arXiv:1208.2282v1 [hep-th] 10 Aug 2012

Equations on knot polynomials and 3d/5d duality

A.Mironov^∗ and A.Morozov^†

FIAN/TD-17/12 ITEP/TH-34/12

ABSTRACT

We briefly review the current situation with various relations between knot/braid polynomials (Chern-Simons correlation functions), ordinary and extended, considered as functions of the representation and of the knot topology. These include linear skein relations, quadratic Plucker relations, as well as ”differential” and (quantum) Â-polynomial structures. We pay a special attention to identity between the Â-polynomial equations for knots and Baxter equations for quantum relativistic integrable systems, related through Seiberg-Witten theory to 5d super-Yang-Mills models and through the AGT relation to the q-Virasoro algebra. This identity is an important ingredient of emerging a 3d−5d generalization of the AGT relation. The shape of the Baxter equation (including the values of coefficients) depend on the choice of the knot/braid. Thus, like the case of KP integrability, where (some, so far torus) knots parameterize particular points of the Universal Grassmannian, in this relation they parameterize particular points in the moduli space of many-body integrable systems of relativistic type.

1 Ordinary and extended HOMFLY polynomials

The HOMFLY polynomials [1] H^K_R (q|A) | |_{A=qN} = ⟨ Tr_RP exp ∮ K A ⟩ SU(N) (1) are the analytical continuation in N of the Wilson-loop averages in 3d Chern-Simons theory [2] with the gauge group SU(N) and the action S =^κ_{4π} ∫ d^3x Tr ( AdA +^2_3 A^3 ) , where q = exp^{2πi}_{κ+N} . They can be lifted to extended polynomials [6, 7]: H^B_R{q|p_k}, which depend on infinitely many time-variables {p_k} and on particular braid representation B of the oriented knot K (the braid arises in projection onto a 2d plane and depends on the particular embedding of the knot and on the choice of the plane), so that H^K_R (q|A) = ( q^{−4κR} A^{−|R|} )_{#(B)} H^B_R{q|p^∗_k} (2) where #(B) is the writhe number, i.e. the algebraic number of crossings in the braid B, and

p^∗_k = A^k − A^{−k} q^k − q^{−k} (3) At this topological locus the r.h.s. of (2) does not depend on the choice of B for a given K.

An m-strand braid is parameterized by a sequence of integers a_{ij} with i = 1, 2, . . . , m − 1 and j = 1, . . . , n, their meaning can be understood from the picture (in this figure a_1 = −2, b_1 = 2, a_2 = −1, b_2 = 3: this is knot 8_{10}):

Representation is parameterized by the Young diagram: an ordered set of l(R) positive integers R = {r_1 ≥ r_2 ≥ . . . ≥ r_{l(R)} > 0} = [r_1, r_2, . . . , r_{l(R)}].

One of the hot questions in Chern-Simons theory is to find and investigate the equations, which the HOMFLY and extended HOMFLY polynomials satisfy as functions of a_{ij} and r_k.

∗Lebedev Physics Institute and ITEP, Moscow, Russia; mironov@itep.ru; mironov@lpi.ru †ITEP, Moscow, Russia; morozov@itep.ru

The main source of information about these relations (besides pure empiricism) is the character expansion separating dependencies on the braid and the time variables^1: H^B_R{q|p_k} = ∑ Q⊢m|R| c^B_{RQ}(q)S_Q{p_k} (4)

where S_Q are the Schur functions, i.e. the characters of GL(∞) in representations (Young diagrams) Q of the size |Q| = m|R| and c^B_{RQ}(q) are represented as traces in the spaces of intertwining operators of combinations of simple matrices,

c^B_{RQ}(q) = Tr_Q ∏ j (_{m−1} ∏ i=1 R̂^aij Û_i ) (5) described in detail in refs.[6, 7, 8, 9]. More artful character expansions (especially in the Hall-Littlewood or MacDonald polynomials) can be even more useful for particular applications [10, 11, 12].

In this paper we briefly review the main known linear and bilinear relations between the HOMFLY polynomials, as well as some closely related topics. The subject is still at empirical stage of development, far less understood than, say, Virasoro constraints, various recursions and integrability in matrix models, though a list of known properties and facts is quite impressive. Therefore, it deserve an attention and further deep investigation.

2 Skein relations for ordinary and colored HOMFLY polynomials

The oldest known equation of this type is the skein relation, which for extended polynomials states that H^{(... aij +1 ...)} □ − H^{(... aij −1 ...)} □ = ( q − q^{−1} ) H^{(... aij ...)} □ (6)

for any particular parameter a_{ij} . The origin of this relation is that the R-matrix, acting in the channel [1] ⊗ [1] = [2] ⊕ [11] has two eigenvalues, q and −1/q, associated with the two irreducible representations [2] and [11] respectively, and thus satisfies the Hecke algebra constraint ( R − q )( R + q^{−1} ) = 0 (7)

Eq.(6) is then a direct corollary of representation (5).

For bigger representations R, the product R ⊗ R = ⊕_S S and R-matrix in this channel has many different eigenvalues: as many as there are irreducible representations S in this expansion. These eigenvalues are equal to ϵ_S q^{κS} , where κ_S is an eigenvalue of the cut-and-join operator [13]: Ŵ_{[2]}, associated with its eigenfunction character S_S {p_k}, and ϵ_S = ±1, depending on R and S. Therefore, this R-matrix satisfies ∏ S ( R − ϵ_S q^{κS} ) = 0 (8)

and, as a corollary of (5), ∏ S ( e^{∂/∂aij} − ϵ_S q^{κS} ) H^{(...aij ...)} R = 0 (9)

for any variable a_{ij} .

For example, in the case of the first symmetric representation, one has ( R − q^6 )( R + q^2 )( R − 1 ) = 0 (10)

i.e. H^{(... aij +3 ...)} [2] − (1 + q^2 + q^6)H^{(... aij +2 ...)}

[2] + q^2(1 + q^4 + q^6)H^{(... aij +1 ...)} [2] − q^8H^{(... aij ...)} [2] = 0 (11)

while for the antisymmetric representation H^{(... aij +3 ...)} [11] − (1 + q −2 + q^{−6})H^{(... aij +2 ...)} [11] + q −2(1 + q^{−4} + q^{−6})H^{(... aij +1 ...)} [11] − q −8H^{(... aij ...)} [11] = 0 (12)

1This presentation is essentially based on earlier attempts in [3, 4, 5].

To make use of the skein relations for evaluation of the HOMFLY polynomials one needs to supplement them by ”the initial conditions”: in the case of R = □ one can express arbitrary H^{aij} with arbitrary {a_{ij} } through those where all a_{ij} = 0 or 1. These polynomials should be found by some other means (e.g., at topological locus topological invariance can be used to decrease the number of strands). For higher representations the ”boundary” a_{ij} can take more values.

For superpolynomials [14, 15] the skein relations are non-trivially deformed. Already for the simplest 2-strand torus knots and links only one half of the relations remain intact:

P^{[2,n+1]}

□ − P^{[2,n−1]}_□ = ( q − q^{−1} ) P^{[2,n]}_□ (13)

for odd n (so that there are links at one of the sides of the relation), but for even n this is not true. The origin of this phenomenon is that the character expansion (in MacDonald polynomials) is different for knots and links [10]:

P^{[2,n]}_□ = q^nM^∗_{[2]}{p} +

−^{(1+q2 )(1−t2)}

1−q^2 t^2 · t

−nM_{[11]}{p} for n odd (knots)

+^{t(1−q4 )}

q(1−q^2 t^2 ) · t

−nM_{[11]}{p} for n even (links)

(14)

3 Other relations for knot-dependence

Skein relations restrict the dependence of the knot polynomial on the shape of the braid. They are the only universal equations of this kind, known so far. However, it is already clear that they are not the only ones: some traces of a more profound structure are already observed. We give just two examples, both for torus knots and links.

3.1 ”Evolution” of knots induced by skein relations

Torus knots/links

Skein relation as it is can not be directly deals with only torus knots, except for the 2-strand case: for the number of strands m > 2 it mixes torus knots with non-torus ones. However, the simple procedure, described in the previous section, immediately provides another kind of relations which provides a set of skein relations closed on only the m-strand torus knots. Namely, the HOMFLY polynomial for the m-strand torus knot/link [m, n] is a weighted trace of the n-the power of a special combination of m − 1 R-matrices,

H^{[m,n]}_R {p} = Tr Ř^n_m, Ř_m = R_{12}R_{23} . . . R_{m−1,m} (15)

If instead of an individual R in the standard skein relation, one now diagonalizes Ř_m, one can immediately write the analogues of eqs.(8) and (9) for the series of knots [m, n] with given m. For example, for the 3-strand torus links in the fundamental representation one has [7]

H^{[3,n]}_□ {p} = q^{2n}S_{[3]}{p} + Tr_{2×2} ( R̂ÛR̂Û^† )_n · S_{[21]}{p} + (−1/q)^{2n}S_{[111]}{p} (16)

and the 2 × 2 matrix R̂ÛR̂Û^† has eigenvalues e^{±2πi/3}. This means that our R_3 in this case has four different eigenvalues: q^2, e^{±2πi/3}, q^{−2}, i.e. satisfies ( R_3 − q^2 )( R_3 − q^{−2} )( R^2_3 + R_3 + 1 ) = 0 (17)

and this implies the equation for torus HOMFLY polynomial: ( e^{∂/∂n} − q^2 )( e^{∂/∂n} − q^{−2} )( e^{2∂/∂n} + e^{∂/∂n} + 1 ) H^{[3,n]}_□ {p} = = ( H^{[3,n+4]} □ {p} + H^{[3,n+3]}_□ {p} + H^{[3,n+2]}_□ {p} ) − −(q^2 + q^{−2}) ( H^{[3,n+3]} □ {p} + H^{[3,n+2]}_□ {p} + H^{[3,n+1]}_□ {p} ) + + ( H^{[3,n+2]} □ {p} + H^{[3,n+1]}_□ {p} + H^{[3,n]}_□ {p} ) = 0 (18)

Thus one obtains a kind of evolution in the number of Ř_m. This evolution can be described by ”an evolution operator” [10], which is nothing but the cut-and join operator [13]. Moreover, this evolution can be naturally continued to the superpolynomials [10, 11].

If one wants instead an equation for the topological invariant HOMFLY polynomial, it is necessary to restrict time-variables to topological locus (3), p_k = p^∗_k and also include the proper normalization factor (2). In this case the evolution can be considered as an evolution in the number of strands.

Non-torus knots/links

In fact, in just the same way one can write a version of skein relation for an arbitrary one-parametric family of braids, obtained by iteration of any braid group element: B^{(n)} = B_0B^n_1 . If the product R_1 of R-matrices, associated with B_1, has eigenvalues ξ_i, then ∏ i ( R_1 − ξ_i(q) ) = 0 (19)

and the corresponding extended HOMFLY polynomials satisfy ∏ i ( e^{∂/∂n} − ξ_i(q) ) H^{B(n)} {p} = 0 (20)

independently of the choice of the ”initial” braid element B_0. Thus, one can start an evolution with any ”initial condition” B_0. For examples of such sequences see [10, 7], note that eigenvalues can be somewhat non-trivial functions of q.

Generalization of this procedure to superpolynomials seems straightforward, but it is still unclear if it really works in full generality, see [10].

3.2 Strand-changing relations

Like the skein relation itself, the modification, considered in the previous subsection does not change the number of strands in the braid. However, the strand-changing is also possible. An example is the following relation, which at the moment is very restricted: only torus knots, only SU(2) gauge group (A = q^2, i.e. Jones polynomials), only fundamental representation, but instead it is in a very different direction in the braid-parameter space, and it survives (with minor modifications) a β-deformation to superpolynomials [16].

Namely, for torus knots of the special type [m, m + 1] (m-strand braids, but a specially restricted n = m + 1) H^{[m,m+1]} □ {p} = q^{m2−1}S_{[m]}{p} − q^{(m−3)(m+1)}S_{[m−1,1]}{p} + . . . (21) where the sum goes over all hook diagrams of the size m. However, on the Jones topological locus,

p_k = p^∗_k = A^k − A^{−k} q^k − q^{−k} A=q^2 −→ q^k + q^{−k} (22)

only S^∗_{[n]} =^{{qn+1}}_{{q}} and S^∗_{[n−1,1]} = S^∗_{[n−2]} =^{{qn−1 }}_{{q}} are non-vanishing so that H^{[m,m+1]} □ (A = q^2|q) = A^{−(m2−1)}H^{[m,m+1]}_□ {p^∗} = q^{−(m+1)(m+2)} q − q^{−1} ( q^{4m+4} − q^{2m+2} − q^{2m} + q^2 ) ≡ ≡ q^{−(m+1)(m+2)} q − q^{−1} J^{(m)} (23)

The four-term polynomial J^{(m)}(q) satisfies the 4-term recurrent relation

J^{(m)} = q^4J^{(m−1)} + q^{−2m+8} ( J^{(m−2)} − J^{(m−3)} ) (24)

For generalizations to Jones unreduced superpolynomials for the same series of knots see [17] (where slightly different normalization is used and q → 1/q; hereafter, such a difference with expressions for the trefoil in the literature arises, because we use the right-hand trefoil described by braid (1, 1|1, 1), while often the left-hand trefoil (−1, −1| − 1, −1) is used instead).

In fact, there is nothing special about the [m, m + 1] series, at least, for the HOMFLY polynomials. For [m, m + r] one similarly gets H^{[m,m+r]} □ (A = q^2|q) = q^{−2(m−1)(m+r)} ( q^{(m−1)(m+r)}S^∗_{[m]} − q^{(m−3)(m+r)}S^∗_{[m−2]} ) = q^{−(m+1)(m+1+r)} q − q^{−1} J^{(m|r)} (25)

where the 4-term (differently normalized) Jones polynomial

J^{(m|r)} = q^{4m+2r+2} − q^{2m+2r} − q^{2m} + q^2 (26)

satisfies J^{(m|r)} − q^{4r}J^{(m−r|r)} = q^{−2m+2r+6} ( J^{(m−2|r)} − J^{(m−2−r|r)} ) (27)

Note that this relation at some values of m and r involves both the Jones polynomials of knots and of links. For instance, at m = 7 and r = 3, T [7, 10], T [4, 7], T [5, 8] and T [2, 5] are involved, all of them being knots, while at m = 8 and r = 3, of involved T [8, 11], T [5, 8], T [6, 9] and T [3, 6] only the first two are knots, while the second two are links.

3.3 Colored HOMFLY by cabling

Another application of (7) and (17) is to construct colored HOMFLY polynomials from the ordinary ones. To this end, as a first step, one has to use the cabling procedure, i.e. the relation

H^K_R⊗m = H^{Km}_R (28)

where K^m denotes m-cabling of the knot K (see, e.g., [18, eq.(1.5b)]). At the same time, the l.h.s. of this formula can be presented as a sum over the irreducible representations, H^K_R⊗m = ∑ S H^K_S (29)

Therefore, in order to calculate H^K_S , one has to calculate K^m in the fundamental representation and then project out the result onto an irreducible representation Q. This is done using proper projectors.

For instance, relation (7) implies that

P_{[2]} = 1 + qR 1 + q^2 and P_{[11]} = q^2 − qR 1 + q^2

(30)

are projectors correspondingly onto representations [2] and [11], which emerge in the decomposition of the product [1] × [1]. Similarly, (17) implies that the projectors onto irreducible components of the triple product [1] × [1] × [1] = [3] + 2[21] + [111] are

P_{[3]} =

(1 − q^2R_3)(R^2_3 + R_3 + 1) (1 − q^4)(1 + q^2 + q^4)

, P_{[111]} = q^6

(R − q^2)(R^2_3 + R_3 + 1) (1 − q^4)(1 + q^2 + q^4)

(31) and P^±_{[21]} = ± e^{±πi/6} √ 3 (q^2R_3 − 1)(R_3 − q^2)(R_3 − e^{±2πi/3}) 1 + q^2 + q^4

(32)

projects on two representations [21] that correspond to the two eigenvalues e^{±2πi/3} of R_3.

4 Differentials

Another type of relations comes from the trivial observation that H^K_R (A|q) − H^K_R (q^N |q) = (A − q^N )G^K_R(A|q), H^K_R (A|q) − H^K_R (−(1/q)^N |q) = ( A − (−1/q)^N ) G̃^K_R(A|q) (33) with some polynomials G^K_R(A|q), G̃^K_R(A|q). This naturally leads to the formalism of ”differentials”, widely used in application to superpolynomials. It is effective, when an additional information is used about the HOMFLY polynomials for a particular N, for example, that S^∗_Q = S_Q{p^∗_k} in (4) are non-vanishing only for l(Q) ≤ N (in particular, for N = 1 a single term with Q = [m|R|] survives in the character expansion of H^K_R (q|q)).

These relations have a nice pictorial representation [15]. Let us plot the HOMFLY polynomials H^K_R (A|q) as a set of points corresponding to the monomials A^kq^l on the (k, l)-plane with positive and negative signs denoted by the white and black circles respectively, and with multiplicities (if necessary). Then, all the terms that could cancel under the specialization A = q^N , lie on the lines Nk = −l + const, and they cancel if the algebraic sum of the terms on each line vanish. Similarly, all the terms that cancel under the specialization A = −1/q^N lie on the lines Nk = l + const, and the algebraic sum of the terms on each such line should also vanish. An important point is that this line structure is preserved by a β-deformation, and this provides an important tool to deal with the superpolynomials [15].

As the simplest example, the fundamental HOMFLY polynomials for all the 2-strand knots pictorially look basically the same: since

H^{[2,2n+1]} □ (A|q) S^∗_□ ∼ q^{2n+2} − q^{−2n−2} q^2 − q^{−2} A − q^{2n} − q^{−2n} q^2 − q^{−2}

A^{−1} (34)

they are sets of n + 1 and n points on the horizontal lines k = +1 and k = −1 respectively, and one has, say, for the [2, 9] case, for (q^8 + q^4 + 1 + q^{−4} + q^{−8})A − (q^6 + q^2 + q^{−2} + q^{−6})A^{−1} A^k q^l A = q (N = 1)

A^k q^l A = −_{1q} (N = 1)

A^k q^l A = q_3 (N = 3)

A^k q^l A = q_5 (N = 5)

A^k q^l A = q_7 (N = 7)

The circles not connected by oblique lines survive to describe the specialized polynomials H_□ (A = q^N |q). For even N and for odd N ≥ 9 no reduction takes place: all the nine items are present.

Similarly, for the figure eight knot 4_1 with H^{(1,−1|1,−1)}_□ = 1 + {Aq}{A/q} = A^2 − q^2 + 1 − q^{−2} + A^{−2} one has A^k

q^l A = q A = −1/q (N = 1)

and there are no non-trivial reductions, except for A = q and A = −1/q (N = 1).

One can also consider ”unreduced” HOMFLY ”polynomials”, not divided by S^∗_R. If A is considered as an independent variable, they are actually series, not polynomials in q and their pictorial representation contains (semi)infinitely many vertices, of which finitely many survive after specializations A = q^N with arbitrary N = 1, 2, 3, . . . For example, already for the trefoil 3_1 one has

H^{31}_□ (A|q) =

unreduced −q A − A^{−1} 1 − q^2 S^∗_□ (A|q)

( (q^2 + q^{−2})A − A^{−1} ) reduced

(35)

and A^k

q^l

A = q A = −1/q

2 2 2 2 2 2

1 2 3 3 3 3 3 3

A^k

q^l

A = q Σ = q^3

A = q^2 Σ = q

A = q^7

Here we manifestly indicated non-zero sums Σ along the lines, which, hence, survive after the specialization.

Deformation to superpolynomials dictated by these pictures by the rules of [15] is actually different for the reduced and unreduced HOMFLY polynomials, what provides two different families of superpolynomials: the reduced and unreduced ones. The former are much simpler and have more profound structures (in particular, possess character decompositions and can be extended to arbitrary time variables [10, 6]), however, the latter seem to be related to somewhat simpler versions of Khovanov-Rozhansky homological descriptions. Of course, the two versions are not independent, for the same example of the trefoil in the fundamental representation one has

H^{31}_□ (q) = reduced : P^{31}_□ (a, q, t) = 1 + a^2tq^{−2} + a^2q^2t^3

unreduced : P̄^{31}_□ (a, q, t) = a − a^{−1} q − q^{−1} a^2q^2t^3 + ( at + 1 a )( a2 q^2 − 1 ) (36)

and P̄^31_□ (a, q, t) = a − a^{−1} q − q^{−1} q^2a^2t^3 + a + a^{−1}t^{−1} q − q^{−1}

1 − q^2a^{−2} 1 + q^2a^{−2}t^{−1} ( P^{31}_□ (a, q, t) − q^2a^2t^3 ) (37)

One can see that the unreduced superpolynomial P̄^{31}_□ (a, q, t), in contrast with the reduced one, contains non-positive coefficients and only after specialization a = q^N becomes a polynomial with positive coefficients. For instance, at a = q^2 (Jones)

P̄^31_□ (a, q, t) = q^3t + 1 q + q^7t^3 + q^5t^3 (38) which, indeed, coincides with the unreduced Khovanov homology [19].

A relation similar to (37) persists for other knots. For instance, for any ”thin” knot [15]

P̄^K_□ (a, q, t) = a − a^{−1} q − q^{−1} (q a )_{SK} + a + a^{−1}t^{−1}

q − q^{−1}

1 − q^2a^{−2} 1 + q^2a^{−2}t^{−1} ( P^K_□ (a, q, t) − ( q a )_{SK} ) (39)

where S_K is the signature of the knot (for the torus knot T [m, n], e.g., S_K = (m − 1)(n − 1)). To make formula simpler, we used here slightly different normalization of superpolynomials.

5 Plücker relations (KP integrability)

The third important kind of equations is related to integrability. For example, for the generating function of the extended HOMFLY polynomials

Z^B_R{p_k|p̄^{(i)}_k } = ∑ R H^B_R{q|p_k}S_R{p̄_k} for knots ∑ R_1...R_l H B R_1...R_l {q|pk} ∏_l i=1 S_{Ri} {p̄^{(i)}_k } for links

(40)

to be a τ-function of the KP hierarchy in the p_k/k-variables [20], the coefficients ξ_Q = ∑ R C^B_{RQ}(q)S_R{q|p̄_k} should satisfy the infinite set of quadratic Plücker relations:

ξ_{[22]}xi_{[0]} − ξ_{[21]}ξ_{[1]} + ξ_{[2]}ξ_{[11]} = 0, ξ_{[32]}ξ_{[0]} − ξ_{[31]}ξ_{[1]} + ξ_{[3]}ξ_{[11]} = 0, ξ_{[221]}ξ_{[0]} − ξ_{[211]}ξ_{[1]} + ξ_{[2]}ξ_{[111]} = 0, . . . (41)

This indeed happens for one special class [6]: the torus knots/links with all a_{ij} = 1 (1 ≤ i ≤ m − 1, 1 ≤ j ≤ n) but not in general.

Another possibility is that H^B_R themselves satisfy the Plücker relations as functions of R, i.e. that Z^B_R is a τfunction w.r.t. times p̄_k/k. Then, in particular, the Ooguri-Vafa partition function ∑ R H^K_R{q|A}S_R{p̄_k} would be a KP τ-function in these time variables. Again, this is not true in general, but an example is known when this is true (besides the trivial example of the unknot): in the limit q → 1, when the HOMFLY polynomials turn into the ”special” polynomials

S^K_R(A) = lim_{q=1} H^K_R (q|A) S^∗_R(q|A) (42)

which have a very simple dependence on R:

S^K_R(A) = ( S^K_□ (A) )_{|R|} (43)

The full HOMFLY polynomial is restored by action of a combination of the cut-and-join operators [21] ∑ R H^K_R (A)S_R{p̄_k} = exp ∑ Q (q − q^{−1})^{cQ} σ^K_Q(A) ( σ^K_□ (A) )_{|Q|} ŴQ{p̄k} exp ( ∑ k 1 k ( σ^K_□ (A) )_k p^∗_kp̄_k ) (44)

with

σ^K_□ (A) ≡ S^K_□ (A) (45)

and resembles very much the Hurwitz partition function [22, 23], which is also in general not a KP/Toda τfunction in the variables {p, p̄}. In the Hurwitz case the way is known to cure this problem [24] (by switching to times associated with a special basis in the space of cut-and-join operators), perhaps, this analogy can show a way to proceed in the case of HOMFLY polynomials as well. The integer coefficients of the special polynomials σ^K_Q(A) are related to the Ooguri-Vafa numbers [25, 8], but in a somewhat complicated way for R ≠ □.

6 Â-polynomials

The fourth, currently most interesting type of relations are difference equations in R [26], so far found empirically mostly for symmetric representations R = [p] [27, 28, 29] or for the small groups with N = 2, 3 [30, 31].

The usual strategy to derive these equations [30] (at least at N = 2, when R = [r − 1] is given by the single positive integer) is to

• convert the Jones polynomial (with A = q^2) into a form of a proper q-hypergeometric series [32, 33]

J_r(q) = ∑ k∈Z^r ∏ i,j (B^+_i , q^2)_b+_{(r,k)} (B^−_i , q^2)_b−_{(r,k)} q^{C(r,k)}Y^k (46)

where b^±(r, k) and C(r, k) are linear forms and a quadratic form accordingly, which, as well as B^±_i and the r-vector Y, are just parameters which describe the concrete knot and the q-Pochhammer symbol

(B, q)_r = r−1∏ i=0 (1 − Bq^i) (47)

• write down a difference equation, which always exists for the proper q-hypergeometric series.

For example, in the simplest case of the trefoil (3_1 knot) [35]

J^{31}_r (q) = q^{2−2r} ∞∑ k=0 q^{−2kr} ( q^{2−2r}, q^2 ) k (48)

the equation is [30, 34]: J^{31}_r (q) − U_r(q)J^{31}_{r−1}(q) = V_r(q), U_r(q) = −q^{4−6r} 1 − q^{2r−2} 1 − q^{2r} , V_r(q) = q^{4(1−r)} 1 − q^{4r−2} 1 − q^{2r} (49)

For arbitrary torus knot [m, n] (trefoil is either [2, 3] or [3, 2]), the equation is of the second order, however, for the whole series T [2, 2s + 1] [36]

J^{T [2,2s+1]} r (q) = q^{2s(1−r)} ∑ k_m≥...≥k_1 ≥0 q^{−2kmr} ( q^{2−2r}, q^2 ) k_m × s−1∏ i=1 q^{2ki (ki+1−2r)} ( q^2, q^2 ) k_{i+1} ( q^2, q^2 ) k_i ( q^2, q^2 ) k_{i+1}−k_i (50)

it reduces to the first order and looks similar to (49) with [36]

U_r(q) = −q^{2(s+1)−2(2s+1)r} 1 − q^{2r−2} 1 − q^{2r} , V_r (q) = q^{2(s+1)(1−r)} 1 − q^{4r−2} 1 − q^{2r} (51)

For non-torus knots the formulas get longer, and it is convenient to write them in terms of the operator M̂: M̂f(q, r) = q−2rf(q, r) and the shift operator L̂: L̂f(q, r) = f(q, r + 1), L̂M̂ = q2M̂L̂. Then, for knot 4_1

J^{41}_r (q) = ∞∑ k=0 (−1)^kq^{−k(k+1)} ( q^{2−2r}, q^2 ) k ( q^{2+2r}, q^2 ) k (52)

the equation is [30, 34]:

Â^41 (L̂, M̂)J^41_r (q) = B(M̂), (53) Â = q^4M̂^2(1 − M̂)(1 − q^6M̂^2) − (q^2M̂ + 1)(1 − q^2M̂ − q^2M̂^2 − q^6M̂^2 − q^6M̂^3 + q^8M̂^4)(1 − q^2M̂)^2L̂+ +q^4M̂^2(1 − q^2M̂^2)(1 − q^4M̂)L̂^2, B̂ = q^2M̂(1 − q^6M̂^2)(1 − q^2M̂^2)(1 + q^2M̂) In the limit of q → 1, Â(L̂, M̂) can be considered as an ordinary c-number function A(l, m) of L̂ → l and M̂ → m and coincides (this is called the AJ-conjecture [26]) with the A-polynomial [37] (this is why ÂK(L̂, M̂) is called the non-commutative A-polynomial), which defines a ”spectral curve”, associated with the knot K: Σ^K : A^K(l, m) = 0 (54) which is naturally equipped with the Seiberg-Witten differential

dS^K = log l d log m (55)

According to the standard dictionary of the Seiberg-Witten theory [38, 39, 40], this form of the SW differential is a clear sign of the relation to 5d YM theories.

7 The large-|R| limit

Given a difference equation (53), a natural question to ask is about various kinds of the loop (quasiclassical) expansions for its solutions. Loop expansion arises when one introduces the ’t Hooft coupling constant u by putting q = e^ℏ = e^{g2} = e^{u/|R|} and |R| =^u_h =^u_{g2} .

7.1 Special polynomial expansion

To begin with one can look at the anzatz, provided by the special polynomial expansion (44). It would imply that the solution behaves like

H^K_R ∼ σ^K_□ (A)^{|R|} = exp ( |R| · log σ^K_□ (A) ) , (56)

i.e. grows exponentially with |R|, in accordance with the volume conjecture [41]. However, things are not so simple and strongly depends on the range of values of u.

First of all, corrections to this formula could also contribute to the exponential growth. Indeed, the next correction is [21] exp ( ϵ ∑ R κ_Rσ^K_{[2]}(A) σ_□(A) ) (57)

where κ_R ∼^{|R|2}_2 =^{r2}_2 at large |R| = r and ϵ = q − q^{−1}. Since the latter is equal to 2 sinh ℏ = 2 sinh g^2 ∼^u_{|R|} ,

the exponent in this formula is proportional to ϵκ_R ∼ |R| at large |R|, so that one should add^{uσK[2](A)}(

σ^K_□ (A)

)_2 to

log σ_□(A) in (56). The next correction will be proportional to^{u2σK[3](A)}(

σ^K_□ (A)

)_3 and so on: there is an infinite series

in powers of u of contributions to the leading (∼ |R|) ”volume” behavior of the exponent.

Second, for N fixed, i.e. for A → 1 (for example, for the Jones polynomial with A = q^2), this volume contribution is in fact vanishing term by term, because σ^K_□ (A = 1) = 1 and all other σ^K_Q(A = 1) = 0 [21]. In fact this is in accordance with the well known fact that for small enough u there is no exponential growth in J_r(q = e^{u/r}). Instead (this formula was realized for the figure eight in [42] and for generic knots in [43] basing on the Melvin-Morton-Rozansky conjecture [44])

J_r(q = e^{u/r}) = exp ∑ k≥0 ( u r )_{2k} f_k(u) = 1 Alexander(q = e^u) + ∑ k≥1 r^{−k} w_k(q = e^u) ( Alexander(q = e^u)

)_k (58)

with some polynomials w_k. In particular,

f_0(u) = − log ( Alexander(q = e^u) ) (59)

and this is in a nice accordance with the special polynomial expansion [21].

Only when e^u exceeds the smallest root of the Alexander polynomial, another solution appears, with f_{−1}(u) ≠ 0. At the same time, if one chooses u = 2πi, there is the exponential behaviour (56) [45] and the resulting coefficient in front of |R|, for the Jones polynomial A = q^2, is equal to the hyperbolic volume of the knot [41] (volume conjecture).

7.2 Loop expansion

It is described by the standard loop expansion:

J_r(q = e^{g2} ) = exp ∑ k≥−1 g^{2k}f_k(v)

(60)

where v = u − 2πi, i.e. v = 0 is the volume conjecture point. The shift operations are

J_{r±1}(q = e^{g2} ) = exp ∑ k≥−1 g^{2k}f_k(v ± g^2)

= exp ∑ j=0 k≥−1 (−)^j g^{2k+2j} ∂^j_vf_k(v) (61)

Therefore, the difference equation (53), if expanded in powers of g^2, turns into an infinite system of recurrent relations for infinite set of functions f_k(v). Remarkably this system can be related [46] to a similar system of equations for multidensities ρ_{p,k}(v_1, . . . , v_k), which constitutes the essence of the AMM/EO topological recursion [47]. More exactly, the knot polynomial is associated with ⟨ log det(M −v) ⟩ , where the brackets denote averaging over the ”matrix” M in the would-be matrix model underlying the recursion.

Recursion itself means that, given f_{−1}(v), usually described in terms of the spectral Riemann surface (54) with a Seiberg-Witten differential (55), one can recursively reconstruct all the functions f_k(v).

8 3d/5d AGT relation

8.1 A-polynomials, state integral model and Baxter equations

As soon as f_{−1} ≠ 0 appears, one can neglect the r.h.s. in equation (53) and substitute it by the homogeneous A-polynomial equation. This one has a simpler solution, in the form of integrals of the double-sine ratios instead of sums of the q-Pochhammer ratios [48]. This solution is known as partition function of the state integral model [49].

According to [34] one can interpret this homogeneous difference equation as a Baxter equation for some relativistic integrable system (such systems are associated through Seiberg-Witten theory [50, 38, 39, 40] to 5d SYM theories, what explains the possible name for such a relation).

In fact, this should not come as a surprise due to the well-known connection between 2d CFT and Chern- Simons theory. As soon as the former one is related via the AGT correspondence [51, 52, 53] with the 4d SW systems, one would naturally expect a similar relation in the dimensions increased by unit: the one between Chern-Simons theory and 5d SW theory^2. On the other hand, the Baxter equation is an evident object to look at, since it encodes changing traces of the group element with representation (fusion), and there is a counterpart of this on the knot theory side: the difference A-polynomial equation describes exactly changing the traces (of the braid group element) with representation. The technical similarity of these two things is however appealing.

To be more concrete, one can notice that eq.(53) has the form of the Baxter equation for the relativistic Toda chain, which, in accordance with [39], describes the 5d SW system. Instead, one could definitely start from the classical limit of the Baxter equation (relativistic Toda spectral curve) noticing that it coincides with the ”classical” A-polynomial, and then apply the topological recursion with the 5d SW differential dS_{SW} (55). This was done in [46] and the result reproduced the expected asymptotics of the Jones polynomial (see also [55] for a more generic context).

This is depicted at the scheme:

ÂH = 0 −→ 5d Baxter(Q) = 0 dS = d log Ψ ↑ H = Q ↓ ℏ = 0 H AMM/EO topological recursion Σ : A = 0 ←− dS_{SW}

(62)

2Within a different context, a 5d/3d duality emerged in [54].

This scheme implies that, at the quantum level, there is a relativistic integrable system/5d SW system described by the Baxter equation for the Baxter operator Q(μ). The Fourier transform of it, Ψ(x) satisfies a relativistic Schrödinger equation, and one can construct the 5d Nekrasov functions (in the Nekrasov-Shatashvili limit [56]) as the Bohr-Sommerfeld integrals of this equation [57], which are A- and B-periods of the differential dS = d log Ψ(x). On the other hand, the same Q(μ) is the partition function of the state integral model, since this latter satisfies the same difference equation.

At the classical level, the system is described by the Riemann surface (the spectral curve of the classical integrable system) of the 5d SW system with the differential given by the classical limit of dS: dS^{ℏ→0}−→ dS_{SW} . This Riemann surface coincides with the classical A-polynomial (which describes the SL(2) representation of the knot complement to S^3, as viewed from the boundary [37]) and dS_{SW} (55) allows one to apply the topological recursion and to restore the partition function of the state integral model

8.2 Universal group element

Let us now briefly describe the origin of the Baxter equation as the fusion relation of the universal group element. First of all, one has to construct the group element given over the non-commutative ring, the algebra of functions on the quantum group (see a review in [58]). That is, one constructs such an element g ∈ U_q(G) ⊗ A(G) of the tensor product of the Universal Enveloping Algebra (UEA) U_q(G) and its dual algebra of functions A(G) that

Δ_U (g) = g ⊗_U g ∈ A(G) ⊗ U_q(G) ⊗ U_q (G) (63)

To construct this element [59, 58], we fix some basis T^{(α)} in U_q (G). There exists a non-degenerated pairing between U_q (G) and A(G), which we denote < ... >. We also fix the basis X^{(β)} in A(G) orthogonal to T^{(α)} w.r.t. this pairing. Then, the sum T ≡ ∑ α X^{(α)} ⊗ T^{(α)} ∈ A(G) ⊗ U_q (G) (64)

is exactly the group element we are looking for. It is called the universal T-matrix (as it is intertwined by the universal R-matrix) or the universal group element.

In order to prove that (64) satisfies formula (63) one should note that the matrices M^{αβ}_γ and D^α_{βγ} giving respectively the multiplication and co-multiplication in U_q(G)

T^{(α)} · T^{(β)} ≡ M^{αβ}_γ T^{(γ)}, Δ(T^{(α)}) ≡ D^α_{βγ} T^{(β)} ⊗ T^{(γ)} (65)

give rise to, inversely, co-multiplication and multiplication in the dual algebra A(G): D^α_{βγ} = ⟨ Δ(T^{(α)}), X^{(β)} ⊗ X^{(γ)} ⟩ ≡ ⟨ T^{(α)}, X^{(β)} · X^{(γ)} ⟩ (66)

M^{αβ}_γ = ⟨ T^{(α)}T^{(β)}, X^{(γ)} ⟩ = ⟨ T^{(α)} ⊗ T^{(β)}, Δ(X^{(γ)}) ⟩

Then,

Δ_U (T) = ∑ α X^{(α)} ⊗ Δ_U (T^{(α)}) = ∑ α,β,γ D^α_{βγ} X^{(α)} ⊗ T^{(β)} ⊗ T^{(γ)} = ∑ β,γ X^{(β)}X^{(γ)} ⊗ T^{(β)} ⊗ T^{(γ)} = T ⊗_U T (67)

This is the first defining property of the universal T-operator, which coincides with the classical one. The second property that allows one to consider T as an element of the ”true” group is the group multiplication law g · g^′ = g^{′′} given by the map:

g · g^′ ≡ T ⊗_A T ∈ A(G) ⊗ A(G) ⊗ U_q(G) −→ g^{′′} ∈ A(G) ⊗ U_q(G) (68)

This map is canonically given by the co-multiplication and is again the universal T-operator:

T ⊗_A T = ∑ α,β X^{(α)} ⊗ X^{(β)} ⊗ T^{(α)}T^{(β)} = ∑ α,β,γ M^γ_{α,β} X^{(α)} ⊗ X^{(β)} ⊗ T^{(γ)} = ∑ α Δ(X^{(α)}) ⊗ T^{(α)} (69)

i.e. g ≡ T(X, T ), g^′ ≡ T(X^′, T ), g^{′′} ≡ T(X^{′′}, T ) X ≡ {X^{(α)} ⊗ I} ∈ A(G) ⊗ I, X^′ ≡ {I ⊗ X^{(α)}} ∈ I ⊗ A(G) X^{′′} ≡ {Δ(X^{(α)})} ∈ A(G) ⊗ A(G) (70)

8.3 Baxter equation

The most essential property of the group elements is that they are intertwined by the universal R-matrix [60], i.e.

R T ⊗_U T^′ = T^′ ⊗_U T R (71) This means that their traces taken at any representations of the UEA, T_V commute: [T_V , T_V ′ ] = 0 (72) The equation that connects these traces in different representation is called fusion and its specific limit is the Baxter equation. As a simple instance, let us consider the case of quantum affine algebra ^SL(2)_q and the evaluation representation of this latter V_j (λ) labeled by the spin j and evaluation parameter λ (see, e.g., [61] for a review)^3. The product of two such representations (j, λ) and (k, μ) is an irreducible representation unless λ μ = q^{j+k−p+1} (73) where p = 1, ..., min(2j, 2k). In this latter case, the product is partly reducible: 0 −→ V_{j−p/2}(q^{p/2}λ) ⊗ V_{k−p/2}(q^{−p/2}μ) −→ V_j (λ) ⊗ V_k (μ) −→ −→ V_{j+k−p/2+1/2}(q^{p/2−k−1/2}λ) ⊗ V_{p/2−1/2}(q^{k+1/2−p/2}μ) −→ 0 (74) In terms of traces of the group element, this (fusion) relation can be written in the form T_j (λ)T_k(μ) = T_{j−p/2}(q^{p/2}λ)T_{k−p/2}(q^{−p/2}μ) + T_{j+k−p/2+1/2}(q^{p/2−k−1/2}λ)T_{p/2−1/2}(q^{k+1/2−p/2}μ) (75) Choosing k = 1/2, p = 1 and λ = q^{j+1/2}μ, one immediately obtains T_j (q^{j+1/2}μ)T_{1/2}(μ) = T_{j−1/2}(q^{j+1}μ) + T_{j+1/2}(q^j μ) (76) It turns out [62] that (upon the proper normalization of T_j (λ)) there is a finite limit lim_{j→∞} T_j (q^{j+1/2}μ) = Q(μ) (77) and (76) turns into the standard Baxter equation T_{1/2}(μ)Q(μ) = Q(qμ) + Q(q^{−1}μ) (78) Here T_{1/2}(μ) is a Laurent polynomial of degree 1 both in μ and μ^{−1}. One can generate Laurent polynomials of higher degrees considering in (76) traces of products of the group elements, (68), the product of n group elements giving rise to degree n. Thus, generically one would get instead of (78) P_n[μ, μ^{−1}]Q(μ) = Q(qμ) + Q(q^{−1}μ) (79) which coincides with the Baxter equation for the n-particle relativistic Toda chain, which corresponds at the SW level to the 5d pure gauge theory. The transition to four dimensions and the standard Toda system is done by replacing the affine algebra with the Yangian. This leads to the same equation with P_n being a degree n polynomial of μ.

8.4 Knots, Baxter equations and 5d SW theory

One can also choose p = 2 and k = 3/2. Then, Q(μ)T_{3/2}(μ) = T_{1/2}(q^{−1}μ)Q(q^2μ) + T_{1/2}(qμ)Q(q^{−2}μ) (80) This equation is another version of the Baxter equation, it gives rise to the same spectral curve in the classical limit.

3Remind that these representations can be treated as either finite dimensional but reducible, or infinite dimensional irreducible representations [61]. We prefer here the latter point of view.

Let us consider, for instance, the first non-trivial example of the figure eight knot 4_1 which A-polynomial equation is the homogeneous part of (53), i.e.

Â^41 (L̂, M̂)J^41 (M) = 0 (81)

We use the basis where M̂ acts on J diagonally so that (81) reduces to

(1 − q^6μ^2)Q(q^{−2}μ) + (1 − q^2μ^2)Q(q^2μ) = P_2[μ, μ^{−1}]Q(μ) ,

P_2[μ, μ^{−1}] = ( q^4μ^2 + 1 q^4μ^2 ) − ( q^2μ + 1 q^2μ ) − ( q^2 + 1 q^2 ) (82)

where Q(μ) = (1 − μ)J^{41} (μ) with identification M = μ. (82) is nothing but (80) with

T_{1/2}(μ) = q^2μ − 1 q^2μ

, T_{3/2}(μ) = ( q^2μ − 1 q^2μ ) P_2[μ, μ^{−1}] (83)

The coefficients of T_{1/2}(μ) and T_{3/2}(μ) can be related with concrete values of the energies (integrals of motion) in the periodic 2-particle relativistic Toda chain, and the corresponding SW curve (5d pure gauge theory) is l + 1 l = ( μ^2 + 1 μ^2 ) − ( μ + 1 μ ) − 2 (84)

In contrast with the generic SW curve, where there is an arbitrary degree two Laurent polynomial at the r.h.s. of (84), a peculiar polynomial with all coefficients fixed corresponds to the figure eight knot. Similarly, (83) specifies very concrete polynomials, while in the generic integrable system these are arbitrary ones (of fixed degree).

Note that choosing k = 1, p = 1 and λ = q^{j+1}μ (or p = 2 and λ = q^j μ), one obtains from (75) a third order difference equation (or its counterpart with q → 1/q)

T_1(q^{1/2}μ)Q(μ) = Q(q^2μ) + T_{1/2}(qμ)Q(q^{−1}μ) (85)

The procedure can be continued further to generate higher order difference equations which can be compared with the A-polynomial equations for other, more complicated knots. In accordance with [30], such an equation exists for any knot. The coefficients of the polynomial P_n[μ, μ^{−1}] are fixed by choosing the representation of the algebra of functions on the quantum group. Indeed, due to (72) we know that all the coefficients of this polynomial are commuting. They are nothing but the Casimir functions that determine the representation of A(G).

In integrable systems these coefficients are just integrals of motion, which can have arbitrary values. On the contrary, in knot theory their values are fixed to be very concrete numbers, i.e. the representations of A(G) in knot theory are fixed. It still remains unclear what is the condition that fixes them in group theory.

Now let us stress out that all these Baxter equations or quantum A-polynomials correspond in the classical limit to 5d SW theories, generically of the quiver type [63, 64]. On the integrable side, these theories are described by various degenerations of the sl(p) XXZ spin chain [40] (or corresponding Gaudin type systems, see [65]). Their quantization is immediate, either as integrable systems which goes exactly through the Baxter equation [57], or as A-polynomials [46, 55].

Even more general Baxter equations are described by the generic sl(p) XXZ spin chain, in the classical limit giving rise to the 5d SW curves that are plane complex curves given by sets of arbitrary Laurent polynomials P_{ni} [μ, μ^{−1}] [40] p∑ i=1 w^iP_{ni} [μ, μ^{−1}] = 0 (86)

However, obtaining these Baxter equations directly from the representation theory as in the previous subsection is not that immediate in this case, and the whole construction becomes less elegant and much more involved [66].

Note that one can similarly consider the Baxter equation describing ^SL(N)_q . In terms of knot theory, it should describe the difference equations for the HOMFLY polynomials with specialization A = q^N .

8.5 State integral model and open relativistic Toda chain

Let us note that solutions to the Baxter equations are usually quite involved, and are unknown in a generic case. On the contrary, the partition function of the state integral model, which solves the A-polynomial (i.e. Baxter) equation is often known. The reason is that with peculiar values of the integral of motions, i.e. with the specific form of traces T_j corresponding to knots, the equation is explicitly solved. The answer is presented as a multiple integral of product of the quantum dilogarithms [67]. This answer is in fact associated with the wave function of the open relativistic Toda chain (which, within the SW context, corresponds to the perturbative limit of the gauge theory). More exactly, this wave function solves the Schrödinger equation given by the Hamiltonian of the system dual [68, 69, 70] to the relativistic Toda chain. In other words, this is the (difference) equation that describes the dependence of the wave function on the energies.

It happens, since the Baxter equation, which is a difference equation for the separated variables in the periodic chain, is simultaneously (at peculiar values of energies) a Schödinger equation for the (dual) open chain (this is possible definitely only due to the fact that chain is relativistic and, hence, both the Schrödinger and the Baxter equations are difference ones).

Let us see how it works in already discussed simplest non-trivial example of the figure eight knot. Remind that the Hamiltonian of the k-particle relativistic Toda chain is given by [71] h{x_i; p_i} = k∑ i=1 [ e^{ω1pi} + q^{−1}g^{2ω1} e^{2πω}2^{(xi−xi+1)+ 1−ϵ2 ω1 pi+ 1+ϵ2 ω1 pi+1} ] (87)

with the boundary condition x_{k+1} = x_1 in the periodic case and x_{k+1} = ∞ in the open case. Here q = e^{πiω1/ω2} is the relativistic parameter (q → 1 as the speed of light goes to infinity), ϵ = 0, ±1 parameterizes different relativistic Toda systems and g is a coupling constant, which can be removed by redefinitions of coordinates x_i only in the open case. In the 2-particle open case, the Schrödinger equation for ϵ = 0 can be reduced (upon neglecting the U(1)-factor) to the equation

ψ_γ (q^{−1}μ) + ψ_γ (qμ) + g^{2ω1} μψ_γ (μ) = ( e^{πγ} + e^{−πγ} ) ψ_γ (μ) (88)

where γ parameterizes the energy and we fixed ω_2 = 1, ω_1 = ℏ/πi and denoted μ = exp(2πx), x = x_1 − x_2. A solution to this eigenvalue problem is of the form [67]

ψ_γ (μ) ∝ ∫ C dt S ( − it − ix + 1 +^ℏ_{πi} −^ℏ_{2π2} log g | |_{ℏπi} , 1) S ( it + i^γ_2 −^ℏ_{2π2} log g | | |^ℏ_{πi} , 1 ) e^{− π2γ(2t+x)}ℏ (89)

where S(x|ℏ/πi, 1) [67] is related with the quantum dilogarithm [49] by the formula

Φ_ℏ(z) = S ( z 2πi + πi + ℏ 2πi | | | ℏ πi , 1 ) (90)

and the contour C is defined in [67, (2.26)]. Now, if one puts μg^{2ω1} = 1, integral (89) reduces to (^p_{2π} = t −^ℏ_{2π2 i} log g)

ψ_γ (g^{−2ω1} ) ∝ ∫ C dp Φ_ℏ(p + iπ + ℏ) Φ_ℏ(−p − πγ − iπ − ℏ) e^{− πγℏ (p+πγ/2)−πγ/2} (91) which is exactly the partition function of the state model for the figure eight knot as a function of u = πγ/2 [49]

J^{41} (e^u) ∝ ψ_{2u/π} (g^{−2ω1} ) (92)

Since the dependence on γ is regulated by the dual Toda Hamiltonian, we come to the claim above.

In the case of more complicated knots one has instead of (89) a multiple integral of the product of the quantum dilogarithms [49]. This integral could be associated with multi-particle relativistic open Toda wave functions [67] and their further generalizations.

9 Conclusion

To conclude, in development of the program outlined in [34, 6], we presented a brief review of the new and very interesting research field: the study of interrelations between various HOMFLY polynomials, probably reflecting the powerful underlying integrable structure, which still remains to be fully revealed. The relations involve different knots/links and different representations, they are rather diverse and form a somewhat strange intertwined set, and partly unexpected parallels are seen with the Hurwitz theory (i.e. with that of symmetric group characters), quantum integrable systems and AGT relations. Even more interesting should be generalizations from the HOMFLY to superpolynomials [14], however, what structures survive this β-deformation [72] remains an open question.

A way to systematical study of these problems is now open by the powerful HOMFLY calculus, developed in [10, 6, 7, 8, 9], exploiting the simple and universal structure of SU_q R-matrices and Racah coefficients, and allowing one to obtain the parameter-dependent expressions for knot polynomials. One now expects a fast and fruitful development of this old and intriguing field.

Acknowledgements

The authors are grateful to S.Kharchev for valuable discussions.

Our work is partly supported by Ministry of Education and Science of the Russian Federation under contract 14.740.11.0677, by NSh-3349.2012.2, by RFBR grants 10-01-00536 and by joint grants 11-02-90453-Ukr, 12-02- 91000-ANF, 12-02-92108-Yaf-a, 11-01-92612-Royal Society.

References

[1] P.Freyd, D.Yetter, J.Hoste, W.B.R.Lickorish, K.Millet, A.Ocneanu, Bull. AMS. 12 (1985) 239 J.H.Przytycki and K.P.Traczyk, Kobe J. Math. 4 (1987) 115-139

[2] S.-S.Chern and J.Simons, Ann.Math. 99 (1974) 48-69;

E.Witten, Comm.Math.Phys. 121 (1989) 351; G.Moore and N.Seiberg, Phys.Lett. B220 (1989) 422; V.Fock and Ya.I.Kogan, Mod.Phys.Lett. A5 (1990) 1365-1372;

R.Gopakumar and C.Vafa, Adv.Theor.Math.Phys. 3 (1999) 1415-1443, hep-th/9811131

[3] E.Guadagnini, M.Martellini and M.Mintchev, In Clausthal 1989, Proceedings, Quantum groups, 307-317;

Phys.Lett. B235 (1990) 275;

N.Yu.Reshetikhin and V.G.Turaev, Comm. Math. Phys. 127 (1990) 1-26

[4] M.Rosso and V.F.R.Jones, J. Knot Theory Ramifications, 2 (1993) 97-112

X.-S.Lin and H.Zheng, Trans. Amer. Math. Soc. 362 (2010) 1-18 math/0601267; S.Stevan, Annales Henri Poincaré 11 (2010) 1201-1224, arXiv:1003.2861; A.Brini, B.Eynard and M.Mariño, arXiv:1105.2012

[5] R.K.Kaul and T.R.Govindarajan, Nucl.Phys. B380 (1992) 293-336, hep-th/9111063;

P.Ramadevi, T.R.Govindarajan and R.K.Kaul, Nucl.Phys. B402 (1993) 548-566, hep-th/9212110; Nucl.Phys. B422 (1994) 291-306, hep-th/9312215;

P.Ramadevi and T.Sarkar, Nucl.Phys. B600 (2001) 487-511, hep-th/0009188; Zodinmawia and P.Ramadevi, arXiv:1107.3918

[6] A.Mironov, A.Morozov and And.Morozov, Contribution to the Memorial Volume for Max Kreuzer, arXiv:1112.5754

[7] A.Mironov, A.Morozov and And.Morozov, JHEP 03 (2012) 034, arXiv:1112.2654

[8] H.Itoyama, A.Mironov, A.Morozov and And.Morozov, Int.J.Mod.Phys. A27 (2012) 1250099, arXiv:1204.4785

[9] A.Anokhina, A.Mironov, A.Morozov and And.Morozov, arXiv:1207.0279

[10] P.Dunin-Barkowski, A.Mironov, A.Morozov, A.Sleptsov and A.Smirnov, arXiv:1106.4305 v3

[11] A.Mironov, A.Morozov, Sh.Shakirov and A.Sleptsov, JHEP 2012 (2012) 70, arXiv:1201.3339

[12] A.Mironov, A.Morozov and Sh.Shakirov, arXiv:1203.0667

[13] A.Mironov, A.Morozov and S.Natanzon, Theor.Math.Phys. 166 (2011) 1-22, arXiv:0904.4227; Journal of Geometry and Physics, 62 (2012) 148-155, arXiv:1012.0433

[14] S.Gukov, A.Schwarz and C.Vafa, Lett.Math.Phys. 74 (2005) 53-74, hep-th/0412243;

E.Gorsky, arXiv:1003.0916;

M.Aganagic and Sh.Shakirov, arXiv: 1105.5117; N.Carqueville and D.Murfet, arXiv:1108.1081; I.Cherednik, arXiv:1111.6195;

A.Oblomkov, J.Rasmussen and V.Shende, arXiv:1201.2115 (with an Appendix by E.Gorsky); E.Gorsky, A.Oblomkov, J.Rasmussen and V.Shende, arXiv:1207.4523

[15] N.M.Dunfield, S.Gukov and J.Rasmussen, Experimental Math. 15 (2006) 129-159, math/0505662

[16] The authors of [17] call this claim as the A.Shumakovitch-P.Turner conjecture and refer to A.Shumakovitch, private communication

[17] E.Gorsky, A.Oblomkov and J.Rasmussen, arXiv:1206.2226

[18] T.Dimofte and S.Gukov, Contemporary Mathematics 541 (2011) 41-67, arXiv:1003.4808

[19] Knot Atlas at http://katlas.org/wiki/Main Page (by D.Bar-Natan)

[20] E.Date, M.Jimbo, M.Kashiwara and T.Miwa, Transformation groups for soliton equations, RIMS Symp.

Non-linear integrable systems - classical theory and quantum theory (World Scientific, Singapore, 1983); Y.Ohta, J.Satsuma, D.Takahashi and T.Tokihiro, Prog. Theor. Phys. Suppl. 94 (1988) 210

[21] A.Sleptsov et al.

[22] A.Okounkov, Math.Res.Lett. 7 (2000) 447-453;

V.Bouchard and M.Marino, In: From Hodge Theory to Integrability and tQFT: tt*-geometry, Proceedings of Symposia in Pure Mathematics, AMS (2008), arXiv:0709.1458;

S.Lando, In: Applications of Group Theory to Combinatorics, Koolen, Kwak and Xu, Eds. Taylor & Francis Group, London, 2008, 109-132; M.Kazarian, arXiv:0809.3263;

A.Mironov and A.Morozov, JHEP 0902 (2009) 024, arXiv:0807.2843

[23] A.Mironov, A.Morozov and S.Natanzon, JHEP 11 (2011) 097, arXiv:1108.0885

[24] S.Kharchev, A.Marshakov, A.Mironov and A.Morozov, Int. J. Mod. Phys. A10 (1995) 2015, hepth/9312210;

A.Alexandrov, A.Mironov, A.Morozov and S.Natanzon, J.Phys. A45 (2012) 045209, arXiv:1103.4100

[25] H.Ooguri and C.Vafa, Nucl.Phys. B577 (2000) 419-438, hep-th/9912123;

J.Labastida, M.Marino, Comm.Math.Phys. 217 (2001) 423-449, hep-th/0004196; math/010418; M.Marino and C.Vafa, hep-th/0108064

[26] R.Gelca, Math. Proc. Cambridge Philos. Soc. 133 (2002) 311-323, math/0004158;

R.Gelca and J.Sain, J. Knot Theory Ramifications, 12 (2003) 187-201, math/0201100; S.Gukov, Commun.Math.Phys. 255 (2005) 577-627, hep-th/0306165; S.Garoufalidis, Geom. Topol. Monogr. 7 (2004) 291-309, math/0306230

[27] H.Fuji, S.Gukov and P.Sulkowski (with an appendix by Hidetoshi Awata), arXiv:1203.2182

[28] H.Itoyama, A.Mironov, A.Morozov and And.Morozov, JHEP 2012 (2012) 131, arXiv:1203.5978

[29] H.Fuji, S.Gukov and P.Sulkowski, arXiv:1205.1515

[30] S.Garoufalidis and T.Le, Geometry and Topology, 9 (2005) 1253-1293, math/0309214

[31] S. Garoufalidis and Thao Vuong, arXiv:1010.3147;

S. Garoufalidis and C. Koutschan, arXiv:1011.6329

[32] M.Noumi, CWI Quarterly, 5 (1992) 293-307

[33] H.Wilf and D.Zeilberger, Invent.Math. 108 (1992) 575-633;

D.Zeilberger, J.Comput.Appl.Math. 32 (1990) 321-368

[34] D.Galakhov, A.Mironov, A.Morozov and A.Smirnov, Theor.Math.Phys. 172 (2012) 939-962, arXiv:1104.2589

[35] K.Habiro, Geom.Topol.Monogr. 4 (2002) 55-68, math/0211044

T.T.Q.Le, Topology Apps. 127 (2003) 125-152, math/0004099

[36] K.Hikami, Int.J.Math. 15 (2004) 959-965, math/0403224

[37] D.Cooper, D.Culler, H.Gillet, D.Long and P.Shalen, Invent.Math. 118 (1994) 47-84

[38] A.Gorsky, I.Krichever, A.Marshakov, A.Mironov and A.Morozov, Phys.Lett. B355 (1995) 466-477, hepth/9505035;

R.Donagi and E.Witten, Nucl.Phys., B460 (1996) 299-334, hep-th/9510101; See a review in:

A.Gorsky and A.Mironov, hep-th/0011197

[39] N.Nekrasov, Nucl.Phys. B531 (1998) 323-344, hep-th/9609219;

A.Marshakov, A.Mironov, Nucl.Phys., B518 (1998) 59-91, hep-th/9711156;

H.W. Braden, A.Marshakov, A.Mironov and A.Morozov, Phys.Lett., B448 (1999) 195, hep-th/9812078; Nucl.Phys., B558 (1999) 371, hep-th/9902205

[40] A.Gorsky, S.Gukov and A.Mironov, Nucl.Phys., B518 (1998) 689, hep-th/9710239

[41] R.Kashaev, Mod.Phys.Lett. A39 (1997) 269-275;

H.Murakami and J.Murakami, Acta Math. 186 (2001) 85-104; See the latest review in: H.Murakami, arXiv:1002.0126

[42] H.Murakami, J.Geom.Topol. 2 (2007) 249–269, math/0502428

[43] S.Garoufalidis and T.T.Q.Le, math/0503641

[44] P.Melvin and H.Morton, Commun.Math.Phys. 169 (1995) 501-520;

L.Rozansky, q-alg/9604005

[45] K.Hikami and H.Murakami, arXiv:0711.2836

[46] R.Dijkgraaf, H.Fuji and M.Manabe, Nucl.Phys. B849 (2011) 166-211, arXiv:1010.4542

[47] A.Alexandrov, A.Mironov and A.Morozov, Int.J.Mod.Phys. A19 (2004) 4127, hep-th/0310113;

Theor.Math.Phys. 150 (2007) 153-164, hep-th/0605171; Physica D235 (2007) 126-167, hep-th/0608228; JHEP 12 (2009) 053, arXiv:0906.3305;

A.Alexandrov, A.Mironov, A.Morozov, P.Putrov, Int.J.Mod.Phys. A24 (2009) 4939-4998, arXiv:0811.2825; B.Eynard, JHEP 0411 (2004) 031, hep-th/0407261;

L.Chekhov and B.Eynard, JHEP 0603 (2006) 014, hep-th/0504116; JHEP 0612 (2006) 026, mathph/0604014;

N.Orantin, arXiv:0808.0635

[48] K.Hikami, Int.J.Mod.Phys. A16 (2001) 3309-3333, math-ph/0105039; J.Geom.Phys. 57 (2007) 1895-1940, math/0604094

[49] T.Dimofte, S.Gukov, J.Lenells and D.Zagier, Commun.Num.Theor.Phys. 3 (2009) 363-443, arXiv:0903.2472

[50] N.Seiberg and E.Witten, Nucl.Phys., B426 (1994) 19-52, hep-th/9408099; Nucl.Phys., B431 (1994) 484- 550, hep-th/9407087

[51] L.Alday, D.Gaiotto and Y.Tachikawa, Lett.Math.Phys. 91 (2010) 167-197, arXiv:0906.3219

[52] N.Wyllard, JHEP 0911 (2009) 002, arXiv:0907.2189;

A.Mironov and A.Morozov, Phys.Lett. B680 (2009) 188-194, arXiv:0908.2190; Nucl.Phys. B825 (2009) 1-37, arXiv:0908.2569

[53] A.Marshakov, A.Mironov and A.Morozov, Theor.Math.Phys. 164 (2010) 831-852, arXiv:0907.3946;

Andrey Mironov, Sergey Mironov, Alexei Morozov and Andrey Morozov, Theor.Math.Phys. 165 (2010) 1662-1698, arXiv:0908.2064;

A.Mironov, A.Morozov and S.Shakirov, Int.J.Mod.Phys. A27 (2012) 1230001, arXiv:1011.5629

[54] H.-Y.Chen, T.Hollowood and P.Zhao, arXiv:1205.4230

[55] S.Gukov and P.Sulkowski, arXiv:1108.0002

[56] N.Nekrasov and S.Shatashvili, arXiv:0908.4052;

N.Nekrasov, A.Rosly and S.Shatashvili, Nucl.Phys. (Suppl.) B216 (2011) 69-93, arXiv:1103.3919

[57] A.Mironov and A.Morozov, JHEP 04 (2010) 040, arXiv:0910.5670; J.Phys. A43 (2010) 195401, arXiv:0911.2396

[58] A.Mironov, Theor.Math.Phys. 114 (1998) 127, q-alg/9711006; hep-th/9409190

[59] N.Yu.Reshetikhin, L.A.Takhtadjan and L.D.Faddeev, Algebra and Analysis, 1 (1989) 178-206;

C.Fronsdal, A.Galindo, The Universal T-Matrix, preprint UCLA/93/TEP/2, Jan. 1993, 16p.; A.Morozov, L.Vinet, hepth/9409093

[60] V.Drinfeld, Quantum groups, in: Proceedings of the International Congress of Mathematicians, Berkeley, (1986), Ed. by A. M. Gleason (AMS, Providence, 1987), pp. 798-820

[61] M.Jimbo, Topics from Representations of U_q(g): An Introductory Guide to Physicists, in Nankai Lectures on Mathematical Physics (World Scientific, Singapore, 1992), pp. 1-61

[62] A.Antonov and B.Feigin, Phys.Lett. B392 (1997) 115-122, hep-th/9603105

[63] E.Witten, Nucl.Phys. B500 (1997) 3-42, hep-th/9703166

[64] D.Gaiotto, arXiv:0904.2715

[65] A.Mironov, A.Morozov, Y.Zenkevich, and A.Zotov, arXiv:1204.0913;

A.Mironov, A.Morozov, B.Runov, Y.Zenkevich, and A.Zotov, arXiv:1206.6349

[66] S.Derkachov and A.Manashov, J.Phys. A42 (2009) 075204, 0809.2050

[67] S.Kharchev, D.Lebedev and M.Semenov-Tian-Shansky, Commun.Math.Phys. 225 (2002) 573-609, hepth/0102180

[68] S.N.M.Ruijsenaars, Comm.Math.Phys. 115 (1988) 127-165

[69] O.Babelon and D.Bernard, Phys.Lett. B317 (1993) 363-368;

V.Fock, in: Geometry and Integrable Models, World Scientific, (eds. P.Pyatov and S.Solodukhin), 1995, p.20;

V.Fock and A.Rosly, math/9802054;

V.Fock, A.Gorsky, N.Nekrasov and V.Roubtsov, JHEP, 0007 (2000) 028;

H.W.Braden, A.Marshakov, A.Mironov and A.Morozov, Nucl.Phys. B573 (2000) 553, hep-th/9906240; A.Mironov and A.Morozov, Phys.Lett. B475 (2000) 71-76, hepth/9912088; hepth/0001168; Phys.Lett. B524 (2002) 217-226, hep-th/0107114;

A.Mironov, hep-th/0011093; Theor.Math.Phys. 129 (2001) 1581-1585, hep-th/0104253; Theor.Math.Phys. 135 (2003) 814-827, hep-th/0205202

[70] P.Etingof and A.Varchenko, math/9907181;

G.Felder, Y.Markov, V.Tarasov and A.Varchenko, math/0001184; V.Tarasov and A.Varchenko, math/0002132

[71] S.Ruijsenaars, Commun.Math.Phys. 133 (1990) 217-247

[72] A.Morozov, arXiv:1201.4595;

A.Mironov, A.Morozov and Z.Zakirova, Phys.Lett. B711 (2012) 332-335, arXiv:1202.6029