arXiv:1208.1890v2 [math.NT] 2 May 2013

PROOF OF THE ZIG-ZAG CONJECTURE

FRANCIS BROWN AND OLIVER SCHNETZ

Abstract. A long-standing conjecture in quantum field theory due to Broadhurst and Kreimer states that the amplitudes of the zig-zag graphs are a certain explicit rational multiple of the odd values of the Riemann zeta function. In this paper we prove this conjecture by constructing a certain family of single-valued multiple polylogarithms. The zig-zag graphs therefore provide the only infinite family of primitive graphs in ϕ^4 theory (in fact, in any renormalisable quantum field theory in four dimensions) whose amplitudes are now known.

To David Broadhurst, a pioneer, for his 65th birthday

1. Introduction

In 1995 Broadhurst and Kreimer [6] conjectured a formula for the Feynman amplitudes of a well-known family of graphs called the zig-zag graphs. We give a proof of this conjecture using the second author’s theory of graphical functions [25] (see also [15]) and a variant of the first author’s theory of single-valued multiple polylogarithms [7]. The proof makes use of a recent theorem due to Zagier [29, 22] on the evaluation of the multiple zeta values ζ(2, . . . , 2, 3, 2, . . . , 2) in terms of the numbers ζ(2m + 1)π^{2k}.

1.1. Statement of the theorem. For n ≥ 3, let Z_n denote the zig-zag graph with n loops (and zero external momenta), pictured below.

Z_5

Its amplitude (scheme independent contribution to the beta function in ϕ^4 theory), which is a period in the sense of [20], can be written in parametric space as follows. Number the edges of Z_n from 1 to 2n, and to each edge e associate a variable α_e. The amplitude (or ‘period’) of Z_n is given by the convergent integral in projective space [27]:

(1.1) I_{Zn} = ∫ Δ Ω_{2n−1} Ψ^2_{Zn} ∈ R , where Δ = {(α_1 : . . . : α_{2n}) : α_i ≥ 0} ⊂ P^{2n−1}(R) is the standard coordinate simplex,

Ω_{2n−1} = 2n∑ i=1 (−1)^iα_i dα_1 ∧ . . . ^dα_i . . . ∧ dα_{2n} , 1

and Ψ_{Zn} ∈ Z[α_1, . . . , α_{2n}] is the graph, or Kirchhoff [18], polynomial of Z_n. It is defined more generally for any graph G by the formula

Ψ_G = ∑ T ⊂G ∏ e /∈T α_e , where the sum is over all spanning trees T of G. Since the degree of Ψ_{Zn} is equal to n, it follows that the integrand of (1.1) is a homogeneous 2n − 1-form on the complement of the graph hypersurface V (Ψ_G) in P^{2n−1}. The integral (1.1) can be interpreted as the period of a mixed Hodge structure [5]. It is known that the mixed Hodge structures of graph hypersurfaces can be extremely complicated [2, 12, 11]; the mixed Hodge structures corresponding to the zig-zag graphs should be equivalent to the simplest non-trivial situation, namely an extension of Q(3 − 2n) by Q(0).

For n = 3, 4 the zig-zag graphs Z_n are isomorphic to the wheels with n spokes W_n, whose periods are known for all n by Gegenbauer polynomial techniques [4]. For n ≥ 5, the graphs W_n are unphysical, and different from the Z_n. The period for Z_5 was computed by Kazakov in 1983 [17], for Z_6 by Broadhurst in 1985 [3] (see also [26]), and the cases Z_n for n ≤ 12 can now be obtained by computer [25] using single-valued multiple polylogarithms [7]. The period of Z_n is a priori known to be a multiple zeta value of weight 2n − 3 either by this method, or by the general method of parametric integration of [8]. The precise formula for its period was conjectured in [6]. Theorem 1.1. (Zig-zag conjecture [6]). The period of the graph Z_n is given by

(1.2) I_{Zn} = 4

(2n − 2)! n!(n − 1)! ( 1 − 1 − (−1)^n 2^{2n−3} ) ζ(2n − 3) . Using the well-known fact that the period of a two-vertex join of a family of graphs is the product of their periods, we immediately deduce:

Corollary 1.2. Any product of odd zeta values ∏_N i=1 ζ(2n_i + 1), for n_i ≥ 1, occurs as the period of a primitive logarithmically-divergent graph in ϕ^4 theory.

The strategy of our proof is to compute the amplitude of the zig-zag graphs in position space by direct integration. At each integration step, one has to solve a unipotent differential equation in ∂/∂z and ∂/∂z on P^1\{0, 1, ∞}(C ), whose solution is necessarily single-valued. Such a method was first introduced by Davidychev and Ussyukina in [14] for a family of ladder diagrams. The functions they obtained are single-valued versions of the classical polylogarithms Li_n(z) = ∑ k≥1 z^k k^n . A broad generalisation of

this method was recently found independently by Schnetz [25] and Drummond [15], and works for a large class of graphs. It uses the fact that any unipotent differential equation on P^1\{0, 1, ∞} can be solved using the single-valued multiple polylogarithms constructed in [7]. Unfortunately, the definition of these functions is complicated and not completely explicit, so the best one can presently do by this method is to prove the zig-zag conjecture modulo products of multiple zeta values [24], [25]. Therefore this approach fails to predict the most important property of the zig-zag periods, which is that they reduce to a single Riemann zeta value. Experimental evidence suggests that the zig-zags may be the only ϕ^4 periods with this property [23].

In this paper we take a different approach, and modify the construction of the singlevalued polylogarithms of [7] to write down a specific family of single-valued functions which are tailor-made for the zig-zag graphs. It does not generalise to all multiple polylogarithms, although we expect that some extensions of the present method are possible. The construction relies on some special properties of the Hoffman multiple zeta values ζ(2, . . . , 2, 3, 2, . . . , 2) and uses a factorization of various non-commutative generating series into a ‘pure odd zeta’ and ‘pure even zeta’ part.

1.2. Two families of single-valued multiple polylogarithms. Most of the paper (§3 and §4) is devoted to constructing the following explicit families of functions. Recall that R⟨⟨x_0 , x_1⟩⟩ denotes the ring of formal power series in two non-commuting variables x_0 and x_1. For any element S ∈ R⟨⟨x_0 , x_1⟩⟩, let ~S denote the series obtained by reversing the letters in every word which occurs in S. For any word w ∈ {x_0, x_1}^×, let L_w(z) denote the multiple polylogarithm in one variable, defined by the equations d dz L_{wxi} (z) = L_w(z) z − i for all i = 0, 1,

and the condition L_w(z) ∼ 0 as z → 0 for all words w not of the form x^n_0 , and L_xn_0 (z) =^1_{n!} log^n(z). The L_w(z) are multi-valued functions on P^1\{0, 1, ∞}(C ).

Definition 1.3. Define a formal power series S ∈ R⟨⟨x_0 , x_1⟩⟩ by

S = 1 + S^0_{0,0} + S^1_{0,1} + S^1_{1,0} + S^1_{0,0} ,

where S^1_{0,1} = ~S^1_{1,0} , and

S^0_{0,0} = −4 ∑ n≥1 ζ(2n + 1) (x_0x_1)^nx_0 ,

(1.3)

S^1_{1,0} = −4 ∑ m≥1,n≥0 ( 2m + 2n 2m ) ζ(2m + 2n + 1) (x_1x_0)^mx_0(x_1x_0)^n ,

S^1_{0,0} = 1 2 ( S^0_{0,0} S^0_{0,0} + S^0_{0,0} S^1_{1,0} + S^1_{0,1} S^0_{0,0} ) . For all w ∈ {x_0, x_1}^×, let S_w be the coefficient of w in S. It is either an integer multiple of an odd single zeta value ζ(2n + 1), n ≥ 1, or an integral linear combination of products of two odd single zeta values ζ(2n + 1)ζ(2m + 1), for m, n ≥ 1.

Let B^0 denote the set of words w ∈ {x_0, x_1}^× which contain no subsequences of the form x_1x_1 or x_0x_0x_0, and have at most one subsequence of the form x_0x_0. These properties are clearly stable under reversing the letters in a word, or taking a subsequence. For every w ∈ B^0, define a series

(1.4) F_w (z) = ∑ w=u_1u_2 u_3

L_{~u1} (z)S_{u2} L_{u3} (z) ,

where ~w denotes a word w written in reverse order. A priori F_w(z) is a multivalued, real analytic function on P^1\{0, 1, ∞}. In §3 we prove the following theorem.

Theorem 1.4. If w ∈ B^0, the function F_w (z) is single-valued, and satisfies

F_w(z) = F_{~w}(z) .

Let i, j ∈ {0, 1}. If x_iwx_j ∈ B^0, then

(1.5)

∂^2 ∂z∂z F_{xi wxj} (z) = F_w(z) (z − i)(z − j) . The second family of functions is defined as follows.

Definition 1.5. Define a formal power series Ŝ ∈ R⟨⟨x_0 , x_1⟩⟩ by

Ŝ = 1 + Ŝ^0_{0,0} + Ŝ^1_{0,1} + Ŝ^1_{1,0} + Ŝ^1_{0,0} , where Ŝ^0_{0,0} = S^0_{0,0} , Ŝ^1_{0,1} = ~Ŝ^1_{1,0} , and

(1.6)

Ŝ^1_{1,0} = −4 ∑ m≥0,n≥1 (1 − 2^{−2n−2m}) ( 2m + 2n 2m + 1 ) ζ(2m + 2n + 1) (x_1x_0)^mx_1(x_1x_0)^n ,

Ŝ^1_{0,0} = 1 2 (^ S^0_{0,0} Ŝ^1_{1,0} + Ŝ^1_{0,1} Ŝ^0_{0,0} ) . Note that, contrary to the previous case, the coefficients of the odd single zeta values and their products in Ŝ now have large powers of 2 in their denominators.

Now let B^1 denote the set of words w obtained from B^0 by interchanging x_0 and x_1. Thus words w ∈ B^1 contain no x_0x_0, no x_1x_1x_1 and at most one x_1x_1. For every w ∈ B^1, define a series

(1.7) F̂_w (z) = ∑ w=u_1u_2 u_3

L_{~u1} (z)Ŝ_{u2} L_{u3} (z) .

In §4 we prove the following theorem.

Theorem 1.6. If w ∈ B^1, the function F̂_w (z) is single-valued, and satisfies

(1.8) F̂_w(z) = F̂_{~w}(z) . Let i, j ∈ {0, 1}. If x_iwx_j ∈ B^1, then

(1.9)

∂^2 ∂z∂z F̂_{xi wxj} (z) =

F̂_w(z) (z − i)(z − j) . Remark 1.7. It is worth noting that the definition of S in (1.3) is compatible with the definition of Ŝ in (1.6), i.e., S_w = Ŝ_w for all w ∈ B^0 ∩B^1. This means that it is possible to combine the previous theorems into a single generating series

F_w(z) = ∑ w=u_1u_2u_3

L_{~u1} (z)T_{u2} L_{u3} (z) ,

for w ∈ B^0 ∪ B^1, where T = S + Ŝ − 1 − S^0_{0,0} . However, this ansatz does not give single-valued functions for all words w in {x_0, x_1}^×. Since the two previous theorems are rather different in character, and play completely different roles in the zig-zag conjecture, we decided to keep their statement and proofs separate.

The zig-zag conjecture itself is proved in §5 using the two previous theorems to deal with the case when n is even, or odd, respectively.

1.3. Some remarks. All available data suggests [23] that the zig-zag graphs play the same role in ϕ^4 theory as the odd single zeta values ζ(2n + 1) in the theory of multiple zeta values. The latter are the primitive elements in the algebra of motivic multiple zeta values and correspond to the generators of the Lie algebra of the motivic Galois group of mixed Tate motives over Z. Corollary 1.2 has the important consequence that the periods of ϕ^4 theory are closed under the action of the motivic Galois group, to all known weights [13]. It would therefore be very interesting to prove by motivic methods that I_{Zn} is an odd single zeta value. The fact that the multiple zeta values ζ(2, . . . , 2, 3, 2, . . . , 2) appear in the analytic calculation may give some insight into a long hoped-for formula for the motivic coaction on ϕ^4 amplitudes. At present, this is out of reach, but a small step in this direction was taken in [12], where we gave an explicit formula for the class of the zig-zag graph hypersurfaces V (Ψ_{Zn}) ⊂ P^{2n−1} in the Grothendieck ring of varieties. It is a polynomial in the Lefschetz motive.

Note that it is known by the work of Rivoal and Ball-Rivoal [1] that the odd zeta values span an infinite dimensional vector space over the field of rational numbers. Thus the same conclusion holds for the periods of primitive graphs in ϕ^4 theory. In the early days of quantum field theory, the hope was often expressed that the periods would be rational numbers, so corollary 1.2 forms part of an increasing body of evidence (see also [12]), that this is very far from the truth.

Acknowledgements. This paper was written in July 2012 whilst both authors were visiting scientists at Humboldt University, Berlin. We thank Dirk Kreimer for putting us in the same office, which led to the birth of this paper. Francis Brown is supported by ERC grant 257638.

2. Preliminaries

2.1. Reminders on shuffle algebras and formal power series. Let R be a commutative unitary ring. The shuffle algebra R⟨x_0, x_1⟩ on two letters is the free R-module spanned by all words w in the letters x_0, x_1, together with the empty word 1. The shuffle product is defined recursively by w � 1 = 1 � w = w and

x_iw � x_j w^′ = x_i(w � x_j w^′) + x_j (x_iw � w^′)

for all i, j ∈ {0, 1}, and w, w^′ ∈ {x_0, x_1}^×. The shuffle product, extended linearly, makes R⟨x_0, x_1⟩ into a commutative unitary ring. The deconcatenation coproduct is defined to be the linear map

Δ : R⟨x_0, x_1⟩ −→ R⟨x_0, x_1⟩ ⊗_R R⟨x_0, x_1⟩

Δ(w) = ∑ uv=w u ⊗ v and the antipode is the linear map defined by w → (−1)^{|w|} ~w, where |w| ∈ N denotes the length of a word w which defines a grading on R⟨x_0, x_1⟩. With these definitions, R⟨x_0, x_1⟩ is a commutative, graded Hopf algebra over R.

The dual of R⟨x_0, x_1⟩ is the R-module of non-commutative formal power series

R⟨⟨x_0, x_1⟩⟩ = {S = ∑ w∈{x_0,x_1 }^× S_ww , S_w ∈ R} equipped with the concatenation product. It is the completion of R⟨x_0, x_1⟩ with respect to the augmentation ideal ker ε, where ε : R⟨x_0, x_1⟩ → R is the map which projects onto the empty word. Then R⟨⟨x_0, x_1⟩⟩ is a complete Hopf algebra with respect to the (completed) coproduct

Γ : R⟨⟨x_0, x_1⟩⟩ −→ R⟨⟨x_0, x_1⟩⟩^⊗_RR⟨⟨x_0, x_1⟩⟩

for which the elements x_0, x_1 are primitive: Γ(x_i) = 1 ⊗ x_i + x_i ⊗ 1 for i = 0, 1. The antipode is as before. Thus R⟨⟨x_0, x_1⟩⟩ is cocommutative but not commutative.

By duality, a series S ∈ R⟨⟨x_0, x_1⟩⟩ defines an element S ∈ Hom_{R−mod}(R⟨x_0, x_1⟩, R) as follows: to any word w associate the coefficient S_w of w in S.

An invertible series S ∈ R⟨⟨x_0, x_1⟩⟩^× (i.e., with invertible leading term S_1) is grouplike if Γ(S) = S ⊗ S. Equivalently, the coefficients S_w of S define a homomorphism for the shuffle product: S_w �_w′ = S_wS_w′ for all w, w^′ ∈ {x_0, x_1}^×, where S_• is extended by linearity on the left-hand side. By the formula for the antipode, it follows that for such a series S = S(x_0, x_1), its inverse is given by

(2.1) S(x_0, x_1)^{−1} = ~S(−x_0, −x_1) .

2.2. Multiple polylogarithms in one variable. Recall that the generating series of multiple polylogarithms on P^1\{0, 1, ∞} is denoted by L(z) = ∑ w∈{x_0,x_1 }^× L_w(z)w . It is the unique solution to the Knizhnik-Zamolodchikov equation [19] (2.2) d dz L(z) = L(z) (x_0 z + x_1 z − 1 ) , which satisfies the asymptotic condition (2.3) L(z) = exp(x_0 log(z)) h_0(z) for all z in the neighbourhood of the origin, where h_0(z) is a function taking values in C ⟨⟨x_0 , x_1⟩⟩ which is holomorphic at 0 and satisfies h(0) = 1. Note that we use the opposite convention to [7] in this paper: differentiation of L_w(z) corresponds to deconcatenation of w on the right. The series L(z) is a group-like formal power series. In particular, the polylogarithms L_w(z) satisfy the shuffle product formula (2.4) L_w �_w′ (z) = L_w(z)L_w′ (z) for all w, w^′ ∈ {x_0, x_1}^× . We have (2.5) − L_{x1x}n−1_0 (z) = Li_n(z) = ∑ k≥1 z^k k^n , for all n ≥ 1, which expresses the classical polylogarithms as coefficients of L(z).

Denote the generating series of (shuffle-regularized) multiple zeta values, or Drinfeld’s associator, by Z(x_0, x_1) = ∑ w∈{x_0,x_1 }^× ζ(w) w ∈ C ⟨⟨x_0 , x_1⟩⟩ . It is the regularized limit of L(z) at the point z = 1. In other words, there exists a function h_1(z) taking values in series C ⟨⟨x_0 , x_1⟩⟩, which is holomorphic at z = 1 where it takes the value h(1) = 1, such that (2.6) L(z) = Z(x_0, x_1) exp(x_1 log(1 − z))h_1(z) . The series Z(x_0, x_1) is group-like, so in particular we have (2.7) Z(x_0, x_1)^{−1} = ~Z(−x_0, −x_1) .

When no confusion arises, we denote Z(x_0, x_1) simply by Z. Its coefficients are (shuffleregularized) iterated integrals

ζ(x_{i1} . . . x_{in} ) =

∫_1 0 ω_{i1} . . . ω_{in} for all i_1, . . . , i_n ∈ {0, 1} , where the differential forms are integrated starting from the left, ω_0 =^{dz}_z and ω_1 =^{dz}_{z−1} .

For i ∈ {0, 1}, let M_i denote analytic continuation around a path winding once around the point i in the positive direction. The operators M_i act on the series L(z) and L(z), commute with multiplication, and commute with^∂_{∂z} and^∂_{∂z} . Lemma 2.1. [21]. The monodromy operators M_0, M_1 act as follows: M_0L(z) = e^{2πix0} L(z) ,

(2.8) M_1L(z) = Ze^{2πix1} Z^{−1}L(z) .

Proof. The formula for the monodromy at the origin follows immediately from (2.3) and the equation M_0 log(z) = log z + 2iπ. From (2.6) we obtain (2.9) M_1L(z) = M_1 ( Z exp(x_1 log(1 − z))h_1(z) ) = Z exp(2iπx_1) exp(x_1 log(1 − z))h_1(z) = Z exp(2iπx_1)Z^{−1}L(z) . □ 2.3. Hoffman multiple zeta values. We need to consider a certain family of multiple zeta values similar to those first considered by Hoffman [16].

If n_1, . . . , n_r ≥ 1, define the following shuffle-regularized multiple zeta value: ζ_k (n_1, . . . , n_r) = (−1)^rζ(x^k_0 x_1x^{n1 −1}_0 . . . x_1x^{nr −1}_0 ) .

In the non-singular case k = 0, n_r ≥ 2, it reduces to the multiple zeta value ζ(n_1, . . . , n_r) = ∑ 0<k_1<k_2 <...<k_r 1 k^{n1}_1 . . . k^{nr}_r ∈ R , and we shall drop the subscript k whenever it is equal to 0. Henceforth, let 2^{{n}} denote a sequence 2, . . . , 2 of n two’s. Certain families of multiple zeta values will repeatedly play a role in the sequel. The first family corresponds to alternating words of type (x_1x_0)^n and reduce to even powers of π:

(2.10) ζ(2^{{n}}) = π^{2n} (2n + 1)! . The following identity, for words of type x_0(x_1x_0)^n, is corollary 3.9 in [9], and is easily proved using standard relations between multiple zeta values:

(2.11) ζ_1(2^{{n}}) = 2 n∑ i=1 (−1)^iζ(2i + 1)ζ(2^{{n−i}}) . Next, define for any a, b, r ∈ N, (2.12) A^r_a = ( 2r 2a + 2 ) and B^r_b = ( 1 − 2^{−2r} ) ( 2r 2b + 1 ) . The following theorem is due to Zagier [29], recently reproved in [22]. Theorem 2.2. Let a, b ≥ 0. Then

(2.13) ζ(2^{{a}}32^{{b}}) = 2 a+b+1∑

r=1 (−1)^r(A^r_a − B^r_b ) ζ(2r + 1) ζ(2^{{a+b+1−r}}) .

We denote the corresponding generating series by:

Z_π = ∑ n≥0 (−1)^nζ(2^{{n}}) (x_1x_0)^n ,

(2.14)

Z_0 = ∑ n≥1 (−1)^nζ_1(2^{{n}}) x_0(x_1x_0)^n ,

Z_H = ∑ m,n≥0 (−1)^{m+n+1}ζ(2^{{m}}32^{{n}}) (x_1x_0)^{m+1}x_0(x_1x_0)^n ,

Z_s = ∑ m,n≥0 (−1)^{m+n+1}ζ_1(2^{{m}}32^{{n}}) x_0(x_1x_0)^{m+1}x_0(x_1x_0)^n .

The coefficients of Z_π are even powers of π by (2.10), and the coefficients of Z_0 and Z_H are products of odd zeta values with even powers of π by (2.11) and (2.13). However, the values of the ‘singular’ Hoffman elements ζ_1(2^{{m}}32^{{n}}) are not known. Luckily, these numbers will drop out of our proofs.

Remark 2.3. It turns out that the Galois coaction on the corresponding motivic multiple zeta values ζ^m_1 (2^{{m}}32^{{n}}) can be computed explicitly using the motivic version of theorem 2.2 given in ([9], theorem 4.3), and that they have ‘motivic depth’ at most two. It follows from the method of [10] that the numbers ζ_1(2^{{m}}32^{{n}}) are completely determined up to an unknown rational multiple of π^{2m+2n+4}.

2.4. Duality relations. The automorphism z → 1 − z of P^1\{0, 1, ∞} interchanges the two forms ω_0 =^{dz}_z and ω_1 =^{dz}_{z−1} , and reverses the canonical path from 0 to 1. The following well-known ‘duality relation’ (2.15) ζ(x_{i1} . . . x_{in} ) = (−1)^nζ(x_{1−in} . . . x_{1−i1} ) for all i_1, . . . , i_n ∈ {0, 1} follows from their interpretation as iterated integrals. Some analogous series to (2.14) obtained by summing over sets of words in B^1, will appear in §4.3. By (2.15) their coefficients can be expressed in terms of the multiple zeta values considered above.

3. Proof of theorem 1.4 3.1. The coalgebra of 1-Hoffman words.

Definition 3.1. Let I_H ⊂ C ⟨⟨x_0 , x_1⟩⟩ denote the (complete) ideal generated by w_1x^2_1w_2 , w_1x^3_0w_2 , w_1x^2_0w_2x^2_0w_3 for all w_1, w_2, w_3 ∈ C ⟨⟨x_0 , x_1⟩⟩.

Likewise, let H ⊂ C ⟨x_0 , x_1⟩ denote the subspace spanned by the set B^0 of words w which contain no word x_1x_1, no word x_0x_0x_0 and at most a single subsequence x_0x_0. It has an increasing filtration F given by the number of subsequences x_0x_0 (called the ‘level’ filtration in [9]) which satisfies F_{−1}H = 0 and F_1H = H. Thus F_0H is the complex vector space spanned by the empty word and alternating words of the form (3.1) w = . . . x_1x_0x_1x_0 . . . , (with any initial and final letter) and gr^F_1 H is isomorphic to the vector space spanned by 1-Hoffman words of the form (3.2) w = . . . x_1x_0x_0x_1x_0 . . . , where the letters denoted by three dots are alternating (again with any initial and final letters). Clearly H is stable under the deconcatenation coproduct: Δ : H → H ⊗_C H , and the filtration is compatible with deconcatenation: ΔF_iH ⊂ ⨁ j+k=i Fj H ⊗C Fk H, where i, j, k ∈ {−1, 0, 1}. The coalgebra H is dual to C ⟨⟨x_0 , x_1⟩⟩/I_H . Definition 3.2. Let T ⊂ C ⟨⟨x_0 , x_1⟩⟩ denote any non-commutative formal power series T = ∑ w∈{x_0,x_1 }^× Tww. For all i, j ∈ {0, 1}, let Ti,j denote the series

(3.3) T_{i,j} = T_{xi} x_i δ_{ij} + ∑ w∈x_i{x_0 ,x_1}^× x_j T_ww , where the sum is over words beginning in x_i and ending in x_j . Thus T = T_1 · 1 + T_{0,0} + T_{1,0} + T_{0,1} + T_{1,1} , where T_1 ∈ C . Likewise, for k = 0 or k = 1, let (3.4) T^k = ∑ w∈B^0_k T_ww , where B^0 ⊂ B^0 is the set of words (3.1), and B^0_1 ⊂ B^0 is the set of words (3.2). Combining (3.3) and (3.4) gives rise to eight series T^k_{i,j} for all i, j, k ∈ {0, 1}.

For any series T ⊂ C ⟨⟨x_0 , x_1⟩⟩, we have (3.5) T ≡ T_1 · 1 + ∑ 0≤i,j,k≤1 T^i_{j,k} (mod I_H ) .

Let A, B ⊂ C ⟨⟨x_0 , x_1⟩⟩ be any two series. It follows from the definition of I_H that (3.6) A^1_{∗,∗}B^1_{∗,∗} ≡ A^1_{∗,0}B^0_{,∗} ≡ A^0_{∗,0}B^1_{0,∗} , ≡ A^∗_{,1}B^∗_{1,∗} ≡ 0 (mod I_H ) where a ∗ denotes any index equal to 0 or 1. We will often use the fact that (3.7) T ≡ 0 (mod I_H ) ⇐⇒ T_1 = 0 and T^i_{j,k} = 0 for all i, j, k ≤ 1 .

The following series plays an important role.

Definition 3.3. Let V = Zx_1Z^{−1} ∈ C ⟨⟨x_0 , x_1⟩⟩ and V_− = V (−x_0, −x_1).

Observe that ~V = −V_− by (2.1).

3.2. Solutions to (1.5) and their monodromy equations. We wish to construct functions F_w(z) satisfying the conditions of theorem 1.4. For this, define a generating series F (z) = ∑ w∈{x_0,x_1 }^× Fw(z)w by the ansatz (3.8) F (z) = ~L(z)SL(z) , where S ⊂ C ⟨⟨x_0 , x_1⟩⟩ is a constant series which is yet to be determined. It follows immediately from (3.8) and equation (2.2) that ∂^2 ∂z∂z F_{xi wxj} (z) =

F_w (z) (z − i)(z − j) for all i, j ∈ {0, 1}, and all words w ∈ {x_0, x_1}^×. Note that it is not possible to choose S in such a way that (3.8) is single-valued in general. However, we are only interested in the coefficients F_w(z) of F for words w which satisfy the conditions of theorem 1.4, i.e., those words which are basis elements of the coalgebra H. This gives rise to a weaker set of conditions on the series S modulo the ideal I_H , which do admit a solution. Proposition 3.4. The functions F_w(z) defined by (3.8) are single-valued and satisfy F_w(z) = F_{~w}(z) for every word w ∈ H if and only if the series S satisfies (i) [S, x_0] ≡ 0 (mod I_H ) , (ii) V_−S + SV ≡ 0 (mod I_H ) , (iii) S ≡ ~S (mod I_H ) . Equation (i) implies that S^∗_{1,1} = S^0_{1,0} = S^0_{0,1} = 0.

Proof. Since the ideal I_H is the annihilator of the coalgebra H, it is enough to find conditions on S so that the following equations hold M_0F (z) ≡ F (z) (mod I_H ) ,

(3.9) M_1F (z) ≡ F (z) (mod I_H ) .

For the monodromy at 0, lemma (2.1) yields (3.10) e^{−2iπx0} Se^{2iπx0} ≡ S (mod I_H ) .

In particular, S_{1,∗}e^{2iπx0} ≡ S_{1,∗} (mod I_H ). There is an invertible series T ∈ C ⟨⟨x_0 , x_1⟩⟩ such that e^{2iπx0} − 1 = x_0T , so we deduce that (3.10) implies that S_{1,∗} x_0 ≡ 0 (mod I_H ) , which implies that (Sx_0)^0_{1,0} + (Sx_0)^1_{,0} = 0. Removing the final letter x_0 yields the equations S^0_{1,0} = S^0_{1,1} = S^1_{1,1} = 0. By symmetry, we also have S^0_{0,1} = 0. Thus the only surviving terms in S are of the form (3.11) S = S_1 · 1 + S^0_{0,0} + S^1_{1,0} + S^1_{0,1} + S^1_{0,0} , and so x^2_0S ≡ Sx^2_0 ≡ x_0Sx_0 ≡ S_1x^2_0 (mod I_H ) by equations (3.6). Expanding out equation (3.10), and using the fact that x^n_0 ∈ I_H for n ≥ 3, we deduce that x_0S ≡ Sx_0 (mod I_H ) .

Conversely, this equation clearly implies (3.10), so they are equivalent.

Now consider the monodromy at 1. Lemma 2.1 and (3.9) yield the equation ~W SW ≡ S (mod I_H ) , where W = Ze^{2iπx1} Z^{−1}. Since x^2_1 ∈ I_H , we have W ≡ 1 + 2iπV (mod I_H ), by definition 3.3 and the previous equation is equivalent to 2iπ(− ~V S + SV ) − (2iπ)^2 ~V SV ≡ 0 (mod I_H ) , Since V^2 ≡ Z^2x^2_1Z^{−2} ≡ 0 (mod I_H ), multiplying the previous expression on the right by V yields ~V SV ≡ 0 (mod I_H ), and it is equivalent to the identity − ~V S + SV ≡ 0 (mod I_H ) , which gives (ii) by the equation ~V = −V_− after definition 3.3.

Finally, the equivalence of (iii) with the equation F_{~w}(z) = F_w (z) is obvious. □ We can reduce equation (ii) of the previous proposition further.

Lemma 3.5. If S^∗_{1,1} = S^0_{1,0} = S^0_{0,1} = 0 and S is real, the equation V_−S + SV ≡ 0 (mod I_H ) is equivalent to three sets of equations: (3.12) 2V^0_{0,1} + S^0_{0,0} V^0_{1,1} ≡ 0 involving only the alternating part S^0_{0,0} , an equation involving S^1_{0,1} , S^1_{1,0} : (3.13) 2V^1_{1,1} − V^0_{1,1} S^1_{0,1} + S^1_{1,0} V^0_{1,1} ≡ 0 and a final set of equations involving S^1_{0,0} also: {V^0_{0,1} , S^1_{0,1} } + S^0_{0,0} (V^0_{0,1} + V^1_{1,1} ) ≡ −S^1_{0,0} V^0_{1,1} ,

(3.14)

V^{sing} + [S^0_{0,0} , V^0_{0,0} ] − V^0_{0,0} S^1_{1,0} + S^1_{0,1} V^0_{0,0} ≡ −V^0_{0,1} S^1_{0,0} − S^1_{0,0} V^0_{1,0} , where V^{sing} = 2V^1_{0,0} − V^1_{0,1} S^0_{0,0} + S^0_{0,0} V^1_{1,0} , {x, y} = xy + yx and [x, y] = xy − yx. Proof. Decompose the four equations (V_−S + SV )_{i,j} ≡ 0, for i, j ∈ {0, 1} into their parts of odd and even weights. After killing terms using (3.6), this gives eight equations, one of which vanishes, and the remaining seven are exactly the equations listed above together with the three equations 2V^0_{1,0} − V^0_{1,1} S^0_{0,0} ≡ 0 , {V^0_{1,0} , S^1_{1,0} } + (V^0_{1,0} + V^1_{1,1} )S^0_{0,0} ≡ V^0_{1,1} S^1_{0,0} , V^0_{0,1} S^0_{0,0} + S^0_{0,0} V^0_{1,0} ≡ 0 .

The first two of these equations follow from (3.12) and the first equation in (3.14), respectively, upon reflection using ~V = −V_− and ~S = S. The last equation is an immediate consequence of the first one and equation (3.12). □ In the sequel we show that our formula for S^0_{0,0} given by equation (1.3) is compatible with (3.12). The non-trivial part is to check that our explicit expression for S^1_{1,0} and S^1_{0,1} indeed gives a solution to (3.13). Finally, admitting (3.13), the first equation of (3.14) defines S^1_{0,0} , and it is a simple matter to verify the second equation of (3.14). 3.3. Decomposition of V . It follows from (3.6) and the inversion relation (2.7) that (3.15) V ≡ (1 + Z^0_{0,0} + Z^0_{1,0} + Z^1_{0,0} + Z^1_{1,0} ) x_1 (1 − Z^0_{0,0} + Z^0_{0,1} + Z^1_{0,0} − Z^1_{0,1} ) (mod I_H ) .

With the notations from (2.14), we find that Z_0 = Z^0_{0,0} , Z_π = 1 + Z^0_{1,0} , Z_H = Z^1_{1,0} , Z_s = Z^1_{0,0} and therefore by decomposition (3.15) and ~Z_0 = Z_0 V^0_{0,0} = −Z_0x_1Z_0 , V^0_{0,1} = Z_0x_1 ~Z_π ,

(3.16) V^0_{1,0} = −Z_πx_1Z_0 , V^0_{1,1} = Z_π x_1 ~Z_π for the alternating words, and V^1_{0,0} = Z_0x_1 ~Z_s − Z_sx_1Z_0 , V^1_{0,1} = −Z_0x_1~Z_H + Z_sx_1 ~Z_π , V^1_{1,0} = Z_π x_1 ~Z_s − Z_H x_1Z_0 , V^1_{1,1} = −Z_πx_1~Z_H + Z_H x_1 ~Z_π .

We now proceed with the verification of the equations of lemma 3.5. 3.4. Alternating words. The first task is to separate the elements V^0_{∗,∗} into a pure odd zeta part S^0_{0,0} , and a pure ‘powers of π’ part V^0_{1,1} . Lemma 3.6. We have 2Z_0 = −S^0_{0,0} Z_π = − ~Z_πS^0_{0,0} .

(3.17) Proof. By the definition (2.14) of Z_π and (1.3) we have

−S^0_{0,0} Z_π = 4 ∑ m≥1,n≥0 (−1)^nζ(2m + 1)ζ(2^{{n}})(x_0x_1)^mx_0(x_1x_0)^n

= 4 ∞∑ n=0 n∑ m=1 (−1)^{n−m}ζ(2m + 1)ζ(2^{{n−m}})(x_0x_1)^nx_0 .

The first equation in the lemma follows immediately by (2.11). The second equation follows from the first by reversing the order of the words. □ Corollary 3.7. All four series V^0_{∗,∗} can be reduced to the single series V^0_{1,1} : 4V^0_{0,0} = −S^0_{0,0} V^0_{1,1} S^0_{0,0} ,

(3.18) 2V^0_{0,1} = −S^0_{0,0} V^0_{1,1} , 2V^0_{1,0} = V^0_{1,1} S^0_{0,0} .

In particular, equation (3.12) holds.

Proof. Immediate consequence of the formulae for V^0 in §3.3 and lemma 3.6. □

3.5. Singular Hoffman part. The next task is to gather all terms involving the singular Hoffman series Z_s, which fortunately drops out of the final calculation. Lemma 3.8. The following identity holds: (3.19) 2V^{sing} = S^0_{0,0} V^1_{1,1} S^0_{0,0} .

Proof. Rewrite the elements V^1_{∗,∗} using the formulae in §3.3. The left-hand side gives 4(Z_0x_1 ~Z_s − Z_sx_1Z_0) − 2(Z_sx_1 ~Z_π − Z_0x_1~Z_H )S^0_{0,0} + 2 S^0_{0,0} (Z_π x_1 ~Z_s − Z_H x_1Z_0) which is equal to (2Z_0 + S^0_{0,0} Z_π )x_1(2~Z_s + ~Z_H S^0_{0,0} ) − (2Z_s + S^0_{0,0} Z_H )x_1(2Z_0 + ~Z_πS^0_{0,0} ) + S^0_{0,0} V^1_{1,1} S^0_{0,0} . By equation (3.17) the result follows. □ 3.6. Hoffman part. The main part of the calculation is the following separation of V^1_{1,1} into pure odd zeta and pure even zeta parts. Lemma 3.9. The following identity holds (3.20) 2 V^1_{1,1} = V^0_{1,1} S^1_{0,1} − S^1_{1,0} V^0_{1,1} . Proof. With the definition Y = 2Z_H + S^1_{1,0} Z_π we can rewrite equation (3.20) as Y x_1 ~Z_π = Z_πx_1 ~Y .

With definition 1.3 and notation (2.12), we have

S^1_{1,0} Z_π = −4 ∑ m≥1;n,k≥0 A^{m+n}_{m−1} ζ(2m + 2n + 1)(−1)^kζ(2^{{k}}) (x_1x_0)^mx_0(x_1x_0)^{n+k}

= −4 ∑ a≥1,b≥0 a+b∑ r=a (−1)^{a+b−r}A^r_{a−1}ζ(2r + 1)ζ(2^{{a+b−r}}) (x_1x_0)^ax_0(x_1x_0)^b .

Equation (2.13) implies that in 2Z_H + S^1_{1,0} Z_π one binomial cancels Y = −4 ∑ a≥1,b≥0 a+b∑ r=b+1 (−1)^{a+b−r}B^r_b ζ(2r + 1)ζ(2^{{a+b−r}}) (x_1x_0)^ax_0(x_1x_0)^b .

Right multiplication by x_1 ~Z_π gives the following expression for −Y x_1 ~Z_π /4: ∑ a≥1,b≥0 a+b∑ r=b+1 ∞∑ s=0 (−1)^{a+b−r+s}B^r_b ζ(2r + 1)ζ(2^{{a+b−r}})ζ(2^{{s}}) (x_1x_0)^ax_0(x_1x_0)^bx_1(x_0x_1)^s

= ∑ α,β≥1 α−1∑ γ=0 β−1∑ δ=0 (−1)^{α+β−γ−δ}B^{γ+δ+1}_δ ζ(2γ + 2δ + 3)ζ(2^{{α−γ−1}})ζ(2^{{β−δ−1}}) (x_1x_0)^α(x_0x_1)^β , by the change of variables (a, b, r, s) = (α, δ, γ + δ + 1, β − δ − 1). The last expression is evidently invariant under letter reversal which completes the proof. □

3.7. Monodromy at zero. To prove the triviality of the monodromy at zero we need the following lemma. Lemma 3.10. [S, x_0] = 0.

Proof. From the shape (3.11) of S, we find that [S, x_0] ≡ 0 (mod I_H ) is equivalent to (3.21) S^0_{0,0} x_0 + S^1_{0,1} x_0 = x_0S^0_{0,0} + x_0S^1_{1,0} . According to equation (1.3) we decompose S^0_{0,0} = ∑ n≥1 S^0_{0,0} (n) (x_0x_1)^nx_0 ,

(3.22)

S^1_{1,0} = ∑ m≥1,n≥0 S^1_{1,0} (m, n) (x_1x_0)^mx_0(x_1x_0)^n , and

S^1_{0,1} = ∑ m≥0,n≥1 S^1_{1,0} (n, m) (x_0x_1)^mx_0(x_0x_1)^n .

Projecting (3.21) onto words of the form (x_0x_1)^ax_0x_0(x_1x_0)^b leads to identities between the coefficients which must be verified. The case b = 0 leads to the identity S^0_{0,0} (a) = S^1_{1,0} (a, 0) for all a ∈ N. For a, b > 0 we obtain S^1_{1,0} (a, b) = S^1_{1,0} (b, a). Both equations hold trivially by (1.3). The case a = 0 holds by reflection symmetry. □ 3.8. Proof of single-valuedness. To prove property (ii) of proposition 3.4 we need to show that equation (3.14) holds. The proofs are straightforward applications of (3.18), (3.19), and (3.20) to write all V ’s in terms of V^0_{1,1} , and reduce to the definition of S^1_{0,0} in (1.3). Property (i) is lemma 3.10, and property (iii) is immediately obvious from the definition of S. This completes the proof of theorem 1.4.

4. Proof of theorem 1.6 This section proves the analogue of theorem 1.4 where zeros and ones are interchanged. It parallels to a large extend §3. 4.1. The coalgebra of dual 1-Hoffman words.

Definition 4.1. Let I_Ĥ ⊂ C ⟨⟨x_0 , x_1⟩⟩ denote the (complete) ideal generated by w_1x^2_0w_2 , w_1x^3_1w_2 , w_1x^2_1w_2x^2_1w_3 for all w_1, w_2, w_3 ∈ C ⟨⟨x_0 , x_1⟩⟩.

Likewise, let Ĥ ⊂ C ⟨x_0 , x_1⟩ denote the subspace spanned by words w which contain no word x_0x_0, at most a single subsequence x_1x_1, and no x_1x_1x_1. The filtration and the notation will be the same as in §3 except that we use hat variables for quantities that live in Ĥ.

4.2. Solutions to (1.9) and their monodromy equations. We again construct functions F̂_w(z) by a generating series (4.1) F̂ (z) = ~L(z)ŜL(z) . The analogue of proposition 3.4 is

Proposition 4.2. Let Ŝ be real. The functions F̂_w(z) defined by (4.1) are single-valued and satisfy F̂_w(z) = F̂_{~w}(z) for every word w in B^1 if and only if the series Ŝ satisfies (i) [Ŝ, x_0] ≡ 0 (mod I_Ĥ ) , (ii) V_−Ŝ + ŜV ≡ 0 (mod I_Ĥ ) , (iii) Ŝ ≡ ~Ŝ (mod I_Ĥ ) . Proof. Equation (i) is an immediate consequence of (4.2) e^{−2iπx0} Se^{2iπx0} ≡ S (mod I_Ĥ ) . Considering the monodromy at 1, lemma 2.1 yields the equation ~W ŜW ≡ Ŝ (mod I_Ĥ ) , where W ≡ 1 + 2iπV +^1_2 (2iπ)^2V^2 (mod I_Ĥ ) and ~W ≡ 1 + 2iπV_− +^1_2 (2iπ)^2V^2_− (mod I_Ĥ ). Multiplication on the right by V^2 and taking the imaginary part gives V_−ŜV^2 ≡ 0 (mod I_Ĥ ), since V^3 ≡ 0 (mod I_Ĥ ). Likewise V^2_−ŜV ≡ 0 (mod I_Ĥ ). Expanding and taking real and imaginary parts gives the two equations V_−Ŝ + ŜV ≡ 0 , V_−(V_−Ŝ + ŜV ) + (V_−Ŝ + ŜV )V ≡ 0 which are equivalent to (ii).

The equivalence of (iii) with the equation F̂_{~w}(z) = F̂_w (z) is obvious. □ We use the expansions (where the upper index counts the number of x^2_1’s) V = ∑ a,b,c∈{0,1} V̂^a_{b,c}

in Ĥ to reduce equation (ii) of the previous proposition further. Lemma 4.3. If Ŝ^0_{1,1} = Ŝ^1_{1,1} = Ŝ^0_{1,0} = Ŝ^0_{0,1} = 0 and Ŝ is real, the equation V_−Ŝ+ŜV ≡ 0 (mod I_Ĥ ) is equivalent to the equations: 2V̂^0_{0,1} + Ŝ^0_{0,0} V̂^0_{1,1} ≡ 0 ,

(4.3) 2V̂^1_{1,1} − V̂^0_{1,1} Ŝ^1_{0,1} + Ŝ^1_{1,0} V̂^0_{1,1} ≡ 0 ,

{V̂^0_{0,1} , Ŝ^1_{0,1} } + Ŝ^0_{0,0} V̂^1_{1,1} ≡ −Ŝ^1_{0,0} V̂^0_{1,1} , V̂^{sing} − V̂^0_{0,0} Ŝ^1_{1,0} + Ŝ^1_{0,1} V̂^0_{0,0} ≡ −V̂^0_{0,1} Ŝ^1_{0,0} − Ŝ^1_{0,0} V̂^0_{1,0} , where V̂^{sing} = 2V̂^1_{0,0} − V̂^1_{0,1} Ŝ^0_{0,0} + Ŝ^0_{0,0} V̂^1_{1,0} .

Proof. The proof follows the proof of lemma 3.5. □ Now we show that (4.3) is consistent with Ŝ, as given by equation (1.6).

4.3. Decomposition of V̂ . The decomposition of V̂^∗_{∗,∗} into expressions in Z differs slightly from the previous case in §3.3. We encounter two new types of series Z^0_{0,1} = −ζ_1(1) x_0x_1 + ζ_1(2, 1) x_0x_1x_0x_1 + . . . ,

(4.4)

Z^0_{1,1} = ζ_1(2) x_1x_0x_1 − ζ_1(2, 2) x_1x_0x_1x_0x_1 + . . . , Ẑ^1_{1,0} = ζ(3)x_1x_1x_0 − ζ(2, 3)x_1x_1x_0x_1x_0 − ζ(3, 2)x_1x_0x_1x_1x_0 + . . . , where we used the duality §2.4 to relate Z^0_{1,1} to Z_0 and Ẑ^1_{1,0} to Z_H . A further series Ẑ 1_{0,0} will only be needed in intermediate steps because it, like Z_s, drops out of the final calculation.

The decomposition of V̂^0 = V^0 is unchanged and given by (3.16) whereas the components of V̂^1 are given by (using the fact that ~Z^0_{1,1} = Z^0_{1,1} ): V̂^1_{0,0} = Z_0x_1 ~Ẑ 1_{0,0} − Ẑ^1_{0,0} x_1Z_0 + Z_0x_1 ~Z 0_{0,1} − Z^0_{0,1} x_1Z_0 , V̂^1_{0,1} = −Z_0x_1 ~Ẑ 1_{1,0} + Ẑ^1_{0,0} x_1 ~Z_π − Z_0x_1Z^0_{1,1} + Z^0_{0,1} x_1 ~Z_π , V̂^1_{1,0} = Z_πx_1 ~Ẑ 1_{0,0} − Ẑ^1_{1,0} x_1Z_0 + Z_πx_1 ~Z 0_{0,1} − Z^0_{1,1} x_1Z_0 , V̂^1_{1,1} = −Z_πx_1Z^0_{1,1} + Ẑ^1_{1,0} x_1 ~Z_π − Z_πx_1 ~Ẑ 1_{1,0} + Z^0_{1,1} x_1 ~Z_π .

We now proceed with the verification of the equations of lemma 4.3. 4.4. Alternating words. The first equation in (4.3) is the same as (3.12). 4.5. Dual singular Hoffman part. The series of singular zetas Ẑ^1_{0,0} drops out of the final calculation, by the following lemma. Lemma 4.4. The following identity holds: (4.5) 2V̂^{sing} = S^0_{0,0} V̂^1_{1,1} S^0_{0,0} .

Proof. The calculation follows the proof of lemma 3.8. □ 4.6. Dual Hoffman part. Again the most complicated part of the calculation is the verification of the identity for V^1_{1,1} in (4.3). Lemma 4.5. The following identity holds (4.6) 2 V̂^1_{1,1} = V^0_{1,1} Ŝ^1_{0,1} − Ŝ^1_{1,0} V^0_{1,1} . Proof. With the definition Ŷ = 2Ẑ^1_{1,0} + 2Z^0_{1,1} + Ŝ^1_{1,0} Z_π we can rewrite equation (4.6) as Ŷ x_1 ~Z_π = Z_πx_1 ~Ŷ .

With definition 1.5 and notation (2.12), we have

Ŝ^1_{1,0} Z_π = −4 ∑ m,k≥0;n≥1 B^{m+n}_m ζ(2m + 2n + 1)(−1)^kζ(2^{{k}}) (x_1x_0)^mx_1(x_1x_0)^{n+k}

= −4 ∑ a≥0,b≥1 a+b∑ r=a (−1)^{a+b−r}B^r_aζ(2r + 1)ζ(2^{{a+b−r}}) (x_1x_0)^ax_1(x_1x_0)^b ,

where we have set ζ(1) = 0. Equation (2.13) together with the duality transformation §2.4 implies that in 2Ẑ^1_{1,0} + Ŝ^1_{1,0} Z_π one binomial cancels

2Ẑ^1_{1,0} + Ŝ^1_{1,0} Z_π = −4 ∑ a≥0,b≥1 a+b∑ r=b (−1)^{a+b−r}A^r_{b−1}ζ(2r + 1)ζ(2^{{a+b−r}}) (x_1x_0)^ax_1(x_1x_0)^b .

The contribution of 2Z^0_{1,1} , after applying the duality transformation (2.15), is given by (2.11) 2Z^0_{1,1} = −4 ∑ a≥0 a∑ r=1 (−1)^{a−r}ζ(2r + 1)ζ(2^{{a−r}})(x_1x_0)^ax_1 .

This equals the b = 0 term in the above sum. Multiplication by x_1 ~Z_π yields for −Ŷ x_1 ~Z_π /4 the expression ∑ a,b≥0 a+b∑ r=b ∞∑ s=0 (−1)^{a+b−r+s}A^r_{b−1}ζ(2r + 1)ζ(2^{{a+b−r}})ζ(2^{{s}}) (x_1x_0)^ax_1(x_1x_0)^bx_1(x_0x_1)^s

= ∑ α,β≥0 α∑ γ=0 β∑ δ=0 (−1)^{α+β−γ−δ}A^{γ+δ}_{δ−1} ζ(2γ + 2δ + 1)ζ(2^{{α−γ}})ζ(2^{{β−δ}}) x_1(x_0x_1)^α(x_1x_0)^β x_1.

where the change of summation variables is given by (a, b, r, s) = (α, δ, γ + δ, β − δ). The last expression is invariant under letter reversal which completes the proof. □ 4.7. Monodromy at zero. As previously, we need the following lemma. Lemma 4.6. [Ŝ, x_0] = 0.

Proof. By the general shape of Ŝ we find that [Ŝ, x_0] ≡ 0 mod I_Ĥ is equivalent to (4.7) Ŝ^1_{0,1} x_0 = x_0Ŝ^1_{1,0} . According to equation (1.6) we decompose Ŝ^1_{1,0} = ∑ m≥0,n≥1 Ŝ^1_{1,0} (m, n) (x_1x_0)^mx_1(x_1x_0)^n , and (4.8)

Ŝ^1_{0,1} = ∑ m≥1,n≥0 Ŝ^1_{1,0} (n, m) (x_0x_1)^mx_1(x_0x_1)^n .

Projecting (4.7) onto words of the form (x_0x_1)^a(x_1x_0)^b for a, b > 0 gives the single condition Ŝ^1_{1,0} (a − 1, b) = Ŝ^1_{1,0} (b − 1, a) which can be verified in equation (1.6). □ 4.8. Proof of single-valuedness. To prove property (ii) of proposition 4.2 we need to show that the last two equations in equation (4.3) hold. The proofs are straightforward applications of (3.18), (4.5), and (4.6) to write all V̂ ’s in terms of V^0_{1,1} , and reduce to the definition of Ŝ^1_{0,0} in (1.6). Property (i) is lemma 4.6, and property (iii) is obvious from the definition of Ŝ. This completes the proof of theorem 1.6.

5. Proof of the zig-zag conjecture We are now ready to prove the zig-zag theorem 1.1.

Definition 5.1. With the notation of equations (1.4) and (1.7) and from [25] we define for alternating words w = . . . x_0x_1x_0x_1 . . . and v = ~wx_0x_1w the functions f_{2w} by

(5.1) f_{2w}(z) = (−1)^{|w|} F_v (z) − F_{~v} (z) z − z if w = x^0u, F̂_v (z) − F̂_{~v} (z) z − z if w = x^1u.

Recall that the Bloch-Wigner dilogarithm (see e.g. [28]) is the single-valued version of the dilogarithm Li_2(z) (2.5) defined by:

(5.2) D(z) = Im(Li_2(z) + log |z| log(1 − z)) .

Proposition 5.2. The functions f_{2w} are real-valued, symmetric, f_{2w}(z) = f_{2w}(z) , single-valued solutions to the system of differential equations

(5.3) − 1 z − z ∂^2 ∂z∂z (z − z)f_{2wxa} (z) = 1 (z − a)(z − a) f_{2w}(z)

for a ∈ {0, 1} with the initial condition

(5.4) f_2(z) = 4iD(z) z − z . Proof. From theorems 1.4 and 1.6, all statements except the last one are obvious. To derive equation (5.4) we first observe that (z − z)f_0(z) = L_{x1x0} (z) + L_{x0} (z)L_{x1} (z) + L_{x0x1} (z) − L_{x1 x0} (z) − L_{x0} (z)L_{x1} (z) − L_{x0x1} (z) . Then one can use the shuffle product (2.4) to convert this expression into the dilogarithm and logarithms via (2.5) yielding (5.4). □ From the theory of graphical functions [25], corollary 3.28 and equation (1.9) (see also [15]), which in turn uses the existence of the single-valued multiple polylogarithms [7], we have the following general theorem:

Theorem 5.3. The system of differential equations (5.3) with initial condition (5.4) admits a unique symmetric solution f^{SVMP}_{2w} of the form single-valued multiple polylogarithm in z divided by z − z. The periods of the zig-zag graphs (1.2) are (5.5) I_{Zn} = f^{SVMP}_{2w} (0) if w is the alternating word in x_0 and x_1 of length n − 2 which ends in x_1.

From proposition 5.2 and uniqueness we know that f^{SVMP}

2w = f_{2w} given by (5.1). To prove the zig-zag conjecture we have to determine the (regular) value of f_{2w} at z = 0. If g is a single-valued function which vanishes at z = 0, then setting, for example, z = iε and applying L’Hôpital’s rule to compute the limit as ε → 0, gives lim_{z→0} g(z) z − z = 1 2 (∂g ∂z (0) − ∂g ∂z (0) ) . Applying this formula to (5.1) with the word v = x_1ux_1, where |u| = 2n − 4, we obtain

f_{2w}(0) = { −F_{x1 u}(0) + F_{ux1} (0) if n is even, F̂_{x1 u}(0) − F̂_{ux1} (0) if n is odd, where we have used theorems 1.4 and 1.6, and the fact that F_{x1 ~u} and F_{~ux1} are complex conjugates of F_{ux1} and F_{x1 u}, respectively. By theorem 5.3 the value f_{2w}(0) is welldefined. Hence we may use the regularized value (setting log(0) = 0) of the multiple polylogarithms at zero to evaluate this expression. Because the regularized value at zero of any non-constant multiple polylogarithm vanishes, (1.4) or (1.7) give I_{Zn} = { −S_{x1 u} + S_{ux1} if n is even, Ŝ_{x1 u} − Ŝ_{ux1} if n is odd.

Now, in the case of even n we find that S_{x1 u} and S_{ux1} are summands in S^1_{1,0} and S^1_{0,1} , respectively. With notation (3.22) we have

I_{Zn} = −S^1_{1,0} ( n − 2 2 , n − 2 2 ) + S^1_{1,0} ( n 2 , n − 4 2 ) which evaluates by (1.3) to −4 [ − ( 2n − 4 n − 2 ) + ( 2n − 4 n )] ζ(2n − 3) = 4

(2n − 2)! n!(n − 1)! ζ(2n − 3) as in theorem 1.1.

If n is odd then Ŝ_{x1 u} and Ŝ_{ux1} are summands in Ŝ^1_{1,0} and Ŝ^1_{0,1} , respectively. With notation (4.8) we get

I_{Zn} = Ŝ^1_{1,0} ( n − 1 2 , n − 3 2 ) − Ŝ^1_{1,0} ( n − 3 2 , n − 1 2 )

which evaluates to 4(1 − 2^{−2n+4})

(2n − 2)! n!(n − 1)! ζ(2n − 3) by exactly the same calculation. This completes the proof of the zig-zag theorem.

References

[1] K. Ball, T. Rivoal, Irrationalite d’une infinité de valeurs de la fonction zêta aux entiers impairs, Inventiones Mathematicae, 146 (1) 193-207 (2001).

[2] P. Belkale, P. Brosnan: Matroids, motives, and a conjecture of Kontsevich, Duke Math. J.

116, No.1, 147-188 (2003).

[3] D. Broadhurst, Open University report OUT-4102-18 (1985).

[4] D. Broadhurst, Evaluation of a class of Feynman diagrams for all numbers of loops and dimensions, Phys. Lett. B164 356-360 (1985).

[5] S. Bloch, H. Esnault, D. Kreimer, On motives associated to graph polynomials, Comm.

Math. Phys. 267 (2006), no. 1, 181-225 [6] D. Broadhurst, D. Kreimer, Knots and numbers in ϕ^4 theory to 7 loops and beyond, Int. J.

Mod. Phys. C 6, 519 (1995).

[7] F. Brown, Single-valued multiple polylogarithms in one variable, C.R. Acad. Sci. Paris, Ser. I 338, 527-532 (2004).

[8] F. Brown, On the periods of some Feynman integrals, arXiv:0910.0114v2 [math.AG] (2009). [9] F. Brown, Mixed Tate Motives over Z, Annals of Mathematics, vol. 175, no.1, 949-976 (2012). [10] F. Brown, On the decomposition of Motivic Multiple Zeta Values, to appear in ‘Galois- Teichmüller theory and Arithmetic Geometry’, Advanced Studies in Pure Mathematics (2011).

[11] F. Brown, D. Doryn, Framings for graph hypersurfaces, arXiv:1301.3056v1 [math.AG] (2013). [12] F. Brown, O. Schnetz, A K3 in ϕ^4, Duke Mathematical Journal, Vol. 161, No. 10 (2012). [13] F. Brown, O. Schnetz, The Galois coaction on ϕ^4 periods, in preparation. [14] A. Davydychev and N. Ussyukina, Exact results for three- and four-point ladder diagrams with an arbitrary number of rungs, Phys. Lett. B305, no. 1-2, 136-143 (1993).

[15] J. Drummond, Generalised ladders and single-valued polylogarithms, Talk given at D. Broadhurst’s birthday conference, Berlin, 27 June 2012 arXiv:1207.3824 (hep-th).

[16] M. Hoffman, The Algebra of Multiple Harmonic Series, Journ. of Algebra 194, 477-495 (1997). [17] D. Kazakov, The method of uniqueness, a new powerful technique for multiloop calculations, Phys. Lett. B133 no. 6 406 (1983).

[18] G. Kirchhoff, Ueber die Auflösung der Gleichungen, auf welche man bei der Untersuchung der linearen Vertheilung galvanischer Ströme geführt wird, Annalen der Physik und Chemie 72 no. 12, 497-508 (1847).

[19] V. Knizhnik, A. Zamolodchikov, Current algebras and Wess-Zumino models in two dimensions, Nucl. Phys. B247, 83-103 (1984).

[20] M. Kontsevich, D. Zagier, Periods, in: B. Engquis and W. Schmid, editors, Mathematics unlimited - 2001 and beyond, Springer Verlag, Berlin, Heidelberg, New York 771 (2001).

[21] I. Lappo-Danilevskii, Mémoires sur la théorie des systèmes des équations différentielles linéaires, Chelsea, New York (1953).

[22] Z. Li, Another proof of Zagier’s evaluation formula of the multiple zeta values ζ(2, . . . , 2, 3, 2, . . ., 2), arXiv:1204.2060 [math.NT] (2012).

[23] O. Schnetz, Quantum periods: A census of ϕ^4 transcendentals, Jour. Numb. Theory and Phys.

4 no. 1, 1-48 (2010).

[24] O. Schnetz, Single-valued polylogs and the zig-zag conjecture, Talk given at D. Broadhurst’s birthday conference, Berlin, 25 June 2012.

[25] O. Schnetz, Graphical functions and single-valued multiple polylogarithms, arXiv:1302:6445 [math.NT] (2013).

[26] N. Ussyukina, Calculation of multiloop diagrams in high orders of perturbation theory, Phys.

Lett. B267 382 (1991).

[27] S. Weinberg, High-Energy Behavior in Quantum Field Theory, Phys. Rev. 118, no. 3 838–849 (1960).

[28] D. Zagier, The remarkable dilogarithm, in: Number theory and related topics. Papers presented at the Ramanujan Colloquium, Bombay 1988, TIFR and Oxford University Press, pp. 231-249 (1989) and J. Math. Phys. Sci. no. 22 131-145 (1988).

[29] D. Zagier, Evaluation of the multiple zeta values ζ(2, . . . , 2, 3, 2, . . ., 2), Annals of Mathematics, vol. 175, no. 1, 977-1000 (2012).