polarized deep inelastic leptoproduction”, Nucl. Phys. B 461 (1996) 197 [Erratum-ibid. B 484 (1997) 538] [hep-ph/9510301].

[25] D. Boer and P. J. Mulders, “Time reversal odd distribution functions in leptoproduction”, Phys. Rev. D 57 (1998) 5780 [hep-ph/9711485].

[26] A. Idilbi and I. Scimemi, “Singular and Regular Gauges in Soft Collinear Effective Theory:

The Introduction of the New Wilson Line T”, Phys. Lett. B 695 (2011) 463 [arXiv:1009.2776 [hep-ph]].

[27] M. Garcia-Echevarria, A. Idilbi and I. Scimemi, “SCET, Light-Cone Gauge and the T-Wilson Lines”, Phys. Rev. D 84 (2011) 011502 [arXiv:1104.0686 [hep-ph]].

[28] A. Idilbi, X. -d. Ji and F. Yuan, “Resummation of threshold logarithms in effective field theory for DIS, Drell-Yan and Higgs production”, Nucl. Phys. B 753 (2006) 42 [hep-ph/0605068].

[29] S. Moch, J. A. M. Vermaseren and A. Vogt, “The Quark form-factor at higher orders”, JHEP 0508 (2005) 049 [hep-ph/0507039].

[30] S. Moch, J. A. M. Vermaseren and A. Vogt, “The Three loop splitting functions in QCD: The Nonsinglet case”, Nucl. Phys. B 688 (2004) 101 [hep-ph/0403192].

[31] A. V. Manohar, Phys. Rev. D 68 (2003) 114019 [hep-ph/0309176]. [32] A. Idilbi and X. -d. Ji, Phys. Rev. D 72 (2005) 054016 [hep-ph/0501006]. [33] F. Landry, R. Brock, P. M. Nadolsky and C. P. Yuan, “Tevatron Run-1 Z boson data and Collins-Soper-Sterman resummation formalism”, Phys. Rev. D 67 (2003) 073016 [hepph/0212159].

[34] P. Schweitzer, T. Teckentrup and A. Metz, “Intrinsic transverse parton momenta in deeply inelastic reactions”, Phys. Rev. D 81 (2010) 094019 [arXiv:1003.2190 [hep-ph]].

[35] A. D. Martin, W. J. Stirling, R. S. Thorne and G. Watt, “Parton distributions for the LHC”, Eur. Phys. J. C 63 (2009) 189 [arXiv:0901.0002 [hep-ph]].

[36] J. C. Collins, A. V. Efremov, K. Goeke, S. Menzel, A. Metz and P. Schweitzer, “Sivers effect in semi-inclusive deeply inelastic scattering”, Phys. Rev. D 73 (2006) 014021 [hep-ph/0509076].

[37] M. Anselmino, M. Boglione, U. D’Alesio, A. Kotzinian, S. Melis, F. Murgia, A. Prokudin and C. Turk, “Sivers Effect for Pion and Kaon Production in Semi-Inclusive Deep Inelastic Scattering”, Eur. Phys. J. A 39 (2009) 89 [arXiv:0805.2677 [hep-ph]].

[38] G. Parisi and R. Petronzio, “Small Transverse Momentum Distributions in Hard Processes”, Nucl. Phys. B 154 (1979) 427.

[39] T. Becher, M. Neubert and D. Wilhelm, “Electroweak Gauge-Boson Production at Small q_T : Infrared Safety from the Collinear Anomaly”, JHEP 1202 (2012) 124 [arXiv:1109.6027 [hep-ph]].

[40] P. J. Mulders and J. Rodrigues, “Transverse momentum dependence in gluon distribution and fragmentation functions”, Phys. Rev. D 63 (2001) 094021 [hep-ph/0009343].